Solutions 10

|Complete solutions to Miscellaneous Exercise 10

1.

Imaginary A )
3T * 7=2+]3

. 2
2= j -
N¢ e 714

t t + - Real
) -1 1 2
_ /}# ez=1-j
Z=-]
j !
31 . 222-j3

z is the reflection of z in the Real axis.
2. Writing each number into polar form.
(@) 1+ j=~/2.£45°

(1+)° =(V2245°)

10

= (V2)" £(10x45°) =32.2450° = j32

o) by (10.19)
(-1- i3)=22(-120°)
(-1~ 1¥3) =(2£(-120°))

2" £(7%(-120°))

il

by (10.19)
=27 £(~840°)
=2 /(-120°)=2°(2£(-120°)) = 2°(-1-j3)

from above
()
(cos(50)+ jsin(50)) = (cos(<9)+jsin(9))5
by (10.19)
.- 5
0 0
(cos( )+J.3|.n( ) :(cos(6’)+jsin(6?))4
(cos(8)+ jsin()) by (1019)
3. (a) Equating real and imaginary parts of
x+jy=e" = cos(8)-jsin(0)

cos(46)+ jsin(40)

{n

by (10.26)
gives
x=cos(#) and y=-sin(6)
(10.19) 2" =r"4néd

(10.26) e =cos(8)- jsin(0)
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(b) We have
1 1 1

1+e”  L+cos(6)+jsin(6) (1+cos(6))+ jsin(6)

by (10.25)

~ (1+cos(¢9))—Jsm(9) (1+cos(6))- jsin(0)
by (1013 (1+C03(g)) n”(6) " 1+2co0s(8)+cos? (8)+sin® ()
. 1+cos(0)- jsin(0) i
X hy= 2(1+cos(0))
Equating real and imaginary parts gives
_ l+cos() 1 sin(0)
" 2(L+cos(0)) 2" 7 2(L+cos(6))
4. (a)
J2ei4 = \/E[cos(%j+ jsin(%ﬂ
1 .1
by T;ZELE 1\/§|:ﬁ+ Jﬁ}
=%[1+ j]=1+] (Cancelling \/E's)
(b)

oo ) g

_ {ﬁ_jl}l[_@ﬂ-}

by TABLE 1 2 2 2
5. Let z= x + jy then z= x — jy (complex conjugate)
- . . 2 2 - 12 2
zz=(x+jy)(x—jy)=x"+y* =[x+ jy| =]z
6. Putting each force into rectangular form via calculator or otherwise,
F, =50£30°=43.30+ j25
F, =80£60° =40+ j69.28
F, =100£(-45°)=70.71- j70.71

Adding the forces gives
F,+F, +F, =154.01+ j23.57

Also 155.8./8.7°=154.01+ j23.57 so we have
F=(FR+F,+F)-155.828.7°=0

a+jb _(a+ jb)(c—jd)
c+jd  c?+d?
(10.19) 2" =r"«4né

(10.25) e’ =cos@+ jsind

(10.13)
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7.
=20
10+ j10
I, :M:11.94+ j22.46
5+ )8
|, = 28042807 5 834 j7.82
2+ ]9

Adding these together gives

Iy =12—-j12+11.94 + j22.46-24.83+ j7.82 = (—0.89+ j18.28) A
8. We have

i

|
=R+ j[a)L—ij
wC

Im(z):wL—i:O gives o° =
wC

Z:R+ja)L+_L:R+ja)L— becausei_z—j
JaC

J

Putting the imaginary part to zero

LC

1
Hence square rooting both sides gives the required result, @, = ﬁ
7 .n ; 12
7 -ig
9. Substituting z,, =600e * and z, =400e * into tanh(ﬂ_):(i] gives
) v2 . 0C
3 _if %
tanh(yL)= 400e — = (ge s J3J
600’z | @\
27 \/2
= ge_J%
3
V2 oz
2 3
by {02)\ 3
Eoa(5)- ()
=,[=| cos| = |- jsin| =
3 3 3
(10.26)
_ 2(1 B
using TABLE 1 \/— 2
2 . 1, .
1- jV3)=—=—(1- jv3)=—=(1- j"/3
- 1 1WB)= 1 1) (1 1)
r/Ar
10.18 ——=—Z(A-B
(10.18) o8 g (A B)
(10.26) e’ =cos(6)- jsin(0)
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10. We solve the quadratic equation s* +4s+ K = 0 by using the quadratic formula,

(1.16):
- - 4(4-K
R R N 3

-2+ [(F1)(K-4)

=2+ j(K-4)
Equating real and imaginary parts of o+ jo = -2+ j¥K -4 gives
oc=-2and w=vK-4

Thus we have

n

w2=az+w2:(—2)2+( K—4)2:4+K—4:K

Thus K =5 =25.
11. Substituting @ =10 yields
6, 1000
6, 200+ j20+ j?100
1000 50 50.£0°

200+ 20 guaging Tomeor 5+ 5.10/11.31°

and denominator
by 20

= 9.81/(-11.31°)

by (10.18)

Gain =9.81 and phase =-1131°

12. (a) We solve the quadratic equation 3z +2z+1= 0 by using the quadratic
formula, (1.16):

Z_—Zi\/4—12
6
— -8 - 4x (-2
18 1 VE(2) 1, V2
3 6 3 6 3 3

Evaluating the modulus

|z| = /1+Z<1
9 9

The poles lie within the unit circle so the system is stable.

(b)

z°+1=0 whichgives z°=-1s0z=-1
Thus [z|=1. A pole lies on the unit circle so the system is critically stable.

