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Complete Solutions to Examination Questions 6 
 

1. (i) To differentiate the given function 
6

3 7 25 9
3
xy x x

x
− 26= + + − +  we need to rewrite   

the term 17 7x
x

−= . Differentiating  

( )

6
3 1

5
4 2

5
4 2 5 5

25 7 9 26
3

d 215 7 6 9
d 3

215 7 4 9 Simplifying  6 2 2 4
3

xy x x x

y xx x
x

x 5x x x x x

− −

− −

− −

= + + − +

⎛ ⎞
= − − + −⎜ ⎟

⎝ ⎠
⎡ ⎤⎛ ⎞

= − − + − = =⎢ ⎥⎜ ⎟
⎝ ⎠⎣ ⎦

 

(ii) How do we differentiate 22 lny x
x

⎛ ⎞= ⎜ ⎟
⎝ ⎠

? 

Since we have a product therefore we use the product rule which is 

(6.31)  [ ]d ' '
d

uv u v uv
x

= +  

Using this formula and basic rules of logs we have  

( ) ( ) ( ) ( )

( )

22 ln ln 2 ln Using ln ln ln

1 1' 2 ' 0 Note ln 2 0.693 is a constant

Au x v x A B
x B

u v
x x

⎡ ⎤⎛ ⎞ ⎛ ⎞= = = − = −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

= = − = − =⎡ ⎤⎣ ⎦

 

Substituting these into the product rule gives 

{ [ ]
Cancelling

d 22 ln ' '
d

2 12ln 2

2 22ln 2 2 ln 1 Taking out 2

x u v uv
x x

x
x x

x x

⎡ ⎤⎛ ⎞ = +⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎛ ⎞⎛ ⎞= + −/⎜ ⎟ ⎜ ⎟⎝ ⎠ /⎝ ⎠

⎡ ⎤⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

 

(iii) How do we differentiate 
( )

24
sin 5

xey
x

−

= ? 

We have a quotient function therefore we use the quotient rule: 

(6.32)  2

d '
d

u u v uv
x v v

−⎡ ⎤ =⎢ ⎥⎣ ⎦
'  

Let  
( )
( ) [ ]2

x

x−

24 sin 5

' 8 ' 5cos 5 Differentiating

u e v x

u e v x

−= =

= − =
 

Substituting these into the quotient rule formula (multiplying the diagonals goes on top): 
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( )
( ) ( )

( )
( ) ( )
( )

2

2

2 2

2

2

2 2

d 4 ' '
d sin 5

8 sin 5 4 5cos 5

sin 5

4 2sin 5 5cos 5 Taking out common factor
sin 5 4   on numerator

x

x x

x

x

e u v uv
x x v

e x e x

x

e x x
x e

−

− −

−

−

⎡ ⎤ −
=⎢ ⎥

⎣ ⎦
− −

=
⎡ ⎤⎣ ⎦

− +⎡ ⎤ ⎡ ⎤⎣ ⎦= ⎢ ⎥−⎣ ⎦

 

(iv) We will not find a derivative formula for the given function 21 5 4 3y x x= + − . We 
need to rewrite this by using the rules of indices, 1/ 2a a= : 

( )1/ 22 3 2 31 5 4 1 5 4y x x x x= + − = + −  

How do we differentiate this ( )1/ 22 31 5 4y x x= + − ? 

Use the chain rule directly, that is ( ) 1d d
d d

n n uu nu
x x

−=  with : 2 31 5 4u x= + − x

( )
( )

{
[ ]

{
[ ]

1/ 2

1/ 22 3

1/ 22 3 2

2

2 3 2 3 2 3
1 Cancelling 2'sUsing 

1 5 4

d 1 1 5 4 10 12
d 2

2 5 6 5 61 10 12 1
2 21 5 4 1 5 4 1 5 4a

a

y x x

y x x x x
x

x x x xx x
x x x x x−

−

=

= + −

⎡ ⎤= + − −⎣ ⎦

/ − −−
= = =

/+ − + − + − x

 

 
2. How do we find the gradient of ( ) 22sin 3v t t+ 2tat = ? =

Differentiate  with respect to t and then substitute ( ) 22sin 3v t= + t 2t = : 

( )d 2cos 6
dt
v t t= +  

Putting   gives . 2t = ( ) ( )2cos 2 6 2 11.17+ × =
 

3.  Taking logs of both sides of the given equation 
( )
( )

2 1
sin

xe x
y

x
+

=  we have 

( ) ( )
( )

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( )

2

2

2

2

1
ln ln

sin

ln 1 ln sin Applying  ln ln ln

ln ln 1 ln sin Using  ln ln ln

ln 1 ln sin Because ln and  are inverses so ln

x

x

x

x

e x
y

x

Ae x x A B
B

e x x AB A B

x x x e e

⎡ ⎤+
⎢ ⎥=
⎢ ⎥⎣ ⎦

⎡ ⎤⎛ ⎞⎡ ⎤= + − = −⎡ ⎤ ⎜ ⎟⎢ ⎥⎣ ⎦⎣ ⎦ ⎝ ⎠⎣ ⎦
⎡ ⎤= + + − = +⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦

x⎡ ⎤⎡ ⎤= + + − =⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦

 

How do we differentiate this? 
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Using the chain rule directly on ln, that is ( )d 1ln
d d

u du
x u x

=⎡ ⎤⎣ ⎦ . Applying this to differentiate 

the above ( ) ( ) ( )2ln ln 1 ln siny x x x= + + − ⎡ ⎤⎦  we have ⎣

( ) ( ) ( ) ( )( )
( )
( )

( ) ( )
( ) ( )

( )
( ) ( ) ( )

( )

