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1 Introduction

82 We are interested in the stability of the portfolio solution of the Markowitz prob-
38 lem [12] and of a generalisation of this problem taking into account the transaction
34 costs [6]. The Markowitz approach today remains both the simplest and the most
35 general portfolio selection model. However, the estimation of the problem parame-
36 ters, the mean return vector p and the covariance matrix Q between the returns over
37 the investment period, is a complicated task. For instance, it is pointed out in [1, 2],
38 that if we use the empirical estimations of the parameters, the portfolio’s composi-
39 tion is traditionally very sensitive to changes in the returns. Our approach takes into
40 account the numerical risk that is linked with the first step of estimating the statisti-
41 cal quantities by introducing an intermediate step between this first step of statistical
42 estimation and the second step of selection. This intermediate step can be interpreted
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48 as afilter or as a numerical regularization of the statistical estimations and results in a
49 new calibration of the covariance matrix. This calibration thus focuses on the defaults
50  of the initial estimation of the covariance matrix. This initial estimation depends on
51 the model for the returns: i.i.d. as in [11] or slowly varying mean and covariance
52 matrix as in [7].

53 Our paper is organized as follows. The second section of the paper briefly recalls
54  the Markowitz model and the problem of estimating its parameters. It also gives a
55 few properties of the Markowitz model useful for our study. To control portfolio sta-
56 bility, given two portfolios xi‘ and xé‘ obtained for the values (p1, Q1) and (o2, Q2)
57 of the parameters, we would like to bound from above [x3 — x| or [|x; — x{[2 in
58 terms of || Q2 — Q1] and ||p2 — p1|. Notice that contrary to [|x5 — x{ll2, lx5 — x{ll1
59 has a physical interpretation; it represents the portfolio composition variation, but the
60 bounds we obtain on ||x3 — x[|2 allow us to justify some existing covariance matrix
61 calibrations such as [13] (which was motivated by numerical observations) and the
62  calibrations we introduce in Sect. 4. The third section is thus devoted to a sensitiv-
63 ity analysis of the Markowitz problems [12] and [6]. Three different versions of the
64  Markowitz model are studied. Since these three models can all be cast as quadratic
65  optimization problems satisfying the Slater assumption, we already know from [5]
66  that the solutions are locally radially Lipschitz, though in [5] the Lipschitz constant
67 is not explicit. On the contrary, our sensitivity analysis aims at finding explicit and
68  global bounds. For the version where the return constraint is aggregated in the objec-
69  tive, we show that the solutions are radially Lipschitz with respect to the parameters.
70 We then study a version of the problem integrating a return constraint without trans-
71 actions costs as in [12] and with transaction costs as in [6]. Roughly speaking, the
72 sensitivity analysis of all models tends to show that the portfolios generated using the
73 Markowitz model will be stable with respect to small perturbations of the parameters
74 if the lowest eigenvalue of the estimated covariance matrix and at least one mean
75 return are sufficiently large. The sensitivity analysis, through Theorems 3.1 and 3.2,
76 1s thus the theoretical support for the stable covariance matrix calibrations we pro-
77 pose in Sect. 4. Numerical simulations in Sect. 5 show that one of the calibrations
78 we propose leads to the most stable portfolios (among a set of competing calibration
79 methods) while providing performing portfolios.

80

81

g2 2 Markowitz model, sources of instabilities and statistical framework

83

84 2.1 Markowitz mean-variance model

:Z We recall the formulations of [6, 12]. The Markowitz model is a portfolio optimiza-

o tion model corresponding to a single investment over a given investment period of

o8 H time steps. Given n risky assets and a risk-free asset, the Markowitz model gives

s the proportion of the different assets composing the optimal portfolio. The return r;

% of each asset i over the investment period is unknown. The standard mean-variance

o Markowitz model uses the first and second moments of the distribution of the returns.

o Therefore, the probability distribution of the returns r over the investment period is
characterized by a vector of expected returns E[r] = p and a covariance matrix be-

Zj tween the returns Q such that Q = E[(r — p)(r — p)"]. A portfolio is then given by a
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95  vector x € R" of risky asset weights. The weight of the risk-free asset (whose return
9% is pg) is xo = 1 — x"e, where in this expression, and in what follows, e is a vector
97 with all components equal to one. Hence, the expected total return of the portfolio is
98 E[x"r+x000] =x"p+x0p0 and the risk of the investment is defined by the variance
9  of the total return of the portfolio E[(x"r — x" p)*] = xT Ox.

100 The optimal portfolio is then a solution of the following problem P (k, p, Q) pa-
101 rameterized by k, p and Q:
102

COR T
103 min 5 x'Qx —kx'(p — poe)

2

o Plkp Q) 4L
105

106 where k > 0 depends on the investor’s risk aversion and A, = {x e R" | x"e < 1,
107 x > 0} denotes the unit simplex. The model simultaneously tries to minimize the
108 variance of the portfolio return and to maximize the expected return of the portfolio
109 over the investment period.

110 Another approach is based on a target value ¢ for the expected return and yields
111 the following problem P’(¢, p, Q):

112

1T
113 min 7 x QOx

P'(¢,p, Q)
4 xT(P—Poe)ZE—PO, X € Ap.
115
116 Finally, it is also possible to take transaction costs into account as in [6]. In [6],
117 the i-th component x; of a portfolio x = (xy, ..., x,) gives the amount invested in

118 asset i, the amount x¢ being invested in the risk-free asset. We introduce the following
119 notation:

20 x; : the initial value of i-th asset before the rebalancing of the portfolio;

2, yi: the amount of risky asset i we sell at the beginning of the period, with the
122 corresponding transaction cost u; (0 < p; < 1);

123 ¢ z;: the amount of risky asset i we buy at the beginning of the period, with the
:z: corresponding transaction cost v; (0 < v; < 1).

126  The set of portfolios is then defined by the following constraints:

127 _ .

128 xi=x; —yi+zi, i=1,...,n,

129 xo=xy + > i (L—pm)yi — >y (L4 vz,
130 x>0, x>0, y=>0, z>0,

131

182 where (x7,x,) >0 and (x7, x; ) # 0. Notice that if (x™, x;, ) was null, the only
133 admissible portfolio would be x = 0. The Markowitz problem taking into account
134 the transaction costs then reads:

135 T

136 min5;x ' QOx

137 pTx+po(xy +—pw)'y—(e+v)z) >t x™ +xp),

1 P'l,p,Q) {x+y—z=x", (1)
139 (e+v)z—(e—w)'y<xy,

140

x>0, y=0, z>0.
141
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142 The return constraint in P’ (resp. P”) is equivalent to x'p + xgp0 > £ (resp.
143 xTp+ poxo>2L(e"x™ + X, )); meaning indeed that £ is a target mean return. Also
144 if x* (resp. (x*, y*,z*)) is an optimal solution of problem P’ (resp. P”) then the
145 weight (resp. the amount) of the risk-free asset is xj =1 — e"x™ (resp. xj = x; +
146 (e — )" y* — (e +v)"z*). From now on, we use the following hypotheses:

H1. The covariance matrix Q is positive definite.

e x"+x;)
(e—w)Tx~+xy

150 H3. There exists k¥ > 0 such that for problem P’, for at least one component i,
o(i) > £ + «, and for problem P”, for at least one component i, we have

b p@i) > %(ﬂ +x)(e"x™ 4 x;). Also, for P’ and P”, vectors p and e
are linearly independent.

149 H2. For problem P’, 0 < pg < £, and for problem P”, 0 < pg <

155 In what follows, we say that problem P (k, o1, Q1), P'(£, p1, Q1) or P" (¢, p1, Q1)
156 satisfies hypotheses H1, H2 and H3 if the above hypotheses H1, H2 and H3 are sat-
157 isfied replacing p by p1 and Q by Q.

159 A few comments on hypotheses H1, H2 and H3  The covariance matrix Q is always
160  positive semidefinite. Hypothesis H1 is needed for the sensitivity analysis but is also
161 consistent with the commonly used assumption of arbitrage free markets. Indeed, if
162 O had a null eigenvalue with eigenvector v, the portfolio x = ﬁ (if we allow for

short sellings) would be risk-free. We would then have the illusion of being able to
invest without risk on risky assets.

If hypothesis H2 does not hold for P’'(¢, p, Q) or P”(€, p, Q), then an optimal
strategy consists of investing everything in the risk-free asset.

Condition H3 is not too demanding: it requires a mean return p (i) to be sufficiently
large. For instance, for problem P’, it requires a mean return to be strictly greater than
the target mean return £; but for problem P’ to be feasible, there must be at least one
asset i such that p(i) > £. For P”, hypothesis H3 implies that at least one asset has
mean return strictly greater than £ and guarantees that the portfolio obtained investing
all the money in asset i satisfies the return constraint i.e., has a mean return greater
than £(e"x~ + x;). Hypothesis H3 also allows us to show the Slater assumption for
P’ and P”. Finally, notice that hypotheses H2 and H3 for problem P’ can be obtained
replacing u and v by 0 (there are no transaction costs) in H2 and H3 for P”.

