Complete Solutions Examination Questions

Complete Solutions to Examination Questions 8

1. (a) We need to find j(3x—sin(x)) dx.
j(3x —sin(x)) dx = j3x dx —J.sin(x) dx  [Separating integrand]
3%’ 3%’
=7— —COS(X):|+C =T+ cos(x)+C

1
(b) We have to find the definite integral Ie3 *dx. How?
0

kx
Remember I e“dx = e? . Using this we have

1 3x 1! 30 3
e dx{e—} _t e 1636 (2ap)
) 3], 3

2. (a) We are given _[ 5xcos(2x) dx and taking out 5 gives:
jSXcos(2X) dx = SI x cos(2x) dx
The integration by parts formula is (8.45) '[ uv'dx =uv— I u'vdx . Let

u=x V'=cos(2x)

u'=1 V=IC°S(2X)dX= sin(22x) {Byj-cos(kx)dx: sinf(kx)}

Substituting these into the integration by parts formula yields
5_[ xcos(2x) dx = S[UV—IU 'vdx}

_s _x sin (2x) —_[(1) sin(22x) dx}

| 2

=5_Xsin(2x)_l(—COS(Zx)HJrC {Byjsin(kx)dxz_cos(kx)}

2 2 2 k

_s xs1n(2X)+COS(2X)}+C:é[zxsin(2x)+005(2x)}+c
2 4 4

Our answer is %[2Xsin(2x)+cos(2x)] +C.
2

(b) Which substitution should we use to find jx(xz +5)3dx ?
1

Let u=x*+5 then % =2X and we have ;_u =dx. We also need to change the limits of
X X

integration:
When x=1, u=1’+5=6 and X=2, Uu=2"+5=9.Wehave

1
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2 9 du
!x(xz +5)3dx =J6.XU32_X

Crt s 1fut] 1 5265
ik d”—a[ﬂ =500 -6") ===

265

The integral is >

3. How do we find I(SSL(Z))()] dx ?
X

cos (
Use a trigonometric identity for sin(2x). Which one?
sin(2x) = 2sin(x)cos(x)

Substituting this into the given integrand we have
J- 5sin( 2x J. 5[2sm cos(x)] ix
cos cos

= IOJ sin(x) dx [Cancelling cos(x) and taking out 5x2 = 10]
=—10cos(x)+C

|
4. We can find I M dx by using substitution. Let U = ln(x) then
X

du l = dx=xdu
dx X

Substituting these, U = ( ) nd dx = x du, into the given integral we have

J.|:1n(x J. X s du

X
= IUS du [Cancelling out x's]
4
4 1
A LLIC T
4 4

5. (i) We can separate out each of the terms in the integrand for J.(4X3 - X+ 1) dx .

2 2 2 B
j(4x3 —x+1)dx:{x4 —X?+ x}

—1 1

{24—22—:2} {( 1)4—(_21)2+(—1)}:[16]—{—%}:16%
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/4
(i1) How do we find I cos( t—Z] dt?
0

sm(kt+ m)
k

7/4 1 z/4

jcos -2 ldt=| —sin| 2t -2

0 4 2 4)],
_L sin| 2Z-Z | ~sin| 0
2 4 4 4

RIEIE _[ !
2(v2 L V2 V2
(ii1) Differentiating the denominator 1+ X gives 2X therefore

Ix ) ——I Cdx=— ln(x +1)+C

(iv) How do we determine jesm 0)do?

Use Icos(kt +m)dt= . By applying this rule we have

Use integration by parts formula J-UV 'dx=uv— I u'vdx. Let
u=60  v'=sin(0)
u'=l  v= '[sm )d@ =—cos(6)
Putting these into the integration by parts formula I uv'dx =uv— I u'vdx yields
[0sin(0)do=uv—[u'vde
=6’[—cos ] J. cos d<9
= —000s(0)+jcos( 0)do = —900s(0)+sin(6’)+C
(x+1)3(x—2) e
Use integration by partial fractions. We first write the integrand in partial fractions:

A B
(x+1)(x—2):x+1+x—2 M

Multiplying this through by (X + 1)(X - 2) gives
=A(x-2)+B(x+1) (*)
Substituting X =2 into (*) yields
3=0+B(2+1) = B=1
Substituting X =—1 into (*) gives
3=A(-1-2)+0 = A=-1
Substituting A=-1 and B =1 into the integrand (7):
3 -1 1 1 1
= + = —
(x+1)(x=2) x+1 x-2 x-2 x+1
We have

(v) How do we find j

[Writing the positive term first]
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Im dx = (é—ﬁj dx

= J.L dx— L dx [Separating the integrand]
X=2 X+1
=In|x—2|-In|x+1|+C {By(8.42) jdex:In‘f(X)@
X—2 A
=In +C Using In(A)-In(B)=1In| —
X+1 { g In(A)=In(B) ( B ﬂ
1/2
(vi) How do we find I dx ?
0 V1— X2
Use the integration table to find the appropriate integral. We use

du . (U

(8.25) Jm:sln (g]

Therefore we have
1/2 1

| dx = [sin"1 (X)} :2 = {sin_1 (%j—sin_l (0)} =%
. 9x>
6. How do we determine | =J' dx ?