2

2

2

2
2

2

d d d dln ln 1 ln sin
d d d d

cos1 d 21
d 1 sin

cosd 21 cot Remember cot
d 1 sin

Substituting our given 
1d 21 cot 1

d sin 1
sin

x
x

y x x x
x x x x

xy x
y x x x

xy xy x
x x x

e xy x x e x
x x x y

x

⎡ ⎤= + + −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦⎣ ⎦

= + −
+

x
⎡ ⎤⎡ ⎤= + − =⎢ ⎥⎢ ⎥+⎣ ⎦ ⎣ ⎦

⎡ ⎤
+ ⎢ ⎥⎡ ⎤= + − +⎢ ⎥⎢ ⎥+ =⎣ ⎦ ⎢ ⎥

⎣ ⎦

=
( )
( )

( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( )
( )

2 2 2

2

2 2 2

2 2
22

1 1 2 1 cot Common 
Denominatorsin 1

2 1 1 cot Cancelling 1
sin

Because 
1 1 cot

sin 2 1 1

x

x

x

e x x x x x
x x

e x x x x x
x

e x x x
x x x x

⎡ ⎤+ + + − + ⎡ ⎤
⎢ ⎥ ⎢ ⎥+⎢ ⎥ ⎣ ⎦⎣ ⎦

⎡ ⎤ ⎡ ⎤= + + − + +⎣ ⎦⎣ ⎦

⎡ ⎤
⎡ ⎤= + − + ⎢ ⎥⎣ ⎦ + + = +⎢ ⎥⎣ ⎦

 

 
4. (i) We need to differentiate ( ) 6 35f x x x x= − − : 

( ) 5 2' 6 15f x x x 1= − −  

(ii) How do we differentiate ( ) ( )2 cos 3w e θθ θ= ? 

Use the product rule, which is given by [ ]d '
d

uv u v uv '
x

= + . We have  

( )
( )

2

2

cos 3

' 2 ' 3sin 3

u e v

u e v

θ θ
θ θ

= =

= = −
 

Substituting these into the product rule formula (adding the multiplication of diagonals) 
gives 

( )

( ) ( )
( ) ( )

2

2 2

2 2

d cos 3 ' '
d

2 cos 3 3sin 3

2cos 3 3sin 3 Taking out common factor 

e u v uv

e e

e e

θ

θ θ

θ θ

θ
θ

θ θ

θ θ

⎡ ⎤ = +⎣ ⎦

= + −⎡ ⎤⎣ ⎦
⎡ ⎤= −⎡ ⎤⎣ ⎦ ⎣ ⎦

 

(iii) How do we differentiate ( ) ( )
2

ln 2
4
x

s x
x

=
+

? 

Since we have a quotient therefore we use the quotient rule 2

d '
d

u u v uv
x v v

−⎡ ⎤ =⎢ ⎥⎣ ⎦
' . Using this 

rule with  
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( ) 2ln 2 4
2 1' ' 2

2

u x v x

x
x x

u v

= = +

/
= = =
/

     

Substituting these values into the above quotient rule gives 

( ) ( )

( ) ( )

( )
( ) ( ) ( )

( )
( )

( )
( )( )

( )

2 2

2

22

2

22

2 2

22

2

22

ln 2d ' ''
d 4

1 4 ln 2 2

4

4 2 ln 2 Multiplying numerator
denominator by  4

4 2 ln 2

4

1 2ln 2 4

4

x u v uvs x
x x v

x x x
x

x

x x x x
xx x

x x x

x x

x x

x x

⎡ ⎤ −
= =⎢ ⎥+⎣ ⎦

+ −
=

+

+ − ⎡ ⎤
= ⎢ ⎥

⎣ ⎦+

+ −
=

+

− +
=

+

 

Hence ( ) ( )( )
( )

2

22

1 2ln 2 4
'

4

x x
s x

x x

− +
=

+
.  

(iv) How do we differentiate ( ) ( )sin 2tg t e= ? 

Use the chain rule directly, that is d d
dt dt

u u ue e⎡ ⎤ =⎣ ⎦ . Let ( )sin 2u = t  then  

( ) ( ) ( )du d2cos 2 Remember  sin cos
dt dt

t kt k kt⎡ ⎤= =⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦
 

We have ( ) ( ) ( ) ( ) ( ) ( )sin 2 sin 2 sin 2d' 2cos 2 2
dt

t t tg t e e t e t⎡ ⎤= = =⎣ ⎦ cos 2 .  

(v) You will not find the derivative of ( ) 3y x x x= −  in any of the tables of chapter 6 
because we have a square root sign. We need to rewrite this square root. How? 
By using our rules of indices we have  

( ) ( )1/ 23 3 Remember  y x x x x x a a1/ 2⎡ ⎤= − = − =⎣ ⎦  

We can differentiate this by using the chain rule directly, that is  

( ) ( ) ( )1/ 2 1/ 23 3 2

2
1/ 2

3

d 1 d3 1 Using  
d 2 d

3 1 1Remember  
2

n nx x x x x u nu 1 du
dx x x

x a
ax x

− −

−

⎡ ⎤⎡ ⎤ ⎡ ⎤− = − − =⎣ ⎦ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦
− ⎡ ⎤= =⎢ ⎥⎣ ⎦−

 

We have ( )
2

3

3 1'
2

xy x
x x
−

=
−

.  

(vi) Need to differentiate ( ) 2
1 zL z

e
=

+
. How? 

Using the rules of indices we can write this as: 
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( ) ( ) 1
2 1 zL z e

−
= +      

Applying ( ) 1d d
d d

n n uu nu
z z

−= : 

( ) ( )
( )

[ ]2

2
2' 2 1 Differentiating and simplifying

1

z
z z

z

eL z e e
e

− −
= − + =

+
 

The derivative is 
( )2

2

1

z

z

e

e

−

+
. 

