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7 We study the exchange of energy between gravitational and electromagnetic waves in an extended
8 Mach-Zehnder or Sagnac type geometry that is analogous to an “optical Weber bar.” In the presence of a
9 gravitational wave (such as the ones measured by the Laser Interferometer Gravitational Wave

10 Observatory), we find that it should be possible to observe (via interference or beating effects after a
11 delay line) signatures of stimulated emission or absorption of gravitons with present-day technology. Apart
12 from marking the transition from passively observing to actively manipulating such a natural phenomenon,
13 this could also be used as a complementary detection scheme. Nonclassical photon states may improve the
14 sensitivity and might even allow us to test certain quantum aspects of the gravitational field.
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16 Introduction—In the history of electrodynamics, an
17 important step was Franklin’s pioneering (though
18 extremely dangerous) kite experiment, where static elec-
19 tricity was collected from the air by flying a kite into or
20 close to thunder clouds. On the one hand, this experiment
21 showed that lightning and electricity, as known from
22 laboratory experiments (e.g., with Leiden jars or by rubbing
23 amber), are basically of the same nature and has thereby
24 made a significant contribution to unifying these phenom-
25 ena—eventually leading to our modern understanding of
26 electrodynamics and the standard model. On the other
27 hand, the kite experiment marked the transition from
28 passively observing a natural phenomenon such as light-
29 ning to actively manipulating it—and thereby paved the
30 way for many modern technological developments, from
31 lightning rods to power plants.
32 Owing to the weakness of the gravitational interaction
33 (in laboratory scale experiments) as determined by
34 Newton’s constant, GN ≈ 6.7 × 10−11 m3 kg−1 s−2, we are
35 now in a somewhat similar situation regarding gravitational
36 waves. They were predicted by Einstein around a century
37 ago [1,2]. However, it took more than half a century before
38 indirect evidence for them was observed in the Hulse-
39 Taylor binary pulsar [3,4], whose energy loss over time due
40 to the emission of gravitational waves agrees very well with
41 the predictions from general relativity. Recently, the direct
42 detection of gravitational waves on Earth was achieved at

43the Laser Interferometer Gravitational Wave Observatory
44(LIGO) [5,6]. Both accomplishments mark important
45breakthroughs; they were awarded with the Nobel Prizes
46in Physics in 1993 and 2017, respectively.
47In the following, we shall make the assumption (which is
48quite natural but has not yet been verified experimentally)
49that gravitational waves are, at least in the weak-field
50regime, analogous to electromagnetic waves in the sense
51that their energy is quantized in terms of excitation quanta
52ℏω (i.e., gravitons), where ω is the frequency of the
53gravitational wave. Possible consequences of departure
54from this assumption will be discussed below. Then, to
55facilitate the transition from passively observing a natural
56phenomenon such as gravitational waves to actively
57manipulating it, let us ask the following question: Can
58one design an experiment where at least one graviton with
59energy ℏω is emitted (or absorbed) in a verifiable manner?
60Or, to phrase it in another way, Can we recreate a Hulse-
61Taylor-like scenario in the laboratory? As a first approach
62to this question, let us take the well-known quadrupole
63formula describing the power P emitted by gravitational
64radiation (in analogy to the dipole formula in electro-
65magnetism)

P ¼ GN
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6667where Qij are the quadrupole moments of the dynamical
68mass distribution [7]. In terms of its characteristic length L
69and mass m, they scale as Qij ¼ OðmL2Þ. Thus, the total
70emitted power is P ¼ Oðω6m2L4GN=c5Þ, where ω is the
71oscillation frequency (i.e., the frequency of the emitted
72gravitational waves). Together with Newton’s constant GN,
73the speed of light c ≈ 3 × 108 m=s suppresses the prefactor
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74 in the quadrupole formula (1) by more than 50 orders of
75 magnitude when expressed in terms of SI units; see also [7].
76 Thus, even after comparison to the small Planck constant
77 ℏ ≈ 10−34 J s, we find that it will be extremely difficult to
78 emit one gravitational excitation quantum (graviton) with
79 energy ℏω using everyday values of m, L, and ω in
80 the kilogram, meter, and second (hertz) regime [8]. To
81 cast the result into a dimensionless form, let us introduce
82 the number of gravitons N emitted per oscillation period
83 N ¼ OðP=½ℏω2�Þ, the characteristic velocity scale v ¼ ωL,

