Solutions 7(f)

|Complete solutions to Exercise 7(f)

1. Let f(x)= cos(x) then differentiating this several times and substituting x =0

gives:
f (x)=cos(x) f(0)=cos(0)=1
£/(x)=—sin(x) f'(0)=—sin(0)=0
f"(x)=—cos(x) f"(0)=-cos(0)=-1
£7(x) =sin(x) £7(0)=sin(0)=0
£ (x) = cos(x) £ (0)=cos(0)=1
Substituting these into (7.14) gives:
cos(x):1+0(x)+%x2+%x3+%x4+...
- _% %_
2. Let f(x)=In(1+x), differentiating gives
f(x)=In(1+Xx) f(0)=In(1+0)=0
() = (%)’ £(0) = (1+0) " =1
f(x)=—(1+x)" f7(0)=—(1+0)"=-1
f(x)=2(1+x)" f"(0)=2(1+0)" =2
f@(x)=-6(1+x)" f¥(0)=-6(1+0)"=-6

Substituting these into (7.14):
In(1+x) = 0+(1)x+ﬂx2 +£x3 +@x4 +...
2!

3! 41
2 3 4
x- X -1l<x<1
2 3 4
3. Our function is f(x)= (1+x)" so differentiating this gives:
f(x)=(1+x)" f(0)=1
f'(x)=n(1+x)" N f'(0)=

f'(x)=n(n-1)(1+x)"" t(0)=n(n-1)
£7(x)=n(n-1)(n-2)(L+x)"" t7(0)=n(n-1)(n-2)

Substituting the above into (7.14) gives:

n(n-1) . n(n-1)(n-2) ,
21

X*+.. —1l<xx<l
31

Note that if n is a positive integer then the series terminates after n +1 terms and is
valid for all x.

(1+x)" =1+nx+

" 4 (4) (5)
(714)  f(x)=f(0)+xf'(0)+ (0) N (0) I (0) o 0 X+ ...
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4. By (4.67) we have
cos” () :%[cos(2x)+1] (1)

The series expansion of cos(2x) can be obtained by using (7.17) and replacing the x
with 2x:

cos(2x) =1- (2x)* (2x)" (2x)°

+ - +...
21 41 6!
22x%  2%x* 2°x®
2! 41 6!
4x* 16x* 64x°
=1- + -
21 41 6!

4 6
cos(2x) =1-2x" +2i—4i
3 45
You can find the simplified fraction by using your calculator. Substituting the last

line into (T) gives:
4 6
cos® X :%[1—2x2 +2i—4i+...+1j

3 45
4 6
:1 2_2%? +2i_4i
3 45
4 6
COSZX=1—X2+%—%+... (1)

How can we find the expansion of sin’(x)?
By (4.64) we have sin’(x) = 1— cos’(x), substituting the Right Hand Side of ({1) for
cos’(x) into this gives:

4 6 4 6
sin?(x) =1- 1xe X2 :(1—1)+x2—X—+2i—
3 45 45
4 6
sinz(x):xz—x—+2i—
3 45
5. (a) Substitute the Maclaurin series expansion for In(1 + x) by using (7.21)
x* X
In(1+x):X PR
X X
2
x(l—)2(+X3...] )
X X :
= =1-—+— Cancelling x's
X 2 ( J )
In(1+x 2

jim ™ ):Ilm(l——+x— j:l

x—0 X x—0 2
(4.64) cos”(x)+sin*(x) =1
(7.21) In(1+x)= x—x2+x)3-..

(b) Applying the Right Hand Side of (7.17) for cos(x) gives:
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x? x?
x* X
2 a
=
(1 X
X[Z!_m...
1%
21417
1—cos X (1 xP
I — |=lim| ———
x—0 X x—>0| 21 41
_1.1
21 2

6. (a) We need to find the Taylor series for In (x) about the point x =1. Very similar to
Example 21:

£(x)=In(x) £(1)=In(1)=0
le)=t=x r(ny=3=1
()=t = 1= =-1
() -2et =2 /(1) 2=
1) =-6xt =5 (1) =5 =-6

Substituting these values into (7.22) we have Taylor series for ln(x) at x=1:

f(x):f(1)+f’(1)(x—1)+%(!l)(x—l)2 REALC) YN

3!
=0+(1)(x—1)+%(x—1)2 +%(x—1)3+%(x—1)4+...
:(x-l)—(x_zl)2 + (x;1)3 —(x;1)4 +..  [Simplifying]