5. (i) We need to find d
d

y
x

 at 
4

x π
=  for 

( )

sin
4

1 cos

x
y

x

π⎛ ⎞+⎜ ⎟
⎝=
−

⎠ . Since we have a quotient  

function therefore we apply the quotient rule: 

(6.32)  2

d '
d

u u v uv
x v v

−⎡ ⎤ =⎢ ⎥⎣ ⎦
'  

Let  

( )

( ) ( )

sin 1 cos
4

' cos ' 0 sin sin
4

u x v x

u x v x x

π

π

⎛ ⎞= + = −⎜ ⎟
⎝ ⎠

= + = − − =⎡ ⎤⎜ ⎟ ⎣ ⎦⎝ ⎠
⎛ ⎞

    

Substituting this into the quotient rule formula we have 

( )

( ) ( )

( )

( ) ( )

( )

( )

2

2

2

sin
d ' '4
d 1 cos

cos 1 cos sin sin
4 4

1 cos

cos cos cos sin sin
4 4 4

1 cos

cos cos cos sin
4 4 4

x
u v uv

x x v

x x x x

x

x x x x x

x

x x x x

π

π π

π π π

π π π

⎡ ⎤⎛ ⎞+⎜ ⎟⎢ ⎥ −⎝ ⎠⎢ ⎥ =
−⎢ ⎥

⎢ ⎥⎣ ⎦
⎛ ⎞ ⎛ ⎞+ − − +⎡ ⎤⎜ ⎟ ⎜ ⎟⎣ ⎦⎝ ⎠ ⎝ ⎠=

−⎡ ⎤⎣ ⎦
⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠=

−⎡ ⎤⎣ ⎦

⎛ ⎞ ⎛ ⎞ ⎛+ − + + +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝=

( )

( )
( )2

sin
†

1 cos

x

x

⎡ ⎤⎞
⎜ ⎟⎢ ⎥⎠⎣ ⎦

−⎡ ⎤⎣ ⎦

 

Can we simplify this any further? 
Yes we can use the trigonometric identity 
(4.40)  ( ) ( ) ( ) ( ) ( )cos cos sin sin cosA B A B A+ = B−  

on the square bracket term on the numerator. By substituting   and  
4

A x B xπ
= + =  into 

this gives 
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( ) ( )cos cos sin sin cos cos
4 4 4

x x x x x x
4

π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛+ + + = + − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝

π ⎞
⎟
⎠

 

Substituting this into the above (†) we have 

( ) ( ) 2

sin cos cos
d d 4 4
d d 1 cos 1 cos

x x
y
x x x x

4
π π π⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛+ + −⎜ ⎟ ⎜ ⎟ ⎜⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝⎢ ⎥= =

−⎢ ⎥ −⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦

⎞
⎟
⎠  

The value of d
d

y
x

 at  
4

x π
=  is found by substituting 

4
x π
=  into this d

d
y
x

: 

( )
( )

2 2

2 2

2

1cos cos cos
d 14 4 4 2 2 Because cos
d 4 2111 cos

4 2
10

1 22
2 2 2 1 3 2 22 1 2 1

22 2

y
x

π π π π
π

π

/

⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎡ ⎤⎛ ⎞⎝ ⎠ ⎝ ⎠ ⎝ ⎠= = =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦⎡ ⎤ ⎛ ⎞⎛ ⎞ −− ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

−
= = − = − = −

− + −⎛ ⎞− −
⎜ ⎟
⎝ ⎠

2
 

The value is 2
3 2 2

−
−

. 

(ii) How do we differentiate 
( ) ( )

( )

2 32 1 7
2 3

x x
y

x
+ +

=
−

? 

Since this is complex function with product, quotient and indices therefore it is easier to 
use logarithmic differentiation. Remember logs convert multiplication and division into 
addition and subtraction problems which are generally easier to deal with. Taking logs of 
both sides of the given function and applying the basic rules of logs which are 
(5.12)  ( ) ( ) ( )ln ln lnAB A= + B  

(5.13)    ( ) ( )ln ln lnA A B
B

⎛ ⎞ = −⎜ ⎟
⎝ ⎠

 

(5.14)    ( ) ( )ln lnnA n A=  
gives 

( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

2 32

2 32

2 32

2

1 7
ln ln

2 3

ln 1 7 ln 2 3 Applying  ln ln ln

ln 1 ln 7 ln 2 3 By ln ln ln

2 ln 1 3ln 7 ln 2 3 Using ln lnn

x x
y

x

Ax x x A
B

x x x AB A B

x x x A n A

⎡ ⎤+ +
⎢ ⎥=
⎢ ⎥−
⎣ ⎦

B⎡ ⎤⎛ ⎞⎡ ⎤= + + − − = −⎜ ⎟⎢ ⎥⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦
⎡ ⎤ ⎡ ⎤= + + + − − = +⎡ ⎤⎣ ⎦⎢ ⎥ ⎣ ⎦⎣ ⎦

⎡ ⎤= + + + − − =⎣ ⎦

 

We have not differentiated the given function but rewritten the given function in terms of  
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logarithms. Differentiating this ( ) ( ) ( ) ( )2ln 2 ln 1 3ln 7 ln 2 3y x x x= + + + − −  by using 

( )d 1ln
d d

uu d
x u x

=⎡ ⎤⎣ ⎦ : 

( ) ( ) ( ) ( )

( ) [ ]

[ ]

( ) ( )

2

2

2

2 32

2

d d d dln 2 ln 1 3 ln 7 ln 2 3
d d d d

1 d 2 3 22 Differentiating
d 1 7 2 3
d 4 3 2 Multiplying through by 
d 1 7 2 3

1 7 Substituting the4 3 2
g2 3 1 7 2 3

y x x x
x x x x

y x
y x x x x

y xy y
x x x x

x x x
x x x x

⎡ ⎤= + + + − −⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎣ ⎦

= + −
+ + −

⎡ ⎤= + −⎢ ⎥+ + −⎣ ⎦

+ + ⎡ ⎤= + −⎢ ⎥− + + −⎣ ⎦ iven function y
⎡ ⎤
⎢ ⎥
⎣ ⎦

 

The result is 
( ) ( )2 32

2

1 7d 4 3
d 2 3 1 7 2

x xy x
x x x x x

+ + 2
3

⎡ ⎤= + −⎢ ⎥− + + −⎣ ⎦
.  

