SDDP FOR SOME INTERSTAGE DEPENDENT RISK-AVERSE PROBLEMS
AND APPLICATION TO HYDRO-THERMAL PLANNING

VINCENT GUIGUES

ABSTRACT. We consider interstage dependent stochastic linear programs where both the ran-
dom right-hand side and the model of the underlying stochastic process have a special structure.
Namely, for equality constraints (resp. inequality constraints) the right-hand side is an affine
function (resp. a given function b;) of the process value for the current time step ¢. As for m-th
component of the process at time step t, it depends on previous values of the process through a
function hgm.

For this type of problem, to obtain an approximate policy under some assumptions for functions
bt and htm, we detail a stochastic dual dynamic programming algorithm. Our analysis includes
some enhancements of this algorithm such as the definition of a state vector of minimal size, the
computation of feasibility cuts without the assumption of relatively complete recourse, as well
as efficient formulas for sharing optimality and feasibility cuts between nodes of the same stage.
The algorithm is given for both a non-risk-averse and a risk-averse model. We finally provide
preliminary results comparing the performances of the recourse functions corresponding to these
two models for a real-life application.

AMS subject classifications: 90C15, 91B30.

1. INTRODUCTION

The use of decomposition methods for solving linear multi-stage stochastic programs dates back to
the nested decomposition (ND) algorithm [2]. This method assumes that the number of realizations
of the process over the optimization period is finite (these realizations can be organized in a finite
scenario tree). At each iteration and in each node of the scenario tree, the algorithm updates lower
bounding approximations for the corresponding recourse functions. However, for many applications,
the number of scenarios is so large that this method entails prohibitive computational efforts. Monte
Carlo sampling-based algorithms constitute an interesting alternative in such situations. One of these
algorithms adapted for multistage stochastic linear programs whose number of immediate descendant
nodes is small but with many stages [13] consists in sampling in the forward pass of the ND. This
sampling-based variant of the ND is the so-called Stochastic Dual Dynamic Programming (SDDP)
algorithm.

To our knowledge, this algorithm has been described so far with the assumption of relatively
complete recourse for stochastic linear programs where the right-hand side is an affine function of
the process values. Moreover, in general, it is assumed that the process is stagewise independent or
that it affinely depends on previous values. In this paper, we detail the SDDP algorithm for a larger
class of problems where relatively complete recourse does not hold. More precisely, we consider a

Key words and phrases. Stochastic programming and Risk-averse optimization and Decomposition algorithms and
Interstage dependency and Monte Carlo sampling.



2 VINCENT GUIGUES

feasible T-stage stochastic optimization problem of form

inf B[, fi(ar)]

(1) Atl't Z bt(&t) *Btl'tfl, a.s., t= 1,...,T, INEQ
Ct.’L't :Dtgt —EtZEt_l, a.s., t= 1,...,717 EQ
x>0, as., x; € Ly(Q, F, P;RF), t=1,...,T,

where xz( is given, (&) is an interstage dependent stochastic process with natural filtration F; =
o(&1,...,&), ft is a polyhedral cost function:

max oy +x, B o€ Xy={x:co<duk=1,..., K},
@) Fulw) = 4 12550, J t Ptj { th }
400 otherwise,
and by(x) = (b1 (), ..., b, (x))" for given functions by; : RM — R.
Regarding the stochastic process, we assume that each component & (m) is a general function of
past values, i.e., for every m =1,..., M, and t € Z, we have
(3> gt (m) = htm (gtfl (m)a e 5§t—17t(m) (m)a Tt (m))

for some lag p;(m) € N and some function hsy, : RP*™+1 5 R where (1;) is an interstage inde-
pendent process (for any stage t, correlations between the components of 7; are however allowed).!
The need to consider this more general framework is motivated by some applications; see Examples
2.1 and 2.2 below for instance. In that context, to preserve the convexity of the recourse functions,
either (i) the functions h¢,, are affine or (ii) satisfy some assumptions given in Section 2 and there
are no equality constraints. In case (i), the right-hand side of equality constraints must be an affine
function of the process value to preserve the convexity of the recourse functions.

In our interstage dependent context (3), the recourse functions depend on some past realizations
of the process. We define for each time step ¢ a vector {; containing the minimal number of past
realizations needed to implement the SDDP algorithm. Next, under some assumptions on functions
b; and hy, that guarantee the convexity of the recourse functions for (1), we provide formulas for
the cuts that are built in the backward pass of the SDDP algorithm to approximate these recourse
functions. Such cuts can be shared between nodes of the same stage. For an interstage dependent
process with affine functions hsp,, this was first observed in [10]. However, when each component
(&(m)) is a generalized autoregressive process (of form (8) below), the formulas we obtain for the
cuts in Corollary 2.5 can be in some cases (depending on the application) more economic (in terms of
memory allocation) compared to those in [10]. Moreover, since we do not assume relatively complete
recourse, we also provide formulas for feasibility cuts that are needed to build sequences of feasible
states in the forward pass of the algorithm. We show that in our statistical framework, these cuts
can also be shared between nodes of the same stage. To the best of our knowledge, the description
of the SDDP algorithm in the general framework (1) for processes satisfying (3) has not been done
so far. When relatively complete recourse does not hold and when the underlying stochastic process
is interstage dependent, we are also not aware of a previous work explaining how to build and share
feasibility cuts (in the forward pass of the SDDP algorithm) between nodes of the same stage.