84 and the Planck mass mP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏc=GN

p
≈ 22 μg. Then we

85 find that N scales asm2=m2
P multiplied by v4=c4, showing a

86 strong suppression for slow velocities, i.e., in the non-
87 relativistic regime.
88 These considerations suggest using light [9]. Since
89 stationary plane-wave cw laser beams do not emit gravi-
90 tational waves [10], we consider laser pulses in suitable
91 geometries; see also [11]. As an extreme example, let us
92 take the megajoule pulses at the National Ignition Facility
93 [12]. Still, they correspond to a mass of order 10−11 kg, i.e.,
94 well below the Planck mass. As a result, a rough
95 order-of-magnitude estimate obtained by combining this
96 mass of order 10−11 kg (squared) with Newton’s constant
97 GN in comparison to ℏc ≈ 3 × 10−26 Jm already shows
98 that it is still very difficult to emit a single graviton in
99 this way.

100 Hence, we follow a different route here and consider the
101 stimulated emission of gravitons instead of their creation by
102 quadrupole formula (1); see also [13–15] (though in a
103 different context). To this end, we consider light pulses
104 propagating within a preexisting gravitational wave (such
105 as the ones measured by LIGO, for example) and determine
106 the transfer of energy between the gravitational and the
107 electromagnetic field; see also [16]. Finding an energy
108 transfer of ℏω or more is then interpreted as a smoking gun
109 for the emission or absorption of gravitons by light. Note
110 that this scheme displays some similarities to resonant mass
111 antennas such as Weber bars [17–19], but since we are
112 using a highly excited state (a light pulse), we may not only
113 absorb but also emit gravitational radiation.
114 Gravitational waves—For simplicity, we consider lin-
115 early polarized gravitational waves propagating in the z
116 direction, but our results can be generalized to other wave
117 forms in a straightforward way. In a suitable coordinate
118 system, the metric reads ðℏ ¼ c ¼ ε0 ¼ μ0 ¼ 1Þ

ds2 ¼ dt2 − ½1þ h�dx2 − ½1 − h�dy2 − dz2; ð2Þ

119120 where hðt; zÞ ¼ hðt − zÞ is the amplitude of the gravita-
121 tional wave. Since this quantity is extremely small, for
122 example, h ¼ Oð10−22Þ, we neglect second and higher
123 orders in the following. Thus, the metric determinant
124 simplifies to

ffiffiffiffiffiffi−gp ¼ 1þOðh2Þ. Furthermore, in view of
125 the long wavelength of the gravitational waves and the fact

126that we consider light pulses propagating in the x-y plane,
127we may neglect the spatial dependence hðt; zÞ ≈ hðtÞ.
128In these coordinates [Eq. (2)], the Christoffel symbols
129corresponding to Newton’s gravitational acceleration van-
130ish (Γi

00 ¼ 0), and thus massive objects such as the mirrors
131used to reflect the light pulses stay at rest. However, since
132the x and y coordinates are rescaled differently by the
133gravitational wave, it could affect the angle under which the
134light pulses are reflected. In principle, this angular deflec-
135tion of orderOðhÞ could also be used to detect gravitational
136waves. However, since laser beams and pulses with a well-
137defined propagation direction must have a sufficiently large
138width (of many wavelengths), the impact of this tiny
139deflection angle can be neglected here.
140Electromagnetic waves—Now let us consider light
141pulses propagating in the background [Eq. (2)]. To maxi-
142mize the effect, we consider light polarized in the z
143direction Aðt; rÞ ¼ Azðt; x; yÞez, but again our analysis
144can easily be generalized. Note that the form Aðt; rÞ ¼
145Azðt; x; yÞez automatically satisfies the generally relativistic
146Lorenz gauge condition∇μAμ ¼ 0. The contraction FμνFμν