3 (x+1)° (2x-1)
Use partial fractions. Converting the integrand into partial fractions we have
9% A B C

1) (xot) x+ 1 xary ke O

Multiplying through by (x+ 1)2 (2x—1) gives
9x* = A(x+1)(2x—1)+B(2x~1)+C(x+1)’ ()
Putting x=-1 into (1) gives
9(-1)° = A(0)+B(2(~1)-1)+C(0)
9=-3B = B=-3
Putting x =% into (T) gives

2

9@ - A(0)+ B(o)+c6+1j

2:C = C=
4

SN

How can we find the constant A?
Equate coefficients of x> in ():
9=2A+C=2A+1 = A=4
Substituting A=4, B=-3 and C =1 into (*) yields
9x’ 4 3 1

= — +
(x+1)2(2x—1) X+1 (x+1)2 2x -1

Integrating this
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J‘2x—1dx

=4ln|x+1-3[(x+1)” dx+51n|2x—1|

j(x+1) 2x-1) _jX+4dX I x+1

:4ln|X+1|+3(X+1)1+%ln|2x—1|+C

=4hﬂx+q+ldnpx—ﬂ+—é—+c
2 X+1

We have

4 2
= [—2 dx:{4ln|x+1|+lln|2x—1|+i}
3 (x+1)"(2x-1) 2 X+1

4

3

:[41n|4+1|+11n\2(4)—1 +i}
2 4+1
Jamete o)t 2] [ e
2 3+1 X=4and x=3
3

:[4m(5)+%m(7)+ﬂ{4m(4)+%m(5)+ﬂ
:4ln(2j+%ln(gj+%—% {Usingln(A)—ln(B)zln(gﬂ
~0.91(2 dp)

2x* —10x+17
X-3

7. (a) How do we find j dx ?

2
Carry out long division on the integrand w:

X-3
2x -4
X=3)2x* ~10x+17
- (2x2—6x)
0 —4x+17
—(—4x+12)
0 + 5
2
Hence we have w =2X—-4+ % . We integrate this separately:
X— X—
2_
J'ZX 10X+17d J(ZX 44 5 jdx
X—3 X—3

_szdx I4dx+j———dx

=X —4x+5hﬂx—ﬂ+c
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2
(b) How can we find I&((XX)) dx ?
Sin

From the fundamental trigonometric identity sin®(X)+cos”(x)=1 we have
cos’ (X) =1-sin’(X)
Substituting this into the given integral we have

J-cosz(x) dxzj-l—sinz(x) d

sin () sin ()
~ 1 . sin” (X) y
_Isin(x) d J sin(x) d
= J.cosec(x) dX—J.sin(X) dx Because sin (x) = COSCC(X)

= ln‘cosec(x)—cot(x)‘+cos(x)+C

By (8.11)

[(8.11) jcosec(x) dx = ln‘cosec(x)—cot(x)‘]

(c) We use integration by substitution to find JX(3X - 7)9 dx.Let U=23x—7 then
du _ 3 dx = u

dx 3

What do we substitute for x?

Transposing U =3X—7 to make X the subject we have X = % .

into the given integral I X(3x— 7)9 dx :

Substituting U =3x—7, dx:d?u and x = 47

[x(3x-7) dx:j(%) ugd?u
1

:éj(u+7)u9du {Taking out é%z;}

:éj(u‘°+7u9)du

1 {U” 7u10

91 11 10

1{10u" +77u"
=—|l——— |+C
9 110

} +C [Integrating]

10

=L Tou+77]+C
990

10 10
=%[lo(3x—7)+77]+c=%[30x+7]+c

(d) The given integral I xsec(x)tan(x) dx is a lot more challenging than parts (a), (b) and

(c). How can we find jXSec(x)tan(x) ax ?
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Use integration by parts formula (8.45) Iuv "dx =uv— I u'vdx. Let
u=x V'=sec(x)tan(x)
u'=1 V= Isec(x) tan () dx = sec(X) [Using the differentiation table (6.22)]
Substituting U=X, U'=1 and v= sec(X) into the integration by parts formula we have
IXSCC(X)tan(X) dx = uv—ju 'vdx
= Xsec(X)—I(l)sec(X) dx

