Solutions 7

|Solutions to Miscellaneous Exercise 7

1.
|
y
2 X
The volume =100 m . So
2xy =100
_@ —@ (*)
2X X

The surface area, A, consists of the bottom part, 2 sides, the front and the back. Thus

A= 2X +(2y+2y)+(xy+xy)=2x+4y+2xy = 2x+4(@]+2x(§j

bottom front and back both sides ?:Jobr;t l(t}vl)t ing X X
A=2x +@+100 = 2X+200x " +100
X
For stationary points:
Ol—A:Z—ZOOx’2 =0
dx
2=200x" = lio
X
x* = 200 100
2

How can we find x?

Take the square root of both sides: x =100 = +10, —10

Since x is length it cannot be —10. So x=10m..

To check that x =10m gives minimum surface area we have to differentiate again:

gA =2-200x?

dx
2

:I '26‘ =400x"° = 4—030 >0 (because x > 0)
X X

By (7.3), x =10m gives minimum surface area. What is the value of y?
We can find y from (*) by substituting x =10: y=50/10=5m .

Thus x =10m, y=5m gives minimum surface area.

2. Let x and y represent the dimensions as shown below:

Y=

X
The perimeter of the cross section is 4x so
4x+y=2
y=2-4x *)
The volume, v, of the parcel is given by
v=X'y =Xx*(2-4x)=2x* - 4x’

(7.3) A'=0, A” >0 minimum
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To find stationary points
% =4x-12x* =0, 4x(1-3x)=0 which givesx=0, x=1/3
X
x =0 m is not a feasible solution, why not?
If x=0 m then we will not have a parcel. For x =1/3 m , we can use the second

derivative test:

d

2
S Y _4-2ax
dx

2
Substituting x =% gives % =4-8=-4<0.By (7.2), x :% m gives maximum
X

volume. To find y we substitute x =1/3 into (*):

Hence x =1/3m, y=2/3 m gives maximum volume.
3. Similar to solution 2. Let L represent the sum of length and girth.
4x+y=L
y=L-4x (1)
The volume v is given by
v=x?y =x*(L-4x)

v=Lx*-4x°
%: 2Lx-12x* =0, 2x(L-6x)=0gives x=0, x=L/6
X
As before x = I/ 6. Differentiating again:
2
9V _ o1 _oax
dx
2
Atx=L 4V 5 24[% —2L-4L=-2L<0 [Negative]
6 dx 6

By (7.2), x = I/ 6 gives maximum volume. Substituting x = /6 into (T):
y= L—4’—6L = 2_6L =2x . Hence the length is twice the side of the square.
4. We have

w = —36Xx" +50x

OI—W:—72x+50=0, 72x =50 gives X:5_O:§m

dx 72 36

d’w 29<0 .

7 =12< [Negative]
By (7.2) at x =25/36 m the loading is maximum .
5.
= x* —14x° +36X° *
T ( ) ®)
dy 1

L= 5(4x° —42x* +72x)
dx 12x10

(7.2) y' =0, y" <0 maximum
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For stationary points we have
2X
12x10°
x=0 or 2x*=21x+36=0
We solve the quadratic by putting a =2, b=-21and c= 36 into (1.16), which
gives:

(2x2 —21x+36)=0

21+.J(~21)" —(4x2x 36
2 I (0r23)
x cannot be 8.34 m because the beam is only 3m long so x =2.16 m. To check the
nature of the stationary point we need to differentiate again:

=2.16mor8.34m

dy__1 (4x° —42x* +72x)

dx 12x10°

2

iy__1 S(12x* -84x+72) = La(xz—7x+6)=(x2—7x+6)x10’3
dX 12x 10 takin?out a 12 10

factor of 12
2
At x =2.16, % =(2.16" = (7x216)+6)x 10" =-4.45x10" <0 [Negative]
X

By (7.2), x =2.16 m gives maximum deflection. To find the maximum deflection we
substitute x =2.16 into (*):

_ 1 s \ . .
y—m[z.m ~(14%2.16%) +(36x2.167) | = 4.05x10* m
6. We have x =2.5sin(28). For stationary points:
dx

—=5 20)=0
1 cos(26)

cos(20)=0, 20:cos‘1(0):% gives H:%

Using the second derivative test:

d?x . d .
=-10sin (26 By —|cos(ké) |=—ksin(k&d
4 =-10sin(20) | By <L [cos(ko)] = -ksin(ko)
2
Ato-Z, 4L =—1OSin(2x£) =-10<0.
4 do 4
By (7.2), when &= nt/4 the horizontal distance x is a maximum.
7. Similar to solution 6. We can rewrite x as:

u? . u? .
= 2X25[25m(0)c05(9)] _%sln((if)
y (4.