2.2 A few properties of the Markowitz model

We give a few properties of the Markowitz model that will be useful for our sensitivity
analysis. Since the objective function of problem P’(¢, p, Q) (resp. P (¢, p, Q))
is defined everywhere, and bounded from below on the polyhedral and nonempty
feasible set, both primal problem P’ (resp. P”) and its dual are equivalent to each
other. We will thus be able to either work on problem P’ or P” directly or on their
duals.

Lemma 2.1 A constraint of a convex problem that is not active at the optimum can
be removed without changing the optimal value.
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189 Proof Let us write the convex problem under the form:

190
191 minh

Py ) )
192 gix) <0, iel.
193

194 Let us denote by X the feasible set of Py, x; the minimizer of & over X and h
195 the optimal value of P;. Let us consider a non-active constraint at the optimum with
196 index ip € J. We thus have g;,(x1) < 0. We show that Pj is equivalent to the problem
197 of minimizing & over the set Xo = {x e R" | g;(x) <0, i € J\ip}-

198 Since X1 C X7, the minimum A, of & over X is clearly less than or equal to /7.
199 We show that in fact, for all x € X5, h(x) > hy (which will imply that h, > hy and
200  that the two problems have the same optimal values). Let x € X,. If g;,(x) < 0 then
201 x € X1 and h(x) > hy by definition of x;. Contrarily, if g;,(x) > 0, since g;,(x1) <0
202 and since gj, is continuous, the intermediate value theorem gives the existence of
203 t* €]0, 1[ such that g; (t*x1 4+ (1 — t*)x) = 0. Besides, from the convexity of the
204  set X», it follows that xo = t*x1 + (1 — #*)x € X, (since x; and x are in X»). This
205  implies xg € X1 and h(xo) > h. Finally, since 4 is convex, we obtain &1 < h(xg) <
206  t*hy+ (1 —t*)h(x). O
207

208 Lemma 2.2 Consider problems P'(£, p, Q) and P" (L, p, Q) and suppose that As-
200 sumptions H1, H2 and H3 are satisfied for P' (£, p, Q) and P" (£, p, Q). The follow-
210  ing holds:

2" (i) The Slater condition of qualification of constraints is satisfied for P’ and P".

212 (ii) The return constraint is active at the optimal solution x* : (o — po €)' x* = £ — pg
:i for problem P" and p"x* + poxj = £ (e"x~ + x;) for problem P".

215 Proof Let us show (i) for P’. From H3, we can find an index i such that p(i) > £.
218 Lete > 0 and let us define the portfolio x € R” by x; = 1 — ne and x; = & for k # .
27 We have xTe < | and if & < I, we also have x > 0. Finally, since x"(p — pp €) =
218 p(i) — po + ae, for some a € R, we can choose ¢ sufficiently small in such a way
219

that xT(p — pg €) > £ — po and thus that no constraint is active at x. We now show

220 : ” . : (I+v) T,.— -
(i) for P”. Let i be such that p(i) > e ——— (£+x)(e'x™ +x5). Lete > 0 and

221

oo lEL(X,¥,2) € R"xR"xR" be such that x =x~ — y 4+ z and

223

- ifk#iandx, =0, then y;=¢ and z; = 2¢,

295 ifk#iandx, >0, theny,=x, andz; =¢, 2)

226 finally, y; =x; +¢, andgz; issuchthat xp=¢e.

227

228 The amount z; can be expressed as z; = ﬁ(xo_ + 27:1 (1 - /Lj)x;) + ae,

229 for some a € R and we have x; = —¢ + z; and p'x + poxg = lpfv),- (xg +

23? Z?:l (L= pj)x;)+ a’e, for some a’ € R. Since (x7,x;) > 0, with (x 7, x;) #0,

222 and since H3 holds, we can choose ¢ sufficiently small to have z; > 0, x; > 0 and
p'x + poxo > £(e"x~ +x, ). No inequality constraint is thus active at (x, y, z).

238 Let us now prove (ii). First, from (i), the feasible set of both P’ and P” is not

:z: empty (and compact) and both P and P’ have optimal solutions that satisfy the return
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286 constraint. Now by contradiction, suppose the return constraint is not active at the
237 optimum for P’ and P”. Then, since H1 holds, using Lemma 2.1, we could remove
238 this constraint for convex problems P and P’ without changing the optimal value and
239 the solution of problem P’ would be x* = 0. But x = 0 does not satisfy the return
240 constraint since H2 holds so the return constraint is active for P’. For problem P”,

M x*=0,x5=x, + Z;'.:l (1—pj)x;,y*=x",z"=0), would be a feasible point
242 and the objective function at this point is 0. We would thus necessarily have x* = 0 for
243 problem P” and the optimal value of P” would be 0. However, the return constraint
244 cannot be satisfied with x = 0. Indeed, the maximal return that can be obtained with
Z:Z x =0 is the optimal value of the following optimization problem:

247 _

ot max po(x, +(€—pu)'y—(e+v)'z)

049 y—z=x_, y>0, z>0, (3)
250 e+v)'z—(e—wn)'y=<x;.

251

252 Since the optimal value of the above optimization problem (3) is po(x, + Z;zl 1-

253 1% j)xj_) (obtained with y; = xj_, z; = 0), and since H2 holds, the return constraint
%% cannot be satisfied for P” with x = 0. Thus the return constraint cannot be removed
255 . .. .

. from P’ neither and it is also active for P”. d
257 . . . . .

058 Notice that if the optimal solution x* of P’'(¢, p, Q) satisfies x>0 fori=

259 1, ...,n, then it suffices to apply the KKT Theorem (pp. 305-306 of [9]) to get an
o0 explicit expression of x*. We also have an explicit expression of the solution if short
s61  sellings are allowed for P(k, p, Q) and P'(£, p, Q), i.e., if the constraints (x, xg) > 0
s62  are removed. Indeed, in this case, problems P(k, p, Q) and P’'(£, p, Q) amount to
263 solving problems f’(k, p, Q) and 15/(6, 0, Q) below:

264
o1 T T
265 - min5x' Qx —kx'(p — poe)
e Pk.p. Q) { 2
x eR”",
267
268 - min 3 xTQx
- Plt,p,0 {02
x'(p — poe) = £ — po.
270
271
o7 Lemma 2.3 If Q is positive definite, if po < £ and if p and e are linearly indepen-
073 dent, then optimal solutions to P(k, p, Q) and P'(L, p, Q) are respectively given
ora DY
275 .
276 x*(k,p, Q) =kQ™ (p — poe) and
277 ¢ — po
X p, Q) = 0™ (b — poe).
e (0 = poe)T Q' (p — poe)
279
280 We conclude this section discussing the sources of instability of the composition
:Z; of the portfolios.
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283 2.3 Sources of instabilities and statistical framework

284

285 The sources of instability are the parameters of the model, i.e., the mean return vector
286 p and the covariance matrix Q. The stability of the portfolio selection process thus
287 depends on the calibration of p and Q. More precisely, the next section will provide
288 a desirable property of the calibrated covariance matrix for stability.

289 We will thus focus on covariance matrix calibration for portfolio selection and will
290 do this study in two statistical frameworks for the underlying process of returns:

291

292 (A) The case of i.i.d. returns.

293 (B) The case of a weakly stationary process for the returns where the mean p and
004 the covariance matrix Q slowly vary in time as in [7] (see details below).

295 Though many papers study the calibration of the covariance matrix of stock returns

296 assuming i.i.d. returns, this assumption may only be valid on short periods of time.
297 Tt is thus of interest to consider model (B) above which is more realistic for stock
298 returns on arbitrary time periods.

299 Letr;, t=1,...,T, be T observations of the returns, available the day of the
300 jnvestment. When the returns are i.i.d., the traditional estimations of the mean and of
301 the covariance matrix are the empirical mean p and the empirical covariance matrix
302 () defined by

303
304 1 T N 1 T .

305 p==d n and Q=3 (i=p0i=p).

306 r=1 =1

307 .. . . . . A

308 Some criticisms are commonly formulated on this estimation Q. The rank of the
309 empirical covariance matrix is less than or equal to 7 so if n > T + 1, this matrix
310 1s not invertible. If the number of assets 7 is close to the number of available obser-

314 vations per asset T, then the total number of parameters to estimate is close to the
3o total number of observations which is problematic. In practice, we realize that even
if the number of observations T per asset is much greater than the number of assets,

313
314 the estimated covariance matrix is ill-conditioned. Taking for instance the assets of
a15  the Dow Jones (from January 1999 to January 2002), we observed that in most cases,

a1 using different samples of size T = 900, about one half of the eigenvalues of the
317  empirical covariance matrix is nearly O and the condition number is around 107.

a1s With model (B) above (see [7]), we suppose the returns follow the quite general
and distribution-free model

319
320 . .
21 re=pr + &, withEr, = p;, E¢e =0 >0,
%2 Wwhere ¢; are independent random vectors in R” with a mean of zero. We also suppose
%3 that for some o > 0, E|r, ||‘Cto <o Let 7 be the investment date and H be the invest-
%% ment horizon. Using this model for the returns and if there is an interval of local time
%28 homogeneity, then a procedure is detailed in [7] to determine adaptive estimations o
326 A . . .

and Q of the H time steps mean return p = p, over the investment period and of
%7 the covariance matrix O = Q. between the H time steps returns. An interval of local
328 . o . .

time homogeneity is an interval where p; and Q; slowly vary on this interval. A more
329
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330  precise definition of this interval can be found in [7]. The adaptive estimations are the
331 empirical estimations of the mean and of the covariance matrix when using only the
332 data of the interval of homogeneity. The criticisms formulated above for the empir-
333 jcal covariance matrix are thus valid for the adaptive covariance matrix replacing T
334 by the length of this interval.