147of the field strength tensor Fμν ¼ ∂μAν − ∂νAμ gives the
148Lagrangian density

L ¼ 1

2

�ð∂tAzÞ2 − ½1 − h�ð∂xAzÞ2 − ½1þ h�ð∂yAzÞ2
�
: ð3Þ

149150Field quantization yields the interaction Hamiltonian

Ĥint ¼ h
Z

d3r
�ð∂yÂzÞ2 − ð∂xÂzÞ2

�
; ð4Þ

151152which is determined by the magnetic fields B̂2
x − B̂2

y and
153describes the coupling between the electromagnetic field
154and the gravitational wave.
155Now we can study the energy transferred between these
156two. To this end, we employ the Heisenberg picture with

157dĤ=dt ¼ ð∂Ĥ=∂tÞexpl where the explicit time dependence
158stems from the gravitational wave, i.e., hðtÞ. Taking
159expectation values then yields the energy transfer

dhĤi
dt

¼ ḣ
Z

d3r
	ð∂yÂzÞ2 − ð∂xÂzÞ2



; ð5Þ

160161where the divergent vacuum contributions h0jð∂yÂzÞ2j0i
162and h0jð∂xÂzÞ2j0i cancel each other such that we can use
163renormalized (e.g., normal ordered) values. The integral on
164the right-hand side of Eq. (5) is the difference between the
165total energies of the light pulse in the magnetic field
166components in the x and y directions. Thus, we find a
167rigorous bound jĖj ≤ jḣjE for the energy transfer Ė ¼
168dhĤi=dt in terms of the total energy E of the laser
169pulse [20]. In practice, however, it is very difficult to
170saturate this bound since the light energy oscillates rapidly
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171 between the electric component hð∂tÂzÞ2iren and the mag-

172 netic components hð∂xÂzÞ2iren or hð∂yÂzÞ2iren. Thus, we
173 have jĖj ≤ jḣjE=2 on average.
174 To maximize energy transfer, one could imagine the
175 following scenario (see also Fig. 1). As long as ḣ > 0, we
176 have a light pulse propagating in the x direction, and then—
177 after reflection with a mirror—it propagates in the y
178 direction as long as ḣ < 0, and so on. In this case, we
179 have Ė < 0 and thus the emission of gravitons (in view of
180 energy conservation). The opposite case (the x direction for
181 ḣ < 0 and the y direction for ḣ > 0) yields Ė > 0 and thus
182 the absorption of gravitons.
183 Experimental parameters—Let us study the experimen-
184 tal feasibility of the above scheme by inserting typical
185 example values for the parameters. Assuming a gravita-
186 tional wave with a frequency in the kilohertz regime
187 corresponds to a propagation length of a few hundred
188 kilometers during one half period. As in LIGO, this length
189 can be folded into a smaller length scale via retroreflecting
190 mirrors [21]; see Fig. 1. Then, after a propagation time on
191 the order of milliseconds, the light pulses hit the 45°
192 mirrors, which change their direction from Kin ¼ Kxex to
193 Kout ¼ Kyey, or vice versa. Ideally, this should happen
194 when ḣ ¼ 0, such that the sign changes of hðtÞ and the
195 integrand in Eq. (5) cancel each other. Depending on how
196 monochromatic the gravitational wave is, one could repeat
197 this procedure for several half cycles in order to obtain a