(iii) How do we differentiate ( )2 2 sin 0x y xy+ + = ? 
Need to use implicit differentiation: 

( ) ( ) ( ) ( )

( ) ( ) (

2 2 2 2d d d dsin sin 0
d d d d

d d2 2 cos 0 †
d d

x y xy x y xy
x x x x

yx y xy xy
x x

⎡ ⎤+ + = + + =⎡ ⎤⎣ ⎦⎣ ⎦

= + + = )
 

How do we differentiate (d
d

)xy
x

 in the last line above? 

Use the product rule because xy x y= ×  is a product: 

d' 1 '
d

u x v y
y

=

u v
x

=

= =
 

Substituting this into the product rule gives 

( )

( )

d ' '
d

d d1
d d

xy u v uv
x

y yy x y x
x x

= +

= + = +
 

Substituting this into (†) gives  

( )

( ) ( )

( ) ( )

( )
( )

d d2 2 cos 0
d d
d d2 2 cos cos 0
d d

d2 cos 2 cos 0
d

2 cosd
d 2 cos

y yx y xy y x
x x
y yx y y xy x xy
x x

yx y xy y x xy
x

x y xyy
x y x xy

⎛ ⎞+ + + =⎜ ⎟
⎝ ⎠

+ + + =

+ + + =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

+
= −

+

 

We have ( )
( )

2 cosd
d 2 cos

x y xyy
x y x xy

+
= −

+
.  



Complete Solutions Examination Questions    8 
 

6. We need to differentiate ( ) ( )( )sin ln 2f x x= . How? 
You should know the derivative of sin is cos. Use the chain rule directly, that is 

(6.19)    ( ) ( )d dsin cos
d d

uu u
x x

=⎡ ⎤⎣ ⎦  

Using this with ( )ln 2u = x  gives the derivative of ( ) ( )( )sin ln 2f x x=  as 

( ) ( ) ( )( ) ( )( )

( )( ) ( ) {
( )( )

Cancelling 2's

d d' cos cos ln 2 ln 2
d d

cos ln 21cos ln 2 2
2

uf x u x x
x x

x
x

x x

= =

/= =
/

 

 
7. How do we differentiate ( ) ( )( )3ln 1/ 1xf x e= + ? 

You should know that the derivative of ( )ln x  is 1/ x . We use 

(6.18)    ( )d 1ln
d d

uu d
x u x

=⎡ ⎤⎣ ⎦  

with ( 13
3

1 1
1

x
xu e

e
−

= = +
+

) . We need to differentiate this function u so that we can find 

d
d
u
x

: 

( )

( ) ( )
( )

13

323 3
23

d d 1
d d

3 11 3 Remember  
1

x

x
x x n

nx

u e
x x

ee e a
ae

−

− −

= +

⎡ ⎤= − + = − =⎢ ⎥⎣ ⎦+

 

The derivative of  is  ( ) ( )( )3ln 1/ 1xf x e= +

( )
( )

3

3 3
3

2 33

3

d 1 1 dln
d 1 d

1 3 3 Cancelling 11 11
1

x

x x
x

xx

x

u
x e u x

e e e
ee

e

⎡ ⎤⎛ ⎞ =⎜ ⎟⎢ ⎥+⎝ ⎠⎣ ⎦
⎛ ⎞
⎜ ⎟ ⎡ ⎤= − = − +⎣ ⎦⎜ ⎟ ++⎝ ⎠+

 

 
8. We need to differentiate ( )cosh /y a x a c= + . How? 
Use the chain rule directly: 

{ ( ) ( )
Cancelling 's

d dsinh sinh Because cosh sinh
d da

y a x x u u du
dx a a a x

⎛ ⎞ ⎛ ⎞ ⎡ ⎤/= = =⎡ ⎤⎜ ⎟ ⎜ ⎟ ⎣ ⎦ x⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎣ ⎦/
 

Need to differentiate this again: 

( ) ( )
2

2

d d 1 d dusinh cosh Because sinh cosh
d d d d

y x x u u
x x a a a x

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎡ ⎤= = =⎡ ⎤⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎣ ⎦ x⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎣ ⎦⎣ ⎦
 

We have 
2

2

d 1 cosh
d

y x
x a a

⎛ ⎞= ⎜ ⎟
⎝ ⎠

. What do we need to show? 
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The RHS of the given equation, that is 
21 d1

d
y

a x
⎛ ⎞+ ⎜ ⎟
⎝ ⎠

 is equal to 1 cosh x
a a

⎛ ⎞
⎜ ⎟
⎝ ⎠

. Substituting 

the above result d sinh
d
y x
x a

⎛ ⎞= ⎜ ⎟
⎝ ⎠

 into this 
21 d1

d
y

a x
⎛ ⎞+ ⎜ ⎟
⎝ ⎠

 gives 

22
21 d 1 11 1 sinh 1 sinh

d
y x x

a x a a a
⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ = + = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ a

 

How do we simplify 21 sinh x
a

⎛ ⎞+ ⎜ ⎟
⎝ ⎠

? 

