Solution 6

|Complete solutions to Miscellaneous Exercise 6

1. If { = constant then %: 0. Hence v =0.

2. v =3e”, %=(ZX3)e2t =6e”

Substituting:

Yoy e —2(3¢™ ) =6e* —6e* =0
dt
3. We have v =ae”, differentiating gives:
dv bt
— =bae
dt
Hence
@ —bv=bae" —b.ae” =0
dt
4. Substituting 7 = —10x” — 500x + 600 :

Q= -kAi(—loxs —~500x+600)
dx

= —kA(-30x" —500) = kA(30x* +500) [Taking out a minus]
Substituting x =¢, k=0.7and A =10 into Q gives:
Q =7(30t* +500) = 210t* +3500 [Multiplying by 7]
5. Differentiating 7 =100¢~" gives
fi—z =(-3)x100e ™ = -300¢
Substituting £k =370 and A =0.01x into Q gives
Q=-370 x0.01r x(-300e**)=3487.17¢™*
Atx=r,0=(349x10" )™

6. Differentiating with respect to 4:
3—\; =—kI? cos(8)sin(#)+mgl cos (&)

= lcos(6)[mg—Kisin(6)]=0  (forequilibrium)
factorizing

cos(0)= 0 gives 0= 72

or mg —kisin(6)= 0 gives sin(9)= "= hence 6= sin_l(E) ,
kl kl
dx
x=mglk

. i d
8. Substituting C=3u=3x10" into i = C;::
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i = (3x10° )| —ge #7100 )
dt

]
by (6.11)

=0.036e

3x10° [[(—2 <10°)(~6) Je 7 — (8x10° xlO)e_(Sxmﬂt}

—(2><103 )t

~0.24¢ ™) [simplifying]
' d t d t
. . el s Bl _ -l - e -1
9. Substituting R(r)=¢° "~ gives o [l e } ” [e }
Letu=¢ -1, ﬂ:e’
dt

d t t t
By (6.16) with u = ¢~ we have —a[ee *1} = lel=—

10. With v =50sin(75¢) we have
W 755005 (75t) = 3750cos(75t)

dt @
i =(10x10°*)x3750cos( 75t ) = 0.0375¢0s (75t ) amps
11. Differentiating M gives

M L' 2 4
_ =0-0+aw,L L L
dx 4 2 20
kL* kx*
=L +——wX———
4 4
=, (L~ x)+E(L4 -x*) [Factorizing]

:a)o(L—x)+E(L—x)(L3+ L’x+Lx*+x%)  [Using hint]

=(L- x)[a)o +E(L3 + x4+ Lx? + xs)} [Factorizing]
12.
V=i @b L+x+£sin[”—xj
dx | 7 T L
_ak 0+1+£.£cos(”—xj _al 1+cos(”—xj (Cancelling L.Zzlj
T T L L T L 7 L
by (6.12)
(6.11) (ekt) = ke"
(6.12) [sin(kx)] = kcos(kx)

dr._ «du
(6.16) E[e ]—e ”
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13. By (6.16) with x = 1o C " \we have

:(_2_'_\/5) (-2+/3)at (2+\/—) ~(2+43)w
:(_2+\/§)2w (-2+3)o (2_’_\/—) ~(24+/3) e

Substituting into X+ 4@X + @’X gives

(_2+\/§)2a) (-2+3)at (2+\/—) (248w
+4w[(_2+\/§) (-2+3)at (2+\/—) ~(2+43) a)tj|+a)2|:e(—2+x/§)wt+e—(2+\/§>wtj|

= [(—2 + \/5)2 o + 4a)(—2 + \/§) o+ a)z}e(_bﬁ)‘”t

243 )m{

collecting the terms of e(’
+[(2 + \/§)2 o’ —40)(2 + \/§)a)+ a)z}e_(%ﬁ)”t

~(2+43)et

collecting the terms of e

=[(4—4«/§+3)—8+4\/§+1}o ol 3 [4+4«/_+3 8- 4\/_+1] g (2 3)t

expanding the brackets and taking out a =0
factor of @?
=0+0=0
14. We can rewrite v as v = A(1+ e )_l, differentiating this by using (6.14) gives:
dv k)2 —kx
E=——"= ~-DA@Q+e™) (~ke™™) [By (6.14)]
—kA —kA . .
= Expanding Denominator
e (1+ e*kx) e (1+2e* +e?) [Expanding )
3 —kA
e 24e™
3 —kA
[1+(e e ) / 2}
—kA

oy Eoa 2[1+cosh (kx) |
15. By using the product rule (6.31) with u = ¢ and v =sin(z):
v, =2tsin( )+t%cos(t)
[Zsm (t)+2tcos(t )]+[2tcos(t)—tzsin(t)]

=
y (6.3

= 25|n( )+4tcos(t)—t*sin(t)

(5.24) (ex +e )2 = cosh(x)
(6.14) —(u )= nu' ld”

Uy edn
(6.16) Z[e ]—e 4
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16. (i) We use the product rule (6.31) on x =zcos(z)

v, =X =cos(t)—tsin(t)

a, =X =—sin(t)-[sin(t)+tcos(t)]

a, =-2sin(t)- tcos(t)
We apply (6.31) on y = sin(z)

v, =y =sin(t)+tcos(t)
a, =y =cos(t)+[ cos(t)—tsin(t)]=2cos(t)—tsin(t)
(i) By using the given definitions:
2 2\ Y2

v={v +V, }

12

{[cos ~tsin (t +[sm +tcos(t):|2}]/2 [ Substituting for v, and v, |
{ cos’

—2tcos(t)sin(t)+t*sin’ ][sm t)+2tsin(t cos(t)+t2cosz(t)]}

=1c0s’ (t)+sin’ (t)+t? [sm (t)+cos’ (t)]

v:(1+'[2)]/2 =/1+t?

Now we need to show the result for «a.
a 24 a, }]/2

vy
~2sin(t)—tcos(t +[Zcos (t)- tsin(t)]z} i

Y2
2sin(t)+tcos(t +[2003 t)- tsin(t)]z}

2
]} [Expanding]

+[4cos —4tcos(t)sin(t)+t*sin®(t)

{
{
{ 4sin’ (t)+4tsin(t)cos(t)+t* cos® t)}

Y2
4[S|n +c0s? +t2 [COSZ (t)+sin® (t)]}

=1

F

vy S|n()+tcos()
X v cos() tsin(t)

17. Very similar to the solution of EXERCISE 6(g), question 4(d) with e replaced by
10.

a= 4+t

d
(iii) d—i

:_i:lo(xx)xx[In(x)+l]|n(10)

(6.31) (wv) =u'v+uw/