198lasting energy shift of several hE which should then equal
199or exceed ℏω.
200In this scheme, the light pulses must fit into one half
201period of the gravitational wave, such that the pulse
202duration is well below milliseconds and thus the frequency
203uncertainty is well above kilohertz. Thus, the idea is to
204transfer the small energy shift ΔE ≥ ℏω into a phase shift
205Δφwhich can be measured via interference. To this end, the
206initial pulse could be split up via a half silvered mirror (a
207nonpolarizing beam splitter) at 45° into two equal pulses:
208one first propagating in the x direction and the other one
209first propagating in the y direction; see Fig. 1. In this way,
210these two pulses would acquire opposite energy transfers.
211Thus far, the setup is similar to a Mach-Zehnder or (half
212of) a Sagnac interferometer (see also [22–25]) but with an
213important difference: one does not let the two light pulses
214interfere at this stage. Instead, they are both sent through
215another optical path length during which their tiny and
216opposite energy shifts �ΔE generate a small phase differ-
217ence Δφ analogously to a beat note in acoustics. To
218minimize noise in the relative phase between the two
219pulses, they can both be sent through basically the same
220optical path, but in distinguishable optical modes. This
221phase accumulation period would be after the gravitational
222wave passed by and thus can be much longer than a period
223of the gravitational wave. Actually, this fact could be an
224important advantage in comparison to LIGO, where the
225effective optical path length Oð103 kmÞ is limited by the
226period of the gravitational wave such that one does not have
227more than a few hundred reflections at the mirrors before
228interference. Of course, this advantage also comes with a
229drawback since LIGO can measure the full time-dependent
230amplitude hðtÞ of the gravitational wave, while the scheme
231here focuses on the final energy shift.
232For photons with energies in the eV regime (visible or
233near infrared light), a laser pulse with a moderate energy in
234the millijoule regime contains N ¼ Oð1016Þ photons. In
235view of their frequency [Ω ¼ Oð1015 HzÞ], we see that
236gravitational waves with h ¼ Oð10−22Þ or even weaker
237should lead to the stimulated emission (or absorption)
238of many gravitons with ω ¼ OðkHzÞ; cf. [26]. Assuming
239a classical (coherent) pulse, the usual Poisson limit
240Δφ ∝ 1=

ffiffiffiffi
N

p
yields the achievable phase accuracy

241Δφ ¼ Oð10−8Þ for interference measurements. Non-
242classical photon states will be discussed below.
243Another enhancement factor Oð109Þ is the large ratio of
244length scales: OðkmÞ arm length versus Oðμm�

wave-
245length. These two enhancement mechanisms are basically
246the same as in LIGO. As a difference from LIGO, the
247lasting energy shift ΔE allows longer phase accumulation
248times. For example, an effective optical path length of
249Oð106 kmÞ, e.g., assuming Oð106Þ reflections (instead of
250the few hundred reflections at LIGO) would yield a total
251enhancement factor of Oð1023Þ, which looks very prom-
252ising for amplitudes h ¼ Oð10−22Þ.

F1:1 FIG. 1. Sketch (not to scale) of a possible geometry. The initial
F1:2 laser pulse is split up by a half silvered mirror (dotted black line
F1:3 on bottom left) into two pulses (red lines), first propagating in the
F1:4 x and y directions, respectively. After half a period (ideally at
F1:5 ḣ ¼ 0), these pulses are reflected by the 45° mirrors (solid black
F1:6 lines) in order to propagate in the respective other directions.
F1:7 After traversing this Mach-Zehnder or Sagnac type geometry on
F1:8 the left-hand side and thereby gaining or losing energy, the light
F1:9 pulses are sent through further optical paths of equal length (or

F1:10 basically the same path) on the right-hand side in order to
F1:11 accumulate a large enough phase difference. Finally, they are
F1:12 brought to interference at another half silvered mirror (dotted
F1:13 black line on bottom right). The optical paths are elongated by
F1:14 retroreflections. The mirrors for doing that and for guiding the
F1:15 pulses are omitted for simplicity.
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253 Form another perspective, each photon acquires a
254 lasting frequency shift of �ΔΩ ¼ OðhΩÞ which gives
255 Oð10−7 HzÞ. After a phase accumulation time of a few
256 seconds corresponding to a path length of Oð106 kmÞ, this
257 translates into a phase shift of Δφ ¼ Oð10−7Þ for each
258 photon—which can then be detected using N ¼ Oð1016Þ
259 photons.
260 The above considerations assumed that the light pulses
261 are perfectly timed with the gravitational waves such that
262 the former hit the 45° mirrors when ḣ ¼ 0. If this timing is
263 not perfect, the effect is reduced accordingly. This draw-
264 back could be reduced by having a continuous train of
265 (equidistant) pulses such that several pulses are emitted
266 during one gravitational wave period—ideally as a coinci-
267 dental measurement with LIGO. Note that the total average
268 power of a few watts is not overwhelming. Thus, going to
269 the limit of overlapping pulses, one could also envision a
270 cw laser with a permanent power in this range, where the
271 interference pattern is continuously measured.
272 Nonclassical photon states—It is well known that one
273 can achieve sensitivities exceeding the Poisson limit Δφ ∝
274 1=

