Solutions 8

|Complete solutions to Miscellaneous Exercise 8

1. We have
v 27Y 2
KE:mj vdv=m vi_mw
0 2 |, 2
2. We have
fl EAX [EAX } EAI?
., 2L
3. We have

W =K] " xax —k{ Z}Z%k(xg—xf)

X

4. Multiplying both sides by « gives

.
InfT|T" = n(T,) = In|=2
-, foi "% flz)”[TJ

Taking exponentials of both sides:

er? :(T—Z] (Because et = x)

1

Hence
T, =Te" (Multiplying by T,)
5.
=ﬂjL(2L3x—3L2x2+x4)dx
6El 70
3,2 2,3 57t 5 5
_pa|2Lx" 3L x| _ pd|s s, L|_ paL
6El 2 3 5 |, 6El 5 30El
6. Taking out the 2 7 gives
Do/2 4
J= 272"[ r=dr
D,/2
4 1P0/2
4 D;/2

[P DI rpe g
2|16 16 )| 32-"

7. We first write the integrand into partial fractions and then integrate.
By EXAMPLE 27 we have the identity

X3 1 1
> =X4+2| —4+—
X -4 X—2 X+2

Hence

(5.12) In(A)—In(B):In(gj
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[P jx+2D dX}

X+2

:X?+2[In|x—2|+ln|x+2|]+c
:X—2+2[In‘(x—2)(x+2)u+c:X—2+2In‘x2—4‘+C:X—2+In(x2—4)2+c
2 ‘ 2 2

by (5.11)

8. Integrating gives:

(12x10°)T? o
A= 18T+ — L

200

=[(1.8x1000) +(6x10°*)1000” | - | (1.8 200)+(6x10°*) 200" |
— 7200 = 7.2 ki/kg

Ah = RLTZ(a+bT +CT2 +dT% +eT*)dT

TZ
- R[aT 4072, Cpa, Ao +ET5}
20 '3 4 5 |
_ R[a(TZ —T1)+g(T22 —T12)+%(T23 —T13)+%(T24 —T14)+%(T25 —Tf)}
10. We can use the trigonometric identity for cos(2x) = cos’(x) - sin’ (x):

ICOS cos(2x) i ,[ cos? (x)—sin’ (x)dx

?(x)sin®(x) cos? (x)sin®(x)

=J-Coscosz(x) d __[ sin? (x) i

Z(X)sinZ(x)X cos?(x)sin®(x)
Ism -[cos 2(x)
:jcosec x)dx— jsec )dx = —cot(x)—tan(x)+C
11.
Ve [9 gro__9 pdr
2 27eyr 27, °t ¥
E 27?50 [In(r)]z =— 27290 [In(r)=In(z)]
__9 _ _ 9 z
B ﬁgo[ln(Z) In(r)]by(?:lz)zmcfo In(rj
(5.11) In(A) +In(B)= In(AB)
(5.12) In(A) —In(B) = In(A/B)

(8.2) [l r=1nlA
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12. From PV = C we have P:TC/. Substituting this into the integral gives

W= CVde
ViV

=c[i[];
- C[In (Vz)_ In (Vl)]

=C In[\QJ:E\LIn(\QJ
\ = \V

13. We have P = VC' = CV ", Substituting this into W gives:
w=["cviav =c j vy
v, v,

r yolas "|Vz rv—osz "|Vz
o 21, 1 Toa2l,

~ |'V70.32 _ V70.32‘| C N o
9" o |° I

14,
Area of 100 5= 755 ( ; T ’ LX(LT o ix[ﬁf
(1) Area of 100 rectangles=/ 755|700 ) || 100 *\100) || 200 (100

I 1 28 1 99°
= X + X +..4| —x
100 100° 100 100° 100 100°

r 2 99°
=ttt
100 100 100
2
= 14[13+23+...+993]= L %9 > (99+1)" |=0.245025
100 100*| 4

by hint

4 1 1
x3dx = ===0.25
(") I |: :|O 4
(iii) Difference = 0.25-0.245025= 0. 004975 By considering more rectangles.
X 2o k[rP 2
Pok[ (x*+rixYax=k| 2+ X = —+=
1> J‘* ) [—3 -6 | 6 x° X
16. (i)

P= IWSI”(L)dX w'[sm( jdx

{coS (T(jl B W:[L [cos(;z)— cos(O)J _ 2wl

_W =
@ 7L T

a{II

=2

(8.39) I sin(kx + mdx = — cos(kx + m)[ k



Solutions 8

L
(i) R= wojoxsin(%)dx. How do we integrate this?

Use integration by parts formula(8.45)

, . (7x
u=x V' =sin| ==
(Lj

17. Integrating gives:
t/RC=—[In(w-v)|

~t/RC =[In(w-v)—-In(2w)]

“YRC = .(W_j
by (5.12) 2w

Taking exponential gives:

w—-v
_ o t/RC

2w

w—v = 2we V¢

18. We have:
=] t[—ee‘(”“’s)* +1Oe_(8X103)X}dx
10x107 Jo
1 6 (2a’y 10 (sac’)y |
3 -3 3 € - 3 e
by (8.41) 10 ><10 -2 xlO 8 Xlo 0

3)x —(8x10%)x t
_ [o.3e(2“° _0.125¢ ) }

0
—0.3¢ " _0.125¢ ™7} _ (0.3¢° - 0.125¢")

