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Summary: We introduce an adaptive algorithm to estimate the uncertain parameter of a stochastic
optimization problem. The procedure estimates the one-step-ahead means, variances and covari-
ances of a random process in a distribution-free and multidimensional framework when these
means, variances and covariances are slowly varying on a given past interval. The quality of the
approximate problem obtained when employing our estimation of the uncertain parameter is con-
trolled in function of the number of components of the process and of the length of the largest past
interval where the means, variances and covariances slowly vary. The procedure is finally applied
to a portfolio selection model.

1 Introduction

We consider stochastic optimization problems where the underlying stochastic process
ri € R" (n > 2) is generated by the model:

re=pt+ &, with Erq=p and Eqg = Qr, t=1,...,N, (1.1)

where ¢; are independent random vectors in R™ with zero mean and N is the number
of available observations. The constants p; and Qy respectively represent the mean and
covariance matrix attime step t. If svec(Q) is the symmetric vectorization of the symmetric
matrix Q, we focus on stochastic optimization problems that can be expressed as:

{ min fo(X, 0),

0
P©) x e X C RP;

(1.2)
where the unknown parameter 6 = (py,q,Svec(Qn+1)")" belonging to a given set
©® c RM is made of the one-step-ahead mean pn.1 and the components of the one-step-

ahead covariance matrix Q1. The parameter dimension is thus M = n + " n
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problem (1.2), the set X is bounded and closed and the objective function fo belongs to
a class of functions introduced in the next section. The value of the parameter 6 is not
known and problem P(6) is the optimization problem providing the optimal decision x*.

There are different approaches to deal with uncertainty in stochastic optimization
problem (1.2). A possible approach is the worst case robust optimization methodology
(see [BTN99] for instance). We propose instead to provide an estimate 6 (from now on
realizations of random vectors are in bold), for which the problem 73((3) approximates
reasonably well problem P(6), with controlled accuracy. The estimation of the parameter
6 is made on the basis of the N independent observations r¢, t =1, ..., N. We consider
two special cases: the stationary case, where the functions o and Q; are not time varying
and the case in which these functions are slowly varying (in the sense of [MS04a]) on
a given past interval. The problem of measuring the quality of approximate stochastic op-
timization problems appears for instance in [Sha89, Sha93, Sha94, Pfl03]. The originality
of our approach is both the non-asymptotic study and the statistical framework (weakly
stationary process).

This paper is organized as follows. In Section 2, we define the accuracy of the ap-
proximate problem and bound this accuracy from above using ||(3 — 0]|o. The estimation
of 6 and the quality of this estimation are discussed in details in Section 3. This work can
be seen as a generalization of [MS04a], where an adaptive estimation of a slowly varying
volatility is made within a one-dimensional and parametric framework. Here, we con-
sider instead the multidimensional and distribution-free setting as well as the estimation
of slowly varying means, variances and covariances.

In Section 4, we then give the accuracy of the approximate problem P(é). In this
section, we also specialize our results for a subclass of stochastic optimization problems
of the form:

x € X C RP,

PO = { min /X" QN11X — P41 X (13)

where « is a fixed positive parameter. When the income linked with decision x is a linear
random function of x given by rhlx, the problem P (6) amounts to minimizing a trade-
off between the mean costE[—rLHx] = —pLHx and its standard deviation a(rLHx) =

VX7 Qna1X. The methodology introduced in this paper is assessed on a portfolio selection

model (of the form P(6)) using simulated and real data in Section 5. Proofs are given in
the appendix.

2 How to control the accuracy of the approximate
problem
2.1 Definition of the accuracy

Our objective is to construct for P (6) a data-driven approximate problem 73((3) that uses
some specific estimation @ of 6, i.e. an estimation pn41 of the mean and an estimation
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QN 41 Of the covariance matrix, to solve P(6) with given accuracy. The corresponding
approximate problem thus reads:

min fo(X, é),

PO = {xeXCRp.

We now define the notion of accuracy of the approximate problem. Let X be any optimal
solution of the approximate problem P(#) and let x* be an optimal solution of P(6). The
accuracy of the approximate problem P () is given by:

e(P0)) = fo(X,0) — fo(x*,6).

2.2 Control of the accuracy

The control of the accuracy of 73((3) and 75(5) is based on Assumption 2.3 and Proposi-
tions 2.1 and 2.2 below.

Proposition 2.1 The objective function fo of problem P (0) satisfies:

1 fo(x, 6) — fo(x, 0] < (16 — 6o + K16 — O'I17) X1 2.1)

Proposition 2.2 The accuracy e(P(é)) of 79((3) is bounded above as follows:

e(P6)) < 2sup|fo(x, 8) — fo(x, 0)|. (2.2)

xeX
We then make the following hypothesis on the objective function fg of problem P(6).
Assumption 2.3 For every x € X, and every (6, 0') € RM x RM -
| fo(x, 6) — fo(x, 6] < Collo — 6" IXII5°,
where0 < ag <2,0< pg<2and0 < Cp < .

On the basis of Propositions 2.1 and 2.2 and under Assumption 2.3 for P(6), we
thus see that to control the accuracy of P() and P(8), we need to define a statistical
estimation @ of 6 such that ||# — 6| is controlled.

3 Adaptive estimation of the parameters

3.1 Parameter estimation problem

In this section, we address the problem of estimation of the parameter 6 for P(6). We
suppose the process rt follows model (1.1) and satisfies the following assumption.

Assumption 3.1 For someo > 0, E|r¢||4, <o* t=1,...,N.
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Our contribution is to determine estimations of the parameters pn+1 and Q-1 Which
allow us to solve problem P (0) with a good accuracy. As mentioned in Section 2, we intend
to define estimations pn+1 (associated to the estimator oy 1) and QN+1 (associated to
the estimator Qn.1), of respectively pn.1 and Q.1 such that lAn+1 — PN+1lloc and
I QN+1 — Qn+1 lloo are small with high probability. In the particular case where the mean
pt = p and the covariance matrix Q; = Q are not time varying, the estimations pn+1
and QN+1 use as many past available data as possible. Let us fix a positive parameter A,
and let Ko(N) and [-]k, for K > 0, be the constant and the truncation operator defined
by

N i K ifx> K,
Ko(N) :a( ) D [Xlk = { =K ifx < =K, (3.1)
Inn(n+1)+2InN X  otherwise.
Given the N observationsr¢,t = 1, ..., N, we choose for pn41 and QN+1 the empirical
mean and covariance matrix of a process a derived from the process r¢:
1 . 1
AN+1 = N; a, and Qngg = N; (ot — pN+1) (ot — PN+1) |, (3.2)

wherefori =1,....n,t=1..., N, at(i) = [rt()]k,n)-

Notice that for technical reasons, we do not use the empirical estimations directly (the
accuracy of the approximate problem is more tightly controlled with our estimations and
under less restrictive hypotheses). However, the results of this paper can be extended to
the case where the empirical estimations of the mean and of the covariance matrix are
used (see [Gui05]). Estimations (3.2) are all the closer to the empirical estimations as the
number N of data used to compute them grows.

In the more general case where the parameters p; and Q; slowly vary on a given past
interval (this notion of slowly varying functions is defined more precisely in the next
subsection), there is a need for an adaptive procedure. In this case, using the terminology
of [MS04a], we call interval of local time homogeneity (ILTH) an interval where p; and
Qq slowly vary. The adaptive procedure determines an estimation [ of the best interval for
parameter estimation i.e. of the largest ILTH. This question is addressed in Section 3.3.
Once the interval I is found, the estimations PAN+1 and QN+1 of pn+1 and Q4 are

given by o and Qr where for any nonempty interval | we define p; and él by:

. 1 A 1 ~ A
pr=rp_ed and Q= m) (e — A0 — A 33

tel tel

where fori =1,...,n,andt € I, ott' (i) = [re( ko)) With Ko(-) defined in (3.1) and
A a positive parameter (of the adaptive algorithm).

3.2 Hypotheses on the means, variances and covariances

Under local time homogeneity, we suppose that there exists a past interval of right endpoint
N -+ 1 such that the means, variances and covariances slowly vary or are almost constant
in this interval. The adaptive procedure we describe in the next subsection aims at finding
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the largest interval satisfying this assumption. For a given past interval of right endpoint
N + 1, we should thus be able to decide, from a theoretical point of view, whether we
can consider that the means, the variances and covariances slowly vary on this interval or
not. If pr and Q¢ slowly vary on the interval | = [N +1 — m, N + 1], where m € N*,
then the quantities:

1 1
Al = “—|Z ot = pnsalid, and AP = “—|Z 1Qt — Qnall%,
tel tel

should be small. Similarly, we expect A‘j and A? to be small for all subintervals J of
the interval . In particular, if Z(1) is a finite set of testing subintervals of the interval |
(the choice of Z(1) is discussed later) then A’J’ and A? should be small for every interval
J € Z(l). To take into account the variance of the estimators, we then define for every
interval | : A .

Vf =Elp —Eplls. V2 =E[Q) — EQlle.

Let us fix a small and non-negative constant D. If we set Z (1) = Z(l) U I, we say that
ot and Qy are slowly varying on the interval | if:

A% <DV, A§ <DVy, for Jezi(l). (3.4)

Let now Z be a family of candidate intervals. We suppose that (3.4) holds on the smallest
candidate interval |. Notice that from a practical point of view, if no interval | satisfies the
above relations (3.4), then the adaptive algorithm returns a minimal interval. The tests of
homogeneity are thus in fact only made for intervals of length greater than the length of
this minimal interval.

