Solutions 2(f) 1

Complete Solutions to Exercise 2f
1. (a) Pascal's triangle with » = 6 gives the coefficients 1, 6, 15, 20, 15, 6

and 1. Hence
(x+1)° = x° +6x° +15x* +20x° +15x* + 6x +1
(b) We have the same coefficients as part (a) but the index of a decreases
by 1 and index of b increases by 1.
(a+b)’ =a’ +6a’h +15a"0 +20a’h’ +154°b" + 6ab’ + b°
(c) How do we expand (1— x)6 ?
By applying (2.6) (a+b)"=C,a"+C,,a"'h+C, ,a" %> +---+C,b" with a=1 and b=—x.

What are the coefficients C equal to?
By using Pascal’s triangle for n=6 which is 1, 6, 15, 20, 15, 6 and 1:

(1-x)° =L+ [Bx(=x) ]+ [15x(—x)" |+ 20x(~x)" |+[15%(~x)'
+[6x(_x)s]+(_x)6

=1-6x+15x* —20x* +15x" —6x° +x°  [Simplifying]

2. (a) With n = 4 we have the coefficients 1, 4, 6, 4 and 1, (see Pascal's
triangle chapter 2). Using (2.6) with a =5, b = xand n = 4 gives:
(5+x)" = 5“+(4><53 ><x)+(6><52 ><x2)+(4><5><x3)+;|:4
=625+ 500x + 150x” +20x” + x*
= x* +20x* +150x? + 500x + 625

(b) With n =5 we have the coefficients 1, 5, 10, 10, 5 and 1. Hence
(2 +3x) =2° +[5 x 2% x 3x]+ [10 x 2’ x (3x)2]+ [10 x 2% x (3x)3]+[5 x 2 X (’.”Jt:)‘L]+(3x)5

=324 [5%2* x3]x +[10% 27 x32[x* +[10x 2 x 3 |¢* + [5x 2 x3%]x* +3°°

=32+ 240x + 720x” + 1080x° +810x" + 243 x”
(c) The coefficients for n =6 are 1, 6, 15, 20, 15, 6 and 1. Using (2.6) with

a=4 and b = -3x gives:

(4-3x)" =[4+(-3x)]°

=4° +[6 x4 x (Bx)]+[15% 4* x (3x)*1+[20 x 4* x (-3x)°]

+[15%x 4% x (-3x)*1+ [6x 4% (-3x)"] + (-3x)°
= 4096 +[6 x4° x (B)|x + [15x4* x (=3)°1x” +[20 x4’ x (3)’ 1’
+[15x 4% x (-3)*Ix* +[6 x 4% (3)"Ix” +(-3)°x°
= 4096 —18432x + 34560x> —34560x° +19440x"* — 5832x° + 729x°
This can be rewritten as
(4 —3x)° = 729x° - 5832x° +19440x* - 34560x° + 34560x" - 18432 + 4096

(d) How do we expand (2x—y)'?
The coefficients for n=4 is 1, 4, 6, 4 and 1. We use the formula
(26) (a+b)'=C,a"+C,,a"'b+C, ,a" % +--+C,b"
with a=2x and b=-y.
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(2x—y)" =(2%)" +4(2%)* (~y) +6(2x)* (=y)" +4(2x)(-y)* +(~-y)"
-tox a{-80y)o(ar'y o4 -207)
=16x" ~32xy +24x”y* ~8xy’ + y*

(e) This is more challenging because of the 1 term inside the brackets. Using (2.6) with
X

n =5 which gives the coefficients 1, 5, 10, 10, 5 and 1. We substitute a=x and b= 1 into
X

the formula
(26) (a+b)'=C,a"+C,,a"'b+C,,a" %> +---+Cgb"

which gives
5 2 3 4 5
(x+£} :x5+5x4(1j+10x3(£j +10x2(lj +5x(£j +(1J
X X X X X X

=x° +5x* +10x° (iz} +10x° (%) +5x(i4j +i5
X X X X

:x5+5x3+10x+9+%+i5 [Cancelling]
x x¥ X

(F) Similarly we have

3 o2 (2]

:x“—4x2+6—iz+i4 [Simplifying]
x* X

(9) Using the (2.6) formula with n=7. Pascal’s triangle for n=7 is 1, 7, 21, 35, 35, 21, 7
and 1. Of course these are the coefficients C’s in formula (2.6):

(26) (a+b)'=C,a"+C,,a"+C,,a"’b’+--+Cxb"

What are the values of a and b in this case?

a=1 and b = x*. We have

(14x2) =14+ 75 +21(x?) +35(x%) +35(x?) +21(x2) +7(x) +(x?)

= 1+ 7x% +21x* +35%° + 35x% + 21 + 7x* + x*

Using the rules
n
of indices (a"‘) =am

7

3. Putting 2 =10 into (1+x)"" gives (1 + x) . Since Pascal's triangle, only
goes up to 7, we have to extend this to 9:
n="7 1 7 21 35 35 21 7 1
n=_8 1 8 28 56 70 56 28 8 1
n=9 1 9 36 84 126 126 84 36 9 1

The coefficients for an index of 9 is the last row:

(1+x)" =1+ 9x+36x> +84x> +126x" + 126x° +84x° +36x” +9x° + x°
Since Pascal's triangle is symmetrical we only need to determine the

coefficients up to and including the term x*.
The amplitudes are given by 1,9,36,84 and 126.
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4. The coefﬁcients for n=7 are 1, 7, 21, 35, 35 21, 7 and 1. Hence we have
fﬁ_f) (W) +7(W) (_ x) ol )( X) +35KW) e x) N SKW) (_2)4

\273) "\ \q) \4/\ \4) \ 4/ \ 3
(w\?(_ AW\ _Z {_5_7
+21(7) (- 3) 1IN 3) -3)
w? _wo(-x) w?(-x)’ - wh(-x) W (—x)*
syt P T P T
+21W‘(—) S W= ~x)° NG x)’

43° " 4(3) 37
w’  Tw'x 7w x> 35w x° 35w’x _Tw x° . Twx® X
16384 12288 3072 6912 5184 1296 2916 2187




