Solutions 6(g)

|Complete solutions to Exercise 6(g)

d, , ] dy
1. (@) —(x =4)gives 2Xx+ 2y—=0
()dx( +y' =4)g + 2y

; X

y

oy =2

ydx X

dy -2x X i

- __£-__Z ded 0
X~ 2y » (provided y #0)

(b) dix(x?’ +y°—2x=3)gives
3x? +3y2ﬂ—2 =0
dx

3y2ﬂ =2-3x
dx

dy 2-3x? .
— = rovided 0
. R G & . .
(c) Differentiating 2 +E =1 with respect to x gives
%4_&% — 0
4 16 dx
y dy X N .
——=—— Simplifying Fraction
8 dx 2 [ plifying ]
dy 8x 4x .
—=——=—— rovided y =0
dx 2y y (p y )
(d) Differentiating x* + y* —4x — 6y = —12 with respect to x gives
2x+2yﬂ—4—6ﬂ:0
dx dx

dy
2y—6)—=L=4-2
(y )dx X

dy 4-2x _ 2(2-x) 2-x
dx 2y-6 2(y-3) y-3

(provided y -3 0)
2. (a) We need to find i(x2 +y* - xy’ =5).
dx

dy d, ,
2X+ 2y— —— =0
x+2y - -— (9°) ()
How do we differentiate xy*?
Use the product rule (6.31) because xy” = x x y°:
u=x v=y’
dy
u =1 V' =2y—
y dx
Substituting these into (6.31) gives
d 2 2 dy 2 dy
— =1 2y—= =y +2xy—
dx(Xy) yox ydx Y Xydx

(6.31) (uv) =u'v+uv
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Substituting this result into (1) gives
2x+2yOly y° —2xyﬂ:0

dx dx
(2y—2xy)g—y =y?-2x (Collecting like terms)
X
dy y*-2x L
— = Dividing by 2y—-2xy #0
dx 2y-—2xy ( Iy ey d )

(b) To find i(cos(x2 +y)-2xy = O), we split this up into 2 halves:
dx

a 2 _ sin(x? Y- ot I lgin(x?
dx[cos(x +y)}by(_6720) sm(x +y).[2x+dx}_ [2x+dx}sm(x +y)
d dy
—(2xy) = 2y+2x—
dx( y)by(?,gl) y dx
Collecting these gives ( .
9 eos(x? ol ﬂ) in(x? ﬂ)_
- [cos(x +y)—2xy_0]_ _K2X+dx sin(x +y)—K2y+2de =0

Combining the % terms:

—%[sin(x2 +y)+ ZX} = 2xsin(x* +y)+2y

ﬂ__ZXSiI‘I(X2+y)+2y _ o
v Zxrsin( 1) (prowded 2x+sin(x +y)¢0)

(c) % ﬂn(y) =In(x—1)— In(xz)] is found by using (6.18):

1dy_ 1, 1,

m :XT.l— v
ot S

(d) We need to find %[In(xy)JrZy =0]. What is %[In(xy)] equal to?
Need to use (6.18)

d 1 d

ar - 9

& [0y 2 ()

:i(l.y+xﬂj:l+id—y=£+iﬂ [Cancelling]
dx) xy xydx x ydx

Xy
by (6.31) with
u=x and v=y
d 1du
6.18 —l =——
( ) ddx [n(u)] u dx ’
(6.20) ™ [cos(u)]=—sin(u )d_::

(6.31) (uv) =u'v+uv
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d dy
Also —[2y]=2—.We have
dx[ y] dx

X ydx dx

Collecting the dy terms:
dx
(24_1)&:—&
y ) dx X

2y+1)dy _ 1
y dx X
dy y i
o wyy (Providedx(2y+1)20)

.. d
e) We need to find — ("™ +sin(x)=0).
(e) dx( +sin(x) = 0)

Differentiating the power x + y with respect to x gives 1+%. Thus

d X+ X+ d d u u d
&(e )=e y(“d_ij [By &(e )=e _u}

dx
Hence differentiating gives:

(1 +%)e“y +cos(x)=0

[1+ﬂj oSy _ —e ) cos(x)

dx e*”’

dy _ a(x+y) _ —(x+y)
ol cos(x)—l——[1+e cos(x)}
3. (i) For a=4 we have

x>+ y>—12xy =0
Differentiating this gives

dy dy
3X*+3y* L -12| (1) y+x—-=|=0
y dx {( )Y dx}

By Product Rule

[3y2 —12x}j—y =12y —3x?
X
dy 12y-3x° _ 3(4y—x2) _4y-x?
dx 3y?-12x 3(y* - 4x) y?—4x
(it) Similarly we can show that for a general a we have

dy ay-x°
dx y*—ax
d du
el k n)_ k n—l_
(6.15) dx( u" ) =nku —
d du
(6.22) a[sec(u)]:sec(u)tan(u)—

dt
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4. Let y=10". Taking logs: In(y)=In(10")

by

xIn(10)

Rl

13)
Differentiating:
1dy
y dx

%_ym(m) 10*In(10) [Substltutlng y= 10X]

=1In(10)

5. (a) We have y= x". Taking logs,
In(y) In( sm x)) (*)

= sin(x)In(x)

by (5.13)

We use the product rule (6.31) to find dix [sin(x)In(x)].
u=sin(x) v=In(x)
u’ = cos(Xx) V' = L

X
%[Sm(x)m(x)] = cos(x).In(x) +sin (x).
Hence differentiating (*):

1dy sm(x)

; vl = cos(x).In(x)+ ——=

%: y{cos(x).ln(x)ﬂLW} (Multiplying by y)

— xSl {In( )- cos(x)+%} (Substltutlng y=x" X))
(b) Taking logs of y = (x2 +1)]l2(3x +1)"° gives
In(y)= In[(x2 +1)]/2(3x+1)]/3}

= In (x2 +1)]/2 + In(3x+1)]/3

by (5.11)
In(y) :%In (x? +1)+%In (3x+1) [By (5.13)]
Differentiating this:

ldy (1 2x d 1 du

By —[In(u)]==

y dx (2x2+j (33x+1) { y dx[n(u)] udx}
1

X . ip -
T [Simplifying]

dy X 1 2 L\Y2 y3| X 1
dx y(x2+l+3x+1j (X " ) (3x+1) {x2+1+3x+1}

(5.11) In(AB)=In(A)+ In(B)
(5.13) In(A")=nin(A) (6.31) (uv) =u'v+uv
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(c) Similarly to (b) we have
1, 1 1 .,
In(y)_EIn(x +1)+§In(3x+1)—gln(x -2)
Differentiating gives
ldy  x L1t 4x°
ydx x*+1 3x+1 5x*'-2

12 13
x> +1) " (3x+1 3
d_y=( +1) (]/:) 2X LA (Substituting for y)
dx (x*-2) X" +1 3x+1 5(x*-2)
()

(d) Taking logs of y=e" 7 gives

In(y):ln(exx):xxll(ﬂ: X"

By EXAMPLE 35, differentiating x* gives x* [In(x) +1]. Hence
1dy

7o =x*[In(x)+1]
d X«
d—§:e< Ix [In(x)+1]

(e) Taking logs of y = x®) gives

In(y) = In(xXx ): x*In(x)
How do we differentiate In(y) = x" In(x)?
Use the product rule on x* In(x)

u=x" v=In(x)

u’:xx[ln(x)+1] v’:;

%[xxIn(x)]:xx[ln(x)+1]In( +X == [[In ]2+In(x)+§} [Factorizing]

Hence we have

%[In(y)]:xx{[ln(x)]z+ln(x)+ﬂ
i—y—xl [In(x ]+x|n +1]
y d

X
% = yxx‘l[x[ln (x ]2 + xln(x)+1}

X “[ [In(x :|+xln +1J:x(xx)+x1[x[ln(x)]2+xln(x)+l}