= Xsec(X)—ln‘sec(X)+tan(x)‘+C

By (8.10)

3
8. (a) To evaluate I 8cos’ (x)sin(x) dx we first need to integrate and then substitute the
0

limits 7z /3 and 0. Which technique do we use to integrate the given function?
Substitution because when we differentiate cos we get minus sin. Let

u=cos(x)

du ) du
au__ dx = —
» sin(x) = X S (x)

We also need to change the limits:
x=0 u=cos(0)=1

T T 1
X=— U=cos| — |=—
3 (3} 2

Substituting these we have

Va

W |y

Zf8cos3 (x)sin(x)dx =8 !cos3 (x)sin(x) dx

_3g Tu3 sin(x) [51:1[:()}

1/2

= —8J- u’du [Cancelling sin(X)]
1

_ SM L w _1} _ _2[_5} L5
ln(x) dx ?
Jx

Use integration by parts formula (8.45) J-UV 'dx=uv— I u'vdx. Let

4
(b) How do we evaluate J'
1

1
U=In(x v'=x"? [Because —=X"”2}
(¥ -
1/2
u=1t V=J.X_1/2 dx =2 =2x""
X 1/2

We have
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4
=2|:\/;1H(X):|4 —2[ X2 dx Because — ! X" =xx" = x7"?
1 1 X

=2[V4In(4)-1in(1)]- 2&%}
=2[2In(4)]-4[ V4 -1 |=4[In(4)-1]

In(7)
9. We need to find _[ e’ sin(eX ) dx. Use integration by substitution. Let

u=e’
du_ e = dx= au
dx e*
Changing the limits:
X=0 u=e’=1
x=1In(7) u=e"" =7
Using this substitution we have
In(7) z
e"sin(e* )Jdx = | " si —
I sm( ) X I sin(u) =
= J-sin(u) du [Cancelling ex]
1

= —[cos(u)]f

=—[cos(7)—cos(1) | =—[-1-0.5403] =1.54 (2 dp)

10. How do we integrate In(x)?

Use integration by parts formula with u=1In(x) and v'=1 because In(x)=1In(x)xI.
U= and v=[1dx=x
X

Substituting these into the integration by parts formula (8.45) J-UV 'dx=uv— I (u 'V) dx
e

:[ln(x) dx:[uv]f—}[(u'v)dx
:[xln(x)]?_j(lxjdx {Because u=In(x), u=t andv:x}

X

=[eln(e)-0]- J'(l )Jdx=eln(e)-[x] =e-[e-1]=1

1

8
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5
11. We apply partial fractions to find I s dt . Converting the integrand into partial
L (t-1)(t+2)
fractions we have
t+5 A B

(t-1)(t+2) t-1 t12 &)

Multiplying this by (t—1)(t+2) gives
t+5=A(t+2)+B(t-1) ()
Substituting t =1 into (*) gives
6=3A = A=2
Substituting t =-2 into (*) gives
3=-3B = B=-1
Substituting A=2 and B = -1 into (XY)
t+5 _ 2 1
(t-1)(t+2) t-1 t+2
We can evaluate our given integral as follows:
5 5 5
J‘Ldt=‘[idt— Ldt
L(t=1)(t+2)  Jt-1 Jt+2

:2[ln(t—l)}z—[ln(t+2)]z {Using J‘%dX:ln“q

= 2[ln(4)—ln(2)} —[ln(7)—ln(5)]

zzln(%)—lng] {Using ln(A)‘ln(B):ln(gﬂ
:zln(Z)—ln(gj
=In(4)-In(1.4)=1In (%)

2
12. (i) We need to determine J'e“dx .
1

2
2
J.ex"dx - [e“] —e'—e'=e-1
- 1
1

Integrating

1
(ii) How do we find j x*e*dx ?

-1
Need to use integration by parts twice because we have an x> term. We first determine the
indefinite integral and then put in the limits to find the given definite integral. Let

u=x’ v'=g"
u'=2x v=J'ede:eX
Substituting these into the integration by parts formula (8.45) juv 'dx=uv-— I u'vdx :
_[xzexdx = x’e* —_[erxdx =x’e* - 2f xe*dx (1)



Complete Solutions Examination Questions

We need to find the last integral Ixexdx on the right hand side of (T) . How?
Use integration by parts again. Let

We have
Ixexdx = uv—'[u 'vdx
= xe* —J'exdx =xe*—-e"+C
Putting this into () gives
[xerdx = x%e" —2[ xe* —e" |+ C
=(¥-2x+2)e*+C
Evaluating the given definite integral by substituting in the limits:

j] x*e*dx = [(x2 —2x+2)exll1

=[(-(2x1)+2)e' = | (-1~ (2x(-1)) +2)e" |
=e—5e"!
Our final answer is € —5e™".

dt. How?