ffiffiffiffi
N

p
by employing nonclassical states such as squeezed

275 states; see, e.g., [27–29]. Actually, this is being imple-
276 mented at LIGO; see also [30,31]. Since the energy transfer
277 [Eq. (5)] is bounded by the total energy of the light pulse
278 (independent of its quantum state), a squeezed state would
279 not be an advantage here—except that it could have an
280 energy variance which is different from a coherent state, for
281 example.
282 However, a nonclassical state can be advantageous for
283 the accuracy of the phase measurement. To understand this
284 point, let us consider the extreme case of a many-body
285 entangled state in the form of a so-called NOON state; see,
286 e.g., [32]. In contrast to a coherent (i.e., classical) state
287 where all photons are in a superposition of the two
288 interferometer arms, this NOON state describes a super-
289 position where either all photons are in one arm (and none
290 in the other) or all photons are in the other arm
291 jNOONi ¼ ðjNij0i þ j0ijNiÞ= ffiffiffi

2
p

. After interacting with
292 the gravitational wave, the photons acquire opposite phases
293 ðeþiNΔφjNij0i þ e−iNΔφj0ijNiÞ= ffiffiffi

2
p

such that now the
294 achievable phase sensitivity scales with the Heisenberg
295 limit Δφ ¼ Oð1=NÞ instead of the Poisson limit
296 Δφ ¼ Oð1= ffiffiffiffi

N
p Þ. As a result, the required number N of

297 photons would be much smaller, but actually generating
298 such a highly nonclassical state and measuring it is also
299 much more challenging experimentally.
300 Quantum aspects of gravity—Thus far, we have assumed
301 that the laws of quantum theory apply to the gravitational
302 field in basically the same way as they do to the electro-
303 magnetic field, for example. Now, let us scrutinize this
304 assumption. First, it should be stressed that measuring an
305 energy shift of ℏω does not prove that the energy of
306 gravitational waves is quantized in units of ℏω; cf. [33,34].

307On the other hand, detecting a gravitational wave at LIGO,
308for example, and not finding the associated energy transfer
309in a setup discussed here would indicate that there is
310something going on that we do not understand (e.g., that the
311above assumption is wrong).
312Furthermore, the setup discussed here could allow us to
313test certain properties of quantum superposition states of
314gravitational fields. Similar ideas have already been dis-
315cussed for the Newtonian gravitational field. If a suffi-
316ciently large mass is in a superposition state of two spatially
317well separated positions, then its (static) gravitational
318field should also be in a quantum superposition; see,
319e.g., [35–38]. Going one step further, this superposition
320state could indicate entanglement between the gravitational
321field and the matter degrees of freedom—or even mediate
322entanglement between two different matter degrees of
323freedom; see, e.g., [39–41].
324An analogous idea can be applied to the setup considered
325here. For example, let us take the NOON state discussed
326above for the photon field where the light pulse in one arm
327(say, jNij0i) would gain the energy ΔE while the light
328pulse in the other arm (j0ijNi) would lose this energy.
329Then, unless one is willing to abandon energy con-
330servation, this means that we get a superposition of
331quantum states including the gravitational wave, i.e.,
332jNOONijĒgravi transforms to a superposition of the state

