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Complete solutions to Exercise 14(b)  
1. Very similar to EXAMPLE 4. We have same characteristic equation: 

5 2t ti Ae Be− −= +  
By using the given initial conditions we obtain the 2 simultaneous 
equations 

0
5 2

A B
A B 6

+ =
− − =

 

Solving these gives   A = −2  and   B = 2 . Hence the solution is 
( )2 52 t ti e e− −= −  

2. Use (14.8) with the appropriate value of k  
(a) ( ) ( ) [ ]cos 3 sin 3 Because  3x A t B t k= + =  
(b) ( ) ( ) [ ]cos 4 sin 4 Because  4x A t B t k= + =  

(c) ( ) ( )cos 2 sin 2 Because  2x A t B t k⎡ ⎤= + =⎣ ⎦  

(d) ( ) ( )cos 5 sin 5 Because  5x A t B t k⎡ ⎤= + =⎣ ⎦  
3. Characteristic equation is r 2 + k m = 0,  (using the characteristic 
equation variable r  because m  represents mass in this problem). 

 
r 2 +

k
m

⎛ 

⎝ 
⎜ 

⎞ 

⎠ 
⎟ 

2

= 0  

By (14.8),    x = Acos ωt( )+ Bsin ωt( )  where ω = k m    
4. Characteristic equation is 

( )
( )

2 6

22 3

4 10 0

2 10 0

m

m

−

−

+ × =

+ × =
 

By (14.8)    
( ) ( )3 3cos 2 10 sin 2 10 (†)v A t B t− −⎡ ⎤ ⎡ ⎤= × + ×⎣ ⎦ ⎣ ⎦  

Substituting t = 0, v = 1 into †( ) 
  1 = Acos 0( )+ Bsin 0( )  gives  A =1   [Remember  cos 0( )= 1 and sin 0( )= 0 ] 

Differentiating (†  and substituting the second condition ) 3=0, 2 10 ;dvt
dt

−= ×  

( ) ( ) ( ) (
( ) ( )

3 3 3

3 3

 2 10 sin 2 10 2 10 cos 2 10

2 10 0 2 10   gives  1

dv A t B
dt

B B

− − −

− −

)3 t−⎡ ⎤ ⎡= − × × + × × ⎤⎣ ⎦ ⎣

× = + × =

⎦  

Substituting   A = 1 and B = 1  into (†) gives 
( ) ( )3 3cos 2 10 sin 2 10v t− −⎡ ⎤ ⎡ ⎤= × + ×⎣ ⎦ ⎣ ⎦t  

Using (4.76) with   a = 1 and b = 1  gives ( )32 cos 2 10
4

v t− π⎡ ⎤= × −⎢ ⎥⎣ ⎦
  

 

(4.76)  ( ) ( ) ( ) ( )2 2 1cos sin cos  where = tana b a b bθ θ θ α α −+ = + − a  
(14.8)   ( ) ( )2 2If  + =0  then  cos sinr k y A kx B kx= +  
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5. By EXAMPLE 6 
( ) ( )cos sin (*)y A kx B kx= +  

where k = P EI . Substituting the boundary condition x = L 2, y = e gives 

cos sin (†)
2 2
kL kLe A B⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
 

Substituting x = −L 2, y = e  into (*) gives 

by (4.51) by (4.50)

cos sin
2 2

cos sin (††)
2 2

kL kLe A B

kL kLA B

⎛ ⎞ ⎛ ⎞= − + −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

Adding    yields (††)   and  (†)

by (4.11)

2 2 cos
2

sec
2cos

2

kLe A

e kA e
kL

⎛ ⎞= ⎜ ⎟
⎝ ⎠

⎛ ⎞= = ⎜ ⎟⎛ ⎞ ⎝ ⎠
⎜ ⎟
⎝ ⎠

L  

Substituting A =
e

cos
kL

2
⎛ 
⎝ 

⎞ 
⎠ 

 into (†  gives )

cos sin
2 2cos

2

sin ,   hence 0
2

e kLe B
kL

kLe e B B

⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟⎛ ⎞ ⎝ ⎠ ⎝ ⎠
⎜ ⎟
⎝ ⎠

⎛ ⎞= + =⎜ ⎟
⎝ ⎠

kL

 