335 However, if the empirical or adaptive (depending on the statistical context) esti-
336  mations have known defaults, they contain information and permit, not only to give
337 bounds on the errors we make using them, but also to give a reasonable estimation
338 of the solution [7]. Moreover, in the case when the returns are i.i.d., the empirical
339 covariance matrix also has nice properties such as being maximum likelihood under
340  normality. By definition, in this framework, it is thus the most likely covariance ma-
341 trix given the data. We thus propose to take as a starting point of the estimation of
342 the Markowitz model parameters, the empirical or adaptive (depending on the con-
343 text) estimations. In what follows, these estimations will be denoted by p and Q
344 for respectively the mean and the covariance matrix. We will explain in Sect. 4 how
345  to correct this estimation Q of the covariance matrix. To this aim, we start with a
346 sensitivity analysis of the Markowitz problem.

347

348

sa0 3 Sensitivity analysis of the Markowitz problem

350

s51  We fix nominal values k (or £) and (p1, Q1) for the parameters of the Markowitz
ss2  problem, and consider the corresponding optimization problem as the unperturbed
ss3  problem. For a given perturbation (o2, Q2) of parameters (p1, Q1), we consider the
ssa  corresponding perturbed Markowitz problem, the parameter k (or £) remaining fixed.
ss5  The objective function of the unperturbed and perturbed problems will respectively
ss6  bedenoted by f1 and f> (whose expressions may differ, depending on the Markowitz
a7 problem studied). We denote the solution of P (k, p;, Q;) or P’ (€, p;, Q;) by x;" (itis
sss  unique because Q; is positive definite) and a solution of P” (¢, p;, Q;) by (x}', y/, z}).
a59  Finally, in what follows, S, (R) is the set of real symmetric matrices of size n and for
X € S,(R), X >0 (resp. X > 0) means the real symmetric matrix X is positive

360

ssy  semidefinite (resp. positive definite).

362 In [1, 2], a sensitivity analysis of P is done through a parametric quadratic pro-

363 gramming formulation but in a simplified setting: without risk-free asset and consid-

sea ering O fixed. In [5], Daniel shows that under the Slater Assumption (which holds

a5 for problems P’ and P” due to Lemma 2.2), solutions to a general quadratic op-

366 tn.mzat.lon problem are locally radially Lipschitz, but without providing an explicit

ss;  Lipschitz constant.

368 Our contribution is to provide global bounds that are explicit functions of the para-

aso  mmeters. The study can be extended to the sensitivity analysis of quadratic optimization

470 Problems.

371 e . .

72 3.1 Sensitivity analysis of problem P

% The feasible set of problem P is fixed when p and Q vary. Since f] satisfies a second

374 .. X .. .
order growth condition on A,, we can apply the following proposition to obtain the

:: sensitivity of the solutions.
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377 Proposition 3.1 (Proposition 4.32, p. 287 in [3].) Let us consider the two optimiza-
378 tion problems

ar9
z:? p, mn Ji(x) and P, |MID J2(x)

xeX xeX,
382
%3 where fi, f»: X — R. Let S} be the set of solutions of Py and let x5 be a solution
84 of problem P>. If (i) fi satisfies a second-order growth condition on X (3¢ > 0 such
85 that for every x € X and xfesS, filkx) > filx]) +cllx — xi"llz) and (ii) the function
z:j f2(-) — f1(+) is Lipschitz continuous with modulus B on X, then
388 . N B
389 dist(x;, S1) < .
390

391 Definition 3.1 For any symmetric matrix Q, let B(Q) be such that the quadratic
392 function xT Qx is B(Q)-strongly convex with respect to | . ||1, i.€.,

393 .

394 X Ox
(Q) = inf ———.

305 PO = e

396

397 We will make use of the following lemma:

398

399 Lemma3.l Ler Q € S, (R), then sup,cn, [1Qx]l2 = max; [|Ci(Q)ll2, where C;(Q)
400 s the i-th column of Q.

401
402 Proof Letus denote by g;; the elements of the matrix Q" Q. Then g;; = Z?:l q jl_z =
‘%% IC;(Q)|13. Hence, if ¢;,i = 1, ..., n, are the vectors of the canonical basis:
404
405 TANT ) TAT 1
o sup [ Qxll2 = sup (x7QTQx)? =max(¢] Q7 Qer)?

xeA, xel, !
407 1
408 =max (¢;;)2 = max [|C; (Q)ll.
409 ! !
410 The second equality comes from the convexity of the problem: the maximum is at-
“11 " tained at an extremal point of the feasible set. O
412
e The following theorem provides a sensitivity analysis of problem P:
414
“® " Theorem 3.1 Consider problem P(k,p1, Q1) and its perturbed version
a6 P(k, p2, Q2). Let Assumption H1 hold for these problems. For i = 1,2, if x} is
417 .
8 the solution of P(k, pi, Q;), then:
419 " " 1
420 Ifz(xz)—fl(xl)lii 192 — Qilloc +kllp2 — pillcc, “)
421 )
422 llx3 — xTll < (I1Q2 = Qilloo +kllp2 — pilloo), (5)
a3 27T max(B(Q1), B(Q2)) h h
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B —xt e < 2 (max [|C:(Q2 — QD2 +kllp2 — pill2)
425 2 maxnin(Q1), Amin(Q2) © i ’
426 (6)
427
428 where Ci(Q) is the i-th column of Q.
429

430  Proof Letus show (4). We suppose f> (x;‘) > f1 (xi“) (the other case is symmetric). In

431 thiscase, | 2(x3) — fix])] = fa(x3) — fi(x]) = 2(x3) — L)) + f2(x)) — fi(x]).
432 But since xi" € A,, by definition of xi‘, fg(x;‘) — fz(xik) < 0. Thus,

*T _ .
" 1203) = i)l = M
435 - :

436 2
IxTI71192 — Qillo
437 < 5

—k(p2 — p1) "xf

+kllp2 — pilloollxT Il

439 with [|x}[l; < 1. Let us now show (5). First note that the objective function f; of the
440  Markowitz problem P (k, p1, Q1) satisfies a second-order growth condition on A,;:
441

w2 3e>0, Vxe Ay fil) = filx]) +cllx = xfli-

:‘i Indeed, a second-order Taylor series expansion of f at x gives:

45 * T * 1 3\ Ty 72 * *
446 L) = fGED + @ =xp) VA + 5 =) VEAGD (= x7),
447

aas where V f1(x]) = Q1x] — k(p1 — poe) and V2 fi (x]) = Q1. The first-order optimal-
a49 ity conditions give (x —x})"V f1(x{) > 0 for all x € A,. On the other hand:

450

a1 (@ —xD) V2 AGDHE —x)) = BQDIIx — 11T

452

453 Hence, (3.1) is satisfied with ¢ = @ and ¢ > 0 since Q1 > 0 (hypothesis H1). It
454  remains to show that the function A(-) = f2(-) — f1(-) is Lipschitz continuous on A,
455  Which is straightforward. Indeed, since / is continuous and differentiable, we can use
456 the mean value theorem to get:

457
- V(x, ) € Ay 1h(0) = h(W| < sup (IVAE) o) Ilx = Yl

XEA,
459
40 Further, forall x € A,:
461
wo  NVEX) oo =11(Q2 — QD)x —k(p2 — p1)lloo = 1Q2 — Qillec +kllp2 — p1llcc = B
463 We then apply Proposition 3.1 to obtain [|x] — x{|l; < ﬁ(” 0> — Otlleo +
i:: kllp2 — p1lloo). Exchanging the role of x1, f1, p1, Q1, and x3, f2, p2, Q2, We can
e also show that x5 — 7111 = 525 (102 = Qilloo +Kllo2 = i) and (5) follows.
is7 We can then show (6) following the proof of (5) and applying Lemma 3.1. g
408 Notice that the use of norm ||.||; gives a bound with 8(Q1) instead of Anin(Q1),
ijz the latter being easily computed.
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471 3.2 Sensitivity analysis of problems P’ and P”

473 The method we use for the sensitivity analysis of problems P’ and P” consists of

474 introducing the dual problem obtained dualizing the return constraint and to work on
475 this dual problem which is equivalent to the primal problem. Thus, the inner mini-
476 mization problem solved to compute the value of the dual function for fixed A, has a
477 fixed feasible set. We then write the first order optimality conditions for this problem
478 and bound the Lagrange multipliers. Notice that the Slater assumption for problems
479 p’and P” (which holds, due to Lemma 2.2) is a necessary and sufficient condition
80 for the set of Lagrange multipliers to be bounded (Theorem 2.3.2, p. 312 of [9]).

