Solutions Miscellaneous 3

|Complete Solutions to Miscellaneous Exercise 3

1. (i) How do we find (f(l)Y?

-1
We replace x with 1/2 in f(x)_ and then we square our result:
—X
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(i) We first find f(2) and £(5) and then substitute these values into M

f)
(2;(2; -3, similarly f(5)—%— ——. Substituting

f(2)=-3and f(5) = —% gives:

6f(2)=3f(5)_[6x(=3)]-[3x(94)]
1(5) ~94 -
2x— 1) 1

(2x 1) 2(1_,6

= . How do we simplify this horrendous
1- [2x - 1)

We have f(2) =

(iii) £(f(x))= A

1-x
expression?
Multiply numerator and denominator by 1 — x:

¢ (f (x)): 2(2x-1)—(1-x) _Ax-2-1+X
(I-x)-(2x-1) 1-x-2x+1
_ 5x-3
- 2-3x
2. (i) Replace t with 1+ h: f(t+h)=4.9(t + h)’
=4.9(° +2ht +1”)
by (L13)
=4.97° + 9.8ht + 4.9’
fe+h)—f@) (4.9 +9.8h+ 4917 )-4.97
h N h
9.8kt +4.91°
- h
_ (9.8t +4.9h)
B h
=9.8t+4.9h
(iii) Substituting ¢ = 1 into the result of part (ii), 9.8¢ +4.9h, gives9.8 + 4.9h.
(iv) 9.8 +(4.9x107°) = 9.8 (substitute 7 = 1,2 =10"" into result of part (ii)).
W 1im f(z+hh)—f(t>:

h—0

(2-3x0)

(i)

(cancelling the /'s)

%}n{} (9.8t + 4.9n) =9.8t, (since % is very close to zero).

(1.13) (a+b)’ =a”+2ab+b’
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3. (i) Using the hint with a =rand b =h gives:
di+h)—g(t) (+hy -1 (€ +3°h+3h* +h*)-1°

h h h
B 3t°h+3th> + h°

h

lfi(3t2 +3th+ hz)
B )/}
=31 +3th+ I’

(i) Since % is very close to zero we have
iy A1) 60)

h—0

= lim (3" +3th+h*)=3¢

by part (i) 10

4. The graphs of |x +1 and |x — 3| are similar in shape to the graph of |x| but shifted
left and right respectively.

5. f(-a)=2(-a) —(-a)’ +1001
=2a*-a’+1001
= f(a)

6. 3(-a)=(-a)’ —(-a) —(-a)

=—ad +d’ +a
=—(d—d’-a)
=—g(a)
7. Equating f(x) and g(x) gives x° +5 =6x . Subtracting 6x from both sides:
xX*—6x+5=0
(x=5)(x-1)=0
x=5,x=1

8.(i) f(2)=2"-(2x2%)-2-0.625 = -2.625
(i) f(3)=3"-(2x3")-3-0.625=5.375
Graph of f crosses the x- axis between x =2 and x =3 because f goes from being

negative at x =2 to positive at x =3, therefore there is a root between 2 and 3. On
MAPLE we plot f and then tune into the root.
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> f(x):=x"3-2*(x"2)-x-0.625;
> plot(f(x),x=2..3);

RN W b O
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You can close in further by plotting the graph closer and closer to the point where the
graph cuts the x-axis. Try plotting between 2.4 and 2.6. The actual root is 2.5

0. f(x)zl , f(x) = 1 (Self- Inverse). The graph of 1 is shown in Fig 27 of
X X X

Chapter 2.
10. How do we find the inverse function?
Let y= ax—b then extract x. Multiplying both sides by cx —a gives:
cxX —a
(cx—a)y=ax—b
cxy—ay=ax—b
cxy—ax=ay—>b
x(cy—a)=ay—-b (factorizingthe L .H.S.)
ay—b
X =—
cy—a
Replacing the y with x gives the inverse function, thus
1 ax—>b
¢ (x)=
cxX—da
What do you notice about ¢'(x)?
¢ (x)=(x)

The function f has the same format as ¢ with a=2, b=3 and c¢=5.So what is
f7(x) equal to?

0= ()= 5=5 (5x-220)

11. The roots of f(x)—g(x)=0 are the points where the graphs f(x) and g(x)
intersect because f(x)= g(x). On MAPLE we use the commands :

> f(X):=x"3; g(X):=4+4*X-x"2;

> plot({f(x),g(x)}x=-3..3);
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As in solution to question 8 you can plot the graphs closer to the points of
intersection. The roots are -2, -1 and 2.

