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Complete solutions to Exercise 15(a) 
1. Very similar to EXAMPLE 1. 

(a) 2 , 2f fx y
x y

∂ ∂
∂ ∂

= =    (b) ( ) ( )cos , sinf fx y
x y

∂ ∂
∂ ∂

= = −  

(c) 23 3 , 3 3f f 2x y y
x y

x∂ ∂
∂ ∂

= + = +   (d) 2

1000 , 2f f
x x y

∂ ∂
∂ ∂

= =  

2. We are given M = Px +
wx3

3
. Thus 

2
23   and  

3
M M wxx P P
P x

∂ ∂
∂ ∂

= = + = wx+  

3. We have 

(a) 
2 2

2 2
U P L PL
P P AE AE AE

∂ ∂
∂ ∂

⎛ ⎞
Δ = = = =⎜ ⎟

⎝ ⎠

PL
 

(b)  
2 3 3 39 18 3

96 96 16
U P L PL
P P EI EI EI

∂ ∂
∂ ∂

⎛ ⎞
Δ = = = =⎜ ⎟

⎝ ⎠

PL
 

4. Given Ω =  we have Ax2 y4 + Bx4 y2

2 3 4

2
2 2 4

2

4 3 2

2
4 2

2

4 2

12 2

2 4

2 12

x

y

Ax y Bx y
y

Ax y Bx
y

Axy Bx y
x

Ay Bx y
x

2

∂
∂

∂σ
∂

∂
∂

∂σ
∂

Ω
= +

Ω
= = +

Ω
= +

Ω
= = +

 

5. (a) Given u  we have = y2 − x2 , v = 2xy

2 2u vx x
x y

∂ ∂
∂ ∂

= − =  

Hence 2 2u v x x
x y

0∂ ∂
∂ ∂

+ = − + =  

(b) We are given u = tan−1 y

x
⎛ 
⎝ 

⎞ 
⎠ . We find ∂u

∂x
 by using ∂

∂x
tan−1 P( )[ ]=

1

1 + P2

∂P

∂x
 

2 2 22 2
2

2

1

1

u y y
2

y
x x xx yy x

xx

∂
∂

−⎛ ⎞= − = = −⎜ ⎟ +⎛ ⎞+⎝ ⎠⎛ ⎞+ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠

y  

Consider v =
1

2
ln x2 + y2( ) then using ( ) 1ln PP

y P y
∂ ∂

∂ ∂
=⎡ ⎤⎣ ⎦  gives 

( ) 2 22 2

1 .2
2

v yy
y xx y y

∂
∂

= =
++  

Hence 2 2 2 2 0u v y y
x y x y x y

∂ ∂
∂ ∂

+ = − + =
+ +
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(c) We have ( )
12 22 1u y x y

−
⎡ ⎤= − + +⎣ ⎦  

( ) ( ) ( )
( )

22 2
22 2

4 1
2 1 2 1

1

y xu y x y x
x x y

∂
∂

− +⎡ ⎤= + + + =⎣ ⎦ ⎡ ⎤+ +⎣ ⎦
 

We have v =
1 − x2 − y2

1 + x( )2 + y2 . Using the quotient rule, (15.7), with  

( )22 21 1

2 2

2p x y q x y
p qy y
y y

∂ ∂
∂ ∂

= − − = + +

= − =
 

gives 
( ) ( )

( )( )

( )( )

( )( )

( )( )
( )

( )( )

2 2 2 2

22 2

2 2 2 3

22 2

2 3 2

22 2

2 22 22 2

2 1 1 2

1

2 1 2 2 2 2

1

2 4 2 2 2 2 2

1

4 14 4

1 1

y x y x y yv
y x y

3

y x x y y yx y

x y

y yx yx y y yx y

x y

y xy yx

x y x y

∂
∂

⎡ ⎤− + + − − −⎣ ⎦=
+ +

⎡ ⎤− + + + − + +⎣ ⎦=
+ +

− − − − − + +
=

+ +

− +− −
= =

+ + + +

 

Hence 0u v
x y

∂ ∂
∂ ∂

+ =  

6. Very similar to EXAMPLE 8. We have u =
y

x 2 + y2  and v = −
x

x2 + y2  

7. We need to find κ  where 1 V
V P

∂κ
∂

⎛= − ⎜
⎝ ⎠

⎞
⎟ . We are given the ideal gas 

equation. 

