Complete Solutions to Examination Questions 10 1
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1. (i) We need to determine 3z, +2z, given z, =4+ j2,z,=3—]:
3z, +22,=3(4+j2)+2(3- )
=12+ j6+6-2)j=18+ j4
(11) The product z,z, is given by
2,2, =(4+j2)(3-])

=12— j4+ j6—j*2 [Using FOIL]
=12+ j2+2 [Becausejzz—l]
—14+ )2

2. (a) Weneed to find z,z, given z,=2+]j, z,=3-j4:
2,2,=(2+j)(3- j4)

=6-j8+ j3-j*4 [Using FOIL]
=6—j5+4 [Becausejzz—lj
~10- j5

(b) How do we find the square root of z, =2+ j ?
We first write 2+  in polar form:

24 j=+22 +124[tan1 GD

=/5£(26.56°) = 5"2 £ (26.56°)
The square root of 5" 4(26.560) is given by De-Moivre’s Theorem (if Z=rZ6 then
2" =r"Z(nd)):
[5"2£(26.56°)] " =(5")" £ (lx26.56°j
2
=5"*/(13.28°)
o 360
The other root has the same modulus but we add 180° because - - 180°

5% £(13.28°+180°) = 5" £(193.28°)
The two roots of z, are 5"*Z(13.28°) and 5"*£(193.28°).

3. (a) We need to write z* =-2— j2\/§ in polar form and then take the fourth root of this:
2-j23= \/(—2)2 + (—2\/5)2 Z(tan‘1 [%D

=4/(180°+60°) = 4.£(240°)
Remember -2 - j2\/§ is in the third quadrant and that is why we had to add 180°.
What do we need to find?
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The four roots of this number. Let z, be the first root
1/4
2, =|2-j2V3]
=[4£(240°)]"

=4ty Gx 240°j =2£(60°) [Because 4 =(22)" =2 =2 }
One of the roots is z, =+/2.£(60°) . How many more roots do we have?
Three more. How do we find these?

By adding % =90° each time to the argument of z, = NoY4 (600) )
2, =22(60°+90°), z, =+2£(60°+2(90)°), z, =+/2£(60°+3(90)°)

2, =N2Z(150°), 2, =2£(240°) and z, =+/2£(330°)
Plotting these on the Argand diagram:

(b) We need to place each of these numbers into polar form:
cos(53°)+ jsin(53°)=1-(53°)
cos(24°)+ jsin(24°)=1£(24°)

Evaluating the given expression
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(cos53°+ jsin53°)’ B |:14(53°):|3
cos24°+ jsin24°  12£(24°)

gzw—ﬂ)

|

:% [Using [rzo] = r”L(ne)}
=(1)° £[(3x53°)~24°] {Using % _
~1/(135°)

Our final answer is 1 .£135°.

4. (a) We need to solve the quadratic equation x> —6x+13=0. How?
Use the quadratic formula with a=1, b=-6 and c=13:

_ —bim _ —(—6)i\/(—6)2 —(4><1><13)

X

2a 2x1
_6xv-16 “_mzéi i=3+j
2 2 72

Our roots with imaginary number i = j we have 3+2i, 3-2i.

(b) The exponential form of a complex number is
e’ =cos(0)+isin(6)

With @ =% we have

e/t = cos[£j+ [ sin(zj Ll :L(1+ i)
4 4) 2 2 -2
(c) De Moivre’s theorem says that if z=¢" then
2" =e"
=cos(n@)+isin(nd)
We have

1 in@ 1
z +_n:e in@
z e

i i . .. 1
=e" +e™ [Usmg the rules of indices — = a”}
a

=cos(n@)+isin(nd)+cos(nd)—isin(no)

:eflnﬁ

=2cos(no)
The value of a is 2.
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5. We use the complex numbers a=3+i, b=2-3i, c=-1+4i:
(a) (1) Evaluating
(a+b)c=(3+i+2-3i)(-1+4i)
= (5-20)(~1+4i)
=—5+20i+2i-8i’ [Using FOIL |
=-5+22i+8=3+22i
(1) The (bc)* means determine the complex conjugate of bc. We first find bc:
be = (2-3i) (~1+4i)
=-2+8i+3i—12i’ =10+11i
The complex conjugate of bc =10+11i is
(bc) =10-11i

(i11) Remember to divide two complex numbers we have to multiple the numerator and
denominator by the complex conjugate of the denominator.

b_2-3i _(2-3i)(3-i)

a  3+i 32 +1°
- - .2 -
:6 21-91+ 31 :3 11|=O.3—1.1i
10 10

(iv) What does the notation |ab| mean?
The modulus of ab. We first find the product ab and then the modulus.

ab=(3+i)(2-3i)=6-9i+2i-3i’
=9-7i
9-7i[=+/9? +7* =130
(v) What does the notation Re(ac) mean?