Differentiating with respect to 6 gives:
dx u’ 2

u
— -2 20)=— 20
10" 50 cos(26) 25cos( )

By solution 6 we have a stationary point at 8= r/4.

_ —b+b’-4ac

1.16 X
(1.16) .

(4.53) 2sin(x)cos(x) = sin(2x)
(7.2) y'=0, y"<0 maximum

X
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To show that &= nt/4 gives maximum:

2
%=u—cos(2¢9)
dg 25
d’x u? . d -
T ~2sin(20)] (By @(cos(ké?)):—ksm(k&))

ndzx_2u2.27z_2u20 _
Ate:Z'dez__Esm X— __E< [Negative]

By (7.2), 8= /4 gives maximum x.
8. We have s = 2—te ". The velocity, v, is found by differentiating:

ds _ . _
V:E:O—[e trt(-e t)} =—e"'(1-1)
by (6.31)
v=(t-1)e”
We need to differentiate v with respect to ¢ to find the acceleration, a.
a=d _ etinset()
dt oy G
=e'[-t+1+1]
=e'(2-t)

The graph v =¢™'(r —1) cuts the v axis at 7 = 0, therefore substituting =0
v=e’(0-1)=—e’=-1
Also v =¢"'(t—1) cuts the r axisat v =0,
e’ (t-1)=0, t-1=0givest=1
The graph v goes through (0,—1) and (1,0). What happensto v =¢ ‘(¢ —1) as
t— 0?
As t— o, v— 0 because e is decaying as r increases.

What else can we discover about the graph?
Any stationary points and their nature.

v=e"(t-1)

%:a:(Z—t)et =0 givest=2

There is a stationary point at z =2 . To identify the nature of stationary point we
differentiate again
d’v

2
dt by (6.31)

il

(-De ' +(2-t)(—e")=(t-3)e"

Attr=2, i% =(2-3)e’=—-¢7<0.By(7.2),at r=2, v has a maximum. The

. _ _ d’ .
maximum value= e *(2—1)=¢". Also dTr =0 when 7 =3. Hence there is a general

point of inflexion at # =3 when v =2¢7. We have

!

(6.31) (uv) =u'v+uv’
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- - - £ 2
9. From chapter 5 we know the exponential function is never zero, so v =4¢~"" #0
for any values of . However as r - too, v — 0 because the exponential function,

—50¢2 50t

e ,decays as 1 — +o. We can find the stationary points: v=4e"

% = 4™ (~100t) = ~400te™™ =0 gives t=0
Substituting 7 = 0, v =4¢° =4 . Hence (0,4) is the stationary point of v =4¢™"" . What
about the nature of the stationary point?

] L dv e
We can use first derivative test: T —400te™"

d . a2
If <0 then = >0 because the exponential part ¢ >

dt
multiplied by another negative,?, which gives a positive answer.

IS positive and we have — 400

If >0 then % <0. By (7.7) the stationary point (0,4 ) is a maximum of v.

To find general points of inflexion, we must differentiate again:

‘;—:;’ — _400 (%[te‘s‘“z D

~-400| & 100t |

2

d°v 2 . 1 1
For inflexion, — =—400e" | 1-100t> | =0 gives t*=——, t=+-—_ Hence
dt? [ ] J 100 10

10. We have

In(t/t,) 1 111. (t) t¢ N
27k 2zth 2z k (t ) h (Factorizing)

For stationary points we need to differentiate R with respect to :
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R_1)11 (1) ¢
dt 27|k 't/t, (t,) h
1711 1 :
= |-z Cancelling ¢'s
Zﬁ{kt tzh} ( 9¢%)

. . dR
For stationary points we need — =0, thus

dt
i—zi:o [because L cannot be zeroj
kt t°h 27
11 gives t—E [Transposing]
Kt t°h h posing

So thickness ¢ = k/ h gives a stationary point. How do we show this value gives
minimum R ? Use the second derivative test:

d_R_i[i_i}_i o
dt 2z|kt t°h] 2z k h
d’R 1 {—rz 2t‘3}_ 1[ 1 2}

= — + _ —— e
dat> 27| k h 2| kt* t°h

Substituting 7 = k/ h:

¢rR_1| 1 2 |
dt® 27| k(k/h)’ (k/h)’h

_ 1| p 2
ol KK

2
:Zi[%} >0  (sincek >0)
/A

Hence by (7.3), thickness ¢ = &/ h gives minimum resistance R.
n®+12
-n
You can apply long division to rewrite « or use the quotient rule (6.32):
u=n+12 v=3-n
u'=2n vVi=-1
da uv-uv'
dn V2
2n(3-n)+(n’+12)
(3-n)
_6n-2n’+n”+12
INER;
_12+6n-n’
IERD

11. We have o =

. How do we differentiate this?

