Chapter 4

Background information for all exercises:

· Today’s date is 6 December 20X1, and today’s dealings in the gilt-edged market are for settlement on 7 December 20X1.

· Mr Short is the manager of a bond fund which is allowed to invest only in (a) UK government bonds with a remaining life of not more than five years, and (b) bank deposits with a term of not more than six months.

· The following are the only outstanding conventional sterling UK government bonds with a remaining life of five years or less:

	Issue
	Coupon
	Clean price
	Final Maturity

	A
	5%
	100.7371
	7 June 20X2

	B
	8%
	103.6482
	7 December 20X2

	C
	6.75%
	102.8990
	7 June 20X3

	D
	9.5%
	108.5480
	7 December 20X3

	E
	4%
	97.1646
	7 June 20X4

	F
	9%
	110.1537
	7 December 20X4

	G
	4%
	96.1032

	7 June 20X5

	H
	15%
	135.1373
	7 December 20X5

	J
	2%
	87.5030
	7 June 20X6

	K
	15%
	143.2368
	7 December 20X6


Solution to Exercise 1

This is a conventional bootstrapping exercise and uses the technique explained on pp110-112.  We shall use the notation rx to denote the zero-coupon (spot) interest rate for the period ending on the final maturity of bond issue x.

Spot rate for 7 June 20X2 = rA
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Spot rate for 7 December 20X2 = rB
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Solving for rB:
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Spot rate for 7 June 20X3 = rC
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The remaining spot rates are calculated by the same method, that is:

· The numerator of the expression on the right hand side is the final nominal cash flow of the bond.

· The denominator is the present value of the final nominal cash flow, being the present value of the entire bond (i.e. its current price) minus the present values of the intermediate coupons, each discounted at the applicable spot rate.

· The root corresponds to the number of half-yearly discounting periods to final maturity.

This gives the following annual-equivalent spot rates for the maturity dates of the ten issues:

	7-Jun-X2
	3.50%

	7-Dec-X2
	4.25%

	7-Jun-X3
	4.75%

	7-Dec-X3
	5.00%

	7-Jun-X4
	5.25%

	7-Dec-X4
	5.35%

	7-Jun-X5
	5.25%

	7-Dec-X5
	5.20%

	7-Jun-X6
	5.15%

	7-Dec-X6
	5.10%


Solution to Exercise 2
The formula is given on p118

The forward rate for the period 7 June 20X2 to 7 December 20X2 is:
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The forward rate for the period 7 December 20X2 to 7 June 20X3 is:
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The forward rate for the period 7 June 20X3 to 7 December 20X3 is:
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The remaining forward rates are calculated in the same way.  Here is the final table:

	6 months commencing
	Forward rate

	7-Jun-X2
	5.00%

	
	

	7-Dec-X2
	5.75%

	7-Jun-X3
	5.75%

	7-Dec-X3
	6.25%

	7-Jun-X4
	5.85%

	7-Dec-X4
	4.65%

	7-Jun-X5
	4.85%

	7-Dec-X5
	4.75%

	7-Jun-X6
	4.65%


Solution to Exercise 3

Interest and redemption yields are as follows (redemption yields have to be calculated by means of the IRR function within Excel or by using the equivalent functions on a calculator)

	Issue
	
	Yield

	Maturity
	Coupon
	Price
	Interest
	Redemption

	7-Jun-X2
	5.00%
	100.7371
	4.9634%
	3.5000%

	7-Dec-X2
	8.00%
	103.6482
	7.7184%
	4.2400%

	7-Jun-X3
	6.75%
	102.8990
	6.5598%
	4.7525%

	7-Dec-X3
	9.50%
	108.5480
	8.7519%
	4.8579%

	7-Jun-X4
	4.00%
	97.1646
	4.1167%
	5.2246%

	7-Dec-X4
	9.00%
	110.1537
	8.1704%
	5.2950%

	7-Jun-X5
	4.00%
	96.1032
	4.1622%
	5.2329%

	7-Dec-X5
	15.00%
	135.1373
	11.0998%
	5.1646%

	7-Jun-X6
	2.00%
	87.5030
	2.2856%
	5.1465%

	7-Dec-X6
	15.00%
	143.2368
	10.4722%
	5.0950%


The following table shows how the cash flows of each issue, when discounted at the appropriate yield-to-maturity, add up to the present value or price of the issue: 