Find the real part of the product ac. We have
ac=(3+i)(-1+4i)

=3+12i—i+4i* =—7+11i
The real part is equal to —7.
(vi) Need to convert each of the given complex numbers into polar form:

la| =[3+i|=~/3*+1* =410
arg(a) =tan™' (%j =0.3218

Therefore a in polar form is +/10.£ (0.3218). Similarly we have

_h—3il= 22 +(-3) = —tan | 2 =
|b|=[2-3i]=4/2? +(-3)" =13, arg(b)=tan ( 2] 0.9828
| =[~1+4i| = /(-1)" +4* =17, arg(c)=tan™ (—4)=~1.3258+ 7 =1.8158

We need to add = radians to the argument of ¢ because the calculator gives the wrong
quadrant. We have b = x/EL(—O.9828) and C= \/ﬁl(l.8158) .
Therefore
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(Ej_m4(0.3218)xx/ﬁ4(1.8158)
b ) J132(~0.9828)
VioVi7
J13
=3.6162£(3.1204)

The modulus is 3.6162 and argument 3.1204.
(b) To apply De Moivre’s theorem we first have convert the given complex number into
polar form. We can find the argument in degrees so that we get a feel for the size of the

angle.
e )

=10 (~18.43°)
What does De Moivre’s theorem state?
If z=r/0 then 2" = r”é(n&) . We have

(3-1)" =[VioL(-18.43)]
1/3 1
=(V10) Z(—18.43x§j

=(10")" £(6.145°) = 10" £(~6.145°) [Because (a") = a"‘”}

(0.3218+1.8158—(~0.9828))

One of the roots of (3—i)" is 10"°£(~6.145°)=r,. How many roots are there?
Three roots because we are asked to find the cube roots. How do we find the other two roots?

Add (?) =120° each time. Let r, and r, be the other two roots:

r,=10"°Z(-6.145°+120°)=10"° £ (113.855°)
r,=10"°£(113.855°+120°) =10"° £(233.855°)

6. We first convert 8i into polar form. On the Argand diagram 8i is plotted as:

Im

10
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Clearly by examining this diagram we have 8i = 84(90°) . The cube roots of this number are

given by taking the number to the index 1/3. Let z, be the first root then

2,=[82(90°)]" = 8”2(%901

—2/(30°)
We have two other roots z, and z,. Where are these?
These have a modulus 2 but the argument of % =120° is added each time to z, and then to
Z,:
z,=2/(30°+120°)=2/(150°) and z, =22(150°+120°)=2.£(270°)
The three roots of 8i are z, =2.2(30°), z, =2£(150°) and z, =2£(270°).

7. We need to find the 5™ roots of =32 because we are given z° =-32. What is —32 in

polar form?
On the Argand diagram —32 lies y

e/

— i i i
35 -30 -25 -20 -15 -10 -5 X

—32 has a modulus of 32 and argument of 180°, that is
—32=32/(180°)

We can find one of the roots of —32 by taking this 32/ (1800) to the index 1/5. Let z, be
one of the roots then

2,=[322(180°)]"

- 32”54(éx 180°j =2/(36°) [Because 2"=r"Z(n 6?)]

