Solutions 14

|Complete solutions to Miscellaneous Exercise 14

1. (a) Characteristic equation 1s
m?+8m+16=0

(m+4)° =0
m=—4
By (14.5) y=(A+Bx)e™
(b) Characteristic equation is
m’—-2m-3=0

(m-3)(m+1)=0
m=3 m=-1
By (14.4) y = Ae* +Be ™
(c) Characteristic equation is
m’>—-6m+7=0

Solving this quadratic equation gives the roots 3++4/2 and 3-4/2.

by (14.4)

(3+x/§)x 3—«/5))(

+ Be(

2. Note the complementary function is the same in each case, (a)
1t 1s the solution to question 1(a),

y, =(A+Bx)e ¥
(a) Since f(x)=8, so our trial function is a constant
Y=C

y = Ae

2

e d’y dy ,
Substituting into — + — +16Y = 8§ yields
dx” dx

16C =8 gives C :%

1
The general solution, y=y_ +Y,is y=(A+Bx)e +§

(b) By (14.12) Y=ax+b
2
@ _, oY
dx dx
e Y Y :
Substituting into d =+ Sd— +16Y =8x gives
dx dx

0+8a+16(ax+b)=8x

Equating coefficients of x:

16a =8 gives azé

constants: 8a+16b=0, 4+16b=0
16b =-4 gives bz—%

mpx n, x

(14.4) m, and m, gives y= Ae™" + Be
(14.5) m (equal roots) gives y= (A+ Bx)e™
(14.12) If f(x)=Ax+B then Y=ax+b

Hence

- (¢), and
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1. 1 1

Y=—X——==(2x-1
2 4 4( )
Hence y=(A+ Bx)e4x+%(2x—l)
(c) Since f(x)=x" + x+1, a quadratic, so our trial function is ¥ =ax” +bx + ¢
dy d?y
— =2ax+b, —-=2a
dx dx
e . dYy o dY :
Substituting into — +8— +16Y = x’ + x +1 gives
dx dx

2a+8(2ax+b)+16(ax’ +bx+c)= X" +x+1

Equating coefficients of

X’ 16a =1 gives a=+
16

x: 16a+16b=1 gives b=0

constants: 2a+8b +16c=1

£+16c =1 gives ¢ :1—42
16 16

N 1 14 . .
Substituting a =Te b=0 and ¢ =T into ¥ =ax’ +bx +c gives

1, 14 1 )
=—X+—=—7]16x"+14
16 162 162[ ]

o,
y=(A+Bx)e +ﬁ[16x2+14]

Y

a1
Hence =(A+Bx)e™ +m[8x2+7]

3. The characteristic equation is given by

m2+ci—i]=0

By (14.8) we have 6 = Acos(awt)+Bsin(wt) where o= /%

4. Characteristic equation is

mz—%i):O

2
KA
mx —mx hP
By (14.9) we have T = Ae™ +Be™ where m= Y
(14.8) m®+k*>=0 gives y = Acos(kx)+ Bsin(kx)

(14.9) m’>—k®=0 gives y= Ae” +Be™

2
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5. Rearranging the given differential equation.
mX + kx = F cos( ot) (*)
By solution to question 5 of EXERCISE 14(c), the complementary
function is
X, = Acos(wt)+ Bsin(awt) o =k/m
Particular integral X;
Using TABLE 1 gives the trial function to be
acos(wt)+bsin(at)
but this is already part of the complementary function, so use the trial
function
X =[acos(at)+bsin(at) ]t (1)

. .. . . o e sk F
By differentiating this twice and substituting into X +H X = ECOS(a)t) we

obtain
. F
2w|b t)— t)|=— t
| bcos(awt)—asin(at)] — cos(t)
Equating coefficients of

sin(ot): —2wa=0, hencea=0
cos(ot): 2wb=£, hence b=L

m 2om
Substituting =0 and b= into X =[acos(at)+bsin(aet)]t gives

am

Ft
X=—F— t
o sin(ot)

Since x =x, + X, so the general solution is

) Ft .
=A t)+B f)+—— t
X cos(wt)+Bsin(awt)+ - sin(wt)

6. Dividing the given differential equation by L gives 0 +%6’ =0
Characteristic equation is
m?+3 -0
L

By (14.8)

0 = Acos(wt)+Bsin(at) *)
where o = E . Substituting the initial condition, when =0, 6 =1;

1=Acos(0)+Bsin(0) gives 1=A
Differentiating (*) gives

6 = —wAsin(ot)+ B cos(at)