	Issue
	Redemption Yield
	Number of semi-annual discounting periods
	

	Maturity
	Coupon
	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	Total PV

	7-Jun-X2
	5.00%
	3.5000%
	100.7371
	
	
	
	
	
	
	
	
	
	100.7371

	7-Dec-X2
	8.00%
	4.2355%
	3.9170
	99.7312
	
	
	
	
	
	
	
	
	103.6482

	7-Jun-X3
	6.75%
	4.7253%
	3.2971
	3.2210
	96.3809
	
	
	
	
	
	
	
	102.8990

	7-Dec-X3
	9.50%
	4.9579%
	4.6351
	4.5230
	4.4136
	94.9764
	
	
	
	
	
	
	108.5480

	7-Jun-X4
	4.00%
	5.2246%
	1.9491
	1.8995
	1.8511
	1.8040
	89.6610
	
	
	
	
	
	97.1646

	7-Dec-X4
	9.00%
	5.2950%
	4.3839
	4.2709
	4.1607
	4.0534
	3.9489
	89.3359
	
	
	
	
	110.1537

	7-Jun-X5
	4.00%
	5.2329%
	1.9490
	1.8993
	1.8509
	1.8037
	1.7577
	1.7129
	85.1297
	
	
	
	96.1032

	7-Dec-X5
	15.00%
	5.1646%
	7.3112
	7.1272
	6.9477
	6.7729
	6.6024
	6.4362
	6.2741
	87.6657
	
	
	135.1373

	7-Jun-X6
	2.00%
	5.1465%
	0.9749
	0.9505
	0.9266
	0.9034
	0.8807
	0.8586
	0.8371
	0.8161
	80.3552
	
	87.5030

	7-Dec-X6
	15.00%
	5.0953%
	7.3137
	7.1320
	6.9548
	6.7820
	6.6135
	6.4492
	6.2890
	6.1328
	5.9804
	83.5895
	143.2368


Solution to Exercise 4

Graph of zero-coupon (spot) rates against implied forward rates.
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The implied forward rates rise for the next two years, initially quite steeply (from their current level of 3.50% to 5.00% in the next six months) and then more gradually (by a further 1.25% over the following eighteen months), before falling steeply and then leveling out.

Solution to Exercise 5  
Graph of zero-coupon (spot) rates, implied forward rates and redemption yields.
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One interesting feature of this graph is the fact that for the higher-coupon issues D and F the redemption yields are visibly below the spot rates for the same maturities.  This is because a higher proportion of their total cash flows (the intermediate coupons) have been discounted at the significantly lower spot rates for the short-term maturities.  The same effect cannot be observed for the longer-dated high-coupon issues H and K, because their intermediate coupons have been discounted sat a mixture of spot rates, some lying below and some lying above the spot rate for the final maturity.  

Solution to Exercise 6

Under the pure expectations theory, the forward rates calculated in the earlier exercises are the best available unbiased estimates of market expectations of future 6-month rates.

Solution to Exercise 7

Refer to Example 4.3 on p120.

Under the liquidity premium and inflation premium theories, current spot rates incorporate not only the market’s expectations of future spot rates but also additional premia for:

· The loss of liquidity incurred when a lender agrees to commit funds for a longer period; and 

· The increased uncertainty of future inflation rates

As a result, the forward rates implied by current spot rates are likely to be overestimates of market expectations of future spot rates.

Under the preferred habitat (market segmentation) theory, a possible reason for the humped shape of the yield curve is that there is excess demand for very short-dated issues, perhaps fuelled by banks’ need for high-quality liquid assets with little price risk.  It is difficult to comment on the longer-end of the five-year segment of the yield curve for which we have information here, without knowing its shape beyond the five-year horizon.  One possibility is that there is excess demand for longer-dated issues (perhaps driven by pension funds’ need to match their long-term payment liabilities.  Additionally the implied forward rate for December 2004 seems to be out of line with the rest of the issues: this could be because the issue maturing in June 2005 (Issue G) is temporarily mispriced: or it could be a small issue and tightly held by a few investors, leading to excess demand for it.

