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Complete Solutionsto Exercise 11(g)
10
1. (8) (i) We are given the matrix A = [O 2] for which we need to find the eigenvalues

and corresponding eigenvectors.

det (A -1 I):det(l_ol 2(_)| ]

=(1-1)(2-1)=0 gives |, =1 and |,=2
For theeigenvalue | , =1:

(o Mo
o 1)y )lo) ove ot a0

Our eigenvector for |, =1isu :( j The eigenvector for the other eigenvalue | , =2 is

2
(3 o

The eigenvector correspondingto | ,=2 isv = [J :

0

(i) To find the invertible (has an inverse) matrix P we need to follow the procedure
outlined in the main text.

Step 1.
. 1 0
The eigenvector are u = (Oj and v = {J

Step 2:
The matrix P is given by

P=(u: v):((l) (1)j:|

Note that the matrix P isthe identity matrix I.

Step 3 and 4:
The diagonal matrix D isgiven by D=P*AP:

10
D=I1"Al=A=
0 2

Note that D isadiagonal matrix with eigenvalues | , =1 and | , =2 asthe entriesalong
the leading diagonal.
Notethat for 2 by 2 matricesit isquicker to show D =P AP rather than PD = AP.

11
(b) (i) We need to find the eigenvalues and corresponding eigenvectors of A = (1 J :
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det (A -1 I)=det[1_1l 1_1| j

=(1-1)(1-1)-1

=1-21 +1°%-1

=1?-2 =1 (1 -2)=0 gives | ,=0and| ,=2
For the eigenvalue | , = 0 we can find the eigenvector by:

5 L ) oo

-1
Thus x=-y and let y=1 then x=-1. The corresponding eigenvector is u :[ J.

Similarly we can find the eigenvector v belonging to the other eigenvalue | , =2:

I

1
Thus v = [1] belongsto the eigenvalue | , =2.

(ii) Step 1:

-1 1
The eigenvectorsare u = ( 1) and v = (J .

Step 2:
. -11
Let P=(u: v)= .
11
Step 3 and 4:
-11
Then taking the inverse of this matrix P we get Plzé( L J .Thus D=P*AP is

B 1(—1 1){1 1)[—1 1)
D=P'AP==
201 1){1 1)L 11
1(0 0)-11
7(2 2}( 1 1}
1(0 O 00
:E(o 4}2(0 2}
Again the leading diagonal entries are 0 and 2 which are the eigenvalues of A.
(©) (i) The eigenvalues of A :(j Zj are given by

det(A - I):det(:g;l 43 J

=(3-1)(4-1) gives |, =3 and | ,=4
The eigenvector u belongingto |, =3 is
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3 LR S v e v

1
j . The eigenvector v correspondingto | , =4 isgiven by

0 S ) v xeo iy

0
Thusv:[ jfor |, =4.
1

Hence u :(

(ii) Step 1.
. 1 0

The eigenvectors are u =( 4j and V:(lj'
Step 2:

. 10
Let P=(u: v)= :

4 1
Step 3 and 4.
10

Then taking the inverse of this matrix P we get P =(4 1] .Thus D=PAP is

—y et
(a6 o 3
£

Again the leading diagonal entries are 3 and 4 which are the eigenvalues of A.
2 2
(d) (i) We are given the matrix A =[1 3} . The eigenvaues are
2-1 2
det(A—11)=det
1 3-1

=(2-1)(3-1)-2
=1%-5 +4=0 gives | ,=1and | ,=4
The eigenvector u belongingto |, =1 is

S W MRS

2
lj . The eigenvector v correspondingto | , =4 isgiven by

S W W HEEEEES

1
Thusv:[ ] forl,=4.
1

Hence u :(
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(ii) Step 1:

2 1
The eigenvectors are u =( 1) and v= (J :

Step 2:
. 2 1
Let P=(u i v)= :
-1 1
Step 3 and 4.
1 -1
Then taking the inverse of this matrix P we get P‘lzé[l ZJ .Thus D=P'AP is

RS N
= P
:%G 19:[(1) (‘)J

Again the leading diagonal entries are 1 and 4 which are the eigenvalues of A.

2. Wehave A™ =PD"™P* and we usethisto find A°®.

10 10
(8) Wearegiven A = (O 2} and from question 1 part (a) we have P=P ™ = (0 1) =

and D=A = 10 . Therefore
0 2

5
ac—popioi|t O)o[t O
0 22) |0 3

Of course this confirms our earlier work on matrices that the power of adiagonal matrix is
the matrix with the diagonal entries to the power and zeros everywhere else.

a 00 a" 0 0
If A={0 . O|thenA™=| 0 . O
O o0 a O o a"
- 11 . -1 1
(b) We are given A:(l X and from question 1 part (b) we have P:( ) J,

-11 0 0
-4 Y ao-[0 Y s



e
11
£

210 32
(c) Weneed to find A® for A = [

A5

-1
1

1

|
)
J-l

J
J

1(32 32
232 32

-
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16 16
16 16

)

From question 1 part (c) we have

P:( ! Oj, P‘lz[l Oj and oj.Thus
41 41 4
A®=PD°P"
1 0)(3 0)(1 0
(-4 1}(0 4) (4 1)
1 0)(243 0 (1 0
-4 1]( 0 1024](4 1}
243 0 (1 0) ( 243 0
972 1024j(4 1}2(3124 1024}

'y
o-f

2 2
(d) Weneed to find A® giventhat A :[1 3) .Weuse A" =PD"P " with m=5. What is

P, D and P equal to?