By using the fundamental hyperbolic identity 
(5.32)     ( ) ( )2 2cosh sinh 1t t− =  

Re-arranging this gives ( ) ( )2cosh 1 sinht = + 2 t . Therefore 2 21 sinh coshx x
a a

⎛ ⎞ ⎛ ⎞+ =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

. 

Substituting this into the above we have 
2

2 21 d 1 1 11 1 sinh cosh cosh
d
y x x

a x a a a a a
⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ = + = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

x
a

 

Hence we have our result because the LHS is 
2

2

d 1 cosh
d

y x
x a a

⎛ ⎞= ⎜ ⎟
⎝ ⎠

.  

 
9. (a) We need to differentiate ( ) ( )sin xf x e= . You should know the derivative of the  
exponential function: 

( )d
d d

u u ue e d
x x

=       

To find the derivative of ( ) sin xf x e=  we use this with ( )sinu x= : 

( ) ( ) ( ) ( )sin sind d sin cos
d d

x xf e x e x
x x
= =⎡ ⎤⎣ ⎦  

We need to differentiate ( ) ( )3 cos 2g x x x= − : 

( )( ) ( ) ( )

( )

2

2

d d3 2sin 2 Because  cos sin
d d

3 2sin 2

g x x kx
x x

x x

k kx⎡ ⎤= − − = −⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦
= +

 

How do we differentiate ( ) ( )( )d .
d

f x g x
x

? 

Use the product rule  

( ) ( )( ) ( ) ( )d d d.
d d d

f gf x g x g x f x
x x x

= +  (*) 

Substituting the above established results: ( ) ( )sin xf x e= , ( ) ( )sind cos
d

xf e x
x
= , 

 and ( ) ( )3 cos 2g x x x= − ( )2d 3 2sin 2
d
g x x
x
= +  into (*) gives 
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( ) ( )( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( ) ( )

sin sin3 2

sin 3 2

2sin cos

sin 3 2

sin 3 2

d d d.
d d d

cos cos 2 3 2sin 2

cos cos cos 2 3 2 sin 2

cos cos cos 2 3 4sin cos

cos 2 4sin cos 3

x x

x

x x

x

x

f gf x g x g x f x
x x x

e x x x x x e

e x x x x x x

e x x x x x x x

e x x x x x

= +

⎡ ⎤ ⎡ ⎤= − + +⎣ ⎦ ⎣ ⎦
⎡ ⎤
⎢ ⎥= − + +
⎢ ⎥
⎢ ⎥⎣ ⎦
⎡ ⎤= − + +⎣ ⎦
⎡ ⎤= − + +⎣ ⎦

14243
 

(b) Given  ( )2 cosx t t= − , ( )siny = t , we need to find d
d

y
x

 by using parametric 

differentiation: 
( ) ( )

( ) ( ) ( )

2 cos sin
d d2 sin 2 sin cos
d d

x t t y t
x yt t
t t

= − =

= − − = + =⎡ ⎤⎣ ⎦ t
 

Recall that  

(6.36)  d
d
y dy dt
x dx dt
=  

We have  
( )
( )

cosd
d 2 s

ty dy dt
inx dx dt t

= =
+

       

Substituting 
2

t π
=  into ( )

( )
cos 2d 0 0

d 2 sin 2 2 1
y
x

π
π

= =
+ +

= . 

How do we find 
2

2

d
d

y
x

 for the given parametric equations? 

By  

(6.37)  
2

2

d d
d d d

dd
d

y
y t x

xx
t

⎛ ⎞
⎜ ⎟
⎝ ⎠=  

We already have the denominator from above ( )d 2 sin
d
x t
t
= + . We need to find the 

numerator in (6.37). We have 
( )
( )

( )
( )

cos cosd d d dFrom above 
d d d 2 sin d 2 sin

t ty y
t x t t x t

⎡ ⎤ ⎡⎛ ⎞ = =⎢ ⎥ ⎢⎜ ⎟ + +⎝ ⎠ ⎣ ⎦ ⎣

⎤
⎥
⎦

 

How do we find the derivative of this function? 
Because we have quotient function therefore we use the quotient rule: 

(6.32)  2

d '
d

u u v uv
x v v

−⎛ ⎞ =⎜ ⎟
⎝ ⎠

'  

Let ( )cosu t=  and ( )2 sinv = + t . Differentiating these functions: 

( )' sinu t= −          ( )' cosv t=  
Substituting these into (6.32) yields 
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( )
( )

( ) ( ) ( ) ( )
( )

( ) ( ) ( )
( )

( ) ( ) ( )
( )

( )
( ) ( ) ( )

2

2

2 2

2

2 2

2 2 2 2

cosd ' '
d 2 sin

sin 2 sin cos cos

2 sin

2sin sin cos
cos

Because 2sin sin cos 2sin 1
sin cos 12 sin 2 sin

t u v uv
t t v

t t t t

t

t t t
t

t t t t
t tt t

⎡ ⎤ −
=⎢ ⎥+⎣ ⎦
− + −⎡ ⎤⎣ ⎦=

+⎡ ⎤⎣ ⎦
− − −

=

⎡ ⎤− − + ⎡ ⎤− −⎣ ⎦= = ⎢ ⎥+ =+ +⎡ ⎤ ⎡ ⎤ ⎣ ⎦⎣ ⎦ ⎣ ⎦

 

Substituting ( )
( ) 2

2sin 1d d
d d 2 sin

ty
t x t

− −⎛ ⎞ =⎜ ⎟
⎝ ⎠ +⎡ ⎤⎣ ⎦

 and ( )d 2 sin
d
x t
t
= +  into the above formula (6.37): 

( )
( )
( )

( )( )
( )

2
2

32

2sin 1d d
2 sin 2sin 1d d d

dd 2 sin 2 sin
d

ty
t ty t x

xx t t
t

− −⎛ ⎞
⎜ ⎟ +⎡ ⎤ +⎝ ⎠ ⎣ ⎦= = = −

+ +⎡ ⎤⎣ ⎦
 

Substituting 
2

t π
=  into this gives 

( )

2

3 32 3

2sin 1
2d 2 1 3

d 32 1
2 sin

2

y
x

π

π
/

⎛ ⎞⎛ ⎞ +⎜ ⎟⎜ ⎟ + /⎝ ⎠⎝ ⎠= − = − = − = − = −
+⎛ ⎞⎛ ⎞+ ⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠

2 2

1 1
3 9

 

Putting 
2

t π
=  into 

2

2

d
d

y
x

 gives 1
9

− . 