—(2x103)t —(8><103)t _0175

i=0.3e —0.125e

(5.12) In(A) —In(B)= In(A/B)
(8.41) [et mar= ek

(8.45) J.uv’dx =uy— _[ (u'v)dx
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19. (i)
t
i= j 10sin (1007t )dt = —2 —Cos(1007t)
5x107 5x10°|  (1007)
(1007t)+1
- 10_ [ cos(100zt) + ] [1 cos (1007t ]:Q[l_cos(looﬁt)}
5107 1007 -

(i) Using the formula given
1 33| 20
- E(5><10 3)[— [1-cos (1007rt)ﬂ

:%(5x10 )400[1 cos(1007t) ]’

2

_[1-cos (1002t)]

2

T
20.
,uINh ,uINh b wiNh uiNh (b
= In(b)-1 =2 " In| =
o= 5 ()], =5 in(o)-in(a)]= 4 2
Ty
Hence
i 2
L:NE LNh n(EJ :Nﬂ_Nhln(Ej:Mh’](EJ
di| 27 a 2r a 2 a
21. We have
1 4dx 1 T
= 4{tan'(x)| =4|tan*(1)—tan*(0) |=4| =-0|=
Iol+xz by (5.26) [ ( ):IO [ ) ( )] {4 } "
22.
2m
=220 (h-y)yey
2m
= ), (hy? =)y
_amfhy* y' T _zmfht h*]_2mlht]_mi
“h| 3 4] n|3 4] h|12] 6
23. We have:
y= D{l—cos(”—xﬂ
2L
2ol
dx 2L 2L
2 2
2ozl 3]
dx 2L 2L
(8.2) _[dr/r=|n|r|

dx 1. (X
=—tan"| =
(8.26) _[ T o [ j
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_H (D)’ (ljrcosz (ﬂ—xjdx (1)
2 2L ) Jo 2L
J'Lcos2 (ﬂ—xj dx = LE{H cos(@ﬂdx = EIL[H cos (”—Xﬂdx
o \2L) T T2 2L )] 2k L

by (4.68)
3{%}3@%0}5
2 /L |, 2 7T 2

Substituting this into (+)
_EID? (lj‘k_ EID*z*L _ EID*z*
2 2L

2 2% 64l
24,

Need to evaluate
joﬂsin3 (6)do = _[O”sin («9)(1—(:032 (6’))d9

by (4.64)

d . d
Let u=cos(0) %z—sm(e) dg= —sinu(e)

The limits are u = cos(z)=-1 and u=cos(0)=1
Substituting these values

J-Ozzsin(e)(l — cos? (9))11,9 = J.lglm(ﬁ)(l —u? )—_ Sjciu(e)

1, I "|‘1 4
:J-l (u _l)iu:L?_qu Zg

Substituting this into (*) gives
Pz 4 ql’Uz

42 '3 32
25.
(4.64) sin*(6)+cos’(0) =1
(4.68) cos’(A)= % [1+cos(24)]

26. MAPLE commands are shown on the web site.
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27. Use (8.32) with a=2 and u=x:

[ooe o35 gon (3]

2
{2ﬂ+ —sin” (Zﬂ—[o]:ZSin1(1):2(n/2):n
28. We have u = acosh( ). Differentiating
du_ asinh(0) gives du=asinh(6)dé

do s
(6.26)
Substituting u = acosh( 6?) and du = asinh( e)dH into the integral gives:
J- I asinh (6 *)
\/a cosh?(

The denominator, \/a cosh (0)—a ,S|mpI|f|es.
\/az cosh? (9)-a’ :\/az(coshz(e)—l) = Ja’sinh?(9) = asinh(6)
%/—/

=sinh?(6)

Substituting this into (*) gives

I\/uz Iasmh 0

d d C fakad
asmh&eJ.eeJr ()

What is 67
We know a cosh(@)=u so cosh(8)== which gives 6= cosh‘l(ﬁ) :
a a

Replacing @ with cosh_l(ﬂ) into (**) displays our result;
a

j —cosh (a}c

29. We have u = atanh(8)
du = asech’(6) gives du = asech’(6)d0

(637)
Substituting u = atanh(@) and du = sec h’(6)d6 we have
,f du _j asech’(6)de *)
a’-u? Ja’-a’tanh?(9)

The denominator simplifies to:
a’—a’tanh’ (9) = a’ (1-tanh? (9)) =a’sech’ (0)

%/—/
sech?()

(6.26) [ cosh (9)], =sinh(0)

2
(8.32) [Va® —u?du =%\/a2 e +a7sin—l (%)
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Substituting this into (*) gives
I du _Iasech d@ 1
a sech

We can obtain & from the substltutlon
atanh(6)=u

jde:-e +C

tanh(0) =§ which gives 6 =tanh™ [%)

Thusfazd :étanh (ajJrC

2z
30. How do we evaluate jowtcos(nwt)d(ax)?
Use integration by parts

u=awt V' =cos(nat)
d?:)t)zl V:ICOS(na)t)d(a)t)zSm(:a)t)

Using (8.45) gives

'[OZ”a)tCOS(na)t)d (a)t):{a)t sin(na)t)T_ " _Iz” sin(nat) (ot)

n 0 n

{Znsm (27n)— } Izﬁsm na)t

=0 because sin(2zn)=0

27 SiN na)t
= —j 4d wt)

[ oo s

n 0 n

(6.27) [tanh (8)] =sech? (6)
(8.45) Juvdt =uvdt - | [du [ vdt}dt