481

2 Theorem 3.2 Consider problem P'(¢, p1, Q1) (resp. P"(L, p1, Q1)) and its per-
8 turbed version P’ (L, p2, Q2) (resp. P"(L, p3, Q2)). Let Assumptions H1, H2 and H3
* hold for these problems and let k = min(k1, k2) where «; is a value of k such that
185 H3 holds for P'(€, p;, Q;) (resp. P"(€, p;i, Q). For i = 1,2, if x} is the solution
4:3 of P'(C. pi. Q i) (resp. if (x}. 37 . <} is a solution of P" (€. pi. Q). then |lx3 — x7 I
s (resp. || eTX - || 1) is bounded from above by

489

490 5

o 102~ 01l 102 = Q112 + 2101100 + 1Q2115)B(Q) | o2 — il

492 2B(Q0 2p(Q1)

493

404 and || x5 — x{|l2 (resp. || T _+ —|l2) is bounded from above by

495

0 max; |Gi(Q2— QD2

o7 2 Amin(@1)

498

<00 \/maxz I€i(Q2 = QVIE + 21 @1l + 1Q2lloc)imin(@DlP2 = pills

500

501 2 Amin(Q1)

2 Upper bound (7) (resp. (8)) is valid replacing B(Q1) (resp. imin(Q1)) by B(Q2)
03 (resp. Amin(Q2)).

504
508 Smaller upper bounds, though more involved, are given in the Appendix in the
223 proof of this theorem. The following result is then a corollary of this theorem.

:zz Corollary 3.1 Consider problem P’({, p1, Q1) (resp. P"(L, p1, Q1)) and its per-
s10 turbed version P'(£, py, Q2) (resp. P (£, p2, Q2)). Let Assumptions H1, H2 and H3

511 hold for these problems. For i = 1,2, if x} is the solution of P' (L, p;, Q ) (resp if

sie (3} 57) s a solution of P'(L. pi, Q). then |1x5 = 7l resp. | 7imii= o) is
513 bounded from above by

514

515 max; [|Ci(Q2 — 12 VU Qillso +1220l00) 12 — p1lloo ©)
516 max(Amin(Q1), Amin(Q2)) V2K maX(Amin (Q1), Amin(Q2))

517
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518 Proposition 4.37, p. 291 of [3] gives a local sensitivity analysis for a generic
519 optimization problem where both the objective function and the feasible set vary.
520 If C({, p) is the feasible set of P’'(¢,p, Q) or P"(L, p, Q), the upper bound
521 provided for |lx3 — x{| by this proposition depends on the Hausdorff distance
522 Haus(C (£, p1), C(£, p1) N C(¥, pz)). Using Hoffman bound [10] yields an upper
523  bound of the kind t(p1, p2)|l02 — p1| for the Hausdorff distance, but since t (o1, 02)
524 is unknown, the bound is still not explicit and local. For problem P’, the (strong)
525 Slater assumption implies Robinson’s constraint qualification. Proposition 4.41 of [3]
526  can thus be applied to get

527
528 3K >0, such that Haus(C(¢, p1), C(£, p1) NC(, p2)) < Kllp2 — p1ll,

529

530 but here again K is not explicit and the analysis is local.

531 We can extend the results of this section to study the sensitivity analysis of such
532  quadratic optimization problems:

533 T -

. me 37X 0x +.c X

535 x' fi=b;, j=1,...,m,

536 xeX,

537

sss Where X is a nonempty closed convex set and the parameters f j.j=1,...,my,

ssg € inR", beR™ and Q > 0 are parameters of problems from this class. We as-
sa0  sume that the set X can be described by a set of inequalities of the kind £ (x) <0,
sa1 J =1,...,mp with given convex differentiable functions h;. We also suppose
sap  that there exists M > 0 such that for all x € X and every j, |[Vh;j(x)llc < M.
s43 No equality constraints describe the set X and we suppose the Slater assumption
holds. In this case, as was done for Theorem 3.2, we can introduce the dual prob-

544
55 lem obtained by dualizing the constraints x'f i =bj,j=1,...,mq, bound from
=16 above the optimal Lagrange multipliers and give an explicit and global bound for

sy I1X2(02, 0, f2, . 2 b1 bE ) —x1(Quer, fi L £ LB B D

548

549

sso 4 Stable calibration of the covariance matrix

551

55 This section focuses on stable calibrations of the covariance matrix of stock returns.

553 We first explain what we mean by stable calibration and justify this objective.

:z: 4.1 Motivations

z:: We can view the portfolio 'selection §tep as a bla.clf box taking as inputs the; mean

55 return V.e(.:tor and the covariance matrix, anq providing as an outqu a portfolio. The

5560 composition of the portfolio will be stable with respect to the inputs if small perturba-
tions of these inputs produce small changes in the portfolio composition. In particular,

:Z? small perturbations in the observations of the returns which induce estimations of the
mean return and covariance matrix satisfying hypotheses H1, H2 and H3, should re-

%2 sult in small perturbations in the selected portfolio. Such a behavior is especially of

ZZi interest for three basic reasons:
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565 e First, it is interesting per se, as portfolio managers prefer stable portfolios: the

566 portfolios obtained using closed values (1, Ql) and (02, Qz) of the estimated
567 parameters should be close.

568 e Second, if the inputs we use are close to the true unknown inputs, and if the selec-
569 tion step is stable, the composition of the portfolio it produces should be close to
570 that of the true (unknown) optimal portfolio.

571 e Finally, when portfolios are rebalanced, the more stable the composition is, the less
572 the transaction costs.

:i We start with some observations useful for all the stabilization methods we introduce
575 next.

:: 4.2 Preliminary observations

578 Stability for P(k,p, Q) If short sellings are allowed for P(k, p, Q), we obtain
579 problem Pk, p, Q), and from Lemma 2.3, the optimal solution is x*(k, p, Q) =
29 kQ7'(p — poe) which implies [[x*(k, p, Q)ll> = L. Thus if dnin(Q) >
ey Jo=pel> for some 0 < r < 1, then x*(k, p, Q) € B(0,r) = {x | |lx|l2 < r}. In par-

ss  ticular, if Amin(Q1) > H2Z22 and i (Q2) > H2=2¢l2 then x; € B0, 7),x2 €
sea  B(0,r), and || xo — xq|l2 < 2r. If p is bounded and M is such that || o — poell» < M,
ses  then if Amin(01) = 2 and Amin(Q2) > 2, we have x1 € B(0,r) and x, € B(0, 7).
sge  Increasing sufficiently the smallest eigenvalue of the covariance matrix thus appears
sg7  as a way of stabilizing the selection step for P(k, p, Q). More precisely, if this small-
seg  est eigenvalue is greater than ]% for some 0 < r < 1, we enforce the solutions to
sgo  stay in the ball B(0, r). In particular, this forbids any component of x to be greater
s90 thanr.

591 ~

sp  Stability for P'(£, p, Q) If short sellings are allowed for P (¢, p, Q), we obtain

problem P(e, 0, Q) and using Lemma 2.3 we obtain the bound |x*(¢, p, Q)2 <

593 . ()
—Po max

594 Tp—poell2 min(Q)

595 P (¢, p, Q) is sufficiently large and if the condition number of Q is sufficiently small,

596  more precisely if

for the optimal solution x*(¢, p, Q). If « in hypothesis H3 for

597

sos oo LmpU=n) o A (©) S(ﬁ—po+l<)r’

599 r Amin(Q) £—po

ZZ? for some 0 < r < 1, then x*(¢, p, Q) € B(0, r). However, since H2 holds, we will

* _

sp  DEVEr have x*(¢, p, Q) =0.

Zgj Stability for P(k, p, Q) For P(k, p, Q), if the mean return vector is bounded i.e.,

605 if |p1ll2 < M and ||p2|l2 < M, then using (6), if Q is fixed and such that Ay (Q) >
@, for some 0 < r < 1, we have ||x§‘ — xi‘ |l < r and we guarantee stability. More

60 generally, if [, is the n x n identity matrix, we have lim, _,  [|x (k, p, Q4+ X1;)|2 = 0.

7 " Thus for any 0 <r < 1, we can find Ag(p, Q) > 0 such that if L > Ag(p, Q) then

% Xk, p, O + Aly) € B(0,r). Since Amin(Q + Aln) = Amin(Q) + A, increasing this

Z?Z way the smallest eigenvalue of Q (replacing Q by Q + A1, for A chosen sufficiently

o1 large) thus yields stability for P.
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612 Stability for P'(£, p, Q) and P" (¢, p, Q) For problem P’ (resp. P"), we have for

x5 — xll2 (resp | %Hz), the upper bound (9). The first term in this upper
614 e Xy

bound (9) can be arbitrarily small for perturbations of the covariance matrix of a given

615
sg  Tange (max; [|C;i(Q2 — Q1)ll2 <k for some fixed k > 0) and increasing sufficiently
17 the smallest eigenvalue of Q1 or Q> (for instance for diagonal matrices Q1 and Q> =
618 01 + ¢l,, with Anin(Q1) sufficiently large). However, since for any matrix Q, we

619 have || Qo > )““‘“T(Q), the second term in (9) is bounded from below by ,/ %,
620  which can be large for large perturbations of p. A way to allow the second term in
621 (9) to be small is to choose « large enough and to consider perturbations of the mean
622 return of a given range (||p2 — p21l2 < k for some fixed k > 0). For the parameter «
623 to have a significant value, at least one mean return must have a value significantly
624  larger than the target return £, or, equivalently, the target return £ must be chosen
625  significantly smaller than at least one mean return (while being larger than po).