13. We first find F(x):J-
=Iﬁd(xﬁ—f%
1+(x ) 1+(x)
= deX—J‘—l = dx
YL+ (x) J1+(%)

dx

10

We know from the Fundamental Theorem of Calculus that differentiation and integration are

inverses processes therefore

F'(x): 2X __ 1 :
Ji=(e) ()
_ o 2x 1
CJlext e e

2(-1) 1 3

F)= JI+(-1)" _\/1+(—1)2 2

Hence
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14. We are told to use the substitution X =2 tan(@) . We need to differentiate this to find dx.
X =2tan (6’)
dX 2 2

— =2sec’(0) dx =2sec®(0)do

do

Using this substitution to find I (X

1
= | ——dx:
) J.XZ\/4+ x*

! 2sec’(0)do

1
1 -
'|.X2\/4+X2 '[4tan2(9) 4+4tan’(6)

= %J. ! 2sec’ (6)do [Because 1+tan’ (0) = sec (9)]

tan® (6)2,/sec’ (6)

sec’(0) d6

1

4 I tan® (6)sec(0)
1

- 4Itan2(0)

:lj;";(g) ! de:%jcoiw) do=1(0)

sec(6)dé [Cancelling sec(@)'S]

4 (6) cos(6) sin” (0)
We are told to use the substitution U =sin(6) on this I (8)= %I% d@ . Differentiating
sin
u we have
du du
—= 0 dé =
o= = cos(0)
Using this we have
1 cos(@)
1(0)=—|——=db@
(0) 4Isin2(9)
Clgcos(@) du 1 L, Ip o4 1
_ZI P oos(0) _Zju du _Z[—u ]+C——E+C— I (u)
This is our required result. Using U =sin(6) we have

1 k
|(0)=_4sin(0)+c ©)

We need to find sin (@) in terms of X. We are given X =2tan(6) and considering the right-

angled triangle with the opposite side equal to X and adjacent side equal to 2.

What is u =sin(&) equal to?
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sin(é’) op ___X

=% VX +4
[ 2
;+c X +4+c

Substituting this into (*) gives

This is our final required result.

15. We need to determine jcos(\/;) dx . Which substitution should we use?

Let u=~/X=x"? then d_U:L
dx 2%
Putting this into the given integral we have

Icos(«/;) dx :jcos(u)2u du
= 2J-u cos(u) du (*)

= dx:2\/§du:2udu.

How do we integrate Iu cos(u)du?

12

Use integration by parts formula with the symbols p and v because we have already used U in

the above substitution. Let

p=u v'=cos(u)

p'=1 V=Jcos(u)du=sin(u)
Substituting these into the integration by parts formula gives

J'u cos(u)du = pv—j p'vdu

=u sin(u)—fsin(u)du

=u sin(u)—[—cos(u)} +C =usin(u)+cos(u)+C
Remember U =+/X. Substituting this and the above into (*) gives

J.cos(\/;) dX:2[USin(u)+cos(u)]+C
=2[x/;sin(x/§)+cos(\/;)}rc

16. We need to find je& % Which method do we use to find this integral?

Jx

Use the substitution U =+/X = X '~. Differentiating this gives

du = ! x "= ! implies that dx = 2Jx du

dax 2 N

1/2

Hence we have
J'e&%:.[e”—zﬁdu
Jx Jx
:2Ie“du —2e" +C=2e"+C

The given integral is equal to 2e* +C.
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17. This integral Ie&dx is a lot more demanding than the integral given in question 16
above. Substitution might work, so let us try by letting u =+/x = x"*
%:%x”z :ﬁ = dx = 2+/xdu = 2udu
Substituting these into the given integral we have
Ie&dx = '[(e“ 2u)du = 2j(ue“ Jdu (%)
How do we determine [ (ue*)du?
Apply the integration by parts formula (8.45) I pv'dx = pv— I p'vdx:
p=u v'=g
p'=1 v=J‘e“du:eLI
We have
Zj(ue“)du - 2[ pv—f p'vdx}
= 2[ueu —je”du}
=2[ue" —e" [+C=2¢"[u-1]+C

Remember U =+/X so substituting this back into (*) yields
'[e&dx =2e'[u-1]+C

=2e&[\/§—1}+c

13