Substituting A = esec
kL

2
⎛ 
⎝ 

⎞ 
⎠  and B = 0  into (*) yields 

( )sec cos
2
kLy e kx⎛ ⎞= ⎜ ⎟

⎝ ⎠
 

6. Characteristic equation is  r 2 + 2ωζr + ω 2 = 0   
(using r , since m  represents mass). This is a quadratic equation with 
variable r . Putting   a = 1, b = 2ωζ and c = ω 2  into (1.16) gives 

 
 
 

(1.16)   
2 4

2
b b acx

a
− ± −

=  

(4.11)    ( ) ( )1 sec
cos

x
x

=
 

(4.50)    ( ) ( )sin sinx x− = −  
(4.51)    ( ) ( )cos cosx x− =  
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( )

[ ]

2 22 2 2

2

2

2 4 12 4 4
2 2

2 2 1
2

1 Cancelling 2’s

r
ωζ ω ζωζ ω ζ ω

ωζ ω ζ

ωζ ω ζ

− ± −− ± −
= =

− ± −
=

= − ± −

( ) [ ]

( ) ( ) ( )
2

2 2
1 2

1 Taking Out 

1   and  1 1

r

r r

ω ζ ζ ω

ω ζ ζ ω ζ ζ ω ζ ζ

= − ± −

= − + − = − − − = − + −2
 

Since we have real and different roots we use (14.4)  
   x = Aer1t + Ber2t  where r1 and r2 are as above .   

7. The characteristic equation is same as solution 6: 
2 22 0m mωζ ω+ + =  

By solution to question 6 

( )2 1m ω ζ ζ= − ± −  
For ζ = 1, m = −ω  (equal roots) so by (14.5)   

( ) tx A Bt e ω−= +  
Substituting the first initial condition, when t = 0, x = 5; 

    [Remember e ] ( )05 .0 gives e A B A= + = 5 0 =1
Differentiating x = A + Bt( )e−ωt  by using the product rule, (6.31), yields 

( ) .t tx e A Bt eω ωω − −= − + + B  
Substituting the other initial condition when t = 0, Ý x = 0; 

( )
[ ]

0 00 .0 .

5 Because  5

e A B e B

B A A

ω

ω ω

= − + +

= = =
 

Substituting A = 5  and B = 5ω   into x = A + Bt( )e−ωt  gives 
( )5 5tx e tω ω−= +  

     ( )5 1tx e ω tω−= +    {Taking Out 5] 
The following is the MAPLE output with θ = ωt  
> x:=5*exp(-theta)*(1+theta);

 := x 5 e
( )−θ

( ) + 1 θ  

> plot(x,theta=0..10);
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8. Since we have the same characteristic equation as solution 6 so 

  

( )
( )( )
( )( )

2

2

2 2

2

1

1

1  Because 1 and so <1  

 where  1

m

j

m j

ω ζ ζ

ω ζ ζ

ω ζ ζ ζ ζ

ωζ ωβ β ζ

= − ± −

= − ± − −

⎡ ⎤= − ± − <⎣ ⎦

= − ± = −

 

Since we have complex roots so by (14.6) 
 ( ) ( )cos sin (*)tx e A t B tζω βω βω−= +⎡ ⎤⎣ ⎦  

 
 

(14.6)     If m = α ± jβ then y = eαx A cos βx( ) + B sin βx( )[ ] 
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Substituting the initial condition, when t = 0, x = 0; 
( ) ( ) ( ) ( )( )0 00 cos 0 sin 0 , gives =0 because 1,  cos 0 1 and sin 0 0e A B A e= + = =⎡ ⎤⎣ ⎦ =  

Substituting   A = 0  into (*) gives  
( )sintx Be tζω βω−=  

Substituting the other initial condition, when t = 0,  x ωβ=  means we need 
to differentiate x = Be−ζωt sin βωt( ). 