The ideal interval T of local time homogeneity that the oracle we build in Section
3.3 aims at approximating is then the largest interval (among the family of candidate
intervals) such that (3.4) holds:

T=argmax{|l| | | €Z, A} <DV4, AR <DV for JeZ, ()}, (35)

where D is a fixed and non-negative constant. Our definition of ideal interval of local
time homogeneity differs from that of [MS04b]. In [MS04b], condition (3.4) has to be
satisfied only for J = |. However, suppose that a sufficiently large interval | is such
that Q; = Q forall t in | and p; is varying a lot only on the left of the interval. Using
the definition of [MS04b] of an interval of local time homogeneity, we would probably
accept | as an interval of local time homogeneity whereas our definition would probably
conclude the contrary, which makes more sense in this case.

3.3 Adaptive method

We suppose that the mean p; of the process r; and the covariance matrix Q; are slowly
varying on an ILTH to determine. Under this hypothesis, there are intervals I, = [N +
1—m,, N+1]andIg =[N + 1 — mgqg, N + 1], such that the mean p; does not vary
much on I, and Q does not vary much on Ig. From a theoretical point of view, there can
be a change point in the mean; the variances and covariances being constant. However,
in this case, we should take the change in the mean into account in the estimation of the
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covariance matrix and the estimation of I would be more difficult. We will thus look for
the largest interval i (an estimation of I) such that the means, variances and covariances
slowly vary on (" which amounts to finding an estimation of the intersection of I, and Iq.
An alternative method consists in first determining an estimation I}, of I, and to further

determine an estimation fQ of the largest interval contained in I, such that Qy is slowly
varying on this interval. We give the theoretical accuracy of the estimators obtained using
one interval of homogeneity. The proofs can be directly adapted to show the accuracy of
the resulting estimators ﬁfp and QfQ when two intervals of homogeneity fp and fQ are

determined. To illustrate, we give the accuracy of the estimation of the mean by ﬁr,, when

separate intervals of homogeneity are determined to estimate, on the one hand, the mean
and on the other hand, the variances and covariances. \We use an adaptive algorithm which
is described in the next subsection to determine an estimation | of I. The key question
will be to decide, from a practical point of view, whether on a given interval, p; and Q
are slowly varying or not.

3.3.1 Algorithm description

The choice of the adaptive interval of time homogeneity is done as follows. Let Z be
a family of ordered candidate intervals and for every | € Z, let Z(1 ) be a family of testing
subintervals. Notice that we suppose that N + 1 belongs to the ILTH. This justifies the
estimation of pn1 and Q1 by empirical estimations of the mean and of the covariance
matrix using the data of the ILTH. However, as we do not have observations for time step
N + 1, the candidate intervals are of the form [N + 1 — m, N], where m € N* (the return
rn+1 is in the ILTH but is not used for estimation as it is not available). We suppose
we have a rule which allows us to know if we can consider that on a given candidate
interval |, the means, variances and covariances slowly vary on | or not (this question is
addressed next). The selected interval of time homogeneity { is such that for all | € 7
satisfying | C i 1is accepted as ILTH and the smallest interval | € Z such that [ (o
is rejected.

Now we should be able to decide, from a practical point of view, if on a giveninterval I , the
mean p¢ and the covariance matrix Qg are slowly varyingor not. Ifon | = [N4+1—m, NJ,
ot does not “vary much”, then the mean value of p; on | is close to the mean value of py
on every subinterval J € Z(l). But the mean value of p; on | is close to the mean value
of ry on | which is close to the mean value of ottl on | for |I| large enough. Thus, if pt
does not “vary much” on I, then for every subinterval J € Z(l), pj is close to g, where
o) is defined in (3.3). Similarly, if Q; is nearly constant on I, then for every subinterval
J e (1), QJ is close to (j,. In fact, deciding whether a given interval | is of time
homogeneity or not boils down to doing a test. For instance, in the particular case of
piecewise constant functions p; and Qt, we have to do the test:

Ho :¥(tt) € 1%, pt=pr, Q=Qu Hj: 3tt)el? | p#pr or Q# Q.

We then need the following theorem which quantifies the proximity between two estima-
tions p; and g of the mean or Q, and Q of the covariance matrix done on embedded
intervals | € Zand J € Z(I).
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Theorem 3.2 Letr; satisfy Assumptions2.3 and 3.1, let | be a nonempty interval of local
time homogeneity (which means that (3.4) holds) and let J € Z(1) with |J| > 0. Let p,
and Q, be the estimators associated to the estimations in (3.3). Then for every A > 0
suchthatInn(n+1) +AlIn|l| < [ljandInn(n+ 1) + A In|J| < |J|, we have:

1 1
P (151 — A3llos = ¥ (11,131, 0)) < e W (3.6)
P(10) = Oyl = vo(lll 191 1)) < 2 ! 37
(”QI _QJ||OO_VQ(| [, 1], )) = <W+W), ()

with
7o(I11 131 2) = 4/ Do (/7 + /10 ) + (3 +v2)o (1111, 2 + £ 31, 2
rQUI1 131 4) = (kgD + ko) (f(I11. ) + (191, 4),

where f(|1], 1) = ,/w and kq and k, are constants given in the appendix.

Remark 3.3 ConditionsInn(n+ 1) + AlIn|l| < [IJand Inn(n+ 1) + AIn|J| < |J]in
Theorem 3.2 above can be suppressed. In this case, we get more complicated expressions
of y, and yq. This more general case is studied in the appendix.

In virtue of Theorem 3.2, we will accept | as an interval of homogeneity if for every
subinterval J € Z(1) :

11 = Aalleo < ¥ (111 131.2) and | Q) — Qylle < ¥Q(I11. 131, 1), (3.8)

where A is the positive parameter involved in the definition of Ko, and reject | otherwise.
Thus, if | is indeed an interval of local time homogeneity then the probability that (3.8)
holds (where we replaced in (3.8) the estimations by the estimators) can be controlled
with an appropriate choice of 1. Notice that when the length of | and J grows, then the
right hand sides of (3.6) and (3.7) rapidly go to 0, as expected. We now discuss the choice
of the sets Z, Z () and of the parameter A.

3.3.2 Choiceof thesetsZ, Z(l) and of the parameter A

The simplest way to choose the sets Z and Z(1) is described in [MS04a] and [MS04b].
We briefly recall this choice. Let mg be the length of the smallest candidate interval (with
the hypotheses of Subsection 3.2, the last mg time steps thus automatically belong to the
ILTH). We choose a grid G = {tx = mgk, k € N*} where mp € N* is the grid step. Let
N + 1 = k*mg > 2mg, be a point where we want to carry out the adaptive algorithm to
determine estimations of pn1 and Q1. The set Z is defined as follows:

T ={[tk, e[, 1<k <Kk*}.

In [MS04b], for every lx = [tk, tk«[€ Z, the set Z(lk) of testing subintervals of interval
I is then the set of all smaller intervals whose endpoints belong to G and with either the
same left endpoint or the same right endpoint as l:

Z(lk) = {[tx, t [Ultw, tie [, with k < k' < k*}.
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In [MS04a], only the subintervals of interval I with the same right endpoint are consid-
ered. When N + 1 is not a point from the grid, we can use a dynamic grid adapted to the
time N +1 of estimation and the intervals of the set Z are of the kind [N 41 —mgk, N+1[
where k € N*. If we decide to determine two intervals of homogeneity I, and I, to
estimate respectively the mean and the covariance matrix, the length mg(p) of the small-
est testing subinterval chosen to find IA,O and the length mp(Q) of the smallest testing

subinterval chosen to find IAQ, are not necessarily the same. These values depend on the
variance of the components on I, and Iq. We need less data to obtain a good estimation
of the mean. However, to determine an estimation of I, we should take greater values
for mg(Q), say at least n where n is the number of components (if the number of data is
less than the number of components, the empirical covariance matrix is not invertible).
This means that we will have a very rough estimate of Iq if the step mp(Q) is large.
The same will hold for I, if the step mg(p) is large. We thus now intend to introduce
a few modifications of the implementation choices proposed in [MS04b] (that we have
just mentioned) to increase the algorithm performance or speed. In what follows, we drop
the dependence of mg on p and Q (all further remarks on mg will be valid for mg(p) and

mp(Q)).

e First, we can introduce more flexibility in the choice of the set Z. Indeed, the length
difference of two successive intervals in Z is not necessarily mg, where mg is the
length of the smallest testing subinterval. Let the smallest interval from Z be made
of the last mg observations. Now, if | = [t,, N + 1[ is an interval from Z, the
successor of | in Z can be obtained adding k data instead of mg thus yielding the
interval [t — k, N + 1] where k € N* and k < myg. Even values of k as small as
one (the successor of an interval from Z has the length of its father plus one) can
yield spectacular improvements (see [Gui05]). This simple modification of the set
T allows us to find the optimal intervals of homogeneity with a higher probability.

o We can also modify the testing subintervals without changing much the performance
of the algorithm while improving its rapidity. At a given iteration of the algorithm,
if we have accepted an interval | = [t,, N + 1[ as an interval of homogeneity, the
data from the nextinterval I’ = [t; —k, N+ 1[ the most prone to be before the break
point (if there is one) in 1" is the k left data. That’s why a simple modification of the
testing subintervals consists in only taking one subinterval J = [ty — K, t; —k+mg[
of interval I’ (inthis case Z(1") is reduced to J). If an interval is of homogeneity then
this procedure will accept it with a higher probability than the adaptive algorithm as
it is presented in [MS04b]. Indeed, the test done to know if this interval is accepted
is one of the tests done by the adaptive algorithm used in [MS04b]. Now if there is
abreak pointin I, as the previous interval | was accepted, the break point certainly
lies on the left of the interval. Thus, the mg data lying on the left of interval 1’ is
the mg data most prone to provide estimations far from those obtained using the
data of the whole interval 1’ (this implementation choice is called choice (a)). Also,
instead of checking the difference between the estimationson |’ = [t — k, N +1[
and J = [ty — k, t, — k+ mg[, we can check the difference between the estimations
on Jand J' = [N+1—mg, N+ 1[, which is thus a fixed interval (implementation
choice (b)). In this manner, at least the mean and covariance matrix are slowly
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varying on the whole of one of the two intervals (the interval J’). Having the
same objective in mind, we can also check the difference between the estimators
on Jand J = [N+ 21— mp, N+ 1[ if the length of 1’ is less than or equal to
2mg and on J and J’ = [t; — k + mg, N + 1[ otherwise (implementation choice
(c)). For choices (b) and (c), Z(1") is reduced to J U J’. From a practical point of
view and using the above notation, |’ is accepted as an ILTH for the mean using
implementation choice (a) (resp. (b) or (€)) if |5, — p3lleo < v (I1'], 3], 1) (resp.

