Solutions 9(c)

|Complete solutions to Exercise 9(c)

1. We first make a sketch of y = sin(x):

y
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y=sin(x)
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By (9.6)
Area A= J?sin (x)dx
=—[cos(x)];
= —[cos(ﬂ)—cos(o)] =-[-2]=2
Similarly
Area B=-2
Thus

total area = 2+ 2 = 4(units)’

2. We only need to consider one cycle, say between t =0to r=0.2:

The mean value is the _ai. The interval is 0.2 and the area of the
interval
triangle = %(4 x0.2): So
Lax02)
mean value of V= YR A%

How do we find the R.M.S. value of v?
We need to find an equation for v. Since v is a straight line it is of the
form

v=mt+c (*)

where m is the gradient and ¢ is the v intercept. What is the value of ¢ ?

b
(9.6) Area = L ydx

1
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From graph
c=4
What is the value of the gradient, m ?
m= _4 =-20
0.2
Hence substituting m = —20 and ¢ =4 into (¥) gives
v=4-20t

To find the R.M.S. value we use (9.8):
2 1 o2 2
(RM.S) :Ejo (4-20t)°dt
=s5[" 4 (1-5t)dt

taking out the
common factor

=5x47[ " (1-5t)

=80[ (110t + 25t )t
0 [N

expanding

2 3702
:8O{t—1c;t +2§[ } (Integrating )

0

:80{0.2—(&0.22){25 x30'23 H—[o]}

(RM.S)" =533
How do we find the R.M.S. value from this?
RM.S=4533=231V  (2dp)
3. Using (9.7) with a=0, b=n, y=i=1Isin(t)and dx =dt we have:

Mean value of i le” I 'sin(t)dt
T 0

|7 . .
:;L sin(t)dt (Taking Out 1)

- %[—cos(t)]z (Integrating )

-%%@-2&@]-5-@

T
=1 =1

21
Mean valueof i=— A
Vd

: : 2 e .
Using this result, the mean value of sin(r)=— A (substituting /=1 into the
Vs

above).

1 b
, RMS.) =—[ vy
9.8) (RM.S.) =c—| y'dx
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4. (i) If we sketch v =10sin(z) over the period of 0 to 27 then we have:

10

v=10sin( 7)

wla -
N
a

-10 +

It can be clearly seen that the mean (average) value of v =10sin(z) over
0to 27 1s OV.

(i) Similarly for v =10 cos(¢) we have:

10

v=10cos(7)

Il Il Il
n 2n n 4n 5n 2n t
3 3 3 3

-10

So the mean value is 0V
5. Using (9.7) with a=0, b=2x, y=vand dx =d(awt) gives

Mean value of v = L_[Z”Vsin(a)t)al (ar)
270
\Y

2r . .
==l sin(ot)d (wt) (Taking Out V)
V wt=27
=g[—cos(a)t)]

wt=0

(Integrating)

\Y \Y
- —E{cos (127z)—cos(O)J = _E[O] =0V
©9.7)

1 b
Mean value of y = —J. ydx
b—a’a
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6. Using (9.8) with a=0, b=27x, y =i =1Icos(t) gives

(s ) =5 [} (1 cos(t)

I 2 27
:ZJ'O cos’ (t)dt (*)
How do we integrate cos’(r) with respect to ¢?

Need to use

(4.67) cos?(t)= %[H cos(2t)]

The remaining evaluation is similar to EXAMPLE 12.
2z 2z 1
IO cos’ (t)dt = jo E[H cos(2t)]dt

- %J’:”[H cos(2t) Jdt [Taking Out %j

. 27
= i[t +&22t)} (Integrating )
0

= i(27[) =7
2
2z
Substituting _[ . cos’ (¢ )it = & into (¥) gives

|2

(iR.M.s.)2 —Z(”) >

. 12 Ji2
IR.M.S.:\/;:\/Ezﬁ

1 b
9.7 M 1 f y=—-—| ydx
(9.7 ean value of ¥ b—ajay

2 1 ¢,
(9.8) (RM.S) _EL y2dx
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7. Using (9.7) we have
1 g0 011
Mean value of v = 0.0 J.O 10(1— e )dt
_o lo(l—e“"lt o
1070

r 10

-0.1t
€

=t

-0.1
[SN—]
by (8.41) |o

[

—(-yo1)

r 10
=|t+ 10 e““}

0

— (10 +10g (040 ) - (o +10¢° j ~10+10e*-10=10e*
=1

Mean value of v =10¢"' =3.68V (2 d.p.)
To find the R.M.S. value we use (9.8):

(RM.S.) = % ["[10(1-e* )]Zdt
:10'[:0 [1— 2e7% 4 (et )z}dt (Expanding)

= 1OJ‘010 [1— 2001y o0 }dt

10
D0t N o2t
-0.1 -0.2

by (8.41) 0

~10{[10+20¢ *** 8¢ % ][0+ 206" - 5¢° |}

=10 t—

=10{[10+20e " ~5¢* | [15]|
(R.M.S.) =16.809
So the R.M.S. value

RM.S.=+/16.809 =4.10V (2 d.p.)

