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Complete Solutions to Examination Questions 14

1. The characteristic equation is
m>+2m+2=0

b++/b*—4ac

Solving this quadratic equation by the formula method m = _2— with a=1, b=2
a
and c=2 gives
—2+,/2° —(4><1><2) D++—4
m= =
2x1 2
-2, .
2 ) 2 )

The general solution is given by
y=e’x[Acos(X)+ Bsin(x)} (*)
Substituting the given initial condition y =1 at X =0 into (*):

e’| Acos(0)+Bsin(0) [=A=1

To use the other initial condition we need to differentiate (*):
y=e" [Acos(x)+ Bsin(x)]

o e [ Acos(x)+ Bsin(x)]+e™[~Asin(x)+Bcos(x) ]
dX EylP:v;duct

=e™ [—Acos(x)— Bsin(x)— Asin(x)+ Bcos(X)}
dy

Substituting the other initial condition « =0 at Xx=0 into this result:
X

gj —Acos(0)—Bsin(0)—Asin(0)+Bcos(0) [=—A+B=0
=1 1 =0 =0 -1

From above we have A=1 therefore B =1. Our general solution is found by substituting
these values A=1 and B =1 into (*):

y=e"* [cos(x) + sin(x)}

2. (i) The characteristic equation is m* +16 =0 . Solving this gives
m’=-16

Mm=v_16=+j4=0+ j4
Since we have complex roots
y = Acos(4x)+ Bsin(4x) *)
We are given the initial conditions y(0)=3 and y'(0)=-2. Substituting the first of these
conditions y(0)=3 which means that when Xx=0, y =3 into (*):
Acos(4x0)+Bsin(4x0)=3 gives A=3
[N — N

=1 =0
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Next we apply the second condition y'(O) =—2 which means that when x=0, y'=-2.
Differentiating (*) gives

{ Formatted: Not Highlight

Because [cos(kx)]' =—ksin (kx)

y'=—4Asin(4x)+4Bcos(4x) '
and [sin(kx)} =k cos(kx) y
Substituting X=0, y'=-2 into the above yields )
—4Asin(4x0)+4Bcos(4x0)=-2
=0 M
2 1

4B=—2 = B=-=--
4 2

Our particular solution is found by substituting A=3 and B = —% into (*):

y = Acos(4x)+ Bsin(4x) = 3cos(4x)—%sin(4x)

A

.. . . . . . 42 y dy 4 /{ Formatted: Not Highlight
(i1) For solving the given differential equation o + 2&—15y =2e" we first find the e { Deleted: .
homogeneous solution: T { Formatted: Not Highlight

d? d ‘[ Deleted: .
Y2 ysy=0
dx d
The characteristic equation is
m*+2m-15=0

(m-3)(m+5)=0  [Factorizing]
m=3 m,=-5
Our complementary function is y, = Ae’™ + Be™™*. What is the trail function for the particular

integral in this case?
Y =Ce*. Differentiating this gives

Y '=4Ce" {Because (ekX )' = kekx}
Y"=16Ce* {Because (ekx )’ = kekx}
- . . . . . d’y _dy o
Substituting these into the given differential equation d—z+ 2d— —15y=2e" yields
X X

16Ce™ + 2(4Ce4x)—15Ce4* =2e*
(16C +8C —15C)e™ =2e*

9C =2 implies that C :g

Hence the particular integral is Y = Ce® = %e‘” .

Our general solution to the differential equation is
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y=Yy,+Y =Ae™ +Be ™ +§e4x

2
. . . . S ..
3. (a) We need to solve the given differential equation j?+ 255 =0. The characteristic

equation is
M +25=0 gives m=-25=+j5
The general solution is
s = Acos(5t)+ Bsin(5t) te))
Substituting the given initial condition when t =0, s=2 we have
Acos(5x0)+Bsin(5x0)=2 gives A=2

—_—
=1 =0

The other initial condition is % =5 when t = 0. Differentiating (X¥) yields

v>-- _ _ _ _ e —

Because | cos(kt ':—ksin kt
%z—SAsin(St)+SBcos(5t) [ ( )J (i)

and [sin(kt)]’ =kcos(kt)
Substituting the other initial condition:
—5Asin(5x0)+5Bcos(5x0)=5 gives 5B=5 = B=1
—_——

=0 =1

s =2cos(5t)+sin(5t)

(b) We need to find s at t :%:

S= Zcos(5£j+sin(5£j
4 4

1 1 1 3
=2 —— |+| ——= |=——[2+1]=——
I e
o . d’s . d’s
(¢) The spring is initially at rest means that the acceleration pres =0. Using F-’- 25s=0

gives that s=0.