( ) ( )sin cost tx Be t B e tζω ζωζω βω βω− −= − + βω  
Substituting t = 0 and x ωβ=  into this 

  ωβ = 0 + Bωβ which gives B =1 
Substituting A = 0, B =1 into (*) gives 

  x = e−ζωt sin βωt( )  where β = 1 − ζ 2  

9. Dividing the characteristic equation by C  gives 
 
m2 +

1
RC

m +
1

LC
= 0  

Substituting 
  
a = 1, b =

1

RC
  and  c =

1

LC
 into (1.16) gives 

22 2

2 2

2

2 2

1 1 4
1 1 4

2 2 2

1 1 1 4
2 2

L R CRC R C LCm
RC R C L

L R C
RC R C L

− ± − −
= = − ±

−
= − ±

 

      
21 1 4

2 2
L R C

RC RC L
−

= − ±  

21 41 (
2

L R Cm
RC L

⎡ ⎤−
= − ±⎢ ⎥

⎢ ⎥⎣ ⎦
*)

 
Case (a)    ; L = 4CR2

Substituting   L = 4CR2  into (*) gives m = −
1

2RC
 [Equal Roots] 

By (14.5) 
v = A+ Bt( )e−t 2RC   

Case (b)    L > 4CR2 ; 
Using (*) gives two roots   m1 and m2  [Distinct Roots] 

2 2

1 2
1 4 1 41 , 1

2 2
L R C L R Cm m

RC L RC L

⎡ ⎤ ⎡− −
= − + = − −⎢ ⎥ ⎢

⎢ ⎥ ⎢⎣ ⎦ ⎣

⎤
⎥
⎥⎦

 

By (14.4)    v = Aem1t + Bem2t    
Case (c) L < 4CR2 ;   

  
 

(1.16)   
2 4

2
b b acm

a
− ± −

=  

(14.4)     If m1 and m2 then y = Aem1 x + Bem2 x  
(14.5)   Equal roots m  then y = A+ Bx( )emx  
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[ ]

2 2

2

1 1 4 1 1 4
2 2 2 2

1 1 4 Complex Roots
2 2

L R C R C Lm
RC RC L RC RC L

R C Lm j
RC RC L

⎛ ⎞− −
= − ± = − ± −⎜ ⎟

⎝ ⎠

⎛ ⎞−
= − ± ⎜ ⎟

⎝ ⎠

 

21 1 4Let and
2 2

R C L
RC RC L

α β
⎛ −

= − = ⎜
⎝ ⎠

⎞
⎟ , then substituting these into (14.6) 

gives 
  ( ) ( )cos sintv e A t B tα β β= +⎡ ⎤⎣ ⎦   

10. Same differential equation as question 9. The characteristic equation 
is given by 

 2 1 1 0Cm m
R L

+ + =  

The roots of this equation are given by solution 9 
21 41

2
L R Cm

RC L

⎡ ⎤−
= − ±⎢

⎢ ⎥⎣ ⎦
⎥   (*) 

  Substituting  R = 10 ×103  and C = 1×10 −9  gives  

( ) ( )
( )

( ) ( )

23 9

3 9

3

3 3

4 10 10 1 101 1
2 10 10 1 10

0.450 10 1

0.450 10 50 10

L
m

L

L
L

Lm
L

−

−

⎡ ⎤⎡ ⎤− × × × ×⎢ ⎥⎢ ⎥⎣ ⎦= − ±⎢ ⎥
× × × × ⎢ ⎥

⎣ ⎦
⎡ ⎤−

= × − ±⎢ ⎥
⎣ ⎦

−
= − × ± ×

 

Since ( ) ( )3 3 0.40.4, 50 10 50 10 LL m j
L
−

< = − × ± × .  

Equating the imaginary part of this to the imaginary part of the roots 
given in the question − 50 ×103( )± j 30 ×103( ) gives 

   
( ) ( )3 3

3

0.450 10 30 10

0.4 0.6 Dividing by  50 10

Lj j
L

L
L

−
× = ×

− ⎡ ⎤= ×⎣ ⎦

 

Squaring both sides  
0.4 0.36

0.4 0.36

L
L

L L

−
=

− =
 

Solving this equation gives L = 0.294  (correct to three d.p.) Hence L = 0.294  H. 
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11. Dividing through by C  we have 
2

2

2

1 0

1 1 0

d v dv v
dt RC dt LC

m m
RC LC

+ + =

+ + =
 

Equating with m 2 + 2ζωm + ω 2 = 0  

    
ω 2 =

1

LC
 gives ω =

1

LC
 

Equating the m  terms gives 2ζω =
1

RC
 and substituting ω =

1

LC
 we have  

2 1

1
2 2

RCLC
LC L
RC R C

ζ

ζ

=

= =
   

 