627 Remark 4.1 The observations above indicate that under hypotheses H1, H2 and H3,
628  to stabilize the selection steps P(k,p, Q), P'(£, p, Q), and P(k, p, Q) the smallest
629  eigenvalue of the covariance matrix Q should have a significant value. For mod-
630 els P'(£,p, Q) and P"(¢, p, Q), to obtain stability, we should choose « sufficiently
631 large, take a large value for the smallest eigenvalue of the covariance matrix, and
632  consider small perturbations.

634 In Sect. 2.3, we underlined the degeneracy of the empirical and adaptive estima-
635  tions of the covariance matrix. In [4], it is also shown that the smallest eigenvalues
636  of the empirical covariance matrix are underestimated. The above Remark 4.1 com-
637  bined with these observations indicate that the empirical and adaptive estimations
s3s  should not only be corrected for stability but also to avoid numerical problems and
639  obtain more relevant statistical estimations.

640 It can be noticed that the recommendations of Remark 4.1 impose for P’ and P”
641 conditions on the mean return vector through hypotheses H2 and H3 (where in par-
sa2 ticular k is involved). We now intend to propose ways of exploiting the recommenda-
643  tions made in this remark on the covariance matrix. The general idea is to look for a
6sa  matrix close to O that enhances the stability properties of the model. A compromise
s45  Will also have to be found between efficiency and stability.

647 4.3 Closest covariance matrix to 0

zzz In [11], they provide a consistent estimation of the parameterAa* such that «*F +
eso (I —a®)Q (where F is a single-index covariance matrix and Q is the empirical co-
es;  variance matrix) is the closest matrix to the matrix Q. In [8], they compute the nearest
esp  correlation matrix to the empirical covariance matrix. .

653 We also propose to look for the closest covariance matrix to the matrix Q (the em-
ess  Pirical or adaptive) but additionally requiring this matrix to satisfy three constraints
ess  ensuring, in particular, that the resulting matrix is positive definite. To introduce these
656 constraints, we need the Frobenius scalar product (., .) defined by

Z:; VX, Y €5, (R), (X,Y)=Tr(XY),

@ Springer



« COAP 10589 layout: Small Extended v.1.2  reference style: mathphys file: coap9260.tex (Loreta) aid: 9260 doctopic: OriginalPaper class: spr-small-v1.1 v.2009/05/07 = Prn:2009/06/05; 13:57 p. 15/27»

Sensitivity analysis and calibration of the covariance matrix

659  where Tr(X) is the trace of the matrix X. The first constraint X > «/, with o > 0, is
660  equivalent to Amin(X) > «. The parameter « represents an arbitrary threshold for the
661  smallest eigenvalue of the estimated covariance matrix. This constraint is thus a way
662  of exploiting Remark 4.1. In particular, it guarantees that the smallest eigenvalue of
663  the calibrated covariance matrix is positive as the assumption of arbitrage free mar-
664  kets require. The second constraint (I,, X) = (I,, Q), ensures the conservation of the
665  empirical or “adaptive” total risk. Finally, we choose m portfolios ¢g;,i =1, ..., m.
666 'We can estimate the variance &l.z of the portfolio g; return and require that &l.z is equal
667 to the estimation ¢;' Xg; of the variance of the portfolio g; return, obtained using
668 the covariance matrix X. If we suppose the return process is stationary, all the data
669  will be needed to compute &l.z. Under local time homogeneity only the data of the
670 homogeneity interval is used. This yields the following problem:

671
672 min | X — O r

i (I, X) = (In. Q). @)

674 - Ao . (10)
675 (qlq17X>:Ul’ l=17"-7m7 (b)

676 X>=al, (¢)

677 ) )

o7g Where for X € Sy(R), [ X||r denotes the Frobenius norm of X, ie., [|X|F =
o9 VX, X)=VTr(X 2). This problem can be expressed as a quadratic-semidefinite pro-
eso  gram and solved via interior point methods ([14] for instance).

681 In what follows, this method of correction of the matrix Q will be called
es2 C1. We can also consider particular cases of this method. If the constraints (a)

683 andA (b) are removAed (calibration C,) and if the spectral decomposition gf 0
ega 1S O = Yo )\[(Q)viviT, where v; is the i-th eigenvector of the matrix Q as-
es5  sociated to the eigenvalue ki(é), then the solution of problem (10) is X =
686 D i max()»,»(Q), a)v; viT . Another particular case where we have an explicit so-
687  lution is the case where (a) is removed, o = 0 and the portfolios chosen for the
e88  constraints (b) constitute an orthonormal basis of eigenvectors of the matrix Q (cali-
689  bration C3).

690

691 Proposition 4.1 Consider optimisation problem (10) where () is removed, m = n is
692  the dimension of the matrix Q, o = 0 and the vectors q; constitute an orthonormal
693  basis of eigenvectors of the matrix Q Then the solution of (10) is given by: X* =
e Y067 qid,

695

696 Proof The Slater hypothesis being satisfied, (X*, Z*, (u])1<i<n) constitutes a
697  primal-dual solution of problem (10) if and only if:

698
699 X*>=0, Z*=0, (X*Z*=0, (@)

700 <(IiCIZ-T’ X*) — 6i2’ (b/)

701 A

o X*=Q+Z" =Y 1iqiq; - (©)

7% Conditions (@) give X*Z* = 0 and since X * - 0, we have Z* = 0. Condition (c") is
:Z: thus satisfied with 1} = 1;(Q) — &iz where A;(Q) is the eigenvalue of the matrix Q

@ Springer



« COAP 10589 layout: Small Extended v.1.2  reference style: mathphys file: coap9260.tex (Loreta) aid: 9260 doctopic: OriginalPaper class: spr-small-v1.1 v.2009/05/07 ~ Prn:2009/06/05; 13:57 p. 16/27»

V. Guigues
706 associated to the eigenvector g;. Finally, (b') is satisfied:
707
708 "
700 (gigl . X*) =Y _67Tr(q;q]9iq]) =67 Tr(qiq]) = 67 llqill3 = 67 ¥
710 Jj=1

711
712 Remark 4.2 An interesting feature of the calibration in Proposition 4.1 is that in
713 particular it corrects the estimation of the risk in directions where the risk is not
714 well evaluated with Q These directions correspond to the eigenvectors associated to
715 the smallest and highest eigenvalues.

716

77 Finally, we could also remove the constraints (b) from (10) (calibration Cy).
718

79 4.4 Maximizing the lowest eigenvalue

720

721 The calibrations introduced in the previous subsection depend on the choice of the
722 parameter @ and on the portfolios ¢;. No natural choice seems to prevail for these
723 parameters. In this section, we instead intend to present a systematic calibration of the
724 covariance matrix. This calibration uses additional statistical information and more
725 directly exploits the results of Sect. 3 to allow for stability.

726 The statistical information (coming from [7]) provides functions 7, (A, n, T) and

27 po(A,n, T) such that the events

728

e 16 = plloo <np(A,n,T) and [|Q = Qllc <no(,n,T) (11)
730

731 hold with probabilities functions of a positive parameter A, of the number of risky
732 assets n and of the number of observations T used for estimation. With a slight abuse
733 of notation, in (11) we have used for the estimators of the mean and of the covariance
784 matrix the same notation as the estimations. Parameter A can be chosen in such a way
735 that the probability that (11) holds is arbitrarily high [7]. Our idea is then to use this
786 information and Remark 4.1 to maximize the lowest eigenvalue of Q using the box

787 constraints on the covariance matrix given in (11). The quantity ng(A, n, T) is thus

738 chosen in such a way that with a large probability the event || Q —Qlloo <no,n,T)
739 holds. This way, the set
740

&L E={01110Q — Qlloo =ngo(*,n,T)}, (12)
742

743 where Q is the empirical (or adaptive) estimation of the covariance matrix, is a con-
744 fidence area for the covariance matrix Q with a given confidence level. The quantity
745 ng(A,n,T) can also be seen as a user defined parameter that would control the size

746 of the search zone around Q.

747 Since Q is a covariance matrix, we also impose Q > 0. Hence we come to the
748 following problem:
749
750
max Amin(Q)
751 (13)

10— Ol <no(,n,T), Q>0.

752
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753 This is a nondifferentiable convex optimization problem. We transform it into the
754 SDP program (14) below which can be efficiently solved with interior point methods:

7565
756 min (—u)

o7 VG J)+udij + Y ) =ng(.n,T)+ Q. j), a4
758 . . AL

759 Wi, j) = usiy = Y (i, j) =no(h.n, T) = OG. j).

o0 VG, =0, WG j)=0, ¥>0,

761 . . . . .

6 where §;; is the Kronecker symbol. The covariance matrix Q is then given by Y* 4
268 u*I with Y* and u* the optimal values of ¥ and u in (14). We will denote by Cs this
et calibration of the covariance matrix.

765 .