2

4. The characteristic equation of 3 )2/ +y=0.001x" is
X

m’+1=0 implies that m=4y/-1=1]
The complementary function is given by
Y, = Acos(x)+ Bsin(x)
Since f(x)=0.001x> we trail the particular integral

Y =Cx* +Dx+E
Differentiating this gives

/{ Deleted:

s
-

- [ Deleted:
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ﬂ:ZCx+D
dx
2
e
dx

oL . . . . .
By substituting these into the given differential equation d_¥+ y =0.001x> we can find the
X

2C +Cx* + Dx+E =0.001x>
Cx? + Dx+(2C + E) = 0.001x* (1)

Equating the X* coefficients of ():
C =0.001
Equating the X coefficients of ():
D=0
Equating the constant coefficients of ():
2C+E=0
2(0.001)+E=0  [Because C=0.001]
E =-0.002
Thus the particular integral is found by substituting these values C =0.001, D=0 and
E =-0.002 into Y =Cx* + Dx+ E which gives

Y =0.001x* —0.002
Hence our general solution is given by

y =Y, +Y = Acos(X)+Bsin(x)+0.001x* —0.002 *)
We can find the values of A and B by using the given initial conditions
y(0)=0, y'(0)=15
y(0) =0 means that when x=0, y =0. Substituting this into (*) gives
Acos(0)+Bsin(0)+ 0.001(0)2 -0.002=A-0.002=0
Hence A=0.002. To use the other initial condition y’(O) =1.5 which means that when
x=0, y' =1.5 so we need to differentiate (*):
y = Acos(X)+ Bsin(x)+0.001x> —0.002
y'=—Asin(X)+ Bcos(x)+0.002x
Substituting X =0 and y’'=1.5 into this yields
—Asin(0)+Bcos(0)+0.002(0)=B=1.5

Our particular solution is found by substituting A=0.002 and B =1.5 into (*):
y =0.002cos(x)+1.5sin(x)+0.001x* —0.002

=1.5sin(x)+0.001[ 2cos(x)+X* - 2]

2
dy +ﬂ—2y:—4x is

5. The characteristic equation of —3
dx® dx

- [ Deleted:
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m’ +m-2=0
Solving this quadratic equation:
m’+m-2=(m-1)(m+2)=0 gives m =1, m,=-2
Our complementary function is y, = Ae* +Be™*. What is our trail function in this case?
Since we have f (x)=—4x therefore Y =Cx+ D . Differentiating this:

Y=Cx+D
Y'=C
Y"=0

2
Substituting these results into the given differential equation % +% —2y =-4x yields
X

0+C—-2(Cx+D)=—4x
C-2Cx-2D =-4x
Equating coefficients of X:
—2C =—4 implies that C =2
Equating constants:
C-2D=0
2-2D =0 impliesthat D =%=1
Our particular integral is Y = Cx+ D =2x+3. This means that our general solution is
y=y,+Y =Ae* +Be  +2x+1 (*)
We need to find the particular solution which satisfies the given initial conditions y (0) =4,
y'(0)=5. What does y(0)=4 mean?
When X =0, y=4. Substituting these into (*) yields
Ae”+Be " +(2x0)+1=A+B+0+1=4
A+B=4-1=3
To use the other initial condition we need to differentiate (*):
y = Ae* -2Be™ +2
Applying the initial condition y'(O) =5 we have
Ae’-2Be " +2=A-2B+2=5
A-2B=5-2=3
Solving the simultaneous equations
A+B=3
A-2B=3
Our particular solution is given by substituting these values of A=3 and B =0 into (*):

y=Ae*+Be ¥ +2x+1
=3e* —(0xe’“)+2x+1:3ex +2x+1

} implies that A=3, B=0

6. (a) The characteristic equation of 2y"+5y'+3y =0 is
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2m* +5m+3=0
(2m+3)(m+1)=0 implies that m, = —%, m, =-1
Our general solution is
y= e +Be (*)
Substituting the given initial condition y(0)=3 [when x=0, y=3]into (*):