( )

1

2

2

2
by (*)

(*)

1

1

RTV RTP
P

V RT
P P

RT
V P

RT RT V
P V P PV PV P

∂
∂

κ

−= =

= −

⎛ ⎞= − −⎜ ⎟
⎝ ⎠

= = = =
 

 

 (15.7)    2

p qq p
p y y

y q q

∂ ∂
∂ ∂ ∂

∂

−
⎛ ⎞

=⎜ ⎟
⎝ ⎠
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We need to find β  where 1 V
V T

∂β
∂

⎛= ⎜
⎝ ⎠

⎞
⎟ . For V =

RT

P
 

by transposing (*)

1 1

V R
T P

R R
V P PV T

∂
∂

β

=

= = =
 

8. Rearranging the given equation we have 
1

2

RT K RT KTV
P RT P R

V R K
T P RT

∂
∂

−

= − = −

= +
 

Rearranging RT

P
= V +

K

RT
 to make P  the subject gives P =

RT

V + K RT
 

Differentiating with respect to T   by applying the quotient rule, (15.7), 
with 

2

Ku RT v V
RT

u vR
T T

∂ ∂
∂ ∂

= = +

= = −
K

RT

 

( )

( ) ( )

2

2

2 2
2

K KR V RT
P RT RT
T V K RT

RV K T K T RV K T
V K RT V K RT

∂
∂

⎛ ⎞ ⎛ ⎞+ − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠=

+

+ + +
= =

+ +

 

Since ,p v
V Pc c T
T T

∂ ∂
∂ ∂

⎛ ⎞⎛ ⎞− = ⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

 by substituting the above 

( )22

2
p v

R K RV K Tc c T
P RT V K RT

⎡ ⎤+⎛ ⎞− = + ⎢ ⎥⎜ ⎟
⎝ ⎠ +⎢ ⎥⎣ ⎦

 

9. Rewriting the given equation as P = RT V − b( )−1 − aV−2 . Partially 
differentiating with respect to V  gives 

( ) 2 32P RT V b aV
V

∂
∂

− −= − − +  

( )
2

3 4
2 2 6P RT V b aV

V
∂
∂

− −= − −  

Equating these to zero and rearranging gives 

( )
( )

23

3 4

2 (†)

2 6 0

a RT
V V b

RT V b aV− −

=
−

− − = (††)
 

 (15.7)    2

u vv u
u y y

y v v

∂ ∂
∂ ∂ ∂

∂

−
⎛ ⎞ =⎜ ⎟
⎝ ⎠
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From (†  we have †)

( )34

6 2a RT
V V b

=
−  

Transposing to make a   the subject 

( )

4

33
RTVa
V b

=
−  

Substituting a =
RTV 4

3 V − b( 3)
 into (†  gives )

( ) ( )
( )

4

3 23

2
3

2 3 3 3
3 3 2

3

RTV RT
V b V V b

V V b V
b V V V

Vb

=
− −

b= − = −

= − =

=

 

At critical point V = Vc  therefore b =
Vc

3
. 