766 4.5 Best condition number

767 ~

768 We saw in Sect. 4.2 that for stability in problem P’(¢, p, Q), it is desirable to have a
760 small condition number for the estimated covariance matrix. Moreover, it is noticed
770 in [4] that the largest eigenvalues of the empirical covariance matrix are overesti-
74 mated and the lowest underestimated (and it is also the case of the adaptive estima-
.,  tion), yielding to a large condition number. We can thus try to find the best condition
73 number for the covariance matrix, while imposing the same box constraints as before
74 On the components of this matrix. The covariance matrix Q thus solves:

778 3 kmaX(Q)

776 min Amip (Q) (15)
777 10— Qllo <no,n,T), Q>=0,

778

+79  Where we recall that ng (A, n, T') is such that E defined in (12) is a confidence area for
Q with a given confidence level. The above problem (15) is a quasiconvex problem.

780 . .
s8¢ Itis equivalent to solve:

782 )

783 min ¢

784 s < Amin(Q),

785 V> Amax(Q), (16)
786 v <ts,

787 A

~ 10 = Qlioe <no(t,n.T). Q0.

89 We can then find a solution of this problem by dichotomy.

790

791

725 Numerical results

793

5 Stability tests

795

7% The goal of this section is to illustrate, via simulations on real data (the 30 assets
7 of the Dow Jones), the influence of the increase of the smallest eigenvalue of the
798 empirical or adaptive covariance matrix on the sensitivity of the composition of the
799
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800 Table 1 Condition number of

1 2 3
the solution O of problems Method Mo mo To
801 (14) and (16) for fixed O and
802 different values of no Cs 80.24 16.25 6.91
803 Min Cond 70.85 9.06 2.29
804
805

806 portfolios. We also compare the behaviors of the optimal portfolios obtained using the
807  empirical covariance matrix or the adaptive covariance matrix Q and their corrections
808 (o and Cs. The Markowitz problem (1) was solved using the Mosek optimization
809  library and optimization problem (13) using the SeDuMi library.

810

811 5.1.1 Reducing the condition number

812

g13  We first illustrate the magnitude of the condition number reduction using the cali-
814  brations introduced in Sects. 4.4 and 4.5. We choose an empirical covariance ma-
815 trix Q with condition number 1.11 x 10°. We then compute the condition num-
g6 ber of different matrices Q solutions of (14) (calibration Cs) and (16) (cahbra-
g17  tion denoted by “Min Cond”) for the following values of 7nq: n 0= 0. Olkmax(Q)

818 Q = O.OSAmaX(Q), and nQ =0. lkmax(Q). The results are reported in Table 1.

819 The condition number thus significantly decreases even if only small variations of
820  the entries of Q are allowed. Both calibrations yield close condition numbers in this
821 example.

822

823 5.1.2 Evolution of the portfolio composition in time

824

825  To observe the influence of the increase of Amin(é) on the behavior of the portfolios,
826 we conduct the following experiment: A first investment is done on January 2, 1999
827 (we denote this date by fp); the investment horizon is 60 days, the yearly risk-free
828  rate is 5% and the target return for these 60 days is £ = 2.5%. The portfolio is then
829  regularly rebalanced every 60 days for dates #; =19+ 60j, j =1,..., 11. For each
830 investment date 7;, the empirical estimations p; and 0 ;j of the mean and of the co-
831 variance matrix are computed. We want to analyse the influence of the parameter «
832 of the method C; on the stability of the composition of the portfolios. At each date
833 t;, we compute the correction of the matrix Q j using calibration C and the values
84 (i) of @ given by o; (i) = 10' "7 Amax(Q) fori =1,..., 6. Let Q; be the correc-

835 A )
836 tion of matrix Q; for the value o (i) of . We denote by x;. the solution of problem
sar  P'(L,pj, Q’J) We then compute
838
10
839 1 ) .
840 p(l)=HZ||x§+1 —X}”l-
841 j=0
::z The evolution of p(i) with i is shown in Fig. 1 which follows.

Hence, the increasing of Ayin(Q) tends to stabilize the composition of the portfo-
¥ Yios in this example. This has in fact been observed using different starting dates fy,
#5 different target returns and different risk-free rates.

846
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847 Fig. 1 Sensitivity of the 0.5
portfolio composition mean
variation as a function of « 0.45} J

850 0.4 Portfolio composition mean variation ]
0.35¢
0.3}
855 0.25¢+

0.2+

859 Value of 7

3 4 5 6

-
N

Fig. 2 Variation of the portfolio {2
composition in time for three
864  different calibration methods

865
866
867
868
869
870
871
872
873
874

Empirical
1.1+ P —

875
876
877
878
879 We now compare the “Empirical,” C; and Cs methods. We call “Empirical,”
sso  the method using the empirical estimations of the parameters. If Q is the empiri-
gs1  cal covariance matrix, we choose o = 0.01 Ay« ( Q) for method C», and g = o for
g2 method Cs. The date of the first investment is January 2, 1999 (date denoted by f#o),
gs3  the investment horizon is still 60 days, the target return is 4%, and the yearly risk-free
gs4  rate is 5%. The portfolios are regularly rebalanced every 60 days from #y. For the i-th
gss  rebalancing, we determine a portfolio xjw for each method M. Figure 2 represents

886  the evolution of (||x§w — xjw_l ll1);-, as a function of i and for each method. This

887 experiment also tends to show that the increase in Amin(Q) permits the stability of
88 the portfolio composition. The C, and Cs methods seem to be particularly stable in
%9 this example. For these methods, the modification of the composition of the optimal
890 portfolio is always less important than the “Empirical” method. The same experiment
81 was conducted using different values for the parameters of the Markowitz model. We
:Zz used different starting dates #y, different investment horizons (60 and 40 days) and
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gosa  Table 2 Portfolio composition

mean variation when the mean “Empirical” G Cs
895
returns change
896 0.0119 0.0060 0.0058
897
898

so9  different target returns (2, 3 and 4%). In all the simulations, the C> and Cs methods
g0  Wwere the most stable, always leading to less important modifications of the portfolio
901  composition than the “Empirical” method.

902
oz 1 .3 Influence of the perturbations of the mean returns on the optimal portfolio

904 composition

95 We fix a date to (January 2, 1999) and for each method M (M = “Empirical”, C3,
906 Cs), we estimate (p, Q) by (0, Qun) [0 is the empirical mean of the returns and
907 QO is the estimation of the covariance matrix using method M]. From these estima-
%8 tions, we can compute the optimal portfolio x,; associated with method M and using
909

model P’. We then make n (i.e. 30) iterations. At iteration i, we envisage four per-

%1% turbations which consist of replacing (i) by (i) £ 0.05|4()|, 4(i) £ 0.1]5(0)]. At
o jteration i, each perturbation j produces a portfolio x}fl for method M. A comparison

:z of mﬁ Zi’ j lxpm — x;t'fl |I1 can then be made for all methods M. This experiment was
014 Tepeated 400 times (using an increasing number of historical data) and gave the av-
o5 Crageresults given in Table 2. We observe that the perturbation of p does not change
16 the composition of the portfolio much in these cases. Method Cs is the most stable
o17 with respect to perturbations of the mean return vector in this experiment.

918 52 Diversification of the portfolios

919

920 We noticed on various simulations that the use of the corrected covariance matrices
921 tends to diversify the portfolios much more than if the empirical or adaptive covari-
922 ance matrix was used. To obtain diversified portfolios, portfolio managers tradition-
923 ally introduce box constraints on the components of the portfolio. It is interesting
924 to notice that corrections Cq and C3 seem to provide diversified portfolios without
925  changing the constraints of the problem.

926

927 5.3 Comparison of the calibrations of the covariance matrix on real data

928
929 We compute the optimal portfolios which would have been obtained by investing in
030 the assets of the Dow Jones from January 2, 1995 to June 30, 2004 and rebalancing
o3  the portfolio every H days. The yearly risk-free rate is 1%, the transaction costs
o3 AT€ 0.5% and the yearly target return is £ = 10%. We measure the influence of the
033 corrections of the adaptive covariance matrix (see Sect. 2.3) introduced in Sect. 4.
- The parameters of the adaptive method are chosen a posteriori (see [7] for further
oas details). The result of these experiments, conducted using different values of H, is
given in Table 3. In this table, we call Rdt the return of a method over the investment
936 . = . .
period. R and o are the empirical mean and standard deviation of the sample of the
937 . . . .
o3 H day return of the portfolio. We notice that the corrections of the adaptive method
tend to provide portfolios whose returns are larger and give standard deviations that
%9 are close to each other.
940
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941 Table 3 Comparison of different calibrations of the covariance matrix using the assets of the Dow Jones
(from January 1995 to June 2004), a risk-free asset and the Markowitz model P”

942

943 H =15 days H =30 days H =60 days

944 Method Rdt R o Rdt R o Rdt R o
945

046  Adaptive 247  1.0057 0.0184 24444 1.0113 0.0253 3.8672 1.0386  0.1082
947 Ci 263 10061 0.0210 28044 1.0131 0.0304 4.1250 1.0409  0.1138
98 Oy 250 1.0057 0.0184 25363 1.0117 0.0257 4.0898 1.0398  0.1045
949 (3 264 10062 0.0257 27134 1.0130 0.0387 4.1549  1.0414  0.1152
950  Cy4 252 1.0058 0.0183 25591 1.0118 0.0257 4.1487 1.0401  0.1044
951 Cs 258 1.0059 00185 2.6058 1.0121  0.0262 4.4440 1.0421  0.1075
952

953

954 6 Conclusion

955

956  We first introduced a sensitivity analysis for different versions of the Markowitz
957 model. Using the quite general model given in [7] for the returns, we then proposed
958 strategies to compute stable portfolios using the Markowitz model.