12. (i)> f:=x->2.718281828"x;

> plot(f(x),x=-2..2);

N W U

-2 -1 0 1 2

(ii)
> limit((f(h)-1)/h,h=0); shows 0.9999999998 which is equal to 1 correct to two
decimal places.
(iii)
> expand((f(x+h)-f(x))/h);
> limit(%,h=0); shows 2.718281828" . This can also be justified by:
f(x+h)— f(x) lim 2.718281828"" —2.718281828"

h

h—0 h

2.718281828" —1

lim
h—0

= 2.718281828"?1‘13

=1 by part (ii)

=2.718281828"

13. Where does the graph cross the 7 and x axes?
Crosses the x(¢) axis at 7 = 0. So we have

x(0)=0"-0-2=-2

Crosses the ¢ axis at x(r) =0. Thus

rf—t-2=0

t-=2)(t+1)=0

r=2,t=-1
The shape of the graph > —z — 2 is similar to the graph of 7*. What adjustments do
we need to make to the graph of 7° to sketch " —r —2?
To find the adjustment we need to complete the square on 7* —¢ —2.
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=|f—— —_—
2 4
S . . 1\ 9
What are the modifications required on ¢ to obtain the graph of (z— 5) _Z?

2
The (t—%j shifts the graph of ¢* by a % to the right. The —:91 shifts it down by %

thus we have:

x(0), A

14. We multiply just like ordinary arithmetical fractions, that is multiply the
numerators and multiply the denominators.
1
G(s) = 3(s2+ )

(s+2)s"+55+6)
3 35s+3 )

 (s+2)(s" +55+6)
How do we multiply out the brackets in the denominator? Multiply the first term, s,
by s> +5s+6 and then the second term, 2, by s° +5s+6.

(s +2)(s> +55+6) = s(s> +55+6) +2(s* +55+6)

=5 +55° +65+2s" +10s+12

=5 +55" +25° +65+ 105 +12
=752 =16s
=5 +75 +16s +12
Putting this, s° + 7s + 165 +12, for the denominator of (*) gives

35+ 3
G(s) =
() s +7s +16s+12
. 41
15. (a) How do we find the system poles for G(s) = 2S— ?
s +4s+3

They are the values of s where
s’ +45+3=0

(s+3)(s+1)=0

s=-3, s=-1

The system poles are at -3 and -—1.
1 .
(b) For G(s) = % , the system poles satisfy s* +5s—7=0.
ST+

How do we find the values of s satisfying this equation? Cannot factorize this
equation into simple whole numbers, so we need to use formula (1.16). What are the
values of @, b and ¢ for this formula?
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For s> +55s—7=0: a=1, b=5 and c¢=-7.We have
Sy - (@ x1x(=7))

- (2x1)

~ =5%453

2

s =114 and s = —6.14 (correct to 2 d.p.)
The poles occur at 1.14 and -6.14.

(c) Where are the system poles for G(s) = %?

N

There are no system poles because the denominator=3 and therefore cannot be zero.
16. We have F(t)=—t, R(t) = 1—i and
y 10 10
10 1
h(t)= = multiplying numerator and denominator b 10
(1) - /10 101 ( plying y )
F(¢)and R(¢) are straight lines of the form mz + c:

1T — — — — = | F(1) R(:)
I
0 — ¢ — {
10 0 10
Use MAPLE to plot A(z) graph for 0 <7 <10.
plot(1/(10-t),t=0..10);
14
: h(t
o (1)
-;_» .............. | I ——E T T S S S S | -
0 2 4 6 8 10

17. Q(¢) is a quadratic, so to sketch Q(r) we could complete the square. Rewriting

Q(t) gives
~0.015¢% + 0.3 = —0.015¢> +(0.015 x 20)¢

=—0.015(s* - 20r)
=-0.015( - 10+ 15

o=
=(0.015x100)

_ —bx+b’-4ac

2a

(1.16) X
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We need to solve the equation Q(r) =0 which is 0.3 —0.015:" =0
1(0.3-0.015¢)= 0
t=0, 0.3-0.015¢=0
0.3=0.015¢
0.3
0.015

t= =20

Hence Q@) =0 when =0, ¢ =20.
So Q(r) is a quadratic with a peak at 10 and zeros at 0 and 20:
Q(1)
1.6
1.4
12
1
0.8
0.6
0.4
0.2

0+ T y T T
0 5 10 15 20

Y

How do we find R(z) ?
Substitute Q(r) =0.37 - 0.015¢” into R(r) =1— Q():
R(t)=1-(0.3r-0.015¢")

=1-0.3t+0.015¢
18. Using MAPLE we have:
> G:=s->(2/(s+1))*(s/((s+2)*(s+5)));

> simplify(G(s)/(1+0.001*G(s))); shows 1000

N

500s” + 4000 + 8501s + 5000




