Solutions 14(b)

|Complete solutions to Exercise 14(b)

1. Very similar to EXAMPLE 4. We have same characteristic equation:
i=Ae™+Be™
By using the given initial conditions we obtain the 2 simultaneous

equations
A+B=0
-5A-2B=6
Solving these gives A=-2 and B=2. Hence the solution is
i = 2(e—2t _e—St)
2. Use (14.8) with the appropriate value of k
(a) X=Acos(3t)+Bsin(3t) [Because k =3]
(b) X = Acos(4t)+Bsin(4t) [Because k =4]
© x=Acos(ﬁt)+ Bsin(ﬁt) [Because kzx/ﬂ
(d) X= Acos(\/gt)+ Bsin(\/gt) [Because k = \/3]

3. Characteristic equation is r> + k/m = 0, (using the characteristic
equation variable r because m represents mass in this problem).

k 2
r +( —j =0
m
By (14.8), x =Acos(wt)+ Bsin(wt) where o =k/m

4. Characteristic equation is
m? +(4><10’6) =0

By (14.8)
v:Acos[(leo’s)t} Bsin[(leO’s)t} (1)
Substituting 1 =0, v=1 into (})
1= Acos(0)+ Bsin(0) gives A=1  [Remember cos(0)=1and sin(0)=0]
d
Differentiating (1) and substituting the second condition t=0, d_\t/ =2x10"%;

% = —(2x10°) Asin[ (2x10°)t |+ (2x10°) Bcos| (2x10° )t

(2x10°)=0+(2x10°)B gives B=1
Substituting A=1and B=1 into (}) gives
v:cos[(leO‘s)tJ+sin[(leo‘s)t]

Using (4.76) with a=1and b=1 gives V= \/ECOS{(leOB)t —%}

(4.76) acos(8)+bsin(0)=+a’+b’ cos(¢-a) where a=tan™*(b/a)
(14.8) If r?+k?=0 then y = Acos(kx)+Bsin(kx)

1



Solutions 14(b)

5. By EXAMPLE 6

y = Acos(kx)+ Bsin(kx) *)
where k =+ P/ EI . Substituting the boundary condition x =1/2, y=e gives
e:Acos(ij+ Bsm(ij ()
2 2

Substituting x =—L/2, y=e into (¥) gives

e= Acos(—&j+ Bsin (—k—Lj
2 2

—Acos(kzl'j Bsm("zL] (1)
— —
by (4.51) by (4.50)

Adding (1) and () yields

2e =2Acos (k—zl‘j

e (ij
A=——7— = esec|—
cos (ij by (4.11) 2
2

Substituting A = into () gives

¢
(kL)
COoS| —
7
e kL kL
e:Tcos( > )+ Bsm( > j
cos(zj

e=e+ Bsin(k—zl‘j, hence B=0
o (kL P
Substituting A = esecky and B =0 into (*) yields

y= esec(k—zl'j cos (kx)

6. Characteristic equationis r° +2wlr+ o’ =0

(using r, since m represents mass). This is a quadratic equation with
variable r. Putting a =1, b=2wland ¢ =’ into (1.16) gives

(1.16) X:—bi\/b2—4ac

2a

1
@11 cos(x) =sec(x)
(4.50) sin(—x)=—sin(x)

(4.51) cos(—x) =cos(x)
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R e T )
2 2
_ —20¢ 2w\ -1
2
=-wl{tw\¢?-1 [Cancelling 2’s]

r= w(—ii\/ﬁ) [Taking Out o]
I = w(—§+m) and r, = w(—g—\/?—l):_m(ng\/m)

Since we have real and different roots we use (14.4)
x = A" + Be” where r,and r, are asabove .