959 One of our calibrations of the covariance matrix (the one proposed in Sect. 4.4) has
960  shown its efficiency numerically speaking, beating all the other methods in most of
961  the stability tests done while providing performing portfolios. This calibration shows
962 the importance of the condition number of the estimated covariance matrix. Indeed,
963  alowest eigenvalue of the covariance matrix close to O (as is the case for the adaptive
964  covariance matrix) is absurd financially speaking, and yields numerical problems to
965  solve the Markowitz problem. On the contrary, our proposed covariance matrices are
966  not ill-conditioned: they are positive definite matrices as the constraints require.

967

968

969  Appendix

970

971 In this Appendix, we show Theorem 3.2. To show this theorem, we will make use of
972 the following lemma:

973
974 Lemma A.1 Let f,g1,...,gm : R" — R be convex functions, and let X be a convex
975 subset of R". Let us consider the convex primal problem P below

976

977 min f(x) max ()
o78 P g)=(g1(x),...,gm(x)) <0, and the dual problem D

979 reXx A =0,

980 '

%81 where

982 . .

983 o0 = min f(x) + A g(x) a7
984 xeX.

%5 Iet the Slater condition hold for P (there exists x € X such that gj(x) <0, j =
Z:i 1,...,m) and let us suppose that f is bounded from below on {x | g(x) <0, x € X}.
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988  Let S}’; and ST, be respectively the set of solutions of P and D and for fixed X, let
989 S§*(L) be the set of solutions of (17). Then for any A* € ST, we have S5, C §*(1%).
990

991 Proof Let us take A* € S7,. The hypotheses of the Convex Duality Theorem apply
992 and for any x* € S5, the optimal value f(x*) of primal problem P and the optimal
993 value 0(A*) of dual problem D coincide. Moreover, by definition of 8(1*), since
994 x* € X, we have 0(A*) < f(x*) + g(x*)TA*. This gives f(x*) < f(x*) +g(x*)TA*,
995  ie., g(x*)TA* > 0. But since A* > 0 and g(x*) <0, this implies g(x*)TA* =0. We
996  thus have, using once again the definition of O (1*) :

997

008 0 = fx") =fM)+g0™) A < f(x)+g(x)"A*, Vx €X.

999

1000 Since, x* € X, this shows that x* is a minimizer of f(x) + g(x)TA* over X, i.e., that

o XTESHH). O

1002 ] o _

100a Proof of Theorem 3.2 For convenience, we use the notation p1 = p1 — poe, p2 = p2 —

1004 Poeand £=£— pg. Fori=1,2, let x* be the solution of P'(¢, p;, O;). Let us first

1005 Show that (7) and (8) are upper bounds for respectively x5 —x{llt and [|x3 — x{[l2.

1006 Let L e R, let

1007 inf1xTQix + Al —x7 ;)

1008 i (1) ={ S ' (18)
xeN,,

1009

1010 be the dual function of the problem P’(¢, p;, Q;) where only the uncertain constraint
1011 has been dualized, and let A be an optimal solution of the dual problem consisting
1012 of solving max,cr, 0¢;(A). Both primal problem P'(¢, p;, Q;) and its dual problem
1013 are equivalent to each other and have the same optimal value. The hypotheses of
1014 Lemma A.1 hold for primal problem P’(Z, p;, Q;) and its dual problem. Since the
1015 objective function of P’(¢, p;, Q;) is strictly convex, the set of solutions of this prob-
1016 lem is reduced to x. Also, for any fixed A, since the objective function of problem
1017 (18) is strictly convex, the solution to (18) is unique and denoted by x (A). For prob-
1018 lem P’(¢, p;, O;), Lemma A.1 thus tells us that x7 = x(A}). From the optimality of
1019 x(A}) =x, we then have fori =1, 2:

1020

1021 VxeAn,  (x—x)"(Qixf — i) = 0.

1022

1023 Since x{ and xJ are in A, we can use the previous inequality for x = xJ,i =1 and
x =xj,i =2, which gives:

1024
1025

1026 (x5 —xHT(Qixf —Afp1) =0 (19)
1027 (x}] —x3)T(Q2x5 — A5p2) = 0.

1028

1020  Adding the inequalities (19) and rearranging the terms we get:

1030

o (& —xDT QI —xP) < (8 —x) (01 — 0)x% + R (20)
:zzz wi:h R*:T(xi“ :_xi*)T(;)_»Tﬁl +_A§ﬁg)_. ?ince*f(ir i :* 1*, 2, xl,*T,5.,~ = E., we haYe
104 (x5 — x7) (=A1p1 + A502) = (02 — p1) (—=A5x] + Ajx3). Plugging this result in
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1035 (20) and observing that [|x}|[; <1 and ||x3|; <1, we obtain:
1036

07 BQDINF = XTI =102 = Qilloo 65 = XTIl + 1102 = Pl +23).  2D)
1038

1039 It remains to bound the multipliers A*. First, we can bound from below the optimal
1040 value of P'(¢, p;, Q;) by 0, i.e., §; (A;‘) >0.Letej, j=1,...,n, be the vectors of the
1041 canonical basis. From H3, for i = 1, 2, there exists j; € 1, ..., n, such that p; (j;) >
1042 { + k, with ¥ > 0. Since for i = 1,2 we have e; € A,, by definition of the dual
1043 function, fori =1, 2:

1044

1045 VA 6i(d) < 1@,;,-TQiej,- + Al — i (ji)). (22)
1046 2

1047
1048

1049 w ox . 1 o 1Qilloo
1050 kA <A (pi(ji) =€) < EQi(ﬁ’ Ji) < I (23)

Using (22) for A = A} and since 6; (A]) > 0, we have:

1051
1052 We thus have for A7 the upper bound A} < % If we plug these bounds for A}
1053 and A} in (21), we see that P(||lx5 —x][l1) <0, P being the second-order polynomial
1% defined by P (x) = B(Q1)x = [|Q2 — Qi [loox — Ul 5y — )| Thus,

1055 x5 — x{ |1 is lower or equal to the largest root of P, which shows (7).
1056 Exchanging x}, p1, Q1 and xJ, p2, Q2, we then obtain for |[xJ — x{[|; the upper
19%7 " bound (7) with B(Q1) replaced with B(Q>).
1058 Let us now show that (8) is an upper bound for ||x3 — x{[l2. Using (20), the upper
1059 .

bound A* < Qillee g0 A¥, and since x* € A,,, we obtain:
1060 1 2K L 2
1061
o062 hmin (Q1)° 163 — 713
1063 (1 Q1llco + 1 Q21l00)
1064 <llx3 —ﬁllz)l};% 1(Q2— Qv)xl2 + e o2 = pilloc-
1065
1066 Using Lemma 3.1 we then see that P(||x3 — x{|l2) <0 where P(x) = Amin(Q1)x% —
1067 max; [|Ci(Q2 — O1)|lax — w o2 — p1lloo and we conclude as before.
1068 However, we could have obtained smaller upper bounds, though more involved.
1089 These upper bounds could be obtained using the above proofs of (7) and (8) and using
1970 4 smaller upper bound for 1. This upper bound for A¥ is obtained as follows.
1071 We first improve the lower bound on the optimal value of P’(£, p;, Q;). More
1072 precisely, we have for this optimal value, the lower bound % vi ' Q;y; where y; is the
1073 golution of the following relaxed problem:
1074
1075 CO .

min 5 ;

1076 { . 2_yz iy (24)
1077 Py ==
1078 Hence we have:
1079 |
1080 6; (A7) > > i Qivi- (25)
1081
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1082 Further, for i = {1, 2}, there can be various indexes j; such that p; (j;) > £. We thus
1083 have for i = {1, 2} and for every index j such that p; (j) > ¢:
1084

1 =,
1085 VA 6:(0) < e Qiej + AL — pi (). (26)
1086 2
1087 Using (24) and (25) with A = A} one has:
1088
1 1

1089 * T

A<= i Qivi). 27
1000 2, = =g Qi D) i Qiyi) 27)
1091
j002  The solution of (25) is given by y; = o A _1 . Q, pi . Finally, plugging this expres-
1093 sion of y; into (27) gives the followmg 1mproved upper bound for A:
1004

1 1 2

0% A< min .—(Qi(j, hE 71)
1096 2 pi()=t pi(j) —¢ P Qi pi
1097
1098 If (x, y*,2}) is a solution of P”(¢, p;, Q;), we now show that (7) and (8) are
:?:Z upper bounds for respectively || ﬁ |I1 and || :2_73, II2.