165 — hPylloc < vo(13], 1], 1)). Thus, at each iteration of the algorithm, we only

have to perform one test, in which we are confident if mg is not too small.

We can show (see [Gui05]), both from a theoretical and practical point of view, the
close behavior of these variants of the adaptive algorithm. Finally, we can calibrate 2
using different techniques. We can for instance determine A such that the type | error is
controlled in a change point model. Parameter A can also be chosen using Monte Carlo
simulations.

3.3.3 Quality of the estimation

The key question we address now is to determine the quality of the approximation of
pN+1 and Qn+1 by our adaptive estimators o, and Q;. Recall that the ideal interval I is
the interval which checks:

T=argmax{|l| | | €Z, A} <DVY A<DV, for J ez ()}, (3.9)

where D is a fixed and small constant. . .
We first give the quality of the estimation 6; = (4; ', svec(Qp) ™)™ that would be used
if the ideal interval of local time homogeneity was known.

Theorem 3.4 If A > Oissuchthat Inn(n+ 1) + A In|I| < |I], then there is a constant
k(D) (given in the appendix) depending affinely on D, such that

(3.10)

P (uéu ~ 9loe = k(D) max(o, 0?) \/'””(n+ tﬁ“'” I ) < %

The following theorem gives the accuracy of the adaptive estimates.

Theorem 3.5 Let | be the interval selected by the adaptive algorithm and A be the
parameter involved in the definition of Ko. We supposethat Inn(n +1) + A Inmg < mg,
where mg is the length of the smallest testing subinterval. Thgn there is a constant k(D)
(given in the appendix) depending affinely on D, such that if 6; = (,6|T, svec(Qp) "', we
get:

P (“éf — 0llos > k(D) max(a, 02) \/

leZ [ICT JeZ(l)

Inn(n + 1) + A ln|I| )
I (3.11)
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Notice that the estimation is all the closer to the estimated parameter as D and o are
small and as the length of T is large. Also, the number of terms on the right hand side
of the inequality above in Theorem 3.5 depends on the choice of the candidate intervals
and on the choice of the subintervals. This theorem shows in fact that the quality of the
adaptive estimators is close to the quality of the estimators p; and Oy that would be used
if the ideal interval T was known in advance. The adaptive algorithm can be viewed as an
oracle which, receiving as input a collection of observationsr,t = 1, ..., N, of a process
satisfying Assumption 3.1, gives estimations of pn+1 and Q1 that are close to the true
(unknown) values. In order to determine two intervals of homogeneity IA,J and IAQ for the
mean and the covariance matrix respectively, we can adapt the definition of the optimal
intervals of homogeneity. The optimal interval of time homogeneity I, for p checks:

I, =argmax{|l| | | €Z, A <DVY, for JeZ, ()} (3.12)
and the optimal interval of time homogeneity Ig for Q:
Ig =argmax{|l| | | €I, |eZ, A <DVy, for JeZ, ()} (3.13)

An adaptive estimation IA,J of I, can then be determined using the same acceptance rule

concerning the mean as for the determination of I Following the proof of Theorem 3.5,
we can then get the accuracy of ﬁrp:

R Inn(n+ 1)+ AlIn|I 1
P(Hprp—pNHnoozk(D)a\/ - '”')s > Y o
o

leT |ICl, JeZy (1)

where the constant k(D) = 7+ 32+ 12 % D. A similar result can be obtained for the

accuracy of the estimation of Q-1 by (er using the data of the interval fQ. Notice that

the condition Inn(n 4+ 1) + A Inmgy < mg in the above Theorem 3.5 can be suppressed
but this leads to more complicated left hand sides. However, this condition is not too
restrictive. For instance for n = 40, if we take mg = n, then we can take values of A as
large as 8.84. If we choose A = 1 and mg = n, then it suffices for r; to have more than six
components (n > 6) to get Inn(n + 1) + A2 Inmgy < mp. Notice that, following the proof
of Theorem 3.5, we can give the accuracy of the adaptive estimators obtained using the
different implementations of the adaptive algorithm described in Section 3.3.2.

Theorem 3.6 LetI, =[N+ 1 —mg — ki, N + 1[ (kr € N) be the optimal homogeneity
interval for the mean, let & > O satisfy Inn(n + 1) + A Inmg < mp and let

N Inn(n+1) +xlIn|L,|
Py =P (”pr — PN+1lloo = k(D)G\/ 2,

Tl

In2
envisaged in Section 3.3.2. If we want to test the homogeneityon | = [N+1—k, N+1],

where k(D) = 7 + 342 + 12,/ %5 D. Different choices of testing subintervals were
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we can check the difference of the estimationson | and J = [N+1—k, N—k-+mg] (choice
(@),onJand J’ = [N+1—mp, N+1[ (choice(b)),or on Jand (J’ = [N+1—mp, N+1[
ifk <2mgand J’ = [N +1—k+mg, N+ 1[ otherwise) (choice (c)). For these different
implementation choices, we have:

Ky

1 1 ki +1 1
aP<—+) ——, b) Pp < + ,
@ Pp =< mé g(mo-i-k))‘ ® B mé (mg + kp)*

ki

ki +1 1 1
© Pp=———+ x T Z K-

mg  (Mo+kpt o o= Kk

A similar result can be given on the accuracy of QFQ-

4 Accuracy of the approximate problem

4.1 Thestationary case

We first consider the case of constant means, variances and covariances. We suppose
that N returnsri,i = 1, ..., N, satisfying Assumption 3.1 are available to compute the
empirical estimations pn+1 and QN+1 of the mean and the covariance matrix of the
process «¢ defined in Subsection 3.1.

Definition 4.1 For any n x nreal symmetric matrix Q, let 8(Q) be suchthat thequadratic

function x" Qx is B(Q)-strongly convex w.r.t. || - ||1,i.e.
.. XTQx
B(Q) = inf ——-.
X0 |x|1f

Theorem 4.2 Let the processry satisfy (1.1) with constant mean p; = p and covariance
matrix Q; = Q and let Assumption 3.1 hold. Let A > 0 and let (on+1. QN+1) be the
estimations of (on+1, Qn+1) givenin (3.2). If Inn(n + 1) + AIn N < N, then thereis
a constant k (given in the appendix) and a set S C 2 of probability at least 1 — % such

that for any w € S the accuracy of problem P(é) is bounded as follows:

Innn+1)+AInN
N

]

A~ Vi
e(P(6)) < kmax(c®, ¢2%0) < ) ma)>(( ||X||fo. 4.1)

Xe

Theorem 4.3 Let the processry satisfy (1.1) with constant mean p; = p and covariance
matrix Q¢ = Q and let Assumption 3.1 hold. Let A > 0 and let (on+1, Qn41) bethe
estimations of (pN+1, Qne1) givenin (3.2). If Inn(n+ 1) + AIn N < N, then there are
constantsk; and ky (giveninthe appendix) andaset S C 2 of probability at least 1 — %

such that for any w € Sthe accuracy of problem 75((3) is bounded as follows:

Inn(n+1)+AInN
N

1
e(P()) < (ki + 2cy/ko)o < )4 max ]2 (4.2)
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Further, if the matrix Q is non-degenerate, i.e. if 8(Q) > 0, then

2Kk20) \/Inn(n+1)+kInN
VB(Q) N
The accuracy of the approximate problem can also be bounded without the condition

Inn(n+ 1) + 2 In N < N. In the general case, we get more complicated bounds (see the
appendix).

«Bd)) < (kl + max Xl (43)
xeX

4.2 Sowly varying parameters

In the case of slowly varying parameters, the accuracy of the approximate problem is
roughly obtained by replacing, in the results given in the stationary case, the number of
observatlons N with the length |]I| of the ideal interval of local time homogeneity. Indeed,
o; and QI are close to oy and Q]I (see Theorems 3.4 and 3.5).

Theorem 4.4 Let (pn+1, éN+l) be the estimations of (on+1, Qna+1) given in Subsec-
tion 3.1 in the case of Slowly varying parameters. Let A > 0 be the parameter involved
in the definition of Ko and such that Inn(n + 1) + A Inmg < mg, where mp isthe length
of the smallest testing subinterval. Then thereis a constant k(D) (given in the appendix)

3
andaset SC Q of probabilityatleast1— > >~ 7 Such that for any w € S
rernier sern M

o0
G(P(é)) < k(D) max (O_ao’ 02040) (In nn+ :|LH)|+ Aln |H|> 2 r)?ea))(( ||X||:|F.JO (44)

Theorem 4.5 Let (oN+1, QNH) be the estimations of (on+1, Qna+1) given in Subsec-
tion 3.1 in the case of Slowly varying parameters. Let A > 0 be the parameter involved
in the definition of Ko and such that Inn(n + 1) + Alnmg < mg, where mg is the
length of the smallest testing subinterval. Then there are constants ki (D) and ky(D)
(giveninthe appendix) depending affinely on D and a set S C 2 of probability at least

1- 3 Z — suchthat for anyw € S
leT |IcI JeLr(I)

Inn(n+1) + xlIn ||
||

1
e(P(0)) < (ki(D) + 2xy/kz(D))o ( )4 max X1l (4.5)

Further, if the matrix Qn.1 is non-degenerate, i.e. if B(Qn+1) > 0, then

max i1 (46)

(PG < (kl(D) | 2ko(D)o )G\/In n(n + 1) + AIn|I|

Vv B(QN+1) il

It is interesting to notice that the upper bound we obtain on the accuracy of the
problem weakly increases with problem dimension. Thus, if T is sufficiently long, we can
build an approximate problem of good quality even when the number n of components is
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very large. For problem (V) (see the application we consider in the next section), we can
bound from above ma)>(< Ix|l1 (appearing in (4.2), (4.3), (4.5) and (4.6)) by [|x™ ||1, where
Xe

X~ is the portfolio before reallocation.