(6.32) (u/v)’ = (v —w")v
(7.3) R' =0, R">0 minimum
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For fj—a =0, 12+6n—n"=0 [Numerator=0]
n

Multiplying by —1 gives the quadratic n° —6n —12 = 0 How do we solve this?
Substituting a=1, b=—-6 and ¢=-12 into the quadratic formula:

| 6+,[36+(4x12)

2
=7.58 or —1.58
Hence n = 7.58 (cannot have a negative gear ratio).
How can we show n = 7.58 gives maximum acceleration, «?
Use the first derivative test:

n

da _12+6n-n*

dn (S_n)2
We only need to examine the sign of the numerator because the denominator is
positive.
If n>7.58,try n=8,then 12 + (6x 8)- 8 =—-4<0
If n<7.58,tryn=7,then 12 +(6x7)-7=5>0
By (7.7), n=17.58 gives maximum acceleration.
12. Replacing e¢* with the Maclaurin series expansion of (7.15) we have:

e 1 (1+x+x*/20 %3k ..) -1

X X
XX/ 24 % 3.
X
X(1+x/204+ x* /31+..)
B X
2
=1+L+X—+
21 3l
X 2
so lim&—2— |im[1+i+x—+..}:1
x>0 X x—0 21 31

13. The gradient, m , of the tangent is evaluated by differentiating y = sin®(x):
dy .
— =2sin(x)cos(Xx
= 2sin (x)cos(x)

At x =£, L :2sin(£) cos(ﬁ) = 1. Hence m = 1. Equation of tangent is of the
4 dx 4 4
form y= x+c. How can we find ¢ ?
2 2
At X=7, y= Sin(zJ [ ] =2 5 the tangent goes through x =~ !
2 4 N 5 » S0 the tangent goes throug X="7Y=5

Substituting these gives:

(7.15) e =1+ x+x21+x°31+...
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+

(@]

N |-
Ll NN

etz 27 1o o

2 4 4 4 4
Therefore the equation of the tangent is y= x +i(2 — ). How do we find the

equation of the normal?
The gradient of the normal = —1 so the equation of the normal is of the form:

y=-X+C, (**)
The normal also goes through the point x = % y= —; So
1——£+c ivesc—£+£—g+£—£(2+7z)
2 AV T T T

Substituting ¢, = i (2 + 7) into (**) gives:
1 1
=—X+—(24+7)==(2+7)-X
y=-x+2(247)=5(2+7)

14. We need to differentiate v :kxln(l) , how?
X

First we can rewrite v as follows:

V= kxln(lj
X

= kxIn(x*) =—kxIn(x)
We can differentiate v by using the product rule, (6.31):

u=x  w=In(x)

u'=1 w' =1/x
Applying (6.31)

dv 1
—=-k|1.1 = ||=-k|I 1
- [ n(x)+x(xﬂ [In(x)+1]
For stationary points this is zero, therefore
—k[In(x)+1]=0
In(x)+1=0  (because k > 0)
In(x)=-1
How can we find x from In(x)=-17
1

Taking exponential of both sides gives x =e .
Differentiate again to find whether this value, x =¢ ™', gives maximum velocity.

%:—k[ln(x)ﬂj

(6.31) (uw) =u'w+uw’
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. . d’ k _ ..
Substituting x =e™' gives d—f = —— <0 because k and ¢ are both positive. By
X e

(7.2) the maximum velocity occurs at x =e ™',
15. Substituting i =5 and L=2x10" into v gives

v=(2x10°) (50 ™)
= (2 ><10*3)(—500 x 5e’5°°‘)

=(2x10"*)(-2500)e**"

— _ggSo0t
As t — oo,i — 0 because exponential function, e ™, goes to zero. We also know it
is a decaying graph because of the negative sign in front of the 5007 . What about
stationary points:

-500¢

d

i —5en Al _p5p0esm
dt

Putting this to zero gives —2500e " = 0. Where is this function zero?

