Solutions 13(b)

|Complete solutions to Exercise 13(b)

1. Putting P =2 into (13.4) yields
LF.— e/ g2

yeXX = j(e“e’x)dx = _[(e“’X )dx = Iexdx —e*+C
Dividing through by ¢** and using the rules of indices gives
e C
T
Substituting the initial condition x =0, y=0, into y=¢ * + Ce™" yields
0=1+C whichgives C=-1

X 2x +Ce—2x — e—x +Ce—2x

2x

Thus y=¢ " —¢
2. Substituting P= -1 into (13.4) gives
IF.—el ™ — g
ye X = I(ezxe‘X Jox = J.(ezx‘X Jox = J'exdx =e*+C
Divide through by ¢ * into ye " = e" + C gives
e* C
e’ e

e yce™

y:

—X
y =e”* +Ce*
3. Can we use the integrating factor method?

Yes but we need to put the given differential equation into the correct
format. Divide through by 1 — x’

dy  2x y= 1
dx 1-x*~ 1-x°
.. . . . 2
This time our P for the integrating factor is not a constant but P=— al >
—X

e

where exp is the exponential function. Thus the integration is
-2 n(i-x2
j( x)dx = (-)thus LFE="CT) = 1oy

K1 —-X by (8 42) by (5.16)
Substituting this, I.F =1—x°, into (13.4) gives

1
y(l— x2): I(l — xz)mdx: jdx =x+C
Using the initial condition x =0, y=0 gives C=0 and we have

y(l—xz)zx

Dividing through by 1-x” gives Y=

-x?
(5.16) e'"(x) = X
F(%) gy
(8.42) J'de =In|f (x)|

(13.4) y(1.F.)=[(1F.)Q(x)dx
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4. Dividing the given differential equation by 7 yields
ﬂ—g—kv rearranging ﬂ+£v—g
dt m dt m

We find the integrating factor (I.F.) with P=— and integrate this with
m

respect to 7:
Iﬁdt L
lLF.=e'™ =em
k K,
_ mge"

3 k. m
vemt=f gemt gt = ¥ ¢ +C
by 41 K/M k

£,
Dividing through by e™ gives

m C
:mgek —k:%'i_ce m
kem em
Using the initial condition 7 = 0, v=0 gives 0 = % +C yields C= —m—kg

——=t

Substituting this, C = _m_kg’ into v gives the required result: v = %{1 —e " J

14
t

. d 1
5. By rearranging we have ;‘; + p

With P :-1 the LF.— ¢/ ™ = " _;_ Applying (13.4) with I.F. 1

vt:jt%dt:jdtzuc

g . t C C . . .
Dividing through by 7 gives v = p +_t =1 +7. Using the initial condition

t=1 v=0 gives C =—1. Substituting this

c .1
v=l+—=1-= *
: . *)

The terminal velocity is the velocity as t — ©. As 1t — o in (¥), v —> 1.

2 1-1

K

-10

(8.41) J.ekxdx =" [k
(13.4) (1.F)= [ (1LF)O(x)dx
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6. (1) Dividing the given differential equation through by L:

di R, 1

E‘FI':IE(t) (*)

R

R
The integrating factor, |.F.=¢’ . Multiplying (¥) by |.F.=e’ gives

R R
A =iE(t)
d L L
i{eiti}: E(t) eEt
dt L

Integrating

R

R R
oL :J'[@eﬁjdt, rearranging gives i:%I[E(t)eLtJdt

(i) Substituting E(z)= E into result (i) gives

(L S Ecet E T
—t —t

i= ¢ j Eet [dt=1 © ic|==+ e
L L | (R/L) R L R

where A= T (a constant). Substituting the initial condition i(0) =i, which
means t=0, i =i;:
. E . . . E
i, =—+ A which gives A=i,——
0 R g 0 R
Thus we have the required result:
E E) &
i=—+|i,—— et ok
- ( . Rj ()
(1i1) From the initial condition i(0) =i, we know at r =0, i =i,. Also as

t— oo in (*¥%), i > = because the exponential in (**) goes to zero. Thus

E
R /;———
A -
7. Dividing through by RC gives the differential equation
dv. v E
_——— =
dt RC RC

The I.F.=¢'* because P=1/(RC). Thus
et/(RC)

vire) _ [ vire) B Vg - B pavronygy - B D - Ee/(R%) , p
v J(e ch rel(E7he 2w yRe) T

We can find D by substituting the initial conditions t =0, v=0:
0=Ee’+D thus D=-E

We have
(8.41) [edx=e*/k
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Vet/(RC) _ Eet/(RC) _E-= E(et/(RC) _1)

To find v we divide through by ¢'*

e et/(Rc) 1
et/(RC) et/(Rc)
= E(1-e ()

8. Dividing through by (1 X 10"3) gives the differential equation
di .

—+(3x10°)i =(10x10°%)e"

o *(3x10°)i=(20x10°)

The integrating factor is
[(zxa0%)ar e(leOG)t

ILF.=e
Applying (13.4)

jel >0 _ [ ((10 ><1o3)e(“°6)tet )dt = (10x10%) | (e[(sxmwt jdt

e[(sxmﬁ )+1}t

(3><106)+1 e
by (8.41)

=(3.33x107) e o

=(10><103)

To find i on it's own we divide through by o34k

using the rules of indices:

i (333 % 10—3 ) e[(3x105)+1Jt .

and then simplify by

6 + -
e(3><10 Jt e(sxlo )
= (333 X 10—3 ) e[(3><105 )Jrlf(3><106 )}t N Ce7(3><106 )t

~ (3:33x107)e + Ce ™) =
Using the initial condition, r =0, i =0 gives C=-3.33x10"

Hence using this value for C=-3.33x10" we have
i = (3.33><1o-3)[et - e‘(MOG)I} A (A=amp)

9. Dividing the original differential equation by R
do, g _V .

d RC R

Ld[ ;

. . 1
For the integrating factor we have P = = so, |.LF.=¢ RC = ¢RC

(8.41) _[e"x =e™/k
(13.4) y(1.F)=[(1F.)Q(x)dx
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Applying (13.4) with this integrating factor

t \Vi t
eRC = || —eRCe™ (dt
Voo L
:EI(eRC jdt

Vi ER)y
‘Ej(e J"‘wgﬁ(l—]” M
RC

VC VC
Using t =0, ¢=0 gives D=— . Thus ¢g = e RO
Sie =7 8V |- RC 1=1_&c (=)

(13.4) y(1.F.) = [(1LF)Q(x)dx



