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Complete solutions to Miscellaneous Exercise 8 
1. We have  
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μ4. Multiplying both sides by  gives 
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Taking exponentials of both sides: 
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5.  
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6. Taking out the 2π  gives 
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⎡ ⎤= − = −⎢ ⎥⎜ ⎟ ⎣ ⎦

⎝ ⎠⎣ ⎦

∫

 

7. We first write the integrand into partial fractions and then integrate. 
By EXAMPLE 27 we have the identity 

3

2

1 12
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⎡ ⎤= + +⎢ ⎥− − +⎣ ⎦
 

Hence 
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B
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 (5.12)   
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( )( ) ( )

3

2

2

2 2 2 22 2

by (5.11)

2
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∫ ∫ ∫ ∫
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C

8. Integrating gives: 

( )

( ) ( ) ( ) ( )

10003 2

200

3 2 3

12 10
1.8

2

1.8 1000 6 10 1000 1.8 200 6 10 200

7200 7.2 kJ kg

T
h T

−

− −

⎡ ⎤×
⎢ ⎥Δ = +
⎢ ⎥⎣ ⎦

⎡ ⎤ ⎡= × + × − × + ×⎣ ⎦ ⎣
= =

2 ⎤⎦
 

9.  
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( ) ( ) ( ) ( ) ( )
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∫

 

2x( ) = cos2 x( )− sin2 x( ): 10. We can use the trigonometric identity for cos

( )
( ) ( )
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( )

( ) ( )
( )

( ) ( )

( ) ( )
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∫ ∫

∫ ∫

∫ ∫

∫ ∫

 

+

11.  

N ( ) ( ) ( )

( ) ( ) N

0 0

by (8.2) 0 0

by (5.12)0 0
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z
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⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣

⎛ ⎞= − =⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎝ ⎠

∫ ∫

⎦  

            
ln A( ) + ln B( )= ln AB( )(5.11)   
ln A( ) − ln B( )= ln A B( ) (5.12)  

dr r∫ = ln r(8.2)   
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P =
C

V
12. From  we have . Substituting this into the integral gives PV = C

( ) ( )

N
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∫

 

P =
C

V 1.32 = CV−1.32 . Substituting this into W  gives: 13. We have 

    

W = CV −1.32dV
V 1

V2

∫ = C V−1.32dV
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V 2

∫

=
by (8.1)

N C
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⎡ 
⎣ ⎢ 

⎤ 
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⎡ 
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⎤ 
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C
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14.  
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(i) Area of 100 rectangles  
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⎡ ⎤
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⎣ ⎦
∫(ii)  

. By considering more rectangles. (iii) Difference = 0.25 − 0.245025 = 0.004975
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15.  

16. (i) 

N ( ) ( )

0 00 0

0 0
0

by (8.39)
2
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cos
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L
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L
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π
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∫ ∫

����	���

 

sin kx + m( )∫ dx = − cos kx + m( ) k   (8.39)  



  Solutions 8                  4 

R = w0 x
0

L

∫ sin
πx

L
⎛ 
⎝ 

⎞ 
⎠ dx(ii) . How do we integrate this? 

Use integration by parts formula(8.45) 

sin

cos
1 sin cos

xu x v
L

x
x L xLu v dx
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π

π

L
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⎛ ⎞′= = ⎜ ⎟
⎝ ⎠

⎛ ⎞− ⎜ ⎟⎛ ⎞ ⎛ ⎞⎝ ⎠′ = = = = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠∫
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0
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⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥ ⎧ ⎫⎡ ⎤⎛ ⎞ ⎛ ⎞= − − + = + =⎨ ⎬⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎩ ⎭⎪ ⎪⎢ ⎥

⎣ ⎦⎩ ⎭

∫

��	�


 

π⎨ ⎬

17. Integrating gives: 

( )
( ) ( )

N
by (5.12)

ln

ln ln 2

ln
2

v v

v w
t RC w v

t RC w v w

w vt RC
w

=

=−
= − −⎡ ⎤⎣ ⎦

− = − −⎡ ⎤⎣ ⎦
−⎛ ⎞− = ⎜ ⎟
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Taking exponential gives: 

( )

2
2
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w v e
w
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−

−
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−
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18. We have: 
( ) ( )

N
( ) ( )

( ) ( )

( ) ( ) ( )
( ) ( )

3 3

3 3

3 3

3 3

3 3
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3 0
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3 3 3
by (8.41) 0
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0

2 10 8 10 0 0

2 10 8 10
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t x x

t
x x

t
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t

i e e dx

e e
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e e e

i e e

− × − ×

−
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−
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⎡ ⎤= − +⎢ ⎥⎣ ⎦×

−

e

⎡ ⎤= −⎢ ⎥× − × ×⎣ ⎦

⎡ ⎤= −⎢ ⎥⎣ ⎦

= − − −

= −

∫

0.175t
−

 