This function cannot be zero for any real values of ¢ because it is the exponential
function so there are no stationary points.

At =0, i =5¢" =5. Thus we have:

16. Rewriting F we have:
Ir' [ 5 o\
F=—(x"+r
L (@)

dF Ir*( 3 -5/2 3Ir? -5/2
&:7(—Ej(x2+r2) (2x):—Tx(x2+r2)
dF _ 3Ir’ X

a2 (ear)”

. . : d’F : : .
Points of inflexion occurs at e =0, so we need to differentiate again, how?

X
Use the quotient rule (6.32) with:
2 2 5/2
u=x V= (x +r )
u'=1 v’:E(x2+r2)3/2 2x:5x(x2+r2)3/2
2

!

(uj _(u'v—uv’)
(6.32) v)

(7.2) v =0, v" <0 maximum
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d?E  3Ir? (x2+r2)5/2—5x(x2+r2)3/2x

a2 [(x2+r2)5/2}2
d’F  3Ir’ (X2+r2)5/2—5x2(x2+r2)3/2 ;
dx? - 2 (X2+I’2)5 ( )

Putting this to zero gives that the numerator is zero:
3Ir? 2, 2)¥2 2(v2 , ~2\¥?
- [(x +r) —5x (x +r) }:O

This can only occur if the terms inside the square brackets are zero because the
current =0 and radius r = 0.

(x*+ r2)5/2 —5x (x* + rz)e’/2 =0
3/2
Factorizing: (x2+r2) [(X2+I’2)—5X2]:0
Again only the square brackets term can be zero because (x2 + r2)3'2 # 0 (all terms
are squared and no negative sign).
(x2 + rz)—5x2 =0 implies r* —4x*=0 which gives x = i%

. - . d’F
Since x is distance, x = % We need to check for change of sign of FER If x <%
X

d’F . . . .
then r* —4x” >0, hence P < 0 because there is a negative sign outside the square

X
brackets in (7).

2

d°F . .
If x>% then r? —4x®> <0, hence P >0.At x :g we have a uniform field.
X

17. How can we differentiate 7 with respect to x?
Use the quotient rule (6.32) with
U =xscos(g) V=L, +xscos(¢)+x°L,

u'=scos(¢) V' =5sc0s(¢)+2xL,
Substituting these into (6.32) gives:
dy 5c0s() (L, +xscos () + X°L, ) - xscos(¢)(scos(¢) +2xL, )
dx (L +xscos(¢)+x2Lc)2
_Ls cos(¢)+xs cos? (@) + x’L,scos(¢)—xs* cos* (¢)— 2x°sL, cos(¢)
(L +xscos(g)+ XL, )2
_ Liscos(¢)—x"sL, cos(¢)
(L +xscos(g)+ szc)2

dy  scos(g)(L,-x°L,)

dx (L +xscos(¢)+x’ LC)2

(6.32) (u/v)’ = (u'v- uv’)/v2
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. .. d .
For stationary point d_n =0, hence the numerator = 0. Since scos(¢#) >0 we have
X

L -x’L, =0

L =x°L,, X° _L gives x = L
LC LC

How can we show that this value of x gives maximum efficiency?
Use the first derivative test (7.7):

dyp  scos(g)(L —x°L,)
dx (L +xs cos,(¢/§)+x2LC)2
We only need to examine the term L, _szC because the other terms are positive.

L L
If x< = then x* <— so L, —x’L, >0 and dn >0
L L d

X

c

L L d
If x>_|— then x> >— so L, —x’L, <0 and 27
L L dx

c c

L . . .
By (7.7), x :Jg gives maximum efficiency.

18.(i) Let f(x)= sinh(x) then

f (x)=sinh(x) f (0)=sinh(0)=0
f'(x)=cosh(x) f'(0)=cosh(0)=1
f”(x)=sinh(x) f7(0)=0
f"”(x)=cosh(x) f"(0)=1

£ (x) =sinh(x) 4 (0)=0

f© (x) = cosh(x) f®(0)=1

Substituting these into (7.14) gives:
- X3 X5
sinh(x) = 0+(1)x+0+(1)a+0+(1)a+...
X X

=X+t—+—+...
3! 5l

(it) The MAPLE output is on the web site.