(14.8) m’>+k> =0 gives 6= Acos(kt)+ Bsin(kt)
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Substituting the other initial condition, when ¢ =0, 0= \/§a);
V3w =-wAsin(0)+Bcos(0) gives V3w =wB, B=+3
Placing A=1 and B=+/3 into (*) gives
6 = cos(wt)+~/3sin(wt)
By using (4.75) we have

r= 12+(\/§)2 =2 and a:tan'l(?J:E

3

Hence using (4.75) on 6 = cos(ar)+~/3sin(wr) gives 0= 2cos(a)t——§)

(4.75)  Acos(wt)+Bsin(wt) =V A’ +B? cos(wt—a) where o =tan™ [%)
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.. 1
7. The characteristic equation is Cm? +I =0
Dividing through by C

m2+i:0
LC

m? + @’ =0 where @ = —
LC

We have
v =Acos(wt)+Bsin(awt)

VA?+B? cos(wt—a) where o =tan™ (%)
v=rcos(ot—a) (r:m)

. .. ... 1 1
8. (i) Characteristic equation is given by Cm’ +E m+ T= 0
Dividing by C
m?+—Lmi-t o
RC LC
(i) Equating with m” +2lowm + ©° =0 so that we have
1

m? + 2om + o* =m? st me L
RC LC

, 1 . 1
@ =— gives o=—
LC

JLc

Equating the m terms gives
1
2w =——
¢ RC

For critical resistance {'=1, so we have R=R_ and
1
20 =——
R.,C

Substituting
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9. (1) Characteristic equation is
Dividing by L;

(i1) Equating

m? + 2{wm + o> =m +Rm+i
L LC

Equating constants (without m)

, 1 1
o’ =—— gives o =——=
LC

JLe

Equating the m terms
R
200 =—
d L

For critical resistance, =1, hence
RCI’
L

R, =20l = 2—L 2\/7

10. (i) We are given L=1x10" and C =10x10"°. By solution 9 we have

-3
Rcr = 2\/E = 2 —1X1O =
c V10x10°®

(R, 1s the critical resistance).
(ii) Substituting R=20, L=1x10" and C=10x10" into the homogeneous

equation gives
2. -
(1x10’3)d—2|+ zoﬂ{ L Gji =
dt dt \10x10
Dividing by 1x10~ yields

d?i ( 20 ]di ( 1 j
dt> \1x10° )dt (10x107°

d i

=2w

di
> +(20x10%)— " +(1x10%)i=0
The characteristic equation 1s
?+(20x10°)m+(1x10°) =0

To find m we use the quadratic equation formula, (1.16), with
a=1, b=20x10’ and c=1x10°

—(20><103)i\/(20><103)2—(4><108)
2

—b+Vb* —4ac

2a

m= =-10x10°

(1.16) m=
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Since we have equal roots so by (14.5) we have
i=(A+Bt)e ")
11. Dividing the given differential equation by C
dv. 1 dv v
— =+ —=
dt> RC dt LC
Characteristic equation is

Substituting the given values of R=500, L=100x10" and C=0.5x10"°
gives

m2+[ _GJmJ{ _31 _GJ:O
500%0.5x10 100x107°x0.5x10
m’ +4000m +(2x107) =0
Putting a=1, 5=4000 and c=2x10" into (1.16) gives
~4000% ,/4000° — (4x 2x10")
2

=-2000 i%\/—6400000 =-2000+ j4000

m=

By (14.6)
v =e[ Acos(4000t)-+ Bsin(4000t) ] *)

Substituting 1 =0, v=9 gives
9=A
Need to differentiate by using the product rule, (6.31),

% = —2000e > [ Acos(4000t)+ Bsin (4000t) |+e > [ ~4000Asin (4000t )+ 40008 cos (4000t |

Substituting the other initial condition, when 7 =0, ;‘; =0 and A=9;

0=-2000(9+0)+(0+4000B)

4000B =2000x9 gives B=4.5
Substituting A=9 and B=4.5 into (*) yields
v =e7"[9cos(4000t)+4.5sin (4000t) |

12. By solution 4, T =Ce™ + De™ ()
hP N
where m ="a #0, Cand D are constants. Substituting x=0, T =T;
C+D=T;, hence C=T,-D ™)

: . o dT :
Differentiating and substituting x = L, i 0 gives
X

(14.5) m (equal roots) then y= (A+ Bx)e™
(14.6) m=qazxjp then y=e" [A cos(Bx)+ Bsin(ﬂx)]
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. dT " m
Since m does not equal zero therefore ™ = m(Ce L _De™ ) =0

Ce™ -De™ =0
Substituting C= T, — D gives
(T,—D)e™ -De™ =0

Tee™ =D(e™ +e ™)