 
 
            

ln A( ) − ln B( )= ln A B( ) (5.12)  
ekt + m∫ dt = ekt +m k(8.41)   

(8.45)   u ′ v dx = uv − ′ u v( )dx∫∫



  Solutions 8                  5 

19. (i) 

( ) ( )
( )

( ) ( ) ( )

3 30
0

3

cos 1001 1010sin 100
5 10 5 10 100

cos 100 110 10 201 cos 100 1 cos 100
5 10 100 0.5

t
t t

i t dt

t
t t

π
π

π

π
π π

π π π

− −

−

⎡ ⎤−
= = ⎢ ⎥× × ⎣ ⎦

− +⎡ ⎤⎣ ⎦= = − = −⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣×

∫
 

⎦
(ii) Using the formula given 

( ) ( )

( ) ( )

( )

2
3

23
2

2

2

1 205 10 1 cos 100
2
1 4005 10 1 cos 100
2
1 cos 100

w t

t

t
w

π
π

π
π

π
π

−

−

⎡ ⎤= × −⎡ ⎤⎣ ⎦⎢ ⎥⎣ ⎦

= × −⎡ ⎤⎣ ⎦

−⎡ ⎤⎣ ⎦=

 

20. 

( ) ( ) ( )
by (8.2)

1 ln ln ln ln
2 2 2 2

b b

aa

iNh iNh iNh iNh bdr r b a
r a

μ μ μ μ
π π π π

⎛ ⎞Φ = = = − =⎡ ⎤ ⎡ ⎤ ⎜ ⎟⎣ ⎦ ⎣ ⎦ ⎝ ⎠∫ ��	�
  

Hence  
2

ln ln ln
2 2 2

d iNh b Nh b N h bL N N
di a a a

μ μ μ
π π π

⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
 

21. We have 

N ( ) ( ) ( )
1 11 1 1

2 00
by (8.26)

4 4 tan 4 tan 1 tan 0 4 0
1 4

dx x
x

π π− − − ⎡ ⎤⎡ ⎤ ⎡ ⎤= = − = −⎣ ⎦ ⎣ ⎦ ⎢ ⎥+ ⎣ ⎦∫ =  

22.  

( )

( )

2
2 0

2 3
2 0

3 4 4 4 4

2 2 2
0

2

2

2 2 2
3 4 3 4 12 6

h

h

h

mI h y y dy
h
m hy y dy

h

m hy y m h h m h mh
h h h

= −

= −

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
= − = − = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦ ⎣ ⎦

∫

∫  

2

23. We have: 

22

2

1 cos
2

sin
2 2

cos
2 2

xy D
L

dy xD
dx L L

d y xD
dx L L

π

π π

π π

⎡ ⎤⎛ ⎞= − ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛= ⎜ ⎟ ⎜
⎝ ⎠ ⎝

 

⎞
⎟
⎠

 
            

lndr r r=∫(8.2)   

1
2 2

1 tandx x
a x a a

− ⎛ ⎞= ⎜ ⎟+ ⎝ ⎠∫  (8.26)  
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( ) ( )

22

0

2 4
2

0

cos
2 2 2

cos †
2 2 2

L

L

EI xV D dx
L L

EI D x dx
L L

π π

π π

⎡ ⎤⎛ ⎞ ⎛ ⎞= ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∫

∫
 

( ) ( )

2

0 0 0

by (4.68)

0

1 2 1cos 1 cos 1 cos
2 2 2 2

sin sin1 1 0
2 2

L L L

L

x xdx dx dx
L L

x L L L L Lx L
L

π π

π π
π π

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞ ⎛ ⎞= + = +⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦

⎡ ⎤ ⎡
= − = − − =⎢ ⎥ ⎢

⎣ ⎦ ⎣

∫ ∫ ∫
����	���


2

x
L

π

⎤
⎥
⎦

 

Substituting this into  †( )
42 2 4

6 4 32 2 2 2 64
EID L EID L EIDV

2 4

L L L
π π π⎛ ⎞= = =⎜ ⎟

⎝ ⎠
 

24.   
 

( ) ( )
2 2

3
2 0

sin *
4
I Lp d

πη π θ θ
λ

= ∫  

Need to evaluate  

( ) ( ) ( )( )3 2

0 0

by (4.64)

sin sin 1 cosd d
π π

θ θ θ θ= −∫ ∫ ���	��

θ  

( ) ( ) ( )
cos sin

sin
du duu d
d

θ θ θ
θ θ

= = − =
−Let   

The limits are   u = cos π( )= −1  and  u = cos 0( ) =1  
Substituting these values 

sin θ( ) 1 − cos2 θ( )( )
0

π

∫ dθ = sin
1

−1

∫ θ( ) 1 − u2( ) du

−sin θ( )

= u2 −1( )
1

−1

∫ du =
u3

3
−u

⎡ 
⎣ ⎢ 

⎤ 
⎦ ⎥ 
1

−1

=
4

3

 

Substituting this into (*) gives 
2 2 2 2

2 2

4.
4 3 3
I L Ip Lη π η π

λ λ
= =  

25. 