The other four roots are found by adding % = 72°to each root which results in
z,=2/(36°+72°)=2-(108°)
Z, = 24(108O + 72°) = 24(180")
Z,= 24(180° + 72°) 24(252°)
7, =2/ (252° + 72°) 24(324")

8. (a) We need to convert w=3e*"'* into rectangular form:

w=3e" =3 005(31)+ i sin(3—”j
4 4

= 3{—%“%} = %[—H i] {Taking out %}

The product zw is given by
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:(3+5i)%(—1+i)
%( —~3+3i - 5i +5i%)
%( ~8-2i)= —%(4“) [ Because —8—2i=-2(4+i)]
:—3\/5(4+i) {Because %:2]—2/2:2”2 :\/5}
The quotient % is given by
Z_ 345 (3+5|) —i) {Complex Conjugate of}
w3 N3 _1)2+12 —1+i is —1—i
—=(—1+1) (
7
_V2[-3-3i-5i-si
3 2
_Q{_z 8'} \/5[1 4i [Because 2_&:2(1_4')}
3 2 3 2 2

The addition z+Ww is equal to

Z+W:(3+5i)+i(—l+i)

NG
_ (3—%j+[5+%ji = 0.8787+7.1213i

We now place each of these results in polar form:

ZW:—3ﬁ(4+i):3ﬁ(—4—i):3ﬁ[ 42 +124(tan_l (:—im
=3v2/172£(0.245 + 7) = 3334/ (3.3866)

Since zw is in the third quadrant that is why we have added 7 radians.
The quotient result

2Py i) Y2 T ()
:@4(—1.3258)

The addition z+w in polar form is
z+w=0.8787+7.1213i = 7.17534(1.448)

(b) Let z=a-+bi where a and b are real. Substituting this into the given equation
2’ +22=-3 yields:

(a+bi)2 +2(a—bi) =-3 [Remember ifz=a+ib then z= a—ib]
a’ +2abi +(bi)2 +2a-2bi=-3 [Expanding]
a’~b’+2a+(2ab—2b)i=-3 | Remember (bi) =i’b* =D’ |
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Equating real and imaginary parts gives
a’-b’+2a=-3 and 2ab-2b=0 = 2b(a-1)=0

From the last equation 2b(a—1)=0 we have b=0 or a=1.If b=0 then the first equation

a’—b’>+2a=-3 becomes a’ +2a=-3 which implies a*+2a+3=0. This quadratic

equation gives us complex roots but we are assuming that a is real. Hence b cannot equal

zero, that is b= 0 which means that a =1. Substituting a=1 into a* —b* +2a=-3 gives
1-b*4+2=-3

6=b> = b=x/6
Our z values are z=a+bi=1+\/€i, 1-+/6i.

(¢) In polar form we have
_ s [ 2 2 -1 \/g
Z—1+\/§|— 1 +<\/§) Z[tan (Tj]

- 24(£J
3
How do we find z'°?
Use De Moivre’s Theorem which states that if z=rZ6 then z" =r"Z(n#):

710 = (24 (ED —210 / (10—”) —1024/ (4—”j
3 3 3

Remember IOTE =2r +4Tﬂ radians is 4% radians because 27 radians is a complete

revolution which means we are back at our starting point.




Complete Solutions to Examination Questions 10 9

What does 3/z = 7> mean?
The cube roots of z. How many are there?
Three. We can find the first root by applying De Moivre’s Theorem:

1/3
e[pef5)] e[

We have two more roots and the other roots have exactly the same modulus but argument is

increased by 2?7[ each time:
z, _21/34( ”j:21/34(7_7f
3
7, = 2“34(—”+ 27\ _ 2”34(1—”j
L= =
9

(d) Using the hint means we need to expand (cos(ﬁ) +1 sin(@))3 . Apply Binomial expansion:
(cos(@) +1i sin(&))3 =cos’ (@) +3cos’ (8)isin(8)+3cos(8)i’sin’(8)+i’sin’ ()
=cos’ (0)+i3cos’ (8)sin(0)—3cos(8)sin’ (8)—isin’ (&)
=cos’ (0)—3cos(8)sin* (6 )+I[3cos2( )sin(6)— sin3(6?)] ()

Collecting real and imaginary terms in the last line.
We can write cos(@) +1i sin(ﬁ) =1/£6. Raising this to the index 3 gives

[ cos(6)+isin (6’)]3 =(1£6)
=1°£(36)
=1[cos(39)+isin(39):| :cos(36’)+isin(3¢9) @)

Equating the real and imaginary parts of (1) and (*) gives
cos(30) = cos’ (8) —3cos(8)sin’ (0)

9.  Need to be careful with this question because of minus sign in front of the 10. How can
we write the minus 10 in polar form?
Remember —10 on the Argand diagram lies