5 Numerical simulations: application in finance

5.1 Presentation of the application

We introduce in this subsection a portfolio selection model belonging to the class P (6) for
which we build an approximate problem as explained before using both simulated and real
data. Let H be the investment horizon, N+1 the date of the investment, and let s = (s(1),

.,5(n)) be an observed asset process in discrete time, t = 1, ..., N+ 1, where n is the
number of risky assets, whose prices at timet are collected in the vector s, € R". We define
the corresponding H time steps return r{" attimet by r{* = S‘Stﬂ,t =1,...,N+1-H,

where the division should be understood componentwise: r{*(i) = S‘;:‘ig'),i =1,...,n
Notice that though we are at time N + 1, the datarf',t = N+2 — H, ..., N+ 1, is not
available. However, the returns we are interested in are the returns rHH(i), i=1,...,n,
over the investment period. We suppose that there is a past interval with right endpoint
N + 1 such that the parameters pr and Q; slowly vary on this interval. We also suppose
that this interval is of a length greater than H + k where k is the minimal number
of data needed for estimation. Finally, to enter the framework specified in this article,
we suppose the returns ry are independent. We thus first simulate independent returns.
However, in practice, the assumption of independence of the returns is not true (though
it is a simplification commonly made) but we also test our procedure using real data
to measure in practice the behavior of our methodology when applied to this portfolio
selection model.

We fix an investment horizon H = 1 and denote from now on by r; the returns at time t.
In addition to the n risky assets, we have a risk-free asset and we take into account the
transaction costs. We consider a single investment period and have to decide the amount
of money to invest in the different assets over this investment period. The quantities
referring to the risk-free asset are indexed by n + 1. In this setting, a simplified portfolio
selection problem ([DI193]) is as follows. Let x; be the amount of asset i in the portfolio
at the beginning of the period. The flow balance equations for the x; are then given by:

Xi = X

. — Vi +z fortherisky assets,i =1,...,n,
n n

Xnt1l = X1+ Z @A—-pui)yi — Z (1 + vi) z for the risk-free asset,
i=1 i=1
once we have defined
e X :theinitial value of i-th asset before the rebalancing of the portfolio;

e Vi : the amount of risky asset i we sell at the beginning of the period, u; being the
corresponding transaction cost (with 0 < uj < 1);

e Zz; : the amount of risky asset i we buy at the beginning of the period, with the
corresponding transaction cost v; (with 0 < v < 1).
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In what follows, a portfolio is thus a vector X = (X1, ..., Xn)" of n amounts invested in
the different risky assets plus risk-free asset Xn1 and rye1 = (Fnea(1), ..., Iy (n)’
is the vector of risky asset returns over the investment period. Note that the risk-free asset
return r(n + 1) is known. The goal is then naturally to maximize the final total value of
the portfolio given by X"rn+1 +r(n + 1)Xny1.

Case of complete information. If we knew the returns rys1, we could solve the
following linear program:

max X'rns1+r(n+ DXnyt,
Xi = X —Vi+z, i=1...,n,
n

n

Xt = Xpq ) L—p)yi—y (A+wz,
i=1 i=1

XEO’ Xn+1207 yzos 220~

ALLOC

We denote by X(u, v, x™) the set of admissible portfolios defined by the above flow
balance equations and the positivity constraints on x, Xn+1, Y and z.

The problem of data uncertainty. In fact, the data which are known the moment we
choose the portfolio are the transaction costs w and v and the returnr(n + 1) of the risk-
free asset. In order to solve the previous allocation problem, we could use a realization of
the returns over the investment period and plug these values into ALLOC. At first glance,
this approach fails in ensuring a given target income with high probability. This means
that we have to take into account the risk of our investment.

We use the Value-at-Risk technique, which is a modelling tool to make a decision in
an uncertain environment. In the Value-at-Risk model, an investment is considered risky if
its return has little chance of exceeding a certain reasonable value, fixed in advance. More
precisely, given the distribution of the returns, if we fix a confidence level 0 < ¢ < % the
maximal return that can be reached with probability greater than or equal to 1 — ¢, for an
admissible portfolio (X1, ..., Xn+1), is the Value-at-Risk of level ¢, V¢ (X1, ..., Xn+1), Of
this portfolio:

Ve (X, Xnt1) = max y subject to P(r{ 4 X +r(N+Dxny1 > y) > 1—e.
A VaR asset allocation problem then amounts to solving:
max Vg (X, Xn+1) subjectto (X, Xn+1, Y, 2) € X(w, v, X7). (5.1

If the distribution of the risky asset returns ry.1 is Gaussian with given mean E[rny1] =
oN+1 and covariance matrix E[(rn+1 — on+1) 'Nt1 — one1) '] = Qne1, thenwe obtain
Ve (X, Xn41) = plq X+HF(N+1) Xny1— P~ (1 —¢) /X7 Qny1X, Where @ is the CDF of
the Gaussian density. Using the exact version of Chebyshev bound (see [BP05, Smi95]),
we can show that if the returns are not Gaussian, an upper bound on the optimal value of
(5.1) is given solving

min «(e)y/XT Qni1X — pLH X—r(n+ 1)Xnt1

(5.2)
(Xv Xn+17 ys Z) € X(Ms v, X_) = xs
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where now «(g) = ‘/%. Thus, in every case, the problem of maximizing the Value-
at-Risk over all admissible portfolios reduces to (5.2), which is a problem of the form
P(0), where k(¢) is arisk factor depending on the assumptions for the distribution of the
returns:

o k() = @ 1(1 — &) > 0 for Gaussian returns,
e «k(¢) = /=% for non-Gaussian random returns in L1(R) N L2(R).

We now intend to test the accuracy of the approximate problem (V) using the adaptive
estimations of problem (V) parameters. We use both simulated and real data for the
returnsry, t =1, ..., N, available the day N + 1 of the investment. The efficiency of the
adaptive algorithm itself (introduced in Section 3) is tested in [Gui05] (to detect break
points in a change point model).

For more flexibility, we use the empirical adaptive estimators of the mean and of the co-
variance matrix. The empirical adaptive estimators are defined in [Gui05] and are obtained
using the adaptive algorithm and replacing ott' by r¢ in (3.3) (which leads to more standard
definitions for p; and Ql ). In this manner, we can show (see [Gui05]) that the adaptive
algorithm now depends on two positive parameters A and w. We then use the following
acceptance rules for a given interval 1. We accept the interval | as an interval of local

time homogeneity if forall J € Z(1), 15| — A 3lloo < k10 <\/'“”+|f"“'”+ \/'“”ﬁﬁ"“”‘ )
and Q) — Qlloe < koo? (\/'"”(”’Ll‘fr”'"“‘ + \/'"”(”“&T“ In|J| )Where (A, 1, ke, ko)
are positive constants. The parameter o is estimated from the data. From a theoretical
point of view, we can still bound from above the accuracy of the approximate problem
which uses the empirical adaptive estimations (see [Gui05]). We did not choose to present
this approach as it leads to more complicated and less precise upper bounds which are
obtained under more restrictive conditions on the process r;. However, the definition of
the approximate problem as a function of the adaptive estimators, the dependence of the
upper bounds on the quality of the approximate problem as a function of n and ||, and
the tools used to show the results are the same (see [Gui05]).

To reduce the computational cost, we use the choice of testing subintervals denoted
by choice (b) in Theorem 3.6. The intervals of the set Z are of the form Iy = [N+ 1 —
mo — Kk, N+ 1[, where k € N. Finally, the optimization problems are solved using Matlab
and the Mosek optimization library.

5.2 Simulated data

In this section we are interested in the accuracy of the approximate VaR problem (V)
in the particular case where the model for the returns is a change point model. The
day of the investment, N = T1 + T, independent observations of the returns are avail-
able where the first T1 data is drawn from the Gaussian density A(p1, Q1) and the
last T, observations from the Gaussian density A (p2, Q2). Assumption 3.1 is thus sat-
isfied. We then assume that the mean return and the covariance matrix between the
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returns over the investment period are respectively p2 and Q2. We thus know the op-
timal portfolio x* that would be obtained solving the VaR problem (V) with the val-
ues p2 and Q2 of the parameters. To use meaningful values of p; and Q1 we choose
p1 = pand Q1 = Q where p and Q are the empirical mean and covariance ma-
trix obtained using the available 3 month returns of the assets of the Dow Jones we
have (see the next subsection) on January 2, 1995. The matrix Q is thus an n x n
matrix with n = 30. We consider a change point model with a change in the mean
only: po = 1.25p1 and Q2 = Q1. We consider 200 realizations of such a change
point time series and for each realization, we compute the portfolios obtained solving
(V) using the empirical estimations of the parameters with different estimation hori-
Zons:

e a fixed estimation horizon using the last T, observations (method denoted by
“Last™); a fixed estimation horizon using the first T1 observations (method denoted
by “First”); a fixed estimation horizon using all the data (method denoted by
“Emp”);

e the estimation horizon provided by the adaptive algorithm (method denoted by
“Adap”).