Substituting b =
V

3
 into a =

RTV 4

3 V − b( 3)
 gives 

4 4 4

3 3 3 2 3

9
2 3 8 9 823

3

RTV RTV RTV RTVa
V V

V
= = = =

⎛ ⎞
⎜ ⎟
⎝ ⎠

 

Similarly 9
8

c cRT Va =  

10. Let ( ) sin cosf x A x B xω ω
α α

⎛ ⎞ ⎛= +⎜ ⎟ ⎜
⎝ ⎠ ⎝

⎞
⎟
⎠
 and ( ) ( ) (sin cosg t C t D t )ω ω= +  then 

( ) ( ) ( ),u u x t f x g t= =  

For ∂ 2u

∂x2  treat g t( ) as a constant 

( )

( )

( )

( )

( )

2 2 2

2 2 2

2

2

2 2

2

sin cos

cos sin

sin cos

sin cos

f x

u A x B x g t

u A Bx x g
x

u A B

t

x x g t
x

A x B x g t

u
x

ω ω
α α

∂ ω ω ω ω
∂ α α α α

∂ ω ω ω ω
∂ α α α α

ω ω ω
α α α

∂ ω
∂ α

=

⎡ ⎤⎛ ⎞ ⎛ ⎞= +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦
⎡ ⎤⎛ ⎞ ⎛ ⎞= − −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

⎡ ⎤⎛ ⎞ ⎛ ⎞= − +⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

= − ( ) ( )2 (*)f x g t
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For 
2

2

u
t

∂
∂

, treat f x( ) as a constant 

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( )
( )

( ) ( )

2
2 2

2

2

2
2

2

sin cos

cos sin

sin cos

sin cos

(**)

g t

u f x C t D t

u f x C t D t
t
u f x C t D t

t
f x C t D t

u f x g t
t

ω ω

∂ ω ω ω ω
∂
∂ ω ω ω ω
∂

ω ω ω

∂ ω
∂

=

= +⎡ ⎤⎣ ⎦

= −⎡ ⎤⎣ ⎦

⎡ ⎤= − −⎣ ⎦

= − +⎡ ⎤⎣ ⎦

= −

 

From (*) and (**) we have 

( ) ( ) ( ) ( )
2 2

2 2 2
2 2

u uf x g t f x g t
2

2x t
∂ ω ∂α α ω
∂ α ∂

⎛ ⎞
= − = − =⎜ ⎟

⎝ ⎠
 

Thus u x  satisfies the wave equation. , t( )
11. (a) Let f = f x, y( ) then we have 

( )

3 3

2 2

2
2

2

3

3 0 3 3 3

3 3 6

f x y xy
f x y x
x
f

y

x y x
x x

∂
∂
∂ ∂
∂ ∂

= + −

= + − = −

= − =

 

Similarly we find ∂ 2 f

∂y2  

( )

( )

3 3 2 2

2
2

2

3 0 3 3 3

3 3 6

f 3x y xy y x y
y y
f y x y

y y

x∂ ∂
∂ ∂
∂ ∂
∂ ∂

= + − = + − = −

= − =
 

Also 

( )
2

23 3f f y x
x y x y x

∂ ∂ ∂ ∂
∂ ∂ ∂ ∂ ∂

⎛ ⎞
= = −⎜ ⎟

⎝ ⎠
3= −  

Substituting the above gives 

( )
22 2 2

2
2 2 6 6 3 36 9f f f x y x

x y x y
∂ ∂ ∂
∂ ∂ ∂ ∂

⎛ ⎞⎛ ⎞ ⎛ ⎞
− = − − =⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
y −  

(b) Similarly we have 
1 1

2

2
3 3

2

2 2000 2000

2 2000

0 4000 4000

f xy x y
f y x
x
f x x

x

∂
∂
∂
∂

− −

−

− −

= + +

= −

= + =

 

Also 
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( )

2 2

2
3

2

2
2

2 0 2000 2 2000

0 4000

2 2000 2 0 2

f x y x y
y
f y

y
f x y

x y x

∂
∂
∂
∂
∂ ∂

∂ ∂ ∂

− −

−

−

= + − = −

= +

= − = − =

 

Substituting the above gives 

( )( ) ( )
22 2 2

23 3
2 2

2 6

3 3 3 3

4000 4000 2

4000 16 104 4

f f f x y
x y xdy

x y x y

∂ ∂ ∂
∂ ∂ ∂

− −⎛ ⎞⎛ ⎞ ⎛ ⎞
− = −⎜ ⎟⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠
×

= − = −

 

 