 

10. (i) How do we differentiate 
2

3
22 cos 5xxe yx y x− = − ? 

Use implicit differentiation. We have 

( )

2

2

3
22

3
22

d d cos 5
d d

d d d dcos 5
d d d d

x

x

xe yx y x
x x

xe yx y x
x x x

⎡ ⎤
⎡ ⎤− = −⎢ ⎥ ⎣ ⎦

⎣ ⎦
⎡ ⎤⎡ ⎤ ⎡ ⎤− = −⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦ x

 

Note that 
2xxe⎡ ⎤

⎣ ⎦ , 
3
2yx

⎡ ⎤
⎢ ⎥
⎣ ⎦

 and  are ALL products so we need to use the product 

rule on these. 

2 cosy x⎡⎣ ⎤⎦

( ) ( )2 2 2 2 2d 1 2 2
d

2x x x x xxe e x xe e x e
x
⎡ ⎤ = + = +⎣ ⎦  

3 3
2 2d d 3

d d 2
yyx x yx

x x
⎡ ⎤

= +⎢ ⎥
⎣ ⎦

1
2  

( ) ( )2 2d dcos 2 cos sin
d d

yy x y x y x
x x
⎡ ⎤ = −⎣ ⎦  
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Substituting these into the above 

( )2
3

22d d d dcos 5
d d d d

xxe yx y x
x x x

⎡ ⎤⎡ ⎤ ⎡ ⎤− = −⎢ ⎥ ⎣ ⎦⎣ ⎦ ⎣ ⎦ x
 

gives 

( ) ( )2 2
3 1

2 22 2d 3 d2 2 cos
d 2 d

x x y ye x e x yx y x y x
x x

⎛ ⎞
sin 0+ − + = −⎜ ⎟

⎝ ⎠
−  

Opening up the brackets and rearranging: 

( ) ( )

( ) ( )

( ) ( )

( )

( )

2 2

2 2

2 2

2 2

3 1
2 22 2

1 3
2 2 2 2

1 3
2 2 2 2

1
2 2 2

d 3 d2 2 cos sin
d 2 d

3 d d2 sin 2 cos
2 d d

Multiplying d2 4 2 sin 3 4 cos 2
through by 2d

2 4 2 sin 3d
d 4 cos

x x

x x

x x

x x

y ye x e x yx y x y x
x x

y ye x e y x yx y x x
x x

ye x e y x yx y x x
x

e x e y x yxy
x y x

+ − − = −

+ + − = +

⎡ ⎤ ⎡ ⎤
+ + − = +⎢ ⎥ ⎢ ⎥

⎣ ⎦⎣ ⎦

+ + −
=

+
3
2

dMaking  the subject
d2

y
xx

⎡ ⎤
⎢ ⎥⎣ ⎦

 

The result of differentiating the given function is ( )

( )

2 2
1

2 2 2

3
2

2 4 2 sin 3d
d 4 cos 2

x xe x e y x yxy
x y x x

+ + −
=

+
. 

(ii) To find the coordinates of the point P we substitute 1t =  into 
2

2

sin , cos
2 2

1 sin 1 1 0 cos 1 0 1 1
2 2

t tx t y t

x y

π π

π π

⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞= − = − = = − = − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Thus the point P is given by ( )0, 1− . How do we find d
d

y
x

 in this case? 

Use parametric differentiation. Remember ( ) ( )d sin cos
d

kx k kx
x

=⎡ ⎤⎣ ⎦  and 

( ) ( )d cos sin
d

kx k kx
x

= −⎡ ⎤⎣ ⎦ : 

2sin , cos
2 2

d d1 cos sin 2
d 2 2 d 2 2

t tx t y t

x t y t
t t

π π

π π π π

⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞= − = − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

t
 

Recall d d d
d d d
y y t
x x t
= . Substituting the above into this yields: 

sin 2
d d d 2 2
d d d 1 cos

2 2

t t
y y t

tx x t

π π

π π

⎛ ⎞− −⎜ ⎟
⎝ ⎠= =

⎛ ⎞− ⎜ ⎟
⎝ ⎠

 

Substituting  into this gives 1t =
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( )

sin 2 2d 2 2 2 2
d 21 01 cos

22 2

y
x

π π π
π

ππ π

⎛ ⎞− − − −⎜ ⎟
⎝ ⎠= = =
⎛ ⎞ −− ⎜ ⎟
⎝ ⎠

− −  

At  we have the derivative equal to 1t = 2
2
π

− − . 

 

11. How do we find d
d

y
x

 given ( ) ( )sinln x ye y e ++ = ? 