T.e™
- emL +e—mL
From (¥*), C=T,-D, we have
T.e™
C :TB - emLB_|_e—mL
TB (emL + e‘mL ) —TBe”‘L em'- + e’m'- _ em'-
- emL N e—mL = TB emL N e—mL
Te ™
= et et
. . TB€_ " TBemL - mx —-mx _:

Substituting C=—"——= and D=—7"——7 into T=Ce™ +De ™ gives

e +e e +

TBe—mLemx +-|-BemLe—mx
T= PR
mL—mx —mL+mx m(L-x) -m(L-x)
_ TB e +e _ TB e +€e
o™ Lot e gt
Using (5.24) gives
cosh| m(L-x)]
% cosh(mL)
13. Similar to solution 12. We have
T=Ce™ + De™ (t)

where M (as in solution 12), C and D are constants. Substituting
x=0, T=T, into () gives
T,=C+D hence D=T,-C
Putting x=L, T=0 into () gives
0=Ce™ +De ™ =Ce™ +(T, -C)e™
0=C(e™-e™)+Te™

—T e " o : . .
Hence C= ﬁ. Substituting this C into D=T, - C gives

—mL mL —mL —-mL
D:TB+TBe—:TB£e e +e J

emL _ e—mL

(5.24) cosh(x)=
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emL
D :TB (emL _emL]

-mL mL

iy and D =emLB_ﬁ into T =De™ +Ce™ gives

T [TBemLe—mx J_(TBe—mLemx j
e _g M e _g
m(L-x) -m(L-X)
=Tg (e ot _ZmL )
IoT smh.[m(L— x) ]
by 5.23) sinh(mL)
14. By EXAMPLE 6 we have
y = Acos(kx)+Bsin(kx) where k =/P/EI
Substituting x =0, y=e gives
e=Acos(0)+Bsin(0) hence A=e

Substituting x =L, y=¢ and A= ¢ yields
e=ecos(kL)+Bsin (kL)

Bsin (kL) =e[1-cos(kL) ]
B=e ].—LS(kL) = etan (&)
sin(KL) ) oyhin 2
o (kLY . . :
Substituting A=e¢ and B= etankz) into y= Acos(kx)+ Bsin(kx) gives

y =ecos(kx)+etan (k—zl'jsin (kx)= e(cos(kx)drtan (k—zl'jsin(kx)J

15. The given differential equation can be rearranged to

Tge

emL

Substituting C =—

d’y Wi 2
El +Py=—(Xx"-Lx
o YT ( )
Dividing by El
d’y P w o,
+—y=—(X"—LxX *
dx> El y 2El ( ) ©
. .. d’y P
Complementary function, y,, satisfies — +—1y. =0
dx El
The characteristic equation is
m? 4+ =0
El

m?+k?®*=0 where k? :5

X —X

(5.23) sinh (x) =2 _28

(14.8) If m*> +k* = 0then y=Acos(kx)+ Bsin(kx)
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By (14.8) y. = Acos(kx)+ Bsin(kx) where k= P/EI .

Particular integral Y:

Since f(x)= ZLEI x° - Lx) is a quadratic so we use the trial function to be
the general quadratic

Y=ax’ +bx+c
Differentiating this Y yields

2
d—Y:Zax+b, d—Z: 2a
dx dx
s ., d¥ P w :
Substituting these into e +EY = E(X2 = LX) gives

2a+§(ax2 +bx+c) =%(x2 - Lx)

Equating coefficients of

2 Pa w . w
X : —=——- glves a=—
El 2El 2P
X: P_b—_W_L gives b—__L
' El 2El
constants:
2a+E—0
El
Pe =-2a= _2w substituting a = il
El 2P 2P
wWEI
= — PZ
o L El . .
Substituting azﬂ, b=—2= and c=-= — into Y =ax’ +bx+c gives
2P 2P P

w , wL WEI
X

Y=— -
2P° 2P P

:ﬂ(x2 - LX—EJ
2P P

=ﬂ(x2—Lx—%J where k? _P
2P k El

The general solution is given by y=y, +7Y, thus

. w 2
= Acos(kx)+Bsin(kx)+—| x* —Lx——
Y= Acos(la) + Bsin () + 25 - L2
(i1) Using the solution obtained in part (i)
y = Acos(kx)+ Bsin(kx)+%(x2—Lx—éj (t)
Substituting the first boundary condition x=0, y=0 into () gives
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0=A+0+ﬂ(0—0—%j
2P k

2w w

A= 5 =052
2Pk* Pk
Substituting the other boundary condition x = L, y =0 into (}) gives

0= Acos(kL)+ BSin(kL)+%(L2 — 12 —k_ZZJ

2w

2Pk?
%—%cos(kLﬁ Bsin (kL)

w

Pk?