Solution to Exercise 8
As explained on p131, the simple (Macaulay’s) duration is the weighted average time to maturity of the bond’s cash flows, weighted according to their present values.

Modified duration is equal to Macaulay’s duration divided by (1 + r), where r is the redemption yield, but we have to remember that gilt yields are semi-annual, so the modified duration of Issue F is
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This can of course be written in simplified form as
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The calculation is as follows:

	
	Number of semi-annual discounting periods
	
	

	
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	
	

	Issue
	
	
	
	
	
	
	
	
	
	
	Macaulay Duration
	Modified Duration

	A
	100.7371
	
	
	
	
	
	
	
	
	
	0.5000
	0.4914

	B
	3.9170
	199.4623
	
	
	
	
	
	
	
	
	0.9811
	0.9608

	C
	3.2971
	6.4420
	289.1427
	
	
	
	
	
	
	
	1.4523
	1.4188

	D
	4.6351
	9.0460
	13.2407
	379.9054
	
	
	
	
	
	
	1.8740
	1.8286

	E
	1.9491
	3.7989
	5.5533
	7.2159
	448.3048
	
	
	
	
	
	2.4022
	2.3411

	F
	4.3839
	8.5417
	12.4821
	16.2136
	19.7443
	536.0156
	
	
	
	
	2.7116
	2.6416

	G
	1.9490
	3.7986
	5.5526
	7.2148
	8.7885
	10.2773
	595.9081
	
	
	
	3.2959
	3.2118

	H
	7.3112
	14.2543
	20.8432
	27.0914
	33.0118
	38.6170
	43.9190
	701.3253
	
	
	3.2795
	3.1970

	J
	0.9749
	1.9009
	2.7798
	3.6135
	4.4035
	5.1517
	5.8595
	6.5286
	723.1969
	
	4.3108
	4.2026

	K
	7.3137
	14.2640
	20.8644
	27.1280
	33.0676
	38.6953
	44.0230
	49.0620
	53.8236
	835.8946
	3.9240
	3.8266


Checking our result for Issue J, which currently has a redemption yield of 5.1465% pa, modified duration suggests that the loss in value for a 1% pa increase in yield would be:



[image: image12.wmf](

)

dr

P

r

D

dP

´

´

+

-

=

1




[image: image13.wmf]6774

.

3

01

.

0

5030

.

87

2026

.

4

-

=

´

´

-

=

dP

dP




So the new price would be 87.5030 – 3.6774 = 83.8256.

Calculating the new price with full accuracy (i.e. discounting the cash flows at the new yield rate) gives an actual price of 83.9124.  As we would expect, the duration ‘shortcut’ has slightly overestimated the loss because it ignores the bond’s convexity.  If we had not remembered to semi-annualise the calculation of modified duration, we would have calculated the latter as 4.3108/1.051465 = 4.0998.  This would have led us to underestimate the change in price, which cannot be right.

Solution to Exercise 9 (a)

We could calculate new spot rates for all the relevant maturities, but this is not actually necessary.  We could take a shortcut by using discount factors instead.  The discount factor is the value of the expression 
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which converts the nominal value of a cash flow expected to occur t periods from the present to a present value, discounted at the periodic rate rt.  Using the standard mathematics for the relationship between current and forward rates (see, for example, the solution to Exercise 2), we can expand the denominator into the form
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where 
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 the forward rate for the first forward period etc.

In the base case scenario, the current and forward 6-month rates are as follows:

	
	6 months commencing
	Current/

Forward rate

	1
	7-Dec-X1
	3.50%

	2
	7-Jun-X2
	5.00%

	3
	7-Dec-X2
	5.75%

	4
	7-Jun-X3
	5.75%

	5
	7-Dec-X3
	6.25%

	6
	7-Jun-X4
	5.85%

	7
	7-Dec-X4
	4.65%

	8
	7-Jun-X5
	4.85%

	9
	7-Dec-X5
	4.75%

	10
	7-Jun-X6
	4.65%


In Scenario A, they increase as follows:

	6 months commencing
	Current/

Forward rate

	1
	7-Dec-X1
	4.50%

	2
	7-Jun-X2
	6.00%

	3
	7-Dec-X2
	6.75%

	4
	7-Jun-X3
	6.75%

	5
	7-Dec-X3
	7.25%

	6
	7-Jun-X4
	6.85%

	7
	7-Dec-X4
	5.65%

	8
	7-Jun-X5
	5.85%

	9
	7-Dec-X5
	5.75%

	10
	7-Jun-X6
	5.65%


For illustration purposes, the calculation of the new 2-year (i.e. 4-half-year) discount factor DF4 is shown below.  Note that – as always when we are dealing with UK gilts – the calculation is carried out in terms of half-yearly discounting periods.
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The full table of relevant discount factors under Scenarios A and B is as follows:

	
	
	Discount Factors

	Maturity Date
	Period(s) to Maturity
	Scenario A
	Scenario B
	

	7-Jun-X2
	1
	0.9780
	0.9592
	

	7-Dec-X2
	2
	0.9495
	0.9103
	

	7-Jun-X3
	3
	0.9185
	0.8638
	

	7-Dec-X3
	4
	0.8885
	0.8178
	

	7-Jun-X4
	5
	0.8574
	0.7757
	

	7-Dec-X4
	6
	0.8290
	0.7400
	

	7-Jun-X5
	7
	0.8062
	0.7053
	

	7-Dec-X5
	8
	0.7833
	0.6725
	

	7-Jun-X6
	9
	0.7614
	0.6416
	

	7-Dec-X6
	10
	0.7405
	0.6416


New values and percentage changes in values for all issues under Scenarios A and B are shown in the following tables.

Scenario A: Calculation of (a) present values of cash flows, (b) value of issues and (c) change in value of issues

	
	
	Present values of future cash flows

	
	Discount Factor
	A
	B
	C
	D
	E
	F
	G
	H
	J
	K

	
	
	5.00%
	8.00%
	6.75%
	9.50%
	4.00%
	9.00%
	4.00%
	15.00%
	2.00%
	15.00%

	1
	0.9780
	100.2445
	3.9120
	3.3007
	4.6455
	1.9560
	4.4010
	1.9560
	7.3350
	0.9780
	7.3350

	2
	0.9495
	
	98.7477
	3.2046
	4.5101
	1.8990
	4.2727
	1.8990
	7.1212
	0.9495
	7.1212

	3
	0.9185
	
	
	94.9480
	4.3628
	1.8370
	4.1332
	1.8370
	6.8886
	0.9185
	6.8886

	4
	0.8885
	
	
	
	93.0690
	1.7770
	3.9982
	1.7770
	6.6636
	0.8885
	6.6636

	5
	0.8574
	
	
	
	
	87.4541
	3.8583
	1.7148
	6.4305
	0.8574
	6.4305

	6
	0.8290
	
	
	
	
	
	86.6302
	1.6580
	6.2175
	0.8290
	6.2175

	7
	0.8062
	
	
	
	
	
	
	82.2341
	6.0466
	0.8062
	6.0466

	8
	0.7833
	
	
	
	
	
	
	
	84.2052
	0.7833
	5.8748

	9
	0.7614
	
	
	
	
	
	
	
	
	76.9026
	5.7106

	10
	0.7405
	
	
	
	
	
	
	
	
	
	79.6028

	
	
	
	
	
	
	
	
	
	
	
	

	Value under Scenario A
	100.2445
	102.6597
	101.4533
	106.5873
	94.9231
	107.2935
	93.0758
	130.9082
	83.9130
	137.8912

	Value under Base Case 
	100.7371
	103.6482
	102.899
	108.548
	97.1646
	110.1537
	96.1032
	135.1373
	87.503
	143.2368

	Change in value
	-0.49%
	-0.95%
	-1.40%
	-1.81%
	-2.31%
	-2.60%
	-3.15%
	-3.13%
	-4.10%
	-3.73%


Scenario B: Calculation of (a) present values of cash flows, (b) value of issues and (c) change in value of issues

	
	
	Present values of future cash flows

	
	Discount Factor
	A
	B
	C
	D
	E
	F
	G
	H
	J
	K

	
	