The feasible set of P” is the intersection of the hyperplane defined by the return
constraint (this constraint is active, see Lemma 2.2) and a set defined by the remaining
constraints that we will denote by Y (1, v, x7). Let here £ = £ (e"x™ + Xo) — poXg
let

1101
1102
1103
1104
1105
1106 W=

1107

N =

108 pe the vector of decision variables, let Wl.* be a solution of P” (£, p;, Q;), let A € R,

M99 and let
1110

111 600 = inf%xTQ,-x + A (E —x"pi—poe— )" y+ po(e+ V)TZ)
2 W=y T eY (v,

1113

1114 be the dual function of problem P”(¢, p;, Q;) where only the return constraint has
1115 been dualized. Let us also introduce the dual problem max;>¢ 6; (1). Primal problem
1116 P"(L, p;, Q;) and its dual are equivalent to each other and have the same optimal
1117 value. Also, using Lemma A.1 (whose hypotheses are satisfied for P”), there is an
1118 optimal solution A} to the dual problem and a solution W(1}) to problem (28) for
1119 A=A}, such that W* W (A}). From the optimality of W(A*) we get:

1120

(28)

1121 . Qi xF — Al pi

1122 YW=(x,y,2)" €Y(u,v,x7), (W—=W""| rfpo(n—e) | =0.
1123 Aipo(v+e)

1124

Using the previous inequality for W = W},i=1and W = W[, i =2, we get:
1125

126 (= x)TQ1xf —Ap) + A0 (05 —y) T (w—e)+(v+e) (5 —2})) =0

G T2 =230 + 2300 (0F ~ )T — @) + (0 + )T (] —23)) 0.
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1129 Adding the two previous inequalities and rearranging the terms we get:

1130

1131 (xF—=x)T01 (x] —x3)

1132

1133 <@ =aD Q1= 0) X5+ (5 —x)) W, —Ap) + M, (29)

1134

1135 with

:zj M = po(AF =23 (3 —yD T (n—e) + (23 — 2 (v +e)).

1138 Since the return constraint is active, we have, fori =1, 2,

1139

1140 x4 poxg + =)y —vte) )=t x +xp).

1141

1142 Thus, M = (A] — A3) (xé‘T P2 — xi"T p1). Plugging this result in (29) and observing
1143 that for any W = (x,y,z)" € Y(u,v,x7) we have |lx|; <e"x~ +x,, (Which im-

1144 plies ||x]|l1 <e"x™ 4 x; fori = 1,2), we then have:
1145
1146 * %12
X5 —x
a7 B(ODIIx; il
1148 < (x5 = x{ 111192 — Qtlloo + A + A 102 — pillec) (@' x™ +x5). (30)
1149

1150 It remains to bound from above the Lagrange multipliers A}. We can bound from be-
1151 low the optimal value of P”(¢, p;, Q;) by 0. Thus, we have 6; (A*) > 0. From hypoth-

152 esis H3, for i = 1, 2 there exists j; such that p; (j;) > %(Z +i)eTx +
1153 (e—p) x74x,
1154 Xg)- Let &£ > 0 and let us then introduce for i = 1,2, the point W; = (x;, y;.zi)' €
1155 Y (@, v, x7) defined replacing i by j; in (2). We thus have, x; =x~ — y; + z; and

1156
1157 ifk# jiandx, =0, yik)=¢,zk)=2e,

1158 ifk# jiand x, >0, yi(k)=x,,zik)=¢,

1159 finally y; (i) = Xpte and z; (j;) is such that x;(0) = &.

1160

1161 By definition of the dual function, we then have

1162

1163 I T _ — T

1164 VA, 6;(0) < Exi Qixi + AL (e x™ +xy) — p; xi — poxi(0)). (31
1165

1166 We have p; x; + pox; (0) = %(xa + (e —p)"x7) +ae, for some a; € R. As was
167 done in the proof of Lemma 2.tZ, since H3 holds, we can then choose ¢ sufficiently
188 small to have

1169

1170 pi xi + poxi (0) > (€ +K)(e'x™ +x5). (32)
1171

1172 Using (31) with A = A7, (32), and since 6; (A7) > 0 we then get:

1173 . |

1174 Ae(e'x™ +x0) = J1Qillollxilf = S1Qilloo(€Tx™ +x)%

1175
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1176 This gives for A7 the upper bound A} < %(e%‘ + x; ). Plugging this bound in

1177 x5 —xj -
7 (30), we see that P (|| eiTx’—&-x(; Il1) <0, where
B (1Q1lloo + 1021100)
2 1lloo 2lloo
1180 P(x)=B(QDx" =102 — Qillocx — o2 = pilloc-
1181 2k
1182 . ) I
1193 Consequently, || ﬁ I1 is lower than or equal to the largest root of P which is

1184  given by (7).

* *
XX

1185 We finally show that for problem P”, || =

“+x,
1186 0
We first have
1187

1188
1189
1190
1191
1192 .

1193 using Lemma 3.1. Using (29) and (33) we then obtain P (|| ﬁ I2) <0, now with
1194

1195
s P00 = Anin(Q1)x” — max || Ci(Q2 — O1)lloox - (”Ql"“;”QZ"“)

1197
1198 and we can conclude as before. O

1199
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|l2 is bounded from above by (8).

(x5 =2 (Q1 = 02) x5 < ('x™ +x0) x5 —XTllzireliX 1(Q2 — Qvx|l2,
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o2 — p1lloo

1201 pration (10).
1202
1203
129% " References
1205
1206 1. Best, M.J., Grauer, R.R.: On the sensitivity of mean-variance-efficient portfolios to changes in asset
1207 means: some analytical and computational results. Rev. Financ. Stud. 4(2), 315-342 (1991)
1208 2. Best, M.J., Grauer, R.R.: Sensitivity analysis for mean-variance portfolio problems. Manag. Sci.
1209 37(8), 980-989 (1991)

3. Bonnans, J.F,, Shapiro, A.: Perturbation Analysis of Optimization Problems. Springer Series in Oper-
1210 ations Research and Financial Engineering. Springer, New York (2000)
1211 4. Bouchaud, J.-P,, Cizeau, P., Laloux, L., Potters, M.: Noise dressing of financial correlation matrices.
1212 Phys. Rev. Lett. 83(7), 1467-1470 (1999)
1213 5. Daniel, J.W.: Stability of the solution of definite quadratic programs. Math. Program. 5(1), 41-53

(1973)

1214 6. Dantzig, G.B., Infanger, G.: Multi-stage stochastic linear programs for portfolio optimization. Ann.
1215 Oper. Res. 45(1), 59-76 (1993)
1216 7. Guigues, V.: Mean and covariance matrix adaptive estimation for a weakly stationary process. Appli-
1217 cation in stochastic optimization. Stat. Decis. 26, 109-143 (2008)

8. Higham, N.: Computing the nearest symmetric correlation matrix-a problem from finance. IMA J. Nu-
1218 mer. Anal. 22(3), 329-343 (2002)
1219 9. Hiriart-Urruty, J.-B., Lemaréchal, C.: Convex Analysis and Minimization Algorithms I and II.
1220 Springer, Berlin (1993)
1291 10. Hoffman, A.J.: On approximate solutions of systems of linear inequalities. J. Res. Natl. Bureau Stand.
120 49(4), 263-265 (1952)

@ Springer



« COAP 10589 layout: Small Extended v.1.2  reference style: mathphys file: coap9260.tex (Loreta) aid: 9260 doctopic: OriginalPaper class: spr-small-v1.1 v.2009/05/07 = Prn:2009/06/05; 13:57  p. 27/27»

Sensitivity analysis and calibration of the covariance matrix

1223 11. Ledoit, O.: Improved estimation of the covariance matrix of stock returns with an application to port-
1224 folio selection. J. Empir. Finance 10, 603-621 (2003)
1225 12. Markowitz, H.: Portfolio selection. J. Finance 7(1), 77-91 (1952)

13. NDiaye, P., Oustry, F.: Kato covariance matrix. Raise partner internal report (2002)
1226 14. Sturm, J.E.: Using SeDuMi 1.02, a MATLAB toolbox for optimization over symmetric cones. Optim.
1227 Methods Softw. 11-12, 625-653 (1999)

1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240
1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269

@ Springer



	Sensitivity analysis and calibration of the covariance matrix for stable portfolio selection
	Abstract
	Introduction
	Markowitz model, sources of instabilities and statistical framework
	Markowitz mean-variance model
	A few comments on hypotheses H1, H2 and H3

	A few properties of the Markowitz model
	Sources of instabilities and statistical framework

	Sensitivity analysis of the Markowitz problem
	Sensitivity analysis of problem P
	Sensitivity analysis of problems P' and P''

	Stable calibration of the covariance matrix
	Motivations
	Preliminary observations
	Stability for P(k,rho,Q)
	Stability for P'(l,rho,Q)
	Stability for P(k,rho,Q)
	Stability for P'(l,rho,Q) and P''(l,rho,Q)

	Closest covariance matrix to Q
	Maximizing the lowest eigenvalue
	Best condition number

	Numerical results
	Stability tests
	Reducing the condition number
	Evolution of the portfolio composition in time
	Influence of the perturbations of the mean returns on the optimal portfolio composition

	Diversification of the portfolios
	Comparison of the calibrations of the covariance matrix on real data

	Conclusion
	Appendix
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