3
—=x0
Ae? +Be"=A+B=3
We need to differentiate (*) to use the other initial condition:

3y
y=Ae? +Be”

3y '
Y_ 3 pe pet [Using (e”) = kekx}
dx 2
Applying the other initial condition y'(0)=—4 which means that when x=0, y'=—4:

=N
S pe Be'=—2A-B-—4
2 2

We need to solve the simultaneous equations
A+B=3
ives A=2 and B=1
—% A-B=-4 s

The particular solution is determined by substituting A=2 and B =1 into (*):
3 3
y=Ae? +Be*=2e2 +e*
3y
The solutionis y=2e 2 +e7*.
(b) First we find the characteristic equation of y" -y’ =sin(2x):
m> —m=0
m(m-1)=0 m =0, m,=1
The complementary function is given by
y, = Ae” + Be* = A+ Be* [ Because e’ =1]

Our trail function is Y = C cos(2x)+ Dsin(2x). We need to differentiate this in order to find

the values of C and D.
Y =Ccos(2x)+ Dsin(2x)

((11—1 =—2Csin(2x)+2Dcos(2x)
2
(cllez =—4C cos(2x)—4Dsin(2x)

Putting this into the given differential equation y”—y’ =sin(2x):
—4C cos(2x)—4Dsin(2x) —[—2C sin(2x)+2D cos(ZX)} =sin(2x)
(—4C —-2D)cos(2x)+(2C —4D)sin(2x) = sin(2x)
Equating coefficients of cos(2x):
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—-4C-2D=0
Equating coefficients of sin (2x):
2C-4D =1
Solving these simultaneous equations:
—-4C-2D=0

= C:L, D=—l
10

2C-4D =1 5

The particular integral is
Y =Ccos(2x)+ Dsin(2x)
= %cos(2x)—%sin(2x) = %[cos(Zx)—%in(Zx)]
The general solution is given by

w1 )
y=y.,+Y =A+Be +E[cos(2x)—25m(2x)]

7. (a) We can test the function y = % Xsin ( X) is a solution of the given differential equation
by differentiating this and then substituting the results into the differential equation.
1.
=—Xsin( X
y = xsin(x)

d Ir.
d_i:E[Sm(X)JFXCOS(X)}

Using the product rule
d’y

dX2=%[cos(X)+cos — xsin ( ]— [ZCOS Xsin(x)]

Substituting these results into the LHS of y'+y= sm( ) gives . { Deleted: left hand side

. |
% +y:5[2cos (x) —Xsm(x)}+5Xsm(x)
=cos(X)

Thus y = S Xsin (x) is not a solution of the given differential equation y"+y =sin(x).

(b) This time we test y = —% xcos(X). We have

[ Formatted: Not Highlight

)

yz—%Xcos(X)

dy 1 .
-2 cos(X)—xsin(X)] [By product rule]
d’y

1 . .
¥ _E[_ sin(X) —(sm (x)+ Xcos(x))]

:_%[—2sin(x)—Xcos(X)} :%[2sin(x)+Xcos(X)]

Substituting this into the LHS of y"+y =sin (x) gives _{ Deteted: left hand side
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y'+y :%[2sin(x)+xoos(x)]—%xoos(x)
=sin(X)

This y = —% Xcos ( X) is a solution of the given differential equation.
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y dy
dx
m +m-2=0

—2y =e. We first find the complementary function:

(m=1)(m+2)=0 gives m =1, m,=-2
Our complementary function is equal to
y, = Ae* + Be™

Because f (x) =¢” therefore our trail function is Y = Ce* . Differentiating this gives

