Solutions 7(b)

|Complete solutions to Exercise 7(b)

1. Since the perimeter =100 we have

2x+2y =100
X+y=50 [Dividing both sides by 2]
 y=50-x (*)
The area A = xy, substituting y = 50— x gives:
A=x(50-x)
A=50x-x
Differentiating to find the stationary point:
d—A:50—2x=0 gives x = 25m
dx
2
d '26\ =-2<0
dx

By (7.2), x =25m gives maximum area. Substituting this value into (*):
y=50-25=25m

It seems as if the area constraint by the fence needs to be a square, X =Yy =25m,

2. From the fencing of 240m around the field we have

2x+y =240
y=240-2x ()
The area A is given by
A=xy
= x(240 —2x) by (1)
=240x—2x

For stationary points:
d—A: 240 —4x =0, 4x=240, x=60m

dx
To show maximum we need to differentiate again
d’A
> =-4<0
dx

By (7.2), when x =60m we have maximum area. To find y we substitute x =60 into

()

y=240-(2 x 60) = 120m
Observe that y is twice the length of x, x =60m and y=120m gives maximum
area.

. C,+kC?
3. We can rewrite —2——=% 35
L
C kC? _
L —L =C,C,' +kC,
CL CL

Differentiating this with respect to C, gives:

d } . ]
ic, (C,C,' +kC,)=-C,C) +k=k - C,C,’

(7.2) A"'=0, A”<0  maximum
For stationary point this is equal to zero:
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k—C,C;>=0 gives k=C,C, =F§
L

Rearranging gives C, = % Taking the square root of both sides:

2
fS-(%)
k k
To check that this value of C, gives a minimum we need to differentiate again:
d _ 45 2C
dC (k_ CDCLZ): _(_2)CDCL3 :TsD (T)
(é 2 -
Substituting C, = KTD) into (1) gives:
12
RN S SN T YT
[(Co)*] (Co/k)™ Co™/KT g™ G GGy

i2
K K . ..
2[—} = 2‘/C_ >0 (taking the positive square root )
D

CD

C .
Hence by (7.3) when C, = \’TD we have minimum drag.

4. We have
nr*h=8
8
h=—s (")
r
The surface area, A, is given by the base, n7”, and the curved area, 2wk, hence

8 16
A= +2mrh=7r + 27[}’(—2) =’ +—
r r

A= +16r™"
For stationary points:

—=2mr—-16r2%=0
dr
16
2ar=—
r
; 16 8
y == ==
5 %
8 38 2
Take the cube root of both sides: r =3/— =——==—7
T WT 72'1/3

To find whether this stationary point is a maximum or minimum we use the second
derivative test:

2
B 167 d‘;‘=27z+32f3
dr dr

(7.3) A'=0, A">0 minimum
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2 2

L 2 . d ] d
Substituting r = —= into ives
9r="m 0 Ve

2
> > 0. By (7.3), when r =—pm we have a

minimum surface area. How do we find & ?
Substitute r=% into (t):
3 8
) 72'(2/72']/3)2
8 2

22 A

The height and radius are equal.

5. Similar to EXAMPLE 9 with 1000 replaced by V. Volume V = nr’h, gives
h —L (*)

r?

\%4
Surface Area A=2nr" +2nrh=27mr + Zm( 2)
r

A=2mr + 2V
d—A:47zr—2Vr2 =0
dr

2V

drr =—
r2

s NV Vv (v ?
r = —_—= —, r = 3— = —
dr 27 2 2
To show we have minimum surface area we have to differentiate again

2
d f\ =4+ 4
r

=47r+¥>0
r
2

A. - . . . .
PE IS going to be positive because r is radius and is therefore positive.
r

TE
By (7.3), when r = KZ_) we have minimum surface area.
T

. . AN :
To find /& we substitute r = (2—) into (*) and obtain i =2r.
T

6. Factorizing the given equation gives:

W
M =—(Lx—x?
G
d—M:ﬂ(L—Zx):O, o) L—2x:OWhichgivesx=L
dx 2 2
d°M W
=Y (22)=-W <0
dx? 2( )
(7.2) M =0, M"<0 maximum