. . area . .
8. The mean value is defined as the m. The interval is 8 s and the
interv.

area consists of a rectangle (=010 ¢ = 3), a trapezium (t=310 t=5) and a
triangle (r=5 to r =38).
Rectangle area =6x3 =18 mAs

(8.41) j e mdt = e /k
9.7) M 1 fy—ijbydx
. ean value o b—a a

2 1 b,
(9.8) (RM.S) —ELy dx
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. 1
Trapezium area = 5(2 X6+10)=16 mAs

Triangle area = 3 (2_10) =—15mAs
Total area =18+16—-15=19 mA's
Mean value = % =2.38 mA (3s.f.)
9. The mean value of v is evaluated by (9.7):
Mean value of v == [ (@)sin(er)d(er) )
7T

How do we integrate this function?
Use integration by parts formula (8.45):
U= ot V' =sin(ot)

u'=1 V= Jsm wt)d (wt)=—cos(at)
I (t)sin(wt)d (at) =~ wtcos(at)] +J cos(wt)d (t)
=—[ wcos(z)-0]+[sin(at) ]0

= —[—71']+I:Sin (7)—sin (O)] =7

=0
Substituting this into (*) gives:

Mean value of v = l(7[) =1V
7T
To find the R.M.S. value we first obtain (R.M.S.)’:
(RM.S.) =—'[ [a)t sin a)t]d wt)

= ;IO (a)t) sin’ (a)t)d (a)t)
By using (4.68) we can rewrite sinz(a)t) as:
sin’ (ot :—[1 cos(2at) |
So we have
(RM.S.)’ :i[ [ () d(at)-[(ot)’ cos(20t) (a)t)} (*)
27[ 0 0
First integral on the right of (*) is straightforward but how do we find
[ (et) cos(20t)d () ?
Use integration by parts, (8.45):

u =(a)t)2 V' =cos(2wt)
du ~ _sin(2mt)
d(wt)_z(a)t) v—J'cos(Za)t)d(a)t)— >
(8.45) J.uv’dt :uv—ju’vdt

1 b
. =—| ydx
(9.7 Mean value of y P _L y
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Hence

[ (0t cos(2at)d (wt):[(a)t) sin(Za)t)} ) IHZ(a)t)sin(Za)t) i (ot)

2 0 2

0

= O—J.Oﬂ(a)t)sin (20t)d (ot)

J‘:(a)t)2 cos(2mt)d (wt) = —J‘:(a)t)sin (2at)d (at) (**)
Use integration by parts again:
u=wt V' =sin(2wt)
u'=1 V:J.Sin(Za)t)d(a)t):—%

Substituting into (¥*):

[ () cos(20t)d (at) = {_“’t Cosz(za’t)}” I COS(;“’t) d(at)

Evaluating the first integral of (*):

P 2 3 (a)t)3 ’ 3 P
jo (owt)d (a)t)—{T] =7

0
Substituting these evaluations into (*) gives:

3
(RM.S.)’ :i{”——f}
27| 3 2

3
RMS.= || % 7T |_118v
o7z 3 2

The form factor:

EEL

f =1.18
1

10. The mean value, M, of i between 0 to n/2 is given by:

M :ﬂi/zfoﬁ/zﬂlcos(a)t)d (ot) (*)

To find the integral we use Simpson's rule with 4 equal integrals:

hoF2_ 7
4 8
We establish a table of values:
wt 0 /8 2 78 378 4 78
cos(a)t) 1 0.961 0.841 0.619 0

Applying Simpson's rule
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jo”/z cos(awt)d (at) 78 [1+4 (0.961+0.619)+2(0.841)+0 |

”/ 71819 .002]

Substituting into (*)
7/8 9.002
9.002| |=———=0.75V
=72 [ [ ]} o (2 dp)
11. Very similar to EXAMPLE 14. Mean force is 3.86kN .

12. (1)
Shaded Area = [Area of rectangle]-[Area under y = x” between 0 and 1](*)

1
Area under y= x” between 0 and 1 = J.O x’dx

Hs
yenl 3], 3

Replacing this in (*) gives

Shaded Area = 1 _lzg
Area of reT:Gngle 3 3
x¥2 1
Gi) | x*dx = [ }
J. by o1y 3/2
2r 3 2 2
2] -2
(111)
y
il y=x
0.8;
0.6;
0.4; \
| 2
y=x
0.2;
o2 04 06 08 1 X

2

. 2 . . .
(1v) Results are the same, 3’ because x/* is the inverse function of x°, that

is x/* reflects x* in the line y= x. Hence the above shaded area and the
shaded area of part (i) are equal.