(b) The Taylor series for f(x)= 1 at x=1 can be determined by differentiating £ (x)
x

and then substituting the value x =1:

(7.17) cos(x)=1-x’/21+x*/4L..
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f) == f(1)=1=1
f(x)==x" =—% f'(1):_112=_1
f(x)=2x" :% f”(l)zlzszz
fr(x)=-6xt == r)=-5 =
£ (x) = 245" :i_f £9(1) %_54 o

Substituting these values into the generic Taylor series (7.22) gives

f(x)=f(l)+f’(1)(x—1)+%(!1)(x—l)2 +%(!2)(x—1)3 b

:1+(_1)(x_1)+%(x_1)2+(‘3_f)(x_1)3 2 )

=1—(x=1D)+(x=1) =(x=1) +(x-1)" —... [Simplifying]
(c) We need to find the Taylor series for f(x)=e" at x =3. Differentiating f (x)=e"

and substituting x =3 into the resulting derivative gives:

f(x):ex f(3):e3
S'(x)=e /(3)=¢
["(x)=¢€ /'(3)=¢
()= 1(3)=¢

fU(x)=e rE)=¢

Putting these values into (7.22) gives

" " (4)
F(6) =73+ ) -3)+ B _ap o 1B (e SO gy

2! 3! 4!
2 s
=’ +e’(x-3)+¢’ (x=3) +e3(x_3)+e3(x_3) +...
21 3! 4
_3) — -3\ Taking Out th
=¢ 1+(x—3)+(x 3) +(x 3)+(x 3) +... arine e
21 3! 4! common factor &’

(d) Very similar to Example 22. Let f'(x)=cos(x) then we have

e el
T
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1" () = =cos(x) / @ H‘“@ %
£7(x) =sin(x) f(%] =sin(§j -5
79 (3)=eos(s) (%) 5 )5

Substituting these values into (7.22) we have Taylor series for cos(x) at x =

fﬂ(ﬂ-j 5 fm( 5 f(4) [7[) A
sin () = f(£]+ f[zj[zj_“(zj N [zj Lo \4 (ﬁ]
4 4 4 21 4 3! 4 3! 4
ZL_L(X_ZJ_LL(X_ET+L1(x_£j3+iiﬁx_zj4+
2 L2 4) N2t 4) L o4) oaUo4) T
1 T 1 Y 1 V¥ 1 ) Taking out common
=—=l-|x——|-=|x——| +=|x—=| +—| x——| +...
2{ ( 4] 2!( 4J 3!( 4j 4!( 4J } Lactor 142 }

(e) Similarly we find the Taylor series for f (x) = ln(x) at x=e:

3
~—

£ (x)=In(x) f(e)=In(e)=1
f(x)=r=x" f(e)=+
1) = =
fr(x) =2 =5 (==
L IO

Substituting these values into the general Taylor series we have

"(e 2 "(e 3 ® € 4
f(x)=f(e)+f’(e)(x—e)+f2—(!)(x—e) +f3—(!)(x—e) +f4—!()(x—e) ny

Lm0 (= (=) (o)

- + +... Simplifyin
e 26* 3é’ 4! [ PHLY g]
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. 1 5.
7. We can replace x with _Exz into (7.15):

2 3
o) )
e? :1+(—§x2j+ +...

+
2! 3!
1 1)(4 (—;)XG
= 1-=x2+4 4 +...
using the rules 2 6
of indices
4 6
BT
2 8 48

1 1
8. We can apply the rules of logs to Eln( X

) . By (5.12) we have
1-x

1, (1+x 1
ZIn| =—=|==|In(1+x)-In(1-x
i F4)= 2@ 0)-mfa-x)]
How can we find the Maclaurin series?

By using (7.21) and (7.22)

1 [1+ x] 1 x> x* x* X x> X x* X
“In| /2 =2 | x—— - ] X = .
2 1-x 2 2 3 4 5 2 3 4 5

by (7.21) by (7.22)
1 x® ¥ x x ¥ X x* X
= X e X e
2[\" 273 4 5 2 3 4 5
1 2x% 2x°
=—| 2X+—+—+...
2|73 ' 5
3 5
N ) I (Cancelling 2’s)
2 \1-x 3 5
A
(5.12) In(EJ:In(A)—In(B)
(7.15) e =1+ x+x21+x°31+...
(7.21) In(1+x)=x-— 2+ 3= x4+

(7.22) In(1—x)=—x—x/21=xX[31= x*[41-...