By question 1 part (d) we have P = [ 1

substituting these into A® =

X

21P_1:
-1 1)

PD°P* gives

2 1\(1 O
-11

0 4
2 1\(1 0
-1 1}[0 1024
2 1024)(1
1 1024j (1
1026 2046
1023 2049) :(

Wik Wik Wik

1

3

1
1

-1
2

Yoo Yo

36 )

1
2

J:

342 682
341 683

3

|

1 00

3. (a) (i) What are the eigenval ues of the diagonal matrix A={0 2 0]|?

0 0 3

1, 2 and 3. What are the corresponding e genvectors?
For |, =1 let u be the eigenvector then
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1-1 0 0 )(x
(A-1u=[ 0 2-1 o0 |y
V4

0 0 3-1
0 0 0)(x 0
=0 1 0|ly|l=|0 gives x=1, y=0 and z=0
0 0 2)\z 0
1
Thus u=| 0| isthe eigenvector belongingto |, =1. Let v be the eigenvector belonging to
0

the second eigenvalue | , =2:

1-2 O 0 X
(A—Il)u= 0O 2-2 O y
3-2)\ z

0 0
-1 00 0
= 0 0 Ofly|=|0 gives x=0, y=1 and z=0
0 0 1)\z 0
0
Hence the eigenvector v = 1} corresponds to the eigenvalue | , =2. Let w be the
0
eigenvector belonging to | , =3:
1-3 0 0 \(x
(A-Il)u={ 0 2-3 0 |y
0 0 3-3)\z
-2 0 0)\(x 0
= 0 -1 0||ly|=|0 gives x=0, y=0 and z=1
0 0 0O)lz 0
0
The eigenvector w =| O | belongs to the eigenvalue | ; =3.
1
Step 1.
1 0 0
Theeigenvectorsare u=| 0|, v=|1|and w=| 0|.
0 0 1
Step 2:

1
Theinvertible (has an inverse) matrix is P=(u : v : w)=|0
0

Step 3 and 4
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Hence Pt=1"1=1.Wehave

100
D=I"Al=A=/0 2 0
0 0 3
Againtheeigenvalues |, =1, |1 ,=2 and | ; =3 of the matrix A are along the leading
diagonal.
(iii) Tofind A* weneedtouse A™ =PD"P™" with m=4:
1 0 O
A*=1D1"'=D"=(0 16 O
0 0 81
-1 40
(b) (i) What aretheeigenvaluesof A=| 0 4 3|?
0 05

Theeigenvaluesare |, =-1, | ,=4 and | ; =5. What else do we need to find?
The eigenvector for each eigenvalue. Let u be the eigenvector belonging to |, = -1

-1-(-1) 4 0 X
(A1 )u= 0 4-(-1) 3 y
0 0 5-(-1) )\ z
0 4 0)(x 0
=0 5 3|ly|=|0]| gives x=1 y=0 and z=0
0 0 6){z 0
1
Thus u=| 0| isthe eigenvector belongingto |, =-1. Let v be the eigenvector belonging
0
to the second eigenvalue | , =4. We have
-1-4 4 0
(A-1,l)v= 0 4-4 3 |y
0 0 5-4)\z
-5 4 0)(x 0
=/ 0 0 3|y|=/0| gives x=4, y=5and z=0
0 0 1)\z 0
4

Thus v=| 5|. Let w be the eigenvector belongingto | ; =5. We have

0
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-1-5 4
(A-1)w=| 0 4-5 H
0 5

0 5-
-6 4 0)(x 0
= 0 -1 3||y|=|0| gves x=2, y=3 and z=1
0 0

0O O z
2 1 2
Thus w=| 3 |. We havetheeigenvectorsu=| 0|, v=| 5| and w=| 3 | corresponding to
1 0 0 1
theeigenvalues |, =-1, | ,=4 and | , =5 respectively.
(ii) Step 1:
1 4 2
Theeigenvectorsareu=|0|, v=|5|and w=| 3|.
0 0 1
Step 2:
1 4 2
Theinvertible (has an inverse) matrixisP=(u : v: w)=/0 5 3
0 01

Step 3 and 4:
The diagonal matrix D =P *AP.
We could check that we have the correct matrix P by checking PD = AP but we need to

determine A* for part (iii) so we haveto find the inverse of P.

5 -4 2
Using MATLAB or our early theory on matrices we have P’lzE 0O 1 -3]|.
0O 0 5
Evaluating
5 -4 2\-1 4 0\1 4 2
D=P’1AP=l 0O 1 -3|] 0 4 3||0 5 3
> O 0O 5){ 0O05)\0 01
-5 4 -2\1 4 2 -5 0 O -1 00
=EO4—12053=E0200=040
> 0 0 25)l0 01 0O 0 25 0 05

(iii) Tofind A* weneedtouse A™ =PD"P™" with m=4:



Complete Solutionsl1(g) 9

4

1 4 2)(-1 0 0) (5 -4 2
A4=PD4P1=053J 040/ 3o 1 -3
001|005 2o o
1 4 2)(1 0
:10530256 o[ -3
°lo 0 1)lo 625 )\ 0 5
1 1024 1250\(5 -4
1o 1280 18750 1 -3
®lo 0 es)lo 0 5
5 1020 3180) (1 204 636
~110 1280 s535|=|0 256 1107
®lo 0 3125 l0 0 625