—b ++/b* —4ac
X=
(1.16) -
ZA
(10.18) AL /(A-B)

q£B ¢
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13.(i) Expanding the denominator gives
(s+1+j)(s+1-j)+10=5s’+25+2+10

We have s° +2s +12 =0, solving this by applying (1.16)

24+ ./4 - A/ —

Equating real and imaginary parts
o=-1and w=+11

(i) o, = \/m =12 rad/s

14.(i) Evaluating the gain and phase for each o by substituting the given values of :

w-1 T-—0 - 10207 0.995./(-5.71°)
10+j 10.05/5.71° u55s)

Gain =0.995 and phase =-5.71°

0=10; T= 10_ =0.707£(-45°)
10+ j10
IT|=0.707, arg(T)=-45°
0=100; T = L =0.0995/(—84.289°)
10+ j100

IT| =0.0995, arg(T)=—84.289°
(i1) Notice from part(i) that the gain decreases as o increases:
Gain 14

09+
0.8+
0.7+
0.6+
05+
0.4+
03+

0.2+

014

0 20 40 60 80 100
The phase increases as o increases:
_ —b++b*-4ac

2a

(1.16) X
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20 40 60 80 100
0 } } } 4 = o (rad /5s)
—10 ot

Phase |

15. Multiplying the numerator and denominator by X_ gives
LR

X.—R joC ~1-joCR

X.+R _1 +r 1+jeCR
jaC

A= w @ =1
|1+ JCOCR| using (10.15) \/]W

16. The equation 1—s® =0 gives s°=1.One rootis 1=1-0°, for the other roots,

add (3—20) =60° to each angle:

s, =120°, s, =1/60°, s, =1,120°, s, =1./180°, s, =1£240° and sy =1300°

{1

o

All the roots lie on the unit circle.

\’\L/ 1 ™Real

17. Multiplying the numerator and denominator of z by r:
,_dpor _ jpor(l- jkr)
1+ JKr oy 013 1+k?r?

_jporr— j? pakr®
C 1+kr?
_ paokr? i por
1+k?r*  “1+k%r?
The real and imaginary parts of z are given by

(10.13) a+ !b _(a+ sz)(cz_ jd)
c+jd c“+d

(10.15) la+ jb|=+/a’ +b?
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pakr? P
(2) 1+k°r? (2) 1+k°r?
18. By substituting z= x + jy we have

W=g+ jy =3(x+ jy)ej5

=3(x+ J'Y){COS(Q+ Jsin (%H

by (10.25)
1 .3
= 3(x+ jy){z-l-j?}
using TABLE 1
oy =3 x+ jefBrly - ﬁy]
2 because j>=—1
Equating real and imaginary parts gives

ﬂzg(x—\/gy) and WZ%(\@X+ y)

19. We apply the binomial theorem (2.6)
(cos(30) + jsin(30)) = (cos(6) + jsin(0))’

= cos® (6) +3cos? (6) jsin(6) +3cos(6)(jsin(6)) +(jsin(6))

=cos’(6)+3cos” () jsin(8)—3cos(8)sin?(0) - jsin®(0)

cos®(6)—3cos(0)sin’ (0) + j| 3cos® (6)sin () —sin* (6) ]
Equating real parts gives
cos(36) = cos® (8)—3cos(8)sin’(0)
Equating imaginary parts gives

sin(30) =3cos’ (#)sin (&) —sin’(0)

=3(1-sin’(0))sin(0)-sin®(6) =3sin (&) —4sin*(0)
20. (i) We have

= (cos(@) + jsin (6’)) —(COS(Q) - jSin(e))

by (10.21)
=2jsin(0)

(2.6) (a+b)'=Ca"+C, a"+C,,a" ’b’ +...+Cjb"

(10.19) 2" =r"(cos(n@)+ jsin(ng))

(10.21)

2" =r"(cos(nd)— jsin(no))
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(if) We have
1 _
Z3_?= 73_ 773

= cos(36) + jsin(36)—(cos(360) - jsin(36))
by (10.19) by (10.21)
=2jsin(36)

(iii) Similar to part(ii) (z — 1) 2jsin(50)

(iv) Applying the binomial theorem, (2.9), gives

5
(z—lj :zf’—52“1+1023 ! 1022i3+52i4—i5
z z z° Z 7tz
=z —i—52 +5 1 +10z 101

rearranging

(Z_ET:(zs_isj-s(zs_is}lo(z-ij )
z z z z

(v) Substituting the Right Hand Side of parts (i) , (ii) and (iii) for the corresponding
z's into (*) gives

(2jsin(@)) =(2jsin(56))-5(2jsin(36))+10(2jsin())

(2j) sin®(6) = J[sm (50)-5sin(36)+10sin(0) ]
sin®(0) = 2j [ sin(50)-5sin (36)+10sin(6) |
ffﬁ?f’s,zj

:%[sin(59)—53in(36’)+105in(9)]
21. Let c = cos(#) and s=sin(#), then by the Binomial theorem (2.6) we have
cos(460)+ jsin(460)=(c+ js)4 =c*+4c®( js)+6¢*( js)2 +4c( js)3 +(js)4
=c’ + j4c’s—6c%s® — jacs® +s*
Equating real parts gives
cos(46) = cos’ (8)—6cos? (&)sin*(0)+sin* (6)
Equating imaginary parts gives
sin(46) =4cos®(0)sin(0)—4cos(8)sin’(6)

(2.6) (a+b)' =Ca"+C, a"+C,,a" ’b’ +...+C/b"
(10.19) 2" =r"(cos(n@)+ jsin(ng))
(10.21) 2" =r"(cos(nd) - jsin(no))