333eþiNΔφjNij0ijĒgrav − ΔEi for one arm and the state

334e−iNΔφj0ijNijĒgrav þ ΔEi for the other arm, where Ēgrav

335denotes the initial energy expectation value of the gravi-
336tational wave.
337However, this superposition does not necessarily imply
338strong entanglement between the photon field and the
339gravitational field, because the quantum states of the latter
340jĒgrav − ΔEi and jĒgrav þ ΔEi could be nonorthogonal.
341For example, two coherent states jαþi and jα−i have a finite
342overlap jhαþjα−ij2 ¼ expf−jαþ − α−j2g which can be near
343unity if the two states jαþi and jα−i differ only by an
344energy of one or a few excitation quanta ℏω on top of a
345strongly displaced (i.e., nearly classical) state with
346jα�j ≫ 1. This would be very different for a Fock state
347jni, for example, where the overlap hnþ 1jn − 1i vanishes
348(i.e., one has maximum entanglement).
349This entanglement between the photon field and the
350gravitational field or, equivalently, the overlap between the
351states jĒgrav − ΔEi and jĒgrav þ ΔEi affects the visibility in
352interference measurements of the phase difference Δφ. For
353coherent states jα�i of the gravitational field with
354ℏωðα2� þ 1=2Þ ¼ Ēgrav � ΔE, the overlap is near unity

355for small ΔE ≪
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ℏωĒgrav

q
. As a result, the reduced state

356of the photon field alone is approximately a pure state
357ðeþiNΔφjNij0i þ e−iNΔφj0ijNiÞ= ffiffiffi

2
p

, and thus the phase
358differenceΔφ can be measured as discussed above; i.e., one
359has full visibility.
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360 Now let us imagine replacing the coherent state of the
361 gravitational field (in a given mode) by an initial Fock state
362 jni with Ēgrav ¼ ℏωðnþ 1=2Þ and ΔE ¼ ℏω as an
363 (extreme) example of a nonclassical state. In this case,
364 the overlap hnþ 1jn − 1i vanishes, and thus the reduced
365 density matrix of the photon field alone is a fully incoherent
366 mixture of the two states jNij0i and j0ijNi, which could in
367 principle be verified by N-photon state tomography. Here,
368 all phase information is lost and one has zero visibility, i.e.,
369 the absence of any interference with photonic NOON
370 states. Since a thermal state can be written as an incoherent
371 mixture of (orthogonal) Fock states with their thermal
372 probabilities, the same conclusion (zero visibility) would
373 apply. Thus, by measurements on the photon field (e.g.,
374 using the NOON states with variable delay times), one can
375 in principle distinguish between different quantum states of
376 the gravitational field (in this mode), such as between a
377 coherent state and a Fock (or thermal) state (in the absence
378 of other sources of decoherence).
379 In the bigger picture, the above consideration is an
380 example of gravitational decoherence which has already
381 been discussed in several works; see, e.g., [42–46]. The
382 arguments above are based on the assumption that the laws
383 of quantum theory apply to gravity in the same way that
384 they apply to electromagnetism, for example, but it has also
385 been proposed that one has to modify gravity and/or
386 quantum theory when combining them; see, e.g., [47–
387 49]. In such a case, the predictions could be different (e.g.,
388 the decoherence could be larger), and thus the setup could
389 also allow us to test these ideas; see also [50–53].
390 As another potentially interesting observable, one could
391 measure the phase fluctuations (for the pulsed mode of
392 operation or the cw mode). Since the final phase ΔφðtÞ is
393 given by a convolution of the gravitational wave amplitude
394 hðt0Þ with a time-dependent kernel kðt − t0Þ which encodes
395 the history (e.g., reflections) of the photons arriving at a
396 time t, these phase fluctuations hðΔφ̂Þ2i allow us to access
397 the two-point function hĥðtÞĥðt0Þi of the graviton field,
398 which also contains information (phase coherence versus
399 thermal fluctuations, etc.) about the quantum state of the
400 graviton field.
401 Conclusions and outlook—To facilitate the transition
402 from passively observing a natural phenomenon such as a
403 gravitational wave to actively manipulating it, we inves-
404 tigate the stimulated emission or absorption of gravitons by
405 light [54], in analogy to an “optical Weber bar.” An
406 important difference to LIGO is the distinction between
407 the interaction time (set by the period and pulse length of
408 the gravitational wave) and the phase accumulation time.
409 For LIGO, both are essentially the same, but in the setup
410 discussed here, the latter is not limited by the gravitational
411 wave but only by optical properties (such as the Q factor)
412 and thus could be much longer. This difference might
413 become even more pronounced for gravitational waves of
414 higher frequencies.