Use implicit differentiation. You should know the derivatives of the ln and exponential 
functions because these are common functions which crop up in many areas of engineering 
and science. Hence 

( )( ) ( )d 1 d dln
d d d

u uu uu e d
d

e
x u x x x

= =  

Applying these to the given implicit function we have 

( ) ( )

( ) ( )

( ) ( ) ( ) ( )

sin

sin

sin sin

d dln
d d

1 d dcos 1
d d

dcos cos
d

x y

x y

x y x y

e y e
x x

y ye x y
e y x x

ye x y e x
x

+

+

+ +

⎡ ⎤+ =⎡ ⎤⎣ ⎦ ⎣ ⎦

⎡ ⎤= + +⎢ ⎥+ ⎣ ⎦

y⎡ ⎤= + + +⎣ ⎦

 

Putting  and  into this 0x = 0y = ( ) ( ) ( ) ( )sin sin1 d dcos cos
d d

x y x yy ye x y e x
e y x x

+ + y⎡ ⎤= + + +⎣ ⎦+
 

gives: 
( ) ( ) ( ) ( )

( ) ( ) ( )

sin 0 0 sin 0 0

0 0 0

1 d dcos 0 0 cos 0 0
0 d d
1 d d dcos 0 cos 0 1 Because 1, cos 0 1

d d d

y ye e
e x x

y y ye e e
e x x x

+ +⎡ ⎤= + + +⎣ ⎦+

⎡ ⎤ ⎡= + = + =⎣ ⎦ ⎣ ⎤= ⎦

 

Collecting the d
d

y
x

 terms onto one side of this 1 d d1
d d
y

e x x
= +

y  yields 

1 d d 1
d d

1 d 1 d1 1 implies that  1
d d

y y
e x x

y e
e x e x

− =

−⎛ ⎞ ⎛ ⎞− =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

y
=

 

Transposing to make d
d

y
x

 the subject we have  

d
d 1
y e
x e
=

−
 

 
12. (a) How do we find ( )f x′  given ( ) ( )ln3x xf x = ? 
We use  

(6.17)  ( ) ( )d dln
d d

u u ua a a
x x

=  

with  and . How do we differentiate this ( )lnu x x= 3a = ( )lnu x x= ? 
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Apply the product rule 

( ) ( ) ( )d 11 ln ln 1
d
u x x x
x x
= + = +    

We have  

( ) ( ) ( )
( ) ( ) ( )ln

dln where 3  and  ln
d

3 ln 3 ln 1

u

x x

uf x a a a u x x
x

x

′ = =

= +⎡ ⎤⎣ ⎦

=
 

Hence ( ) ( ) ( ) ( )ln3 ln 3 ln 1x xf x x′ = +⎡ ⎤⎣ ⎦ .  

(b) Need to find ( )( )4d ln
d

x x
x

. First we rewrite the square root  as power ½ and then 

we use the product rule: 

( )( ) ( )

( ) ( )
( )

( ) ( ) ( ) ( )

( )
( )

4

1
4 4 2

1
4 42

Apply the product rule 
with   and ln

1
4 4 32

4

4
1/ 2

4

d dln ln
d d

1 dln ln
2 d

1 1ln 1 ln 4
2

ln 4 1Applying  
2 ln

u x v x

x x x x
x x

x x x x
x

x x x x x
x

x
a

ax x

−

= =

−

−

⎛ ⎞
⎡ ⎤= ⎜ ⎟⎣ ⎦
⎝ ⎠

⎡ ⎤ ⎡ ⎤= ⎣ ⎦ ⎣ ⎦

⎡ ⎤⎡ ⎤= +⎢ ⎥⎣ ⎦ ⎣ ⎦

+ ⎡ ⎤= =⎢ ⎥⎣ ⎦

14243

 

(c) Need to determine ( )( ) ( )( )cosd ln
d

x
x

x
. How? 

Use logarithmic differentiation. Let ( )( ) ( )cos
ln

x
y x= . Taking logs of both sides: 

( ) ( )( ) ( ) ( ) ( )( ) ( ) ( )cos
ln ln ln cos ln ln By  ln ln

x ny x x x A n⎡ ⎤ A⎡ ⎤= = =⎣ ⎦⎢ ⎥⎣ ⎦
 

How do we differentiate ( ) ( )( )cos ln lnx x ? 

Use the product rule with ( )cosu x=  and ( )( )ln lnv = x . Differentiating these terms we 

have ( )' sinu x= −   and  

  ( )( ) ( ) ( )d 1 1 d' ln ln Using  ln
d ln d

uv x u 1 d
dx x x x u x

⎡ ⎤⎡ ⎤= = =⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦ ⎣ ⎦
 

Putting these into the product rule formula  
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( ) ( )( )

( ) ( )( ) ( ) ( )
( ) ( ) ( )( ) ( )

( ) [ ]

( ) ( ) ( ) ( )( )
( )

d cos ln ln ' '
d

1 1sin ln ln cos
ln

ln sin ln ln cos
Common denominator

ln

cos ln sin ln ln
ln

x x u v uv
x

x x x
x x

x x x x x
x x

x x x x x
x x

⎡ ⎤ = +⎣ ⎦

= − +

− +
=

−
=

 

We have differentiated the RHS of ( ) ( )( ) ( )cos
ln ln ln

x
y x⎡ ⎤= ⎢ ⎥⎣ ⎦

. Differentiating the LHS we 

have ( )d ln
d d

1 dyy
x y x

=⎡ ⎤⎣ ⎦ . Equating these gives 

( ) ( ) ( ) ( )( )
( )

( ) ( ) ( ) ( )( )
( )

( )( ) ( ) ( ) ( ) ( ) ( )( )
( ) ( )( ) ( )

( )( ) ( ) ( ) ( ) ( ) ( )( )

cos
cos

cos 1 1

cos ln sin ln ln1 d
d ln

cos ln sin ln lnd
d ln

Substituting the given functioncos ln sin ln ln
ln

ln ln

Using the rules
ln cos ln sin ln ln

x
x

x

x x x x xy
y x x x

x x x x xy y
x x x

x x x x x
x

x x y x

x x x x x x
− −

−
=

⎡ ⎤−
= ⎢ ⎥

⎢ ⎥⎣ ⎦
⎡ ⎤⎡ ⎤−

= ⎢ ⎥⎢ ⎥
=⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦

⎡ ⎤= −⎣ ⎦ ( )
 of 

indices on base ln x
⎡ ⎤
⎢ ⎥
⎣ ⎦

 
The answer is ( )( ) ( ) ( ) ( ) ( ) ( )( )cos 1 1ln cos ln sin ln ln

x
x x x x x x

− −⎡ ⎤−⎣ ⎦ . 