	5.00%
	8.00%
	6.75%
	9.50%
	4.00%
	9.00%
	4.00%
	15.00%
	2.00%
	15.00%

	1
	0.9592
	98.3213
	3.8369
	3.2374
	4.5564
	1.9185
	4.3165
	1.9185
	7.1942
	0.9592
	7.1942

	2
	0.9103
	
	94.6700
	3.0722
	4.3239
	1.8206
	4.0963
	1.8206
	6.8272
	0.9103
	6.8272

	3
	0.8638
	
	
	89.3003
	4.1033
	1.7277
	3.8873
	1.7277
	6.4789
	0.8638
	6.4789

	4
	0.8178
	
	
	
	85.6680
	1.6357
	3.6802
	1.6357
	6.1337
	0.8178
	6.1337

	5
	0.7757
	
	
	
	
	79.1261
	3.4909
	1.5515
	5.8181
	0.7757
	5.8181

	6
	0.7400
	
	
	
	
	
	77.3336
	1.4801
	5.5503
	0.7400
	5.5503

	7
	0.7053
	
	
	
	
	
	
	71.9404
	5.2897
	0.7053
	5.2897

	8
	0.6725
	
	
	
	
	
	
	
	72.2950
	0.6725
	5.0438

	9
	0.6416
	
	
	
	
	
	
	
	
	64.7970
	4.8117

	10
	0.6416
	
	
	
	
	
	
	
	
	
	68.9671

	
	
	
	
	
	
	
	
	
	
	
	

	Value under Scenario  B
	98.3213
	98.5069
	95.6099
	98.6515
	86.2285
	96.8049
	82.0743
	115.5871
	71.2418
	122.1147

	Value under Base Case 
	100.7371
	103.6482
	102.899
	108.548
	97.1646
	110.1537
	96.1032
	135.1373
	87.503
	143.2368

	Change in value
	-2.40%
	-4.96%
	-7.08%
	-9.12%
	-11.26%
	-12.12%
	-14.60%
	-14.47%
	-18.58%
	-14.75%


Solution to Exercise 9 (b) and (c)
As an illustrative example only, let us consider Issues J and K in Scenario B.

Issue J

Price at yield of 5.1465%:

87.5030

Duration:



4.3108

Estimated change in value for 5% rise in yield:
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Estimated price at yield of 10.1465:
87.5030 – 17.9373 = 69.5657

Actual price at yield of 10.1465:
71.2418

Error due to convexity:

71.2418 – 69.5657 = 1.6761 

Issue K

Price at yield of 5.0953%:

143.2368

Duration:



3.924

Estimated change in value for 5% rise in yield:
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Estimated price at yield of 10.1465:
143.2368 – 26.7405 =116.4963

Actual price at yield of 10.1465:
122.1147

Error due to convexity:

122.1147 – 116.4963 = 5.6184 

Solution to Exercise 10

Mr Short would have been true to his name, by selling any bond holdings and by investing the proceeds in the short-term money market in anticipation of being able to invest in bonds at lower prices after the rise in interest rates.

Solution to Exercise 11
	Issue
	Original Price
	New Price
	% change

	
	Maturity
	Coupon
	
	
	

	A
	7-Jun-X2
	5.00%
	100.7371
	101.2346
	0.49%

	B
	7-Dec-X2
	8.00%
	103.6482
	104.6513
	0.97%

	C
	7-Jun-X3
	6.75%
	102.8990
	104.3731
	1.43%

	D
	7-Dec-X3
	9.50%
	108.5480
	110.5568
	1.85%

	E
	7-Jun-X4
	4.00%
	97.1646
	99.4725
	2.38%

	F
	7-Dec-X4
	9.00%
	110.1537
	113.1121
	2.69%

	G
	7-Jun-X5
	4.00%
	96.1032
	99.2497
	3.27%

	H
	7-Dec-X5
	15.00%
	135.1373
	139.5470
	3.26%

	J
	7-Jun-X6
	2.00%
	87.5030
	91.2704
	4.31%

	K
	7-Dec-X6
	15.00%
	143.2368
	148.8544
	3.92%


Note that the percentage increase in value for a !% fall in yields is in every case a little higher than the corresponding loss in value for a 1% rise in rates as calculated in Exercise 9(a): this is the effect of convexity.