The risk-free rate chosen is the American federal bank loan rate the day of the invest-
ment (January 2, 1995). We choose «(¢) = 0.25 and Ty = T, with Ty = 50, T; = 100
or T; = 200. We also test the procedure for different values of the number n of as-
sets: n = 30, 100, 500 and n = 1000. When n = 30, we have just described how p
and Q are computed. When n = 100, we choose p = [p3g, P39. P30, P30(1:10)]7 and
Q =blkdiag(Q30, Q30, Q30, Q30(1:10,1:10)) where p3p and Qsg are the mean p and
covariance matrix Q computed when n = 30, and where blkdiag(Q1,Q32), for matri-
ces Q1 and Qo, is the block diagonal matrix (%1 (32> . When n > 100, we choose
p =0.98+ 0.22:1%11, i =1,...,n, and Q =diag(0.255?) (not to get an ill-conditioned
matrix Q in high dimension). The parameters A and . of the adaptive algorithm are fixed:
A = u = 1. For fixed Ty and T, the parameters k; and k, are those (among a grid of
values for ki and kp) providing the smallest type Il error while providing a type | error
of at most 5% for a stationary model with p2 = p1 = 1.25p and Q2 = Q1 = Q. More
precisely, we simulate 200 samples of size Ty + T, drawn from the Gaussian density
N(1.25p, Q). For each sample, a type | error is made when the whole interval of length
T1 + T> is not accepted as an interval of homogeneity. The same procedure is conducted
with a change point model where p, = 1.25p1 and Q2 = Q1. In this case, a type Il error
is made when the length of the adaptive interval is greater than T,. The grids of values
chosen for k; and k» are the same: [0.05;0.1;0.2;0.3;0.4;0.5;1]. We then compute the 90
percentile of the accuracy. The results are given in Table 5.1.

We then conduct the same experiment with a stationary time series: p» = p1 = p and
Q2 = Q1 = Q. The results are given in Table 5.2 which follows. The accuracy of the
approximate problem is satisfying, close to the accuracy obtained using the true interval
of homogeneity and much better than the accuracy obtained using all the data in the case
of a change point time series.
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‘ n ‘ N ‘ Emp ‘Adap‘ First ‘ Last ‘ & ‘Mean(lfl)

30 100 | 29.12 | 25.82 | 26.90 | 25.82 | 2.03 49.40
30 200 | 23.04 | 19.57 | 21.03 | 18.92 | 2.077 98.8

30 | 400 | 20.48 | 15.89 | 17.83 | 14.09 | 2.104 195.85
100 | 100 | 19.00 | 11.11 | 12.20 | 11.35 | 2.084 49.8

100 | 200 | 16.05 | 11.25 | 11.48 | 11.39 | 2.14 100.05
100 | 400 | 9.01 | 8.46 6.48 7.51 2.22 199.25
500 | 100 | 10.22 | 6.47 6.32 6.47 2.22 50.00
500 | 200 | 850 | 464 | 523 | 464 | 2.26 100.1
500 | 400 | 6.06 | 2.84 | 2.96 284 | 2.26 199.3
1000 | 100 | 11.36 | 7.45 6.82 7.45 2.26 50.00
1000 | 200 | 8.04 | 4.28 | 440 | 4.28 2.22 100.00
1000 | 400 | 7.82 | 3.20 3.84 | 3.20 2.30 200.00

Table 5.1 Comparison qf the 9oth percentile of the accuracy (defined in Section 2) of the
approximate problem (V) using different estimation procedures for the parameters. Change
point time series for the returns.

‘ n ‘ N ‘ Emp ‘ Adap ‘ First ‘ Last ‘ & ‘ Mean(| )
30 100 | 15.06 | 15.96 | 18.92 | 18.96 | 1.118 96.8
30 200 | 9.19 10.81 | 13.25 | 13.29 | 2.034 191.6
30 400 | 4.25 5.30 8.16 8.99 1.828 388.85
100 100 | 16.19 | 18.97 | 25,57 | 23.01 1.840 98.9
100 | 200 | 8.25 9.38 | 15.64 | 14.22 | 1.8703 196.05
100 | 400 | 3.46 3.46 7.74 7.92 2.047 383.9
500 | 100 | 14.07 | 14.07 | 29.59 | 22.46 | 1.923 98.8
500 | 200 | 2.54 2.54 5.63 4.53 2.029 195.45
500 | 400 1.45 1.45 2.44 2.47 2.047 388.45
1000 | 100 | 4.83 4.83 8.37 7.45 | 1.9376 100
1000 | 200 | 2.84 2.84 4.74 6.11 2.081 195.05
1000 | 400 | 1.70 1.70 3.50 2.95 2.048 391.1

Table 5.2 Comparison of the goth percentile of the accuracy (defined in Section 2) of the
approximate problem (V) using different estimation procedures for the parameters. Stationary

time series for the returns.
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5.3 Simulationswith real data

Our objective is now to compare the evolution of portfolios obtained with Value-at-Risk
model (V) rebalancing the portfolio for different dates and using different methods of
calibration of the problem parameters. We are interested in the portfolio return and in
the volatility of the portfolio return over the investment period. The different calibrations
tested are the empirical estimations (using all the available data the day of the investment
and computing the empirical estimations), the empirical estimations using a fixed given
estimation horizon and the empirical adaptive estimations. The performances of the
portfolios are also compared with a portfolio tracking the Dow Jones and with a risk-free
investment (investing everything in the risk-free asset). We consider the 30 assets of the
Dow Jones. We have the prices of these assets from January 2, 1992 to June 30, 2004.
Notice that these prices are corrected and take into account the splits and capital growth.
We invest $1000 (this money is initially held in the risk-free asset) on January 2, 1995.
We choose an investment horizon H. Different values of H are tested: H = 90 days of
open stock markets (approximately 4 months and a half), H = 60 and H = 20. The
portfolio is then regularly rebalanced every H days of open stock market, using model
(V). The risk-free rate used for an investment is the H-day American federal bank loan
rate the day of the investment. The transaction costs amount to 0.5 %.

Different policies of choice of parameters of the adaptive algorithm will provide dif-
ferent estimation horizons. We now explain how the parameters of the adaptive algorithm
are chosen.

5.3.1 A posteriori choice of parameters

The parameters of the adaptive algorithm are first determined a posteriori to show the
influence of the estimation horizon on the performance of the portfolios. We determine
one homogeneity interval [, the intersection of I and IQ A grid of values is chosen
for the parameters ki, ko and mg. The values of A and u are fixed to 0.5 to reduce
the computational costs. We envisage all possible combinations of the values of the
parameters ki, ko and mg and choose the combination giving the maximal return over
the investment period. Notice that the same parameters are used at each rebalancing.
A dynamic choice of parameters could still improve the results. The results are sum-
marized in Table 5.3 which follows. In this table (and in what follows) Raq is the
return of the portfolio obtained with the adaptive method over the whole investment
period and Remp is the return of the portfolio obtained with the empirical method over
the same period. Knowing the evolution of the portfolio wealth over the investment
period, we can compute the sample of H-day returns of the portfolio. The empirical
mean of this sample (the H-day mean return) is R, (if the adaptive method is used)
or R/Emp (if the empirical method is used) and its empirical standard deviation (which
measures the volatility of the portfolio return) is oaq for the adaptive method and oemp
for the empirical method. We see that we can always find values of the parameters
which provide a portfolio having a return larger than the “empirical portfolio” over
the investment period. It seems that the shorter the investment horizon, the more inter-
esting the adaptive algorithm. This would mean that the shorter the H, the more the
means and variances of the returns vary (in particular for H = 20 where the use of
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‘ Horizon ‘ k1 ‘ ko ‘ mp ‘ Rad ‘ Rag ‘ oAd ‘ Remp ‘ R’Emp ‘ OEmp ‘
H=20|005|01]| 30 | 3.801 | 1.02 0.065 | 1.3425 | 1.0043 | 0.0003
H=60| 03 |01 | 30 | 439 | 1.069 0.11 2.6217 | 1.0474 | 0.0765
H=9 | 03 | 01| 30 | 7.025 | 1.126 | 0.1806 | 4.1285 | 1.1019 | 0.1028

Table 5.3 Comparison between the adaptive and the empirical method. Static a posteriori choice
of the parameters.

the empirical estimations gives a portfolio performing less well than a risk-free asset
based investment). This method of choice of parameters is called Best Adap in what
follows.

