[Complete solutions to Exercise 14(d)

1. We have
2. .
41 g4 15i=150
dt dt ,
" Characteristic equation is

m>+8m+15=0

(m+3)m+5)=0

m =-3, m,=—5 (distinct roots)
Thus complementary function is given by i, = Ae™ + Be™
Particular integral I; since the right hand side is 150, a constant, so

I=C where C is a constant r
Hence
15C =150 gives C=10

The general solution is

i=Ae™ +Be? +10 *)
Substituting t=0, i =0 into i = Ae™ + Be™ +10 gives
0=A+B+10
A+B=-10

Differentiating (*) gives % =—3A¢™ —-5Be™

Substituting =0, _Z_z;= 0 yields
0=-3A—-5B gives B= —%A

Substituting B = —%A into A+ B=-10
A-2A=-10
5

%A —_10 gives A=-25
Hence B=15. J/Substituting A=-25 and B=15into i=Ae™ +Be™ +10
gives
i=-25¢ +15¢™ +10=5(2+3¢™ - 5¢7)

2. For complementary function we consider the homogeneous equation
2. .
41 3 im0
dt dt
The characteristic equation is
m*+3m+2=0

(m+2)(m+1)=0

m = -2, m, = -1
By (14.4) the complementary function, i, is
i =Ae™ +Be™

(14.4) m, and m, gives i=Ae™ +Be™




For particular integral; since f(t)= 5¢™ so our trial function is

[=Ce™
2 ,
Differentiating a._ -3Ce™, ar —=9Ce™
dt dt
2
Substituting into %;—f- + 3% +2I =5¢7 gives

9Ce™ +3(-3Ce™)+2Ce™ = 5¢™
(9C —9C +2C)e™ =5¢7
2C=5 gives C=25andso =25 .~
The general solution, i=i, +1,1s ‘
i=Ae™+Be™ +2.5¢7 )
" Tofind A and B we use the given initial conditions;
Substituting =0, i=0 into ()
0=A+B+2.5

A+B=-2.5 |
Differentiating (t) yields % =-2Ae* —Be™' —7.5¢7

Putting =0 and %lt-=5 gives
—2A-B-17.5=5
-2A-B=12.5

Solving the simultaneous equations
A+B=-2.5

2A-B=125 |
gives A=-10 and B=7.5
Substituting A=-10 and B=7.5 into i = Ae™ + Be™ +2. 5e'3' ylelds
i= 7 5¢7 +2.5¢7 —10e™*

3. Very similar to EXAMPLE 13, x= 2cos(3t) +sin(3t) -2
4, We have
mi + kx = Fsin(ou) o™
For complementary function
' mi + kx =0-

mrl+k=0

k 2
r*+ (J—j =0
m
By (14.8) x, = Acos(wt)+ Bsin(wr) where @ =./k/m

We need to find the value of the constant C in the given trial function
X =Csin(oz)

X = aCcos(ar)
X = —o*Csin(ar)

(14.8) r*+w® =0 gives x = Acos(wr)+ Bsin(wt)




Substituting these into mX + kX = Fsin(at) gives
m[——aZC sin(ar)] + kCsin(ar) = Fsin(at)
(—m(_)t2 + k)C sin(ar) = Fsin(at)

C=

p—— and so X = p—— sin(ar)

Remember x =x, + X, we have

_F pe sin( o) (*%)

Substituting the initial condition t=0, x=0 gives0=A
Differentiating (**)

x = Acos(wt) + Bsin(wt) +

x = —wAsin(wr) + wBcos(wt) + P aFaZ cos(ott)
Putting in r=0 and x =0 gives
0=0+wB+ 5
k—mo
aF
B = - hence B=——F——=
k—ma® o(k —ma?)
Substituting A=0and B=- oF —+ into (*¥*) gives
o(k—ma?)
x =————sin(or)+ sin(ot
w(k—maz) (@) k —mo® (o)
= ——F——[a) sin(ot) — s{n,( )]
a)(k - ma?‘)
5 D1v1d1ng the given dlfferentlal equation by EI y1e1ds B
dy P F
& E 7 Bl
Complementary function y,;
a* y2c B P -0
dx EI

We have
y, = Acos(kx)+ Bsin(kx) ~ where k =+/P/EI
Particular integral Y; Using the trial function

Y=Cx+D

2
@ L
dx dx

2

Substituting these into ﬂ +—Y = ix gives
dx* EI EI

— (Cx +D)= —F-7x
PC F F
Equating coefficients of x: —=— gives C=— .
4 g El EI gl P
Equating constants gives D=0

Putting C=-{;— and D=0 into Y =Cx+ D gives Y=%




Since y=y,+Y so we have _
| y = Acos(kx)+ Bsin(kx) + % (*%)

Substituting the boundary condition x =0, y=0 into (**) yields
0=A+0+0, hence A=0

D —kAssin(kx) + kB cos(kx) + Ll
dx P
Substituting the other boundary condition x =L, % =0 gives

0=0+chos(kL)+%

Bk cos(kL) = _E
P
B= I — ——E—sec(kL)
Pkcos(kL) kP ——

by (4.11)
F . .
Substituting A=0and B= —-k?sec(kL) into (**) gives
| Fx

y=7- kipsec(kL)sin(kx)

= kfI;[kx — sec(kL)sin(kx))

6. Rearranging the differential equation
d2
EIE);+Py = P(e+d)

Dividing by EI

d*’y P P

Xl y=—(e+d *

R —re+d) (%),
Complementary function, y,, as above is

y, = Acos(kx) + Bsin(kx) where k= 1’;%

Particular integral Y; Since there is no x term on the right hand side so it
is a constant. Hence our trial function is
Y =C (constant)

Yy P, _P
Substituting into —+—Y = —(e+d) gives
" inginto =7+ 7V =grlerd) gl
'0+£C=£—(e+d)
EI EI
Hence C=e+d
Y=e+d

Since y=y, +Y, we have
y = Acos(kx)+ Bsin(kx) + (e + d) (¥*)
Substituting the initial condition x=0, y=0 into (**) gives

(4.11) =sec(6)

cos(0)




O=Acos(0)+Bsin(0)+(e+d) |
| =A+(e+d)
—(e+d)=A

Differentiating (**)
% = —kAsin(kx) + kB cos(kx)

Substituting the other initial condition x =0, % =0 yields

0=0+kB gives B=0
Substituting A=—(e+d) and B=0 into (**)
y=(e+d)—(e+d)cos(kx)

y = (e+d)[1—cos(kx)]
7. The differential equation can be rearranged to
dy P __M
— o —y = — 5k
& B’ T E )
Complementary ﬁmction Y.;

y, = Acos(kx)+ Bsin(kx) ~ where k=, /}—g]—
Particular integral Y;

Y = C (a constant)

2
Substituting into Q + L Y= M
dx* EI EI |
0+_F;C_‘_=_]li gives C:M and so y=2 -
El EI P P
We have y=y,+7, hence A
y = Acos(kx) + Bsin(kx) + % (%)

Substituting the initial condition x=0, y=0 into (**)
O=A+0+M, hence A=—-M—
P P
Differentiating (**) gives

% = —kAsin(kx) + kB cos(kx)

Substituting x=0, % =0 gives
' 0=0+kB gives B=0
 Putting A= —% and B =0 into y= Acos(kx)+ Bsin(kx)+ _A}:)I_ yields

y==Hcosn) + 5= Tl -cos)]
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