ﬂ:3Ce“ {Because ( kx) = kekx}
dx

dZY =9Ce* {Because ( kx) = ke* }

Substituting these into the given differential equation —=- 1 y dy 2y =¢e*
x> X
9Ce™ +3Ce™ —2Ce™ =e**

10Ce™ =e™ implies that C =%

. . . 1 L
The particular integral is Y = Ce™ :Ee“. The general solution is given by

—2x 3x

y=y.+Y = Ae" +Be loe

. . . . .. 1
The solution to the given differential equation is Ae* + Be™* +EE3 X

9. The characteristic equation is
M’ +1=0 implies that m=+—1 =]

Our complementary function Ye, is __ { Deleted:

The trial function in this case is
= X[C cos(x)+ Dsin(x )]
Differentiating this function by using the product rule we have

dy —I[Ccos )+ Dsin(x)]+x[—Csin(X)+ Dcos(X)]

=[C + Dx]cos(x)+[D—Cx]sin(x)

jj(Yz =Dcos(x)+[C+ DX][—sin(X)J+(—C)sin(x)+[D—Cx]cos(x)

=[2D - Cx]cos(x)—[2C + Dx]sin(x)
Substituting this into the given differential equation y”+y =cosx:
[2D —Cx]cos(x)—[2C + Dx]sin(x)+ X[C cos(X)+ Dsin(x)] =cos(x)
2Dcos(x)—2C sin(x) = cos(X)
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. 1 . . . .
From the last equation we have D = 5 and C =0. This means our particular integral is

—X[Ccos )+ Dsin(x )J

_ X{(O)cos(x)+%sin(x)} - Lxsin(x)
Thus our general solution is
. |
y=Yy,+Y =Acos(x)+ Bsm(x)+5Xsm(x) *)

We can find a particular solution because we have been given initial conditions. Substituting
the initial condition y(0)=0 which means that when x=0 then y=0:

Acos(0)+ Bsin(0)+l(0)sin(0) =A=0
M) 20 2
The other initial condition is y'(0)=5/2 means that when x=0, y'=5/2. We need to

differentiate (*) in order to use this condition:

y'=—Asin(x)+Bcos(x [sm + Xcos X)]

Using the product rule
Substituting X=0 and y'=5/2 into this yieldS'
—Asin(0)+ Bcos [sm )+0cos( )]: BZ%

=0 =

Hence our particular solution is given by putting A=0 and B :% into (*):
y = Acos(X)+ Bsin(x)+%Xsin(X)
=Ocos(x)+§sin(x)+%XSin(x)
=%[5sin(x)+Xsin(X)J
Our solution is y = %[5 sin(x)+ XSin(X)].

10. The characteristic equation is given by
m’+9=0 gives m==j3
Our complementary function is
Y, = Acos(3t)+ Bsin(3t)
Our trial function is
Y =Ct” + Dt+ E + Ftcos(3t) + Gtsin(3t)
We need to find the values of the unknowns C, D, E, F and G.How?
By differentiating twice and substituting into the given differential equation:
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‘;—Y =2Ct+D+F[(1)cos(3t)—3tsin(3t) ]+ G[(1)sin(3t) +3tcos(3t)]
X
=2Ct+ D+ F cos(3t)—3tF sin(3t)+ Gsin(3t) + 3Gt cos (3t)
2
dxt =2C —3F sin(3t)—3F [ (1)sin(3t)+3tcos(3t) |+ 3G cos(3t) + 3G (1) cos (3t) - 3tsin (3t) |
=2C —3F sin(3t)—3F sin(3t) - 9tF cos(3t)+3G cos(3t)+ 3G cos (3t) - 9Gt sin (3t)
=2C —6F sin(3t)— 9tF cos(3t)+6G cos(3t) —9Gtsin (3t)

2

Substituting these results into the differential equation yields (:lty +9y =9t —12cos(3t)