5.3.2 A priori choicesof parameters

From a practical point of view, we have to determine a policy of choice of parameters
using only the available information the day of the investment. We use the same grid
of admissible values for the parameters of the adaptive algorithm as for the a posteriori
determination of parameters. Parameters are chosen in a way to optimize a certain error
criterion. We use three different dynamical techniques (the values of the parameters can
change from one rebalancing to another) to solve this problem. We can first find the values
of the parameters giving the smallest Mean Absolute Forecast Error (MAFE). If p(t) is
the forecasted adaptive mean for time step t, then using the observations (rq, ..., rt—n)
available at time step t, the MAFE computed at time step t is:

t—H
1 .
MAFE = — E Irk — p(K)llocs
fo
k=t—H—to+1

where ty > 0 is a parameter. For our simulations, the dates chosen are the last ty = 5 dates
for which the returns of the assets are known. Notice that if we decide to find two different
intervals 1, and | g, this method provides a calibration of k; and A. This method will be
tested if we only determine one interval of homogeneity. In this case, the values of ky and
w also influence the estimation of the interval of homogeneity and consequently influence
the estimation of the mean. We call this method Adap 1. A second way of calibrating
the parameters of the adaptive algorithm consists of simulating different investments in
the past. We choose 5 different investment dates preceding the day of the rebalancing
(for which we want to calibrate the parameters) and such that the prices of the assets are
known for H days following these different dates. This allows us to compute the optimal
portfolios for every value of parameters and to see the real evolution of the different
portfolios. We then choose the values of parameters giving the maximal mean return
over all testing dates (method Adap 2) or the maximal Sharpe ratio which is defined
as the H-day mean return divided by the H-day standard deviation (method denoted
by Adap 3). We call “Fix” the method using a fixed estimation horizon (different fixed
estimation horizons are considered: 50, 100, 150, 200, 250 and 300 and the one providing
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Model ‘ Rgo ‘ Ryo ‘ 090 ‘ Sharpegg ‘ Reo ‘ Réo ‘ 060 ‘ Sharpegg ‘
Emp 4.13 | 1.100 | 0.103 10.72 2.62 | 1.047 | 0.077 13.69
Fix 5.88 | 1.131 | 0.148 7.64 4.56 | 1.070 | 0.128 8.37
Best Adap | 7.02 | 1.126 | 0.181 6.23 4.39 | 1.069 | 0.110 9.74
Adap 1 2.64 | 1.069 | 0.116 9.25 3.63 | 1.061 | 0.097 15.23
Adap 2 2.85 | 1.075 | 0.155 6.95 194 | 1.034 | 0.131 7.89
Adap 3 4.45 | 1.107 | 0.157 7.04 2.04 | 1.034 | 0.120 10.34

Table 5.4 Comparison of different methods of estimation of the parameters of model (V) for
H =90and H = 60.

Model ‘ Roo ‘ Ry ‘ 090 ‘ Sharpeyg ‘
Emp 1.34 | 1.004 | 0.0003 | 3348
Fix 5.37 | 1.026 | 0.065 15.76

Best Adap | 3.80 | 1.020 | 0.065 15.62

Adap 1 1.08 | 1.002 | 0.032 31.49

Adap 2 2.66 | 1.018 | 0.048 21.21

Adap 3 292 | 1.019 | 0.050 20.38

Table 5.5 Comparison of different methods of estimation of the parameters of model (V) for
H = 20.

the best return over the investment period is chosen). Emp stands for the method using all
the available data to compute the empirical estimations of the parameters. Two investment
periods are chosen: the first one goes from January 2, 1995 to the beginning of May 2000;
the second one goes from January 2, 1995 to June 30, 2004.

We first report in Tables 5.4 and 5.5 above, for the first investment period (from
January 2, 1995 to the beginning of May 2000), the global return Ry for each method,

the mean return R}, the standard deviation o and the Sharpe ratio Sharpe, = 5—;‘ for
the H-day return sample.

Not all the adaptive methods allow one to obtain either a better global return or a better
Sharpe ratio over the investment period. Nevertheless, for every investment horizon H,
there is always an adaptive method yielding a global return larger than the global return
of method “Emp”. In particular, method “Adap 3” beats method “Emp” for H = 90 and
for H = 20 where the global return is more than doubled.

We now plot, in Figure 5.1 which follows, the evolution of the portfolios using the
different investment methods and the two investment periods. Only the adaptive method
(Adap 1, Adap 2 or Adap 3) providing the maximal return is shown in this figure.
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Figure 5.1 Comparison of the portfolios performances using asset allocation model (). On
the left, the plots correspond to the first investment period going from January 2, 1995 to the
beginning of May, 2000 and on the right, the plots correspond to the second investment period
going from January 2, 1995 to June 30, 2004. “DJ” stands for a Dow Jones based portfolio and

“Cash” for a risk-free asset based portfolio.
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6 Concluding remarks

We generalized the work of [MS04a] to find the interval of local time homogeneity
in a distribution-free and multidimensional context. We have then shown, using this
procedure, how to treat the uncertainty in a class of stochastic optimization problems.
The quality of the approximate problem we define to solve the stochastic optimization
problem is theoretically controlled. The procedure has been tested on a portfolio selection
model on both simulated and real data. In particular, on real data, one of the methods of
calibration of the parameters of our adaptive algorithm has been shown to be competitive.

It remains to see how the adaptive estimations could be used to treat a broader class
of stochastic optimization problems where the uncertainty is also in the constraints.

A Appendix

Proof of Proposition 2.1: For every x € X, for every 6 = (py1,svec(Qn+1)")" and
every 6’ = (,o/K,H, svec(Qy.q) ") "; the objective function fo of problem P(6) checks:

[fo(x, 0) — fo(x,0")] < K‘\/XTQN+1X— \/XTQ/NHX‘ + 1(oNg1 — PN+1) X

Notice that |(op;1 — AN+1) "X| < [loN11 — ON+1lloo XN < 10 =0 lc IX12- 1f Q)yy =
Qn1 We are done and else forany 8> 0and X £ 0 :

§ = ‘\/XTQN+1X - \/XTQ’NHX‘

: QNHX;X RN 00 + 41 (mx i Q1. VX Quarx) < B).

where Kkg(x) = 1<max( [XT QN1 X VX QNt+1X) zﬂ). We then choose B =

\/IIQ/N+1 — On+1llolIX]l1 and obtain

§< \/IIQ/NH — Qn+illo Xl = V110" — Olloo [IX[l2. O

Proof of Proposition 2.2: Since fo(X, (3) < fo(x*, é), we have:

e(P()) = | fo(R, 0) — fo(x*, )|
= fo(R, 0) — fo(R, 0) + fo(R, 8) — fo(x*, 8) + fo(x*,8) — fo(xX*,6)

< 2sup [ fo(x,6) — fo(x, 0)].
xeX O

Before showing the theorems of this paper, we need the three following Lemmas A.1,
A.3 and A.4. The two last ones provide, for a process satisfying Assumption 3.1, new
non-asymptotic bounds on the quality of the estimators of the mean and of the covariance
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matrix given in Section 3.1 (Lemma A.4) and on the quality of two other close estimators
(Lemma A.3). For short, we will sometimes write K¢ instead of Ko(N).

LemmaA.l Let Xi,t = 1,..., N, be N independent observations of a zero mean
random vector in R" with n > 2. If in addition, we have for every t : E|| X2, < o2,

then:
N
1 2 Inn
E|§ Zt_l x| =250y W (A1)

Proof: Of the two integers E[ZI:]“Z”] +1land E[ o ]+ 2, (where E[x] is the integer part

of x), let g be the one that is even and let W(x) = ||x|| /2. The proof is based on the
following lemma.

LemmaA.2 Letn > 2, and of the two integers E[ 3] + 1 and E[30] + 2, let q be
the one that is even. Then the function

1 2 .mn
W(X) = SlIxlg - R" > R

satisfies for every x, h € R", therelation:

41nn
In2"°’

where f : R" — R" isdefined by f(x) = VW(X) if x £ 0 and f(0) = 0.

W(x +h) < W(x) +hT f(x) +c*(n)[|h||%,, c*n) = (A2)

Proof of Lemma A.2: Let us fix x,h € R". We distinguish four cases for the pair
(x, x+ h): first case: (0, h); second case: (X, 0); third case: 0 belongs to the open segment
1%, X + h[; and fourth case: 0 does not belong to the segment [x, X+ h].

First notice that since q is even, W(x) = Z(Z, 1% )q and for x # 0, fi(x) =
-1 2—
ViWx) = %" lIxllg
In the first three cases, we can write X as X = —kh, with k = 0 in the first case, k = 1
in the second case, and k < 1 in the third case. In these three cases, we thus have

1
W(X + h) — W(x) — h" f(x) = 5 IhII3- (A.3)
Since g > 2111 we then obtain
1. 5, 12, , _4lnn
Ellhllq < Enqllhll < |hllS < ﬁllhllw (A4)

Plugging (A.4) into (A.3) gives (A.2) in the first three cases.
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In the fourth case, since W is continuously differentiable on [x, x + h] and twice
continuously differentiable on ]x, x + h[, using Taylor formula, we have for some z =
X4+ ah,with0 <o < 1,

W(X + h) = W(X) + hT VW(X) + %hTVZW(z)h. (A.5)

diag¢'~2
Now for x # 0, we have V2W(X) = —(q — 2)XXT + (q — 1)%'2), with

Ixllg
. Observing that g > 2, and using (A.5) and

q—l
X = (X1,..., Xn)", where Xj =

||x||3
Holder’s inequality, we then have

W(X +h) < W(X) +h"VW(X) + - “h”q < W) + h™ o +qlihll3,

We conclude bounding ¢ from above by “I:]”Z”, forn > 2. O
Let us now show (A.1). Fork =0, ..., N — 1, we have, using Lemma A.2:

w( > X:) = w( 5 Xt) + %) ( 5 Xt) + C" ) Xiee1 -
t=1 t=1 t=1

Hence, taking expectation, and since the random vectors X; are independent and centered:

k41 k
s[W(3x) ] <B[W(3x) ] +cme?
t=1 t=1
We then have: E [W(Zt’\':l X1)1 < Nc*(n) o2, and since W(z) > %||z||go
[HthH ]fwa N Inn, (A.6)
which achieves the proof of (A.1). O
LemmaA.3 Letri,t =1,..., N, be N independent observations of a randomvector in

R" satisfying Assumption 3.1 and (1.1) where p; = p and Q; = Q are constant. Let us
1

fixA > 0andlet KO(N) = U(m)

haveIn(n(n+1)) +x InN < N. We definethe following statistics: o1 = % Zthl at,

‘) We supposethat N issufficiently large to

N N
b 1 A 1 R A
Qni =7 Y (e —p)—p7, and Quyq = N D (= pngn) (@ — Angn)

t=1 t=1
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withor = re 1(Irtllso < Ko). Thenthereexist constantsmy = £ ++/2, my = 2 +4v2,

and mg = mZ + my such that:

IEdns1 — ol sa('””(”“,\l)“'”'\'f, A7)
IP’(||[3N+1—P||oo > mw\/lnn(n+?\|)+)»lnN ) < % (A.8)
IEON.1 — Qllc < 302\/ Inn(n -+ 1N) AN (A9)
I[D(HQEH_QHN2ngz\/lnn(njt1N)+MnN)S%’ (A10)
P (||QN+1 — Qlloe > mgoz\/'””(n+ DAt ) <o

Proof of Lemma A.3: Note firstthatfork =1,...,nandt =1,..., N:

[Eat(K) — p(K)| = [Eor(K) — Ert(k)| = [Ert (K 1(lIrtlloc > Ko)|
< Ellrellco1(lIrtllec > Ko),

and thus |Epy.1(K) — p(K)| is bounded above by % This shows (A.7). Now if §; =
In2n + A In N, we show that: ’

4
P <||,5N+1 —plloc =nm =—%+ 7)/1) <

51 4 Kopdy
L =+20— 4+ - —=,
M= V20 5+ 37

and thus (A.8) will follow with m; = % + +/2. We can bound from above P(lpns1 —
plloo = n1) by

with

nk:nIaXnP(lﬁNﬂ(k) —Epn1 (] = n1 — [Ebnp (K — oK),

which itself is bounded from above by

k=1,...,n

N
n max P (‘ 3 ai(k) - Eo (k)‘ > Nn’1> . (A12)
i=1

Further, notice that

2 Kpd \/2K051 2 51
1o o £ 1001 (__) 252%
mEm=3 V3TN TN
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Now, if Xk = aj (k) — Ea; (k), for all fixed k, the random variables X!,i =1, ..., N, are
independent with zero mean and such that

Var(Xl) = E(XL)° < Eai (k)2 < o and |XL| < 2 Ko.
Thus, when using the Bernstein inequality for (A.12), we get (A.8):
P(An+1 — Plloc = m1) < 2nexXp (—1Lﬁ2> .
202 4+ ZKon]
Now let &t = E(at — p)(at — p) " — Q. We have, forall1 < j,k<n,andt=1,...,N:

et (j, K| =< Elre(Drek) — ae(Dee (] + [pK) [[Eet ()) — p())]
+ [o(DIEa(K) — p(K)] (A.13)
Elre(Dre1direlloo > Kol + [o()Ert (D1t > Ko)l

_ ot o5
+ lp(DIEr () 1(lIrtlloo > Ko)l < K2 +2K3,

IA

and (A.9) follows. We now introduce 82 = Inn(n + 1) + A In N and show that:

4 5
~b o o 1
P > 2— —
(||QN+1 Qlloc =15 = Ko + K3 + 772) N

where

4 (K 25 8
ny(N, ) = §% +4f202,/N2; (A.14)

which will prove (A.10). Reasoning as above and, for short, writing »; for n5 (N, 1), we
have

IA

n(n + b )
O max PUQN (10~ EQRy1 (1K1 = 1)

nin+1) ’ K ik -
A _EAl ’> N
= 2 1<J<k<n (Z i | = N

P(1Qnis — Qlloo = 1)

with

. 2(Ko+0)% 2 (Ko + 0)282\° 5
=-- 77 Bt 3204= < nf,
T=37N AN FoLot g =2

and A (a.(])—p(]))(a. () — p(k)). Ifwe set X' = AP _EAMX for every (j, k),
the random variables (XJ )i are independent, with zero mean, and satisfy

XK < 2(Kg + )2, and Var(x!™) = B(X1™)?2 < E(Jlai oo + 0)* < 166°.
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We then conclude the proof of (A.10) using Bernstein inequality. Further, since:
~b A n n N
1QN+1 — Qnilloo = 10 = ANt (P — Ansn) lloo = Il — A llZe-

; _ 2 /8 .
if n2 = mgo“,/ &, we have:

P(|Oni1 — Qllos = 72)

. 82 ~b 82
<P (“pN+1 — ol = m%az,/ﬁ ) +P (”QN+1 — Qllc > mzaz,/ﬁ ) .

Since % ‘SN? (A.8) allows us to bound from above the first term of the right hand side
n

>
by % and from (A.10) the second term is also bounded above by % m]

LemmaA.4 Ldnder the hypotheses of Lemma A.3, we define the following statistics:
PN41 = % Zt:l at,

N N
R 1 A 1 . N
QR = N ; (ot — p)(er — p)", and Qg = N le (ot — pns1) (@t — Pngr) s
wherefori =1,...,n, ot(i) = [rt(i)1kyn), With [-1k,(n) atruncation operator (defined
in(3.1)). Theestimators pn1, Qn.1 and Q.1 satisfy (A7), (A.8), (A.10), (A.11) (with
M= £ +v2,m = 3 + 442, mg = mZ + myp) and

Inn(n+1)+AlInN
N .

||EQbN+1 — Qllc = 502\/ (A.15)

The condition In(n(n + 1)) + A In N < N in the above Lemmas A.3 and A.4 can be
suppressed but this leads to more complicated left hand sides.

Proof of Lemma A.4: If we notice that |o:(i)| < |ri(i)|, we see, (following the proof of
Lemma A.3), that (A.7), (A.8), (A.10) and (A.11) remain valid for Lemma A.4 provided

that constants my and mg are updated. For instance fork =1,...,n,andt=1,..., N,
re(k)
|Eat (K) — p(K)| = ”E[Ko|rt(k)| = re(W1L(rek)| > Ko)l

]
< Elrn®[1dre] > Ko) < —,

Ko

and (A.7) follows. Let us now bound ||E(§,tlprl — QJloo from above. Let us fix j,kin
1,...,n,andtin1,..., N. First, note that (A.13) holds. Let us then denote by k™ (resp.
k™) the quantity 1(|r1 (k)| > Ko) (resp. 1(Jr1(k)| < Kg))and by j* (resp. j ~) the quantity
1(r1 ()| > Ko) (resp. 1(Jr1(j)| < Ko)). Further, we have

4

lp(IIEr () — ot ()] < oElre(DIj T < %
0



136 Guigues

We then bound from above E|at ()at (K) — re(jri(k)| by the sum of three terms A (j, k),
Bt(j. k), and Ct(j. k) defined by

Ko

Ac(j, K = Elre®|]re(j — — 1k jT,
((i:0) = BIrnolIn (| — 1k |

. . Ko .
k) = E|r¢(k —1|k*

Bi(J,K) = ElrolIr (| — 1k

K(z) + i+
Ci(j, k) = Elrt(priK|| ———— — j
(0.0 = Bl || o — 1K
Since each of these terms is bounded from above by E—i (A.15) follows. |
0

The following lemma will also be useful. Even if V{ and V|Q are unknown, this lemma
allows us to have a (non-asymptotic) bound on these quantities: le <4 %o /'ﬂ—? and

V2 < kqo?,/NRERERINIL for some constant kg. If 1 is an interval of local time
homogeneity, this lemma will also provide an upper bound for Af and AlQ. In what

follows, we denote 1 > ~ prand ;) Qi by respectively 5, and Q. For short, we will
tel tel
write o for o.

LemmaA.5 Letx > 0, letn > 2, let | beanonempty interval such that Inn(n + 1) +
Aln|l] < [|l|andlet p; and Q, bethe estimatorsdefinedin (3.3). Thenthereisa constant
ko =2+ 77 + i25(2 + V/2) such that

A . 32 Inn
Ellp, —Ep 15, < maz <|I_|) (A.16)

E|Q —EQ /e < onz\/ln nn+ D+l (A.17)

Proof: Notice that random vectors Xk = ax — Eay, for k € |, are independent with zero
mean and check:

El Xkl < E(lalloo + Ellaklloo)? < E(Irkllco + 0)* < 40

It then suffices to follow the proof of Lemma A.1 to show (A.16). Now, let le =
“—1‘ Z (ot — py) (et — py) 7. We first prove that:

tel

32 , [Inn
o° [—. A.18
Vin2 I (A19)

~b b
EQ) —EQlle =
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% b I I . . .

Indeed, E[ Q) — EQ)lloc = ﬁ EIIZ Ztlloo, Where ¢t is the symmetric vectorisation of
tel

(@ — py)(at — p1)" —Elar — py)(ex — py)". The random vectors (Zp)rel in R"7" are

independent with zero mean and E||¢t]|2, < E((Il'tlleo + 0)? + 402)? < 640*. Using
Lemma A.1, we get (A.18). Now,

E[O, —EO s < E[O; — Ol + E[O} — EQ oo + [EQ — EO [l

32 , JInn
—0 -_—.
VIn2 [

Reasoning as in the proof of (A.7), we then have |E; — 5 lloo < o‘/w.
Also, |0 — O llse = lI41 — 71 I and it follows that

A <b
2E[|Q) — Q)llec +

IA

(A.19)

Elp; — 112 < E1A) — By lloc + IES; — £y llsc)?