(d) How do we find ( )
( ) ( )

3

3/ 2 22

4 1d
d 2 1 1

x
x x x

⎛ ⎞−⎜ ⎟
⎜ ⎟− +⎝ ⎠

? 

Because the given function consists of products, quotients and indices it is therefore easier 

to use logarithmic differentiation. Let ( )
( ) ( )

3

3/ 2 22

4 1

2 1 1

x
y

x x

−
=

− +
. Taking logs of both sides: 

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

3

3/ 2 22

3/ 23 22

3/ 23 22

2

4 1
ln ln

2 1 1

ln 4 1 ln 2 1 1 Applying ln ln ln

ln 4 1 ln 2 1 ln 1 By ln ln ln

33ln 4 1 ln 2 1 2ln 1 By ln ln
2

n

x
y

x x

Ax x x A
B

B

x x x AB A

x x x A n A

⎡ ⎤−⎢ ⎥=
⎢ ⎥− +⎣ ⎦

B

⎡ ⎤⎛ ⎞⎡ ⎤= − − − + = −⎜ ⎟⎢ ⎥⎢ ⎥⎣ ⎦ ⎝ ⎠⎣ ⎦
⎡ ⎤= − − − + + = +⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦

⎡ ⎤= − − − − + =⎣ ⎦

 

It is easier to differentiate this because logs has reduced the given function to a problem of 
sums and differences rather than products, quotients and indices. 
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We need to differentiate ( ) ( ) ( ) (23ln 3ln 4 1 ln 2 1 2ln 1
2

y x x x= − − − − )+ . We can separate 

these as follows: 

( ) ( ) ( ) ( )2d d 3 d dln 3 ln 4 1 ln 2 1 2 ln 1
d d 2 d d

y x x x
x x x x

⎡ ⎤= − − − −⎡ ⎤ ⎡ ⎤ ⎡⎣ ⎦ ⎣ ⎦ ⎣⎣ ⎦ + ⎤⎦  

Differentiating each part gives 

( ) ( ) ( )

( )
( ) ( )

( )
( ) ( )

2

2

2

3
3

3/ 2 222 3/ 2 22

1 d 1 3 1 13 4 4 2 1
d 4 1 2 2 1 1

12 6 2
4 1 2 1 1

d 12 6 2
d 4 1 2 1 1

Substituting the given
4 1 12 6 2 4 1

function 4 1 2 1 12 1 1 2 1 1

y x
y x x x x

x
x x x

y xy
x x x x

x x x
yx x xx x x x

= − −
− − +

= − −
− − +

⎡ ⎤= − −⎢ ⎥− − +⎣ ⎦
⎡ ⎤
⎢ ⎥− ⎡ ⎤ −= − − ⎢ ⎥⎢ ⎥ =− − +⎣ ⎦− + ⎢ ⎥− +⎢ ⎥⎣ ⎦

 

Hence ( )
( ) ( )

3

3/ 2 22

4 1d
d 2 1 1

x
x x x

⎛ ⎞−⎜ ⎟
⎜ ⎟− +⎝ ⎠

 is equal to ( )
( ) ( )

3

3/ 2 222

4 1 12 6 2
4 1 2 1 12 1 1

x x
x x xx x

− ⎡ ⎤− −⎢ ⎥− − +⎣ ⎦− +
. 

(e) How do we find ( ) ( )( )2 3d cos sin / 2
d

xx x e
x

π ? 

First note that sin 1
2
π⎛ ⎞ =⎜ ⎟
⎝ ⎠

. Let y be the given function and substituting this yields 

( ) ( ) ( )2 3 2cos sin / 2 cos 3x xy x x e x x eπ= =  
Again it is easier to take logs of both sides: 

( ) ( )
( ) ( )( ) ( )
( ) ( )( )

2 3

2 3

ln ln cos

ln ln cos ln

2 ln ln cos 3

x

x

y x x e

x x e

x x x

⎡ ⎤= ⎣ ⎦

= + +

= + +

 

Differentiating each part gives 

( ) ( )

( )

1 d 1 12 sin 3
d cos

2 stan 3 Remember tan
cos

y x
y x x x

x
x

= + +

in⎡ ⎤= + + =⎢ ⎥⎣ ⎦

 

Multiplying through by y: 



Complete Solutions Examination Questions    17 
 

( )

( ) ( ) ( )

( ) ( )

( ) ( )( )

2 3
2 3

2 3

3

d 2 tan 3
d

Substituting the given2cos tan 3
function cos

Writing the bracket term2 tan 3
cos

with common denominator

cos 2 tan 3 Cance

x
x

x

x

y y x
x x

x x e x
y x x ex

x x x
x x e

x

x x e x x x

/

⎛ ⎞= + +⎜ ⎟
⎝ ⎠

⎡ ⎤⎛ ⎞= + + ⎢ ⎥⎜ ⎟ =⎝ ⎠ ⎣ ⎦
+ +⎛ ⎞ ⎡ ⎤

= ⎜ ⎟ ⎢ ⎥/ ⎣ ⎦⎝ ⎠
= + + [ ]lling the 'sx

 

 
 
 

 
 
 

 
 
 

 
 
 
 

 
 
 