5 W {1—cos(kL)}

~ Pk®| sin(kL)

w [ij
= —tan| —
Pk 2

The last step is made by using the given identity

0 :%cos(kLH Bsin(kL)-

[1-cos(kL)]=Bsin(kL)

1—cos(x) (x) '

sin(x) tan@

o kLY . .
Substituting A = Wz and B= W2 tan(—) into (T) gives
Pk Pk 2

w w kL . w 2
= cos(kx)+—tan| — |sin(kx)+—| x* - Lx——
e G (2) ( )+2P{ kz}

y= PVI\<IZ [cos(kx)+tan (%jSin(kX):|+%|:X2 - Lx—k—zz}

: : : . d’y P 1
16. Rearrange the given differential equation —)2; +—y=——(Fx+M)
dx EI EI

. ) P
Complementary function y, = Acos(kx)+ Bsin(kx) where k= "E

Particular integral Y; since we have a linear function on the right hand
side so
2
Y =ax+b, d—Y:a, OI—\2(:0
dx dx
Y P
PR
dx~ EI
P (ax+b)=—L (Fx+ M)
El El

1 .
Clearly ax +b = —;(Fx +M)=Y. Since y=y,+Y we have

T . 1 .
Substituting these into Y = —E(Fx + M) gives

y = Acos(kx)+ Bsin(kx)—%(FerM) *)

Placing x =0, y=0 into (*) gives

11
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1 M
0=A+0-—(0+M), =—
+ P( +M), hence A I
Substituting x=L, y=0 and A=% into (*) gives
O:%cos(kL)+ Bsin(kL)—%(FL+M)
M—Mcos(kL)+E:Bsin(kL)
P P P

%[1—cos(kL)]+% = Bsin(kL)

M 1__COS(kL) + _FL :Mtan(ij+Ecosec(kL)
P| sin(kL) Psin(kL) P 2 P
by hint

M M kL FL . .
Substituting A = > and B= ?tan( 5 ) +?cosec(kL) into (*) gives

y =%cos(kx)+{%tan (k—zl_]+%COS€C(kL):|Sin(kX)—%(FX+ M)
Multiplying by P gives the required result
Py =M cos(kx){M tan (k—zl'}r FLcosec(kL)}sin(kx)— Fx—M

17. Dividing by EI gives the differential equation

dzy q 2 M
—2+—y=——(X*=XL)—— *

dx’ EI y 2El ( ) El )
Complementary function y,;

y, = Acos(kx)+ Bsin(kx) ~ where k=< P/EI
Particular integral Y; Since we have a quadratic so our trial function is

Y =ax®+bx+c (1)
2
dY—Z X+Db, dv =2a
dx e
e d® P q
Substituting into Ve +EY =— E| ( )—— gives
2a+£(ax +bx+c)_i(x —xL)—M
El 2El El
Equating coefficients of
X2 Pa_4g gives a=3
El 2El 2P
X: P_b__q_L gives b=— gt
El 2EI 2P
Pc M
constants: 2a+— =——
EI EI
Pc M M M qEl

12
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a9 qL M qEl . .
,b=—"= and c=——-
2P’ 2P P p? into (f) gives the

particular integral

Substituting a=

1 2(El
X°—gLx—-2M —
2P(q a P J

Y=t (qx —qLx—2M —2—?j remember k* =—
2P k

The general solution, y=y_ +7Y,is
y = Acos(kx)+ Bsm(kx)+—(qx —gLx—2M —i—q] (t1)

Substituting x =0, y=0 into () gives

1 2q 1 q 1(q
0=A+0+—|0-0-2M — 0=A-——| M+ A== 1M
v +2P( kj P( +k2J’heme (k” J

Differentiating (1) and placing x =0, % =0 into the result gives
X

% = —kAsin (kx)+kB cos(kx)+$(2qx—q|—)

0:O+kB—q—L gives B _aL
2P 2Pk
qL

Substituting A ——(% +M) and B:ﬁ into (1) yields
1(q gL . 1 2q
y :E(F-i_ M Jcos(kx)+ﬁsm(kx)+ﬁ(qx2 —qLx—2M _Fj

1 q qL . 2q
y :E[Z(FJF M jcos(kx)JrTsm(kx)Jrqx2 —gLx—2M —F}

18. We have
> de:=di FF(X(L) , t, ©)+6*di FF(X(L) , ) +500%x(t)=1000*t+400;
2
de = (d x(t)J 16 (dt x(t)) 1500 x(t) = 1000 t + 400

> soln:=dsolve({de, x(0)=0,D(x)(0)=0},x(t));
>

soln := x(t) = 6?35 - sm(4/49 t)4/491—ﬁe cs(4/49 t)+ﬁ+2t

>plot(rhs(soln),t=0..1);
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