The loss incurred by the strategy followed in Exercise 10 would of course be an opportunity loss, and would depend on how Mr Short’s funds had been deployed prior to the restructuring.  Perhaps the best way to quantify it would be to ask what he would have done if he had correctly forecast the fall in rates.  In that case he would have invested all his funds in the bond with the highest sensitivity to interest rate changes, which would be Bond J as it has the highest duration: this would have given him a gain of 4.31% of the fund value.  However, it would have been a very high-risk strategy – as indeed was his decision to put all his funds into the short-term money market! 

Solution to Exercise 12
The holding period return for each issue will consist of 6 months’ coupon income plus or minus the capital gain or loss on the new price of the bond.  The new prices are most easily calculated by applying the new spot rates to the individual cash flows.  We then calculate the annualised percentage gain or loss on the value of the bond, and finally add the interest yield (as calculated in Exercise 3) to arrive at the overall holding period return on the bond, as follows:

	
	
	
	Present values of cash flows 

	
	
	Spot rate
	B
	C
	D
	E
	F
	G
	H
	J
	K

	No of periods
	
	
	8.00%
	6.75%
	9.50%
	4.00%
	9.00%
	4.00%
	15.00%
	2.00%
	15.00%

	1
	
	3.5000%
	102.2113
	3.3170
	4.6683
	1.9656
	4.4226
	1.9656
	7.3710
	0.9828
	7.3710

	2
	
	4.2500%
	
	99.1177
	4.5544
	1.9176
	4.3147
	1.9176
	7.1911
	0.9588
	7.1911

	3
	
	4.7500%
	
	
	97.6276
	1.8640
	4.1940
	1.8640
	6.9900
	0.9320
	6.9900

	4
	
	5.0000%
	
	
	
	92.4069
	4.0768
	1.8119
	6.7946
	0.9060
	6.7946

	5
	
	5.2500%
	
	
	
	
	91.8017
	1.7570
	6.5886
	0.8785
	6.5886

	6
	
	5.3500%
	
	
	
	
	
	87.0586
	6.4014
	0.8535
	6.4014

	7
	
	5.2500%
	
	
	
	
	
	
	89.6677
	0.8341
	6.2559

	8
	
	5.2000%
	
	
	
	
	
	
	
	82.2512
	6.1078

	9
	
	5.1500%
	
	
	
	
	
	
	
	
	85.5135

	
	
	
	
	
	
	
	
	
	
	
	

	Price at 7 June 20X2
	102.2113
	102.4347
	106.8502
	98.1542
	108.8097
	96.3748
	131.0045
	88.5969
	139.2140

	Price at 7 December 20X1
	103.6482
	102.8990
	108.5480
	97.1646
	110.1537
	96.1032
	135.1373
	87.5030
	143.2368

	Gain /loss (%, annualised)
	-2.8116%
	-0.9066%
	-3.1778%
	2.0164%
	-2.4703%
	0.5636%
	-6.3094%
	2.4694%
	-5.7793%

	Interest yield (from Exercise 3)
	7.7184%
	6.5598%
	8.7519%
	4.1167%
	8.1704%
	4.1622%
	11.0998%
	2.2856%
	10.4722%

	Annualised holding period return
	4.9068%
	5.6533%
	5.5741%
	6.1331%
	5.7001%
	4.7257%
	4.7904%
	4.7550%
	4.6928%


How do these annualised holding period returns compare with the redemption yields at the start of the period, on 7 December 20X1?  We can readily see that all the issues up to and including Issue F have outperformed their redemption yields, whereas the longer-dated issues have underperformed.  This is a result of the humped yield-curve.  Whereas the cash flows of all the shorter-dated issues are now being discounted at lower spot rates (as they have all moved down the left hand side of the hump in the yield curve), the crucial final cash flows of all the longer-dated issues are now being discounted at higher rates because they have moved up the right hand side of the yield curve towards the hump in the centre.

Issue A is omitted from this calculation because it has been held to maturity on 7 June 20X2 and will therefore have earned a return of exactly 3.50%, in line with its redemption yield on 7 December 20X1.

� Note that the price of Issue G is incorrectly given as 94.5168 in the printed edition of the book: the correct price is 96.1032. 
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