(7.14) f(x)=f(0)+ f'(0)x+x*f"(0)/2!+x>f"(0)/3!+...
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19. (i) We let f(x)=tan"'(x):

f (x)=tan™(x) f(0)=0

()= £(0)=1

f"(x)_-(lf)’:z)2 £7(0)=0

£7(x) = (iix;; £7(0)=-2

f‘4’(X)—2:l(fxz;j ) £ (0)=0

(O 24(1(—10x2)t5x4) () (0)=24
1+ X2

We have 3 non-zero terms: T'(0)=1 ”(0)=-2 and ®(0)=24
Substituting these into (7.14) gives

tan™ (x) =0+ (1x x)+0+(—£jx3 +0+(ﬁ)x5+...
3! 51

XX X

=X——+—... *

3T g (*)
(ii) To obtain the required result we need to substitute x =1 into (*):
tan‘l(l):1—1+1...
3 5

Remember tan'(1) = % Thus

(iii) All evaluations equal 7/4.
20. (i)

y:%xe’—3x2 +8x-3

ﬂ:x2—6x+8
dx
For turning point D =0
dx
x’—6x+8=0, (x—4)(x-2)=0gives x=4or x=2

2

d—Zz 2X—6
dx

dzy

At x =2, —5 =-2 <0 maximum, y:E
dx 3

(7.14) f(x)=f(0)+f'(0)x+x*f"(0)/2!+x*f"(0)/3!+...

12
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d’
At x =4, —y =2>0 minimum, y=

1 .
The curve y=—x"—3x” + 8x — 3 cuts the y axis at —3 (the value of y at x =0).

YA

(i) Let
f(x):%x3—3x2+8x—3
f'(x)=x*-6x+8
By looking at the graph, take r, =0 (you could just as well take r, =1)
f(0)
0-——==0.3750

I. =

‘i 1'(0)

r,=0.375 _HOST) 4 aag7

t'(0.375)
f, = 04437 — o F(04437) ) 1asg
(O 4437)

£(0.4458)

r, =0.4458 - =0.4458
£7(0.4458)

. 1 .
Since r, =r;, the root of §x3 —3x” +8x—-3=0 is 0.446 (3d.p.).

21. (i) We use the trapezium rule to determine the area A in the given diagram

z
A
4dm Y
Area A
y
v
W X > X
1
A:§x(4+ y) *)

We are given that
y+YZ =6 impliesthat YZ=6-y

13
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Y Z can be found by Pythagoras:
YZ2=(6-y) =(4-y) + X
36-12y+y* =16-8y+ y* +x°
Collecting like terms gives

20— x* =4y which gives y=%(20—x2)

Substituting y :%(20— xz) into (*) yields

:lx[4+1(2o—x2))
2 4
_1 Y2 _1 Y2 _1 3
—§X(16+20 x)_gx(se x)—§(36x x°)
(i) For maximum cross-sectional area we differentiate the above function:
A=E(36x—x3)
8

dA 1
&_5(36 3x )

Stationary points occur where the derivative is zero:
%(36—3x2) =0 = 36-3x’=0 = x*=12 = x=12=23

To show that we have a maximum at this value of x we differentiate again:

d—A_5(36 3x°)
dx 8
d’A_1
==(0-6
dA ;(0 6x) = gx gives a negative value so we

have maximum at x = 2+/3. We can substitute this value into y= %(20— xz) to
findy:
=£(20— Xz) :1(20_@2) =
4 4
Hence x = 2v/3mand y = 2m gives maximum cross-sectional area.

22. Using the binomial series, (7.24), with x :—V—2 we have
C

cor g B ey RS

C c?

(7.24) (1+x)n=1+nx+|:n(n 1:|x +|:n(n @ —3)] .
(7.29) =r, +M

n+1 f,(rn)

14
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23. Similar to solution of question 22 but we ignore higher powers.
By using the binomial expansion we can show that
1 12 1 3., 5
=(1-X =1+ X+ =X+ =X+
V1-x ( ) 2 8 6

2
Substituting x = Gj because we are given m= =

into the above:

ol<

-nf1e3(e] 58 5+

We are told that v is very small compared to c therefore (xj iIsasmall number
c

and taking powers makes it even smaller. Hence we ignore the higher powers of

(XJ , that is powers above 2. Hence we have
c

2 2
m= m{l+%(%) J = mo(1+%§j

Substituting thisinto the given formulafor KE , K =(m-m,)c?, we have

2
ol

— m ' 1 V2 I,n m CZ — V2 m c m
2 C2 C Y
| I ||S |S our ra:]Ui I’ed I’eSU|'[

15