7. The characteristic equation is same as solution 6:
m’ +20¢m+w’ =0

m= a)(—;’ + \/ﬁ)
For {=1, m=-—w (equal roots) so by (14.5)
x=(A+Bt)e
Substituting the first initial condition, when 1 =0, x =5;
5=¢"(A+B.0) gives A=5  [Remember ¢’ =1]
Differentiating x =(A + Bt )e”™ by using the product rule, (6.31), yields
x=-we™" (A+Bt)+e™.B
Substituting the other initial condition when # =0, X=0;
0=-we’(A+B.0)+e’.B
B=wA=50 [Because A=5]
Substituting A=5 and B=5® into x =(A +Bt)e ™ gives
x=e""(5+5a0t)
x=5¢""(l+@t) (Taking Out 5]

The following is the MAPLE output with 6= or
> x:=5*exp(-theta)*(1+theta);

x:=5e"" (1+0)

By solution to question 6

>plot(x,theta=0..10);
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4

theta
8. Since we have the same characteristic equation as solution 6 so

ol <

o)

:a)(—gij (1—42)) | Because ¢ <1and so ¢*<1]
m=-w¢ t jop where f=\1-¢*

Since we have complex roots so by (14.6)
x=e [ Acos(Bmt)+ Bsin(Bat)] *)

(14.6) If m=axjfthen y= e“"[A cos(,Bx)+Bsin(ﬂx)]
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Substituting the initial condition, when ¢t =0, x =0;
0=e"[ Acos(0)+Bsin(0)], gives A=0 (because e’=1, cos(0)=1and sin(0)=0)
Substituting A =0 into (¥) gives
x = Be "' sin ( Sot)
Substituting the other initial condition, when 7 =0, X=®f means we need
to differentiate x = Be *” sin(Bar).
X =—CwBe ™ sin( fawt) + Bwe™" cos( fwt)

Substituting 1 =0 and X=of into this
of =0+ Bwpfwhich gives B=1
Substituting A=0, B =1 into (*) gives

x =e“sin(far) where f=y1-¢
1

1
9. Dividing the characteristic equation by C gives m’ +E m+ o 0

1 1
Substituting a=1, b=— and c=— 1nt0 (1.16) gives

\j 2(;2 |_c /L 4R*C
" 2RC 2 R’C?L

~ 11 [L- 4RC
= "2Rc T 2\RC?
~ [L- 4RC
B 2RC 2RC
m:i{—li /L—4RC} )
2RC L

Case (a) L=4CR’;
Substituting L =4CR? into (*) gives m = —ch [Equal Roots]

By (14.5)

v =(A+ Bt)e *F¢
Case (b) L>4CR;
Using (*) gives two roots m, and m, [Distinct Roots]

1 [L-4R?C 1 [L-4R*C
m=-——|-1+,— 2| m=a| -1
2RC L 2RC L

By (14.4) v=Ae™ +Be™
Case (¢) L <4CR’;

—b++/b* -4ac
(1.16) m=
2a
(14.4) If m, and m, then y= Ae™" + Be™*

(14.5) Equal roots m then y= (A+ Bx)e™
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1 1 [L-4R’C 1 1 4R’C-L
m=-— + ,/ =— + —
2RC ~ 2RC L 2RC ~ 2RC L

2 j—
M=+ ] L aRC L [Complex Roots]
2RC 2RC L
Leta———l and g = ! 4R°C-L h bstituti hese i "
2RC 27RC L , then substituting these into (14.6)

gives

v=e"[ Acos(pt)+Bsin(At)]
10. Same differential equation as question 9. The characteristic equation

1s given by
cm?+tmelog
R L

The roots of this equation are given by solution 9

_ 2
I [L-4R%C "
2RC L

Substituting R=10x10" and C=1x10" gives
4><(10><103)2 xlxlog}

1 \/'-‘
m:2><(10><103)><(1><10’9) 1t L

= 50x103[—1i "_0'4}

L-04

m:—(50><103)i(50x103)
0.4—L

Since L <04, m=-(50x10°)+ j(50x10°)

Equating the imaginary part of this to the imaginary part of the roots
given in the question —(50 x 10’ )ir j(30 X 103) gives
. 04-L .
50x10° = j(30x10°
§(50x10°) == — = §(30x10°)
04-L
L

=0.6 [ Dividing by 50x10° |

Squaring both sides

M =0.36
L

0.4-L=0.36L
Solving this equation gives L =0.294 (correct to three d.p.) Hence L =0.294 H.
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11. Dividing through by C we have

d’v 1 dv v

— = +—=

dt> RCdt LC

m2 +i m +i =0
RC LC

Equating with m” +2lom+ o’ =0

2

1 . 1
o =— (JIlves o = —F/—
LC g JLC
1 1
Equating the m terms gives 2w =— and substituting @ = —=—= we have
auating BIVes 2607 —e #=JLc

26 1
JLC RC
podL€_1 L

2RC  2R\C