1 e x

y
y =

1

x

e−1
1

 
( ) ( ) ( )

11
ln ln ln 1 1 0 1

e edx x e
x

= = − = −⎡ ⎤⎣ ⎦∫ =  

            
sin2 θ( )+ cos2 θ( ) =1(4.64)   

cos2 A( )=
1

2
1 + cos 2A( )[ ](4.68)   

26. MAPLE commands are shown on the web site. 
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27. Use (8.32) with a  and u : = 2 = x

( )

[ ] ( ) ( )

2
2 1 22 2 1

0
0

2 1 1

44 4 sin
2 2 2

2 4 24 2 sin 0 2sin 1 2 2
2 2 2

x xx dx x −

− −

⎡ ⎤⎛ ⎞− = − + ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞= − + − = = π =⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦

∫
 

π

= acosh θ( )28. We have u . Differentiating  

( )
N ( ) ( )

6.26

sinh   gives  sinhdu a du a
d

dθ θ θ
θ

= =  

= acosh θ( ) = asinh θ( )dθSubstituting u  and du  into the integral gives: 
( )

( )
( )

2 2 2 2 2

sinh
*

cosh

a ddu
u a a a

θ θ

θ
=

− −
∫ ∫  

The denominator, a2 cosh2 θ( )− a2 , simplifies: 

( ) ( )( )
( )

( ) ( )
2

2 2 2 2 2 2 2

sinh

cosh cosh 1 sinh sinha a a a a
θ

θ θ θ

=

− = − = =
���	��


θ  

Substituting this into (*) gives 
( )
( ) ( )

2 2

sinh
**

sinh
adu d d C
au a

θ
θ θ θ

θ
= = = +

−
∫ ∫ ∫  

What is θ ? 

θ = cosh−1 u

a
⎛ 
⎝ 

⎞ 
⎠ We know 

  
a cosh θ( )= u so cosh θ( ) =

u

a
 which gives . 

−1 u

a
⎛ 
⎝ 

⎞ 
⎠ Replacing θ  with cosh  into (**) displays our result: 

1

2 2
coshdu u C

au a
− ⎛ ⎞= +⎜ ⎟

⎝ ⎠−
∫  

= a tanh θ( )29. We have u  

    

du

dθ
=

6.27( )
N asech2 θ( ) gives du = asech2 θ( )dθ  

Substituting   u = atanh θ( ) and du = sech2 θ( )dθ  we have  
( )

( ) ( )
2

2 2 2 2 2

sec
*

tanh
a h ddu

a u a a
θ θ

θ
=

− −∫ ∫  

The denominator simplifies to: 
( ) ( )( )

( )

( )
2

2 2 2 2 2 2 2

sec

tanh 1 tanh sec
h

a a a a h
θ

θ θ θ− = − =
���	��
  

 
 
 

( ) ( )cosh sinhθ θ
′

=⎡ ⎤⎣ ⎦  (6.26)  
2

2 2 2 2 1sin
2 2
u aa u du a u − ⎛ ⎞− = − + ⎜ ⎟

⎝ ⎠∫ 2
u

(8.32)   
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Substituting this into (*) gives 
( )

( )

2

2 2 2 2

sec 1 1
sec

a h ddu d C
a u a h a a

θ θ
θ θ

θ
= = =

−∫ ∫ ∫ +  

We can obtain θ  from the substitution 
( )

( ) 1

tanh

tanh  which gives tanh

a u

u u
a a

θ

θ θ −

=

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

 

1
2 2

1 tanhdu u C
a u a a

− ⎛ ⎞= +⎜ ⎟− ⎝ ⎠∫  Thus 

ωt
0

2π

∫ cos nωt( )d ωt( )? 30. How do we evaluate 
Use integration by parts 

( )

( ) ( ) ( ) ( )
cos

sin
1 cos

u t v n t

n tdu v n t d t
d t n

ω ω

ω
ω ω

ω

′= =

= = =∫  

Using (8.45) gives 

( ) ( ) ( ) ( ) ( )

( )

( )

( ) ( )

( ) ( )

( ) ( ) ( )

2
2 2

0 0
0

2

0

0 because sin 2 0

2

0

2

2 2 2
0 1 1

sin sin
cos

2 sin 2 0 sin

sin
0

cos 1 1cos 2 cos 0 1

t
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( ) ( )2tanh sec hθ θ
′

=⎡ ⎤⎣ ⎦(6.27)   

uvdt u vdt du vdt dt⎡ ⎤= − ⎣ ⎦∫ ∫ ∫ ∫  (8.45)  