2
N N Inn(n+1)+xln|l|
<E <||,0| —Ep ||oo+<7\/ T . (A.20)

We then use (A.16), (A.19) and (A.20) to prove (A.17). m]

Proof of Theorem 3.2: Let r; satisfy Assumption 3.1. We have:

161 = Pallee = M1o1 = Pilloc + 161 = P3lloc + 153 — P3lloo- (A.21)

Now [[p) = p3llec < 121 — PN+1lleo + lloN+1 — £ llcc @nd from the Cauchy-Schwartz
inequality [|5; — pnt1lloe < A} and [lon+1 — £yl < Af. Since | is an interval of
local time homogeneity and J € Z(1), we have A{ < DV/,” and A < DVY. Using
Lemma A.5, we then get:

_ _ 2 Inn Inn
1y —leloo§4,/mDo (‘/W+ /W)' (A.22)

We can then easily adapt the proof of (A.8) to show that for every nonempty interval |
and A > 0:
1

s (A.23)

PAIA) = prlloo = ma(|1], 1) =

with

ot In2n+Aln|l| 4 Ko(ID{In2n+ xIn|l])
1, %) = +/2 + = . (A24
S TR I 3 I 29
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INT

where Ko(|1]) = o (W) Note that if Inn(n + 1) + AIn|[l| < |I], then

(A.23) holds with n1(|I],A) = m o‘/'“”(’”"l%'"“, where m; = g + /2. Since
Inn(n+ 1)+ Aln|l| < |lland Inn(n+ 1) + AIn|J| < |J|, we then use (A.21), (A.22)

and (A.23) with 71|11, 1) = (£ + \/E)a‘/'“”(”j“‘ll%'"“‘ to obtain (3.6). We now need

the following lemma to prove (3.7).

LemmaA.6 If | isanonempty interval of local time homogeneity, then for all A > 0,

IP(IIQ = Qilloo = 111, 2) (A.25)

2
<

= |||)"

4 Inn(n +1) + Aln |l
:"§(|'|J)+nz(lll,/\)+kaz\/ (n+D II)

wherek =5+ 8 D and the functions 1 and 1/, are definedin (A.24) and (A.14).

Proof of Lemma A.6: Note first that:

191 = Qillew =< 161 — 4y ||oo+“—|HZ<at p@—p —Qf . (a2

We now have to bound from above: ||Alle = li HZ E(at — ) (ot — o))" — Q H

tel
We have, forall1 < j,k<n:

1o (K|
I

> ;i) = Een()|

tel

A K| =< Z [Elat (et (k) — re(Prell +

|I| tel

Z lot(DI1 ot (K) = Ear ()] + —

tel

Z Bet (K)ot () — £y ()]

Bl N4

504
=igan |||<§'(pt P ()] (onet — m(m)

504 2 Inn(n+1)+ Aln|l
e (5+8 D)02 (D +amnill,
Kg( 1D In2 1]

We then use (A.26), (A.23) and follow the proof of (A.10) to conclude. |

Remark A.7 In the case when Inn(n +1) + Aln|l| < |I|and ifky =32 + 22 +

8,/ 12 D, then the above lemma holds with n(|1], ) = kg, w
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Similarly, we have:

1) — Qilloo < 1101 = Qillos + 1Q) — Qulloo + 11Q5 — Qjllco- (A.27)

Using Cauchy-Schwartz inequality, Lemma A.5 and since | is of local time homogeneity
we get:

1Q1 = Qullee = DV + V) (A.28)
stDaz( Inn(n+1)+k|n|J|+ Inn(n+1)+/\ln|l|).
I [
We conclude using (A.27), (A.29) and Remark A.7. |

Proof of Theorem 3.4: We show that (3.10) holds with k(D) = k’Q + kgD, where k’Q
and ko are defined in Remark A.7 and Lemma A.5. If 6 = Inn(n + 1) + AIn|I| and

K'(D) = £++/2+4,/% D, since k(D) max(a, o) > K (D)o, we can bound from above
P( 11 = Olloe = k(D) max(@, o), /% ) by

. o) A )
P (npﬂ — oNtlloo = k/(D)o,/ﬁz| ) +P (IIQH — Qniilloo = k(D)2 |—HZ| ) .

(A.29)

We then observe that
) 1 1
151 = pN+lloo < mz llot = ptlloo + EZ Lot = pN+1lloo- (A.30)
tel tel

Then using Cauchy-Schwartz inequality, the definition of T and Lemma A.5:

1 2 Inn
il _ <A’ <DV’ <4,/]—Do |—. A.31
mZum PNiilloe < Af < DVf <4/ a/m (A.31)

tel

Using (A.30), (A.31) and (A.23) with n1 (]I, A) = (% + ﬁ)a f—ﬁ we can bound from

above the first term in (A.29) by ﬁ Similarly for the covariance matrix:

1Qr = Qurtlloo < 11Q1 = Qulloo + AP, (A32)
with A]? < DVHQ. We then use (A.32) and Lemmas A.5 and A.6 to bound from above
the second term in (A.29) by ﬁ O

Proof of Theorem 3.5: We show that (3.11) is valid with k(D) = 3(kqoD + k/Q) where
kg and kq are defined in Remark A.7 and Lemma A.5. To this end, we prove that the
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union of the event:

. 2 Inn
{Ilpr — PN+1lloo > 3n1([1], 2) + 8,/ HDG‘/ i + Af} (A.33)

and of the event

Inn(n+1) +AlIn|q|
||

{HQ. — Qn+tlloo > 3n(11, 1) + 2Kq Doz\/ + A]?} (A.34)

implies the event

U U [185=5sle > m03L2 U105 - Qulle > 1131 1)}, (A35)

leZ |1 Jez (1)

where n(|1], 1) = ki o? /w and n1(]1], 1) = Mo /w with

mp = % + /2. Since we easily check that the probability

P<||ér bl > K(D) max(. 02)\/In n(n+1) 4+ xlIn 1] )

I

is bounded above by the probability of the union of the two events (A.33) and (A.34), and
since every testing subinterval J satisfies |J| > mg, this will prove the theorem.

Let us thus now prove that the union of the events (A.33) and (A.34) implies the
event (A.35). Let us suppose that for all 1 in Z such that | < I and J € Z,(1),
153 = Aalle < m1(131.2) and Qg = Qillec < n(|J]. ). We intend to prove that

157 = PN+1lloo < 3na(11], 1) +8,/ 125 Do /00 + AL and [ Qp — Qnalloe < 3n(TI, )+

2kqDo? /LI 1 AR, First, note that I is not rejected. Indeed, for all | € Z
suchthat | C Tandforall J € Z(1):

161 = Billoe + 171 = pns1lloo + st = B3lloo + 153 = Aaloe
(112 + 010131 2) + A7 + AS.

161 — Pallec <
=<

Now due to the definition of I, A{ < DV/’, A < DV and using Lemma A.5 gives:

1By — Pallos < m11.2) +m(1 31 2) + 4y 2o [0y [
14 PIllocc = N1 s n1 s In20 M 3| .

Similarly we show that:

1Q) — Qsllcs < n(I11,2) + (131, 1)

ijQDGZ<\/|nn(n+|1|)|+)\|n||| +\/|nn(n+|13|+kln|J| )
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Soforall | € Zsuchthat | C I, | isaccepted and I is accepted so I < [. This implies

) 5 Inn Inn

141 = Ailloo < ma(Il 2) + na(Il], x)+4 T T
2 Inn

2m (0, %) + 8,/ — Do [ ~—

ni(lIf, 2) + i3 Do T

since n1(|1], 1) is a decreasing function of |I|. Now

A

IA

167 — PN+1lloe = 167 = Prlloe + 161 — Prlloc + 101 — PN+ ll0o

2 Inn
< 3n1(|I|, 1) + 8,/ — Do | — + A”.
< 3m (I, ») + ‘/In2 o,/ T + Ap

Since n(|1], 1) is also a decreasing function of |1 |, we can show in the same fashion that

Innn+ 1) +xln|I
[ESRSTTIONS

IIQl — On+tlloe <30I, 2) + 2kQD02\/

which achieves the proof. ]

Proof of Theorems 4.2-4.5: In the stationary case, let A > 0 be such that Inn(n +
1) + AInN < N and in the case of slowly varying parameters let A be the parameter
of the adaptive algorithm such that Inn(n 4+ 1) + 2 Inmp < mg. In the stationary case
(resp. in the case of slowly varying parameters), on the basis of Lemma A.4 (resp. fol-
Iowing the proof of Theorem 3.5) we can find a random set S of probability at least

3
1-3 (resp atleastl— Y > A) and functions 7, and 7o depending
rerier ey M

on i,o,n and N (resp. A, 0,n and [I]) such that if w € S ||pN+1 — PN+1lloo < 7p
and || Qni1 — Ontillee < ng. More precisely, in the stationary case we have n, =

(% —i—«/i)a /Inn(n+l'\}+AInN and g = (% + %ﬁ)az /Inn(n+1,\}+)\lnN7 and in the
case of slowly varying parameters, 1, = <3ﬁ +74+12,/% D)a1 / W and
nQ = 3(kgD+ky)o? /W.Also, ifw e S then [0 -6 < 23 max(o, 0?).

Using Proposition 2.2, we then see that (4.1) is valid with k = 2Cy (% + 2—36«/5)%
and that (4.4) holds with k(D) = 2Co (3(kQD 1K, ))

Let us now study the accuracy of P(0). Following the proof of Proposition 2.2, we
have on S the bound:

e(P0)) < 2(n, + € /TQ) max [l
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which gives the bounds in (4.2) and (4.5). Note that if Qn.1 is definite positive, we can

improve the bound for sup |4/ X" QN+1x — \/xTQNHx’ Indeed, in this case, for any

xeX

X € X, v/XTQn41X > /B(Qn+1) IIX]|1 and

X" QN+1X — X" Q41X _ QN1 — QN1 floo MaXxex [IX[l1

\/XTQN_HX—{—,/XTQN_H_X a Vv B(QN+1)

max X A
This implies on S sup [/ X" QN+1X — /X7 QN+1X‘ 1Q MaXxex Xl , what implies
xeX VB(Qn+1)

the estimation in (4.3) and (4.6). Notice that for (4.2) and (4.3), we have k; = H +22

andkp = 180+ 28./2  and for (4.5) and (4.6), we have ky (D) _2<7+3«/—+12 D)
and k(D) = 3(kgD + Kp)- 4
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