Next, we consider a risk-averse formulation of (1) using a multiperiod risk measure proposed in [5],
[6] that allows us to apply SDDP to approximate the corresponding risk-averse recourse functions.
For the class of problems considered in this paper, we provide formulas for the cuts built in this
risk-averse version of SDDP.

Finally, we provide a first set of numerical results that compares the use of the aforementioned
risk-averse and non-risk-averse recourse functions for the mid-term Brazilian hydro-thermal planning
problem.

1f all lags p:(m) are null, we recover the case when process (£;) is interstage independent.
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The outline of the paper is as follows. In Section 2, we study the non-risk-averse version of SDDP
while Section 3 considers the risk-averse case. Numerical results are reported in Section 4.

The paper is quite technical. The reader can in a first reading skip the theorems, propositions,
and their corollaries and focus on the examples to get the main ideas. However, the theorems and
propositions provide formulas for the cuts that will be useful to the practionner interested in imple-
menting the SDDP algorithm for the type of problems we consider. The proofs are collected in the
appendix.

We start setting some notation:

e ¢ is a column vector of all ones whose dimension may vary upon the context;
e If Ais an my x n matrix and B an mg X n matrix, (A; B) denotes the (mj +ms) X n matrix

A .
B bl
e [, is the n x n identity matrix and 0,,x, is an m X n matrix of zeros;
e For real numbers 1, ..., x,, we denote by Diag(x1, ..., 2, ) the n x n diagonal matrix whose

entry at position (i,4) is x;;

e For a continuous random variable X representing a cost, the Conditional Value-at-Risk of
level € € [0,1] of X [16] is given by CVaR®(X) := E[X|X > Fy'(1 — ¢)], where Fx (-) is the
cumulative distribution function (CDF) of X;

e For ty > t1, the short form vy, .4, stands for the concatenation (ve,, v, 41, .., Vs );
e O, denotes a (generic) recourse function used at time step t = 1,..., T, i.e., Qry; = 0 and
if t < T then Qy1(wy,&py)) represents a cost over the period ¢+ 1,...,T. Various recourse

functions at ¢ will be defined using the same notation Q;y;. Which Q. is relevant will be
clear from the context.

As is usually done in the stochastic programming (SP) literature and to alleviate notation, we use
the same notation for a random variable and for a particular realization of this random variable, the
context allowing us to know which concept is being referred to.

2. SDDP FOR A CLASS OF NON-RISK-AVERSE INTERSTAGE DEPENDENT STOCHASTIC PROGRAMS

In its risk-neutral version, SDDP aims at providing approximations of the recourse functions for
problem (1). These recourse functions Q¢(w;—1,€r—1)),t = 1,..., T, satisfy the dynamic program-
ming (DP) relations

i;ltf felay) + Qt+1($t,€[t])
(4) [LPt] Qt(xtflag[t—l]) = Eft\f[t—l] Atzt - bt(gt) D

Ct.’L't = Dté-t — Et,CCt_l
Tt Z 0

fort=1,...,T, with Q741 = 0. In the above relations, £;; denotes the available and useful history
of the process at time step ¢; see Section 2.2 for details.

A solution (z1(+),...,z7(+)) of (1) is called a policy. Such policy is nonanticipative, i.e., z;(-) is a
function of available realizations at time step ¢. Using the approximate recourse functions obtained
with SDDP, we obtain an approximate policy for (1).

We will assume that at the beginning of the optimization period, the realizations of §;,j < 1, are
available.

We make the following assumptions:

(A1) The function by; is convex for every t =1,..., T, and i = 1,...,¢;.
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(A2) The support €, of the distribution of 7, in (3) is discrete and finite:
() Q= {ny, j=1,..,q < oo} with n,; € R™ and P(1p, = nej) = p(t, ) > 0.

(A3) For t =2,...,T, for every (t — 1)-stage scenario (£1,&2,...,&—1), and for every state ;1
feasible on this scenario for stage t — 1, the set

{ze + Ay > (&) — By, Coxy = Di&yj — Evxy—q, 2 > 0}
is nonempty and bounded for every j =1,..., ¢ where the vector &; € RM is given by

(6) &i(m) = hy (§—1(m), . ... ,ft_pt(m)(m),ntj(m)), m=1,...,M.

Assumption (A3) holds, in particular, if problem (1) is feasible and if at each stage, all decision
variables are bounded, almost surely. Such is the case of the real-life application we consider in
Section 4.

We will consider two special classes of processes referred to as the convex process model and the
affine process model in the sequel. More precisely, in the case of the convex process model, we assume
the following:

(A4) For every t = 1,...,T, and i = 1,...,4, for every x,y € RM such that z > y, we have

bii(x) > bi(y).

(A5) For every m =1,..., M, and t € Z, relation (3) holds for some lag p;(m) € N, some convex

function Ay, : RP*™M+1 5 R, where (1;) is an interstage independent process.

(A6) For every t = 1,...,T, and m = 1,..., M, for every x,y € RPt(™*! guch that = > v,

function hgy, (2) from Assumption (A5) satisfies e (@) > him (y).

If there are no equality constraints in (1), i.e., if constraints EQ are absent, our results will be
derived making Assumptions (A1), (A2), (A3), (A4), (A5), and (A6) which guarantee, in particular,
the convexity of recourse functions Q;(-) from (4). These assumptions as well as problem structure
(1) have been used to model various applications.

Example 2.1 (Production management). Consider a production management problