Solutions 15

|Complete solutions to Miscellaneous Exercise 15

1. We have

M = Kx+ Px(l—%j

oM

oM
X

2. We are given:

L
oM _ (1—1j—(a—x):a———a+x=x——
oP L
oM _K _Pa, ,_K-Pa ,
ox L L

3. We have

X 3AX°y® + By?,
OX

'O
To find oy we need

X x?
—=X|1l-— |=X——
oP ( Lj L

LALS K+P(1—3]= K+E(L—2x)
L L

Q(x, y)= ACy? +Bxy?
o°Q , 0°Q

x? b oxe

X 2Ax%y + 2Bxy
ay

5°Q

~=2AX’ + 2BX *)
7Q 0 a'Q
oy® oy’

Also the mixed partial derivative

o'Q o (620
oy°

oxX2oy? oxX:

4

Ox?
by (%

a'Q 2'Q

0
Substituting into +2

+
oxt T oxtoy? oyt
0+2(12AX)+0:24, Ax=0 unless x =0

=V*Q gives

Hence for x #0, Q is not an Airy stress function.

4. \We have
AP~ P AT + 2P Ay *)
aT N
We are given P = % . Finding the partial derivatives
JP R JP RT
=— and —=—-—-

T Vv N V2

= B6AXY*, —— =6AY?,

o° o
j— (2A%° +2Bx) = —(6AX* +2B) =12Ax
< OX

1
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The given percentage change can be written as
AT =-0.013T and AV =0.002V
Substituting into (*) gives
R RT
AP ~ V(—0.013T) —V—(O .002V')

F\‘/T( ~0.013-0.002) = P(~0.015)

The approximate change in P is a 1.5% decrease.
5. By (15.8) we have

AR~ ZR AL+ PR Ag *)
oL od
R:Z—IE:(:Ld‘2

JR _ ¢ JR _ 2cL

oL d? od - d®

AL =40.03L, Ad =+0.02d
Substituting into (*)

AR ~ d%(i0.0SL)+( ZdCLj(+o 02d)

cL

cL
dZ(

£0.03)- - (+0.04)

=F[J_ro.o3—(4_ro.o4)] =R(0.07)

The largest error is 7%.

6. By (15.8) we have
Ao =~ éAr @AI (*)
or ol
We are given

kr? )
o=—=krll?
|2

do_ 2kr do 2kr?
—— and —=——3
or | ol I
From the question we have
Ar =0.013r, Al =-0.006l
Substituting into (*) gives

Aa~2|—kr(0 o13r) - 2"

+—(~0.0086)

2kr

|2

2kr

2kr?

= —(0.013)+5—(0.006)

~—(0.013+0.006) = 25-(0.019) = 0.038c

The approximate change in o is an increase of 3.8%.
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7. Rearranging V gives

3
V =V, (1+%j —V, +V, X

N =3V, rixt =—
OX X

Substituting these into a gives

3 3
a=v Y _y, [1+r—3j[— T J
oX X X

r*y\( 1
=-3v/r® [HFJ(FJ

re L
1+? = 0 which gives x =—r

3v,re

4

For a=0 we have

8. We have
P :% L(’UX)_X
a | pcosh(ul)
JP _SA pcosh (ux) 1 __SA L cosh (x)
ox a | pcosh(ul) a cosh(uL)

Substituting this into q gives

_1oP _sAj, cosh(ux)
2 0x  2a|” cosh(uL)
9. Substituting x =0 into P = Acosh(ux)+Bsinh(ux)+a gives
P =Acosh(0)+Bsinh(0)+«
Putting P =0 gives

0= A+, hence A=—«
Also

% = pAsinh (ux)+ uB cosh (ux)

Substituting x =L and % =0 gives

0= uAsinh(uL)+ uBcosh(ul)
From above we have A=—-a so
pasinh (L) = uBcosh(ul)
_asinh(ul)
~ cosh(uL)
Substituting A= -« and B = atanh(uL) into P = Acosh(ux)+ Bsinh(ux)+ « yields
P =—acosh (ux)+atanh(uL)sinh(ux)+a

= o[ tanh (L )sinh (ux) —cosh (ux)+1]

= atanh(,uL)

10. We have
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Q=r?[ Acos(20)+Bsin(20)]

Z9) .
“==2r[ Acos(26)+Bsin(26
" r[ Acos(26)+Bsin(26) ]
2
Zr? = 2[ Acos(26)+Bsin(26) ]
Qo :
= [ -2Asin(26)+2Bcos(26) |
’Q : 2 :
pral [-4Acos(20)-4Bsin(20)]=—4r*[ Acos(26)+Bsin(20) ]
Also
o )
orée  or\ a0
:%[rz[—2Asin(29)+28cos(29)ﬂ

= 2r[ —2Asin(26)+2Bcos(26) |

Substituting the above into
1(0’9) 1(0%Q
o, =—|— |+
r\or) r*\ o6&

o, = %[Zr[Acos(ZH)Jr Bsin (20)]]+r—12[—4r2 [ Acos(260)+Bsin(26)]]

gives

=2Acos(20)+2Bsin(20)—-4Acos(20)-4Bsin(26)
o, =—2Acos(26)-2Bsin(20)
Substituting the above into
00
- or?

Oy

gives
o, = 2Acos(260)+2Bsin(26)

1(&2] 1( 72*Q
o= | T
r-\od) r\orde
gives

T, = riz[rz [-2Asin(260)+2B cos(2¢9):|]—%[2r[—2Asin (26)+2Bcos(20)]]

Substituting the above into

=—2Asin(20)+2Bcos(20) -2 ~2Asin(20)+ 2B cos(20) |
=—2Asin(260)+2Bcos(26)+4Asin(26)-4Bcos(26)
7,, = 2Asin(26)—2Bcos(26)

11. (a) We have
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u(x t)=e"*sin(x)

M —ke ™ sin(x)
ot
ou Kt
— =e “cos(x
ax (x)
o%u e
=—e " sin(x
O»‘)XZ ( )
a7 - :
Hence — = k—l: so u satisfies the heat equation.
ot X
(b) We have
u(x,t)=e"cos(x)
N _ e cos(x)
ot
ou ks
—=—e""sin(x
Ew (x)
AU "
=—e " Ccos(X
Of;XZ ( )
Hence
u_\
ot ox?
(c) We have

u(x, t)=e"[cos(x)+sin(x)]
=e “cos(x)+e " sin(x)
Result follows from (a) + (b).

(d) We have
u(x,t) =" [cos(ix)+sin(7x)]
Ju 21, ~—n2kt i
ke
=k [ cos(x) +sin(7x) ]
22— [=sin(x) + ncos ()]
2
gxlj =" [—n” cos(nx) —7°sin (7x)]
- —nze‘”zk‘ [cos(nx) +sin (UX)]
Hence M _y ou
ot ox?
12. Consider the triangle
0 ' Z !

|
h P A h
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From (4.6)
Op = xtan(0)

X
By (4.8) we have h=——¢= xsec(0)

0s(6)
Area of triangle = X[ xtan(8) ] =x*tan(8)
Area of the rectangle = Ixsec(&)

Total surface area

A= (Area of two triangles)+ (Area of two rectangles)

A=2x"tan(6)+2lxsec(0)
The volume is 1m® so we have

1=(Area of triangle)x(1)

1=x*Itan(0)
1
=~
x* tan () (1)
Substituting for | into the equation for A:
A=2x"tan(6)+ 2sec(0) =2x"tan(6)+ _2
xtan(0) xsin(0)

For minimum surface area

oA 2

—=4xtan(0)-—————

OX xtan(0) x*sin(0)

A oy se? (0)- 20.032(0)

9 xsin’(0)
We equate these to zero. From the first equation we have

2
4dxtan(6)— =0
xtan (0) x*sin(0)
el 1 _ 1 _ cos(0) *)
2sin(6)tan(8) ZSin(Q){sin(e)} 2sin? ()
cos(0)
(4.6) Opp =adj x tan(8)
adj

(4.8) hyp = —=3

cos(0)
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From the second equation we have

2% secz(e)—fsc%z((?):o
s cos(@)  cos’(6)

= sin?(@)sec? ()  sin’(0) )

Equating (*) and (**) gives

cos’(0)==, cos(6)=

N |-

1
J2
6 =cos™ (ij = 45°
V2

SR

x=(2%)" =2 -0801m

1 1
—— gives l=—————=23=1260m
x* tan (6) GIVeS == 5 an (45°)
Check that these values give minimum by using MAPLE or any other symbolic
manipulator.

Substituting into (*)

Substituting in | =

13. We have
>P:=(R*T)/(V-b)*exp(-a/(R*V*T));

wvr)

RTe
PET Ve
>t eqn:=diff(P,V);
nd ) el

f egn:= +
q (V-b)?  (V-b)V?
>s_eqn:=diff(P,V,V);
a a a a
RTe( RVTJ 2ae[ RVT] 2ae( RVT] aze( RVT)
- - +
(V=b)®  (V-b)’V*  (V-b)V® ~(V-b)V‘RT

s egn:=2

>rt:=solve({f_egn=0,s eqn=0},{a,b});
rt::{b:;V, a=2RVT}

14. We have
> P:=R*T/(V-b)-a/(V*(V+b)*T"0_.5);
_ RT a

T V-b v (V+b)TO®

>f eqgn:=diff(P,V);
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__RT a . a
(V-b)?> V2(V+b)T% V(V+b)*T%®

>s_eqn:=diff(P,V,V);
RT 2a 22 2a

(V-b)® VE(V+D)TS VE(V+D)2TO Vv (V+b)°TO®

>rt:={solve({f_eqn=0,s _eqgn=0},{a,b})};
rt:= {{a = (-0.1412203503 + 0.09453533367 )R TV,

b= (-1.629960525 — 1.091123636 1) V'}, {b = (-1.629960525 + 1.091123636 1) V/,
a = (-0.1412203503 — 009453533367 )R T2V},
{a=1.282440701 RT"” v, b= 0.2599210499 V}}

>%[3];

f eqgn:=

s eqn:=2

(3/2)

{a=1.282440701RT "V, b=0.2599210499 V }