415Using nonclassical photon states such as NOON states,
416energy conservation demands that we create quantum
417superposition states of gravitational waves with different
418energies. In this way, interference experiments with vari-
419able delay times could even test certain quantum aspects of
420gravity; e.g., they could distinguish between different
421quantum states of the gravitational field.
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621 End Matter

622 Appendix: Wave packets—Let us consider the
623 sequence described above in terms of the wave packets
624 associated with the light pulses. The wave equation
625 obtained from Lagrangian (3) reads

ð∂2t − ½1 − h�∂2x − ½1þ h�∂2yÞAz ¼ 0: ðA1Þ

626627 Since the frequency Ω ¼ Oð1015 HzÞ of the electro-
628 magnetic waves corresponding to visible or near infrared
629 photons with energies in the eV regime is much larger
630 than the frequency ω of the gravitational wave (e.g., in
631 the kilohertz or hertz range), we may use the WKB
632 approximation. In the coordinates in (2), the wave
633 numbers Kx and Ky are conserved (apart from the
634 reflection at the mirrors), but the frequencies Ω change
635 according to the dispersion relation

Ω2 ¼ ½1 − h�K2
x þ ½1þ h�K2

y: ðA2Þ

636637 For propagation in either the x or y direction, the energy
638 of each photon thus changes with ΔΩ ¼ �hΩ=2. During
639 the reflections at the static mirrors (occurring when
640 ḣ ¼ 0), the frequencies Ω do not change. Hence, by
641 altering the directions as described above, one can
642 transform the momentary changes ΔΩ ¼ �hΩ=2 into a
643 lasting shift in frequency. Since the total number of
644 photons does not change in this process, we get an
645 energy shift of ΔE ¼ �hE=2 for each half period of the
646 gravitational wave, i.e., between two reflections in the
647 mirrors (which is consistent with the above results).

648Besides the total energy of the wave packets (on the
649classical level), let us also consider its shape and amplitude.
650Since the values of the wave numbers are conserved during
651free propagation (i.e., between two reflections in themirrors),
652the shape of the wave packet does not change in terms of the
653coordinates in (2). However, owing to the reflections in the
654mirrors (where the x and y length scales are modified by a
655gravitational wave), we may get a lasting deformation of the
656wave packets, i.e., light pulses. Similar to the deflection angle
657discussed above, these deformations could also be used to
658detect gravitational waves, at least in principle. However,
659since these deformations arevery smallOðhÞ, wemayneglect
660them in the following and focus on the energy shift. Even after
661the interaction with the gravitational wave, the energy shift
662induces a phase differencewhich growswith the time elapsed
663and thus can be amplified—while the deformation would not
664be amplified in the same way.
665Finally, for fixed Kx and Ky (i.e., between two reflec-
666tions in the mirrors), wave equation (A1) simplifies to the
667ordinary differential equation Äz þΩ2ðtÞAz ¼ 0 with the
668conserved Wronskian W ¼ A�

zȦz − Ȧ�
zAz, which yields

669W ≈ −2iΩjA2
z j in the WKB approximation. Thus, the

670amplitude of Az changes with 1=
ffiffiffiffi
Ω

p
. Since the total energy

671E of the pulse scales with ðΩAzÞ2 and the volume in terms
672of the coordinates in (2) does not change during free
673propagation, we find that E changes proportionally to Ω
674(i.e., the energy of each photon), as expected. Again, the
675reflections at the static mirrors (occurring when ḣ ¼ 0) do
676not change the total energy—but they transform the
677instantaneous changes into a lasting energy shift.

678

Q1
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