T

-10 ' 5 0 5 10

Therefore —10 in polar form is 10e” because modulus is 10 and argument is 7. We have
_ _loe—iﬁ/lo — loeiﬂ'e—iﬂ'/IO

il =7
= 10eI [7[ 10] [Applying the rules of indices a"a" = am“‘]
1)

The argument of the complex number is ?—g

:IOe[
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10. (a) We are given the complex numbers z=2— j and w=3+2j. We need to determine
2, Z+W, Zw, i, 7|
w
What does z denote?
The conjugate of Z which means that z=2+ .
Adding the two complex numbers gives
Z+wW=(2-j)+(3+2j)=5+]
The product zw can be found by using FOIL:
ZW:(2— j)(3+2j)=6+4j -3j—j’2
=6+ j+2=8+]
The reciprocal 1/w is given by
1 3-2j 3-2j 3 2.

1
w o 3+2j 3¥+2° 13 13 13
What does |z| denote?

This is the modulus of z. We have

l2|=]2-j|=V22+1* =5

(b) Need to write z=-2— 23 J in modulus argument form:

o= (2) +(-23) =EFTE =G =4
arg(Z)=arg(_2_2\/§j)=tan—1 [%]:7{4—%:4_”

3

Remember z =-2-2+/3 j is in the third quadrant therefore we have added 7 radians.

z in modulus argument form is 4/ (4%) .

1/2
We are told that w? = —2-2/3 J therefore w= (—2 N j) . We apply De Moivre’s

theorem to find the square root of w. De Moivre’s theorem states that if z=rZ6€ then
2"=r"s (n 6?) . Letw, be one of the roots then using the polar form of z we have

W, = {44 (4—”ﬂ2 =42/ (lx4—”] =2/ (2—”j
3 2 3 3

We have two square roots of w. Where is the other root?
Same modulus but the argument of 7 radians is added because we have a square root which

2w .
means we add 7 = 7z radians.

W, :24(2—”“;]:24(5—”]
3 3

The two values of W are W, = 24(2%] and w, =2/ (5?”] :

11. (a) Using FOIL we have
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(2+3j)(1— j)=2— j2+j3-j°3
=24+ j+3=5+]

For the quotient we have to multiply the numerator and denominator by the complex
conjugate of 1— j whichis 1+ j.

2+3j (2+3j)(1+])) 2+2j+3j+j°3

1-j I’ +1° 2

24+5j)-3 1 5.
2 2 2

(b) This is the same complex number as part (b) of question 10. From that solution we have

2=-2-243] =44[4T”j:44(—2—”j

3

The 4?7[ is not the principal argument but —2?7[ is the principal argument because the

principal argument lies between —7 and 7.

(c) Remember —25 has a modulus of 25 and an argument of 7 radians.
—25=25/(r)

The given quartic equation W* +25=0 can be rearranged to

wh=-25

W= (_25)1/4
We have four roots of —25. Let w, be the first root. By applying De Moivre’s theorem we
have
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= (25) = (252(x)"
= 25”44(%x7zJ [Because (r£0)" = r”L(n@)}

=(s) "2 ( j NG 4( j [ Because (%) =52 =5 |

How do we find the other three roots?

2 . .
Add Tﬂ :g radians each time. Let W,, W, and W, be the other three roots.

w—5( T+ )52 ]
w =542 )= 3]
N N

All these roots lie on the circle with centre origin and radius J5 as illustrated below:

Im

12. (a) The complex number 1—1i in polar form is
=«/12+(—1)2 =2, arg(l1—i)=tan"' (-1)=—45° or —%
Therefore 1—1i —x/—é(——j \/_e 4,

(b) The complex number € in rectangular form is
e” =cos(7)—isin(7)=-1-0=-1

12
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1 1
(c) We first write the complex number — in polar form:
P NI

e o]
e i —1(%] (1) 45°
L _1/(45°). Therefore

1
We have —
NEANG

60
(%H%) =[1£(45°)]"
=(1)" £(60x45°)
=1£(2700°)=1£(180°) = -1
(d) We can write 8 in polar form as 8/ (0°) . The cube roots of 8 are given by

81/3 _ [84(00)]1/3 _ 81/34(%X00j — 24(00) —

The other roots are found by adding ? =120°:
r,= 24(0O + 120°) = 24(120‘3)
r, = 24(120o + 120°) = 24(240")
The cube roots of 8 are r, =2£(0°), r, =22(120°) and r, =2/(240°).