(7.3) A'=0, A" <0 minimum
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. . . L . .
By (7.2), the bending moment is a maximum at x = 7 The maximum value of M is

evaluated by substituting x = I/2 into M :

W
M =—(Lx—x*
5 (Lx=x)
2
Wi L (L
2 2 (2
wle el w(e) we
212 4 2\ 4 8
7. We have
y:i(3L2x—x3) (*)
6E]

For stationary points

d—yzﬂ(sﬁ—?,xz):o, 312 -3x2=0, xX*=L?, x==%L
dx 6El
x cannot be —L because L is a length. Hence x = L.
For maximum;
d’y W
=——(—6x
dx*>  6El (-6x)
d’y W
=L —=——1L<0
* dx*  El

By (7.2), at x = L we have maximum deflection.
Maximum deflection can be evaluated by substituting x = L into (*)

y:E:NE(BLZL—B)
_ﬂ 3 3
=5 (3C-0)

:ﬂ(ZLs):W_LS

6EI 3EI

8. Clearly by looking at Fig 20 it looks as if the maximum deflection will occur
furthest from the fixed end, x = L. We need to show this by using differentiation.

W 4 3 2.2
= X —4Lx° +4L°X
y 24EI[ ]
Q=L[4x3—12|_x2+8|_2x] _ 4WX[x2—3|_x+2|_2]=0
dx  24El cotinga 24EI

factor of 4x
x=0or x*-3Lx+2L°=0
(x—2L)(x-L)=0
x=2L, x=L
We have a stationary pointsat x =0,x= Land x=2L.
x cannot be 2L because the cantilever is only of length L.

Also at x =0, the fixed end, there is no deflection (minimum). We need to show that
at x = L we do have maximum deflection.

(7.2) y' =0, y" <0 maximum

4
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dy W

dx  24El
d’y W
X 24El

. . dzy W 2 2 2 U4 2
Substituting x = L gives — = ——[12L —24L +8L° | =——[-4L ]< 0
dx” 24EI 24EI

By (7.2), at x = L we have maximum deflection. The value of this deflection is

W

=——| L' -4l + 41712
y 24EI [ ]
4
el 2
24EI 24El

[4x3 —12Lx*+ 8L2x]

[12x2 —24|_x+8|_2]

9. We have
p=Tv—mv®

dp 2 2 . . T
—=T-3mv° =0, 3mv- =T t vV=,|—
v ransposing gives ’/3m

To show maximum for this value of v:

2
9P _ mv=—6m | <0
dv 3m

T . .
Hence by (7.2), v = ‘,3— gives maximum power.
m

10. (i) T =3sin(20)+ 6sin(0)
S_THZ 6cos(260)+6cos(6)

=6(2cos’ (6) 1)+ 6cos(0)

by (4.54)

=12cos’(0)+6cos(0)—6
We need to solve 12¢0s®(8)+6¢0s(6)—6=0
Let x =cos(0)

12x* +6x—-6=0
2x°+x-1=0 [Dividing by 6]

Qx-1)(x+1)=0 gives x=1/2 or x=-1
If cos(8)=1/2 then &= /3. If cos(6)=—1 then 6 lies outside the range 0 < < 7.
So 6 can only be /3.
d’T
do’

d*T (2r (
At 9= 73, »7 —1231nk?) —6s1n\§) <0

=—12sin(26)—-6sin ()

By (7.2), at &= /3 we have maximum torque.

(4.54) cos(2x)=2cos’(x)-1
(7.2) y'=0, y" <0 maximum
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(i) T= Ssin(z—”j+ Gsin(zj =% ~7.8Nm
3 3 2
11. (i) Similar to EXAMPLE 10.

P=i?R +(i-i,)’R,
For stationary points:

9P _2iR +2(i—i)R, (~1)=0
di,
= *)
R +R,
To establish this stationary point is a minimum, use the 2nd derivative:

2
di5=2R1+2R2>O (because R, >0 and R, > 0)
1

By (7.3) (*) gives min P.
(i) Substitute for i from (*) into iR =i R, gives the required result.