2
2C —6F sin(3t) — 9tF cos(3t)+6G cos(3t) —9Gt sin (3t)
—i—9(Ct2 +Dt+E + Ftcos(3t)+Gt sin(3t)) =9t* —12cos(3t)
2C —6F sin (3t) —9tF cos(3t)+6G cos (3t) - 9Gtsin (3t)
+9Ct* +9Dt +9E +9Ft cos (3t) + 9Gt sin (3t) = 9t* —12 cos (3t)
2C —6F sin(3t)+6G cos(3t)+9Ct* + 9Dt + 9E = 9t* —12cos(3t) (1)

Equating coefficients of t* in ():
9C =9 gives C=1
Equating coefficients of t in (}):
9D =0 gives D=0
Equating coefficients of constants in (}):
2C+9E =0

From above we have C =1 therefore 2C+9E =2+9E =0 implies that E = —%.

Equating coefficients of cos(3t) in (t):
6G =-12 gives G=-2
Equating coefficients of sin (3t) in (f):
—6F =0 gives F =0

Wehave C=1, D=0, E= —%, F =0 and G =-2. Thus our particular integral is

Y =Ct® + Dt + E + Ftcos(3t) + Gt sin(3t)

-t +(0)t—§+(O)tcos(3t)—2tsin(3t)

=t? —%—2t sin (3t)
Our general solution is

y=Y,+Y =Acos(3t)+Bsin(3t)+t’ —%—2tsin(3t)

11. (a) We need to solve X =-9x which has the characteristic equation given by
m® =-9 implies that m=+/-9 =+j3
Our general solution is
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x = Acos(3t)+ Bsin(3t) (%)
Substituting the given initial condition x =-1 when t =0 into (XY):
Acos(3x0)+Bsin(3x0)=A=-1
=1 =0
To use the other initial condition X=3 when t =0 we need to differentiate (3¥):
x = Acos(3t)+ Bsin(3t)
X =-3Asin (3t)+3Bcos(3t)

Substituting t =0, X =3 into this:

—3Asin(3x0)+3Bcos(3x0)=3B=3 gives B=1

\—N_—J — ———
=0 =1

Our particular solution is found by putting A=—1 and B =1 into (XY):
X = Acos(3t)+ Bsin(3t) =—cos(3t) +sin (3t)

We need to place this into amplitude-phase form Rsin (a)t + ¢) . In general

acos(@)+bsin(8)=Rsin(0+a) where R=+a’+b” and a =tan™ (%j
For x =—cos(3t)+sin(3t) we have a=-1 and b=1 therefore R = «/(—1)2 +1> =42 and
o =tan™ (_—1] " We have

1) a
X =—cos(3t)+sin(3t)= \/Esin(3t —%)

. . .2

The amplitude is R = V2 and period 5

To sketch the graph of x = V2sin (3’[ —%j =~/2sin [3('{ —%ﬂ is the sine graph with

X

15t
Xx= 2sin(3f—ﬂ)
i
s hg

057 3' 12 Z
E z 2n n 4n 5n 2 | ¥
12 3 3 2n o 3 3

05+ 3 12

-1+

-15f

/{ Deleted:

- { Formatted: Highlight
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2
(b) We first find the homogeneous solution of % — 2% +10x =20t + 6 which means we

have zero on theRHS: - { Deleted: right hand side
2
X 53 ox=0
dt dt
The characteristic equation is given by
m*—2m+10=0

To solve this quadratic equation we need to use the formula:

. bxvb®—dac _—(-2)* (-2)" —(4x10)

2a 2
_2++/-36
2
2 .6
=—+j—=1%]j3
2 J2 l

Our complementary function is given by
x, =€'[ Acos(3t)+Bsin(3t)]
Our trial function is X =Ct+ D . Differentiating this gives

X=Ct+D
X'=C
X"=0
d’x  dx

Substituting these into the given differential equation prEnn 25 +10x=20t+6:

0-2C +10(Ct+D)=10Ct -2C +10D = 20t + 6

Equating coefficients of t:
10C =20 gives C=2
Equating constants:
—2C+10D=-2(2)+10D=6 implies that D=1
The particular integral is equal to X =2t +1. Hence our solution is given by
X=X+ X

=g [Acos(3t)+ Bsin(3t)]+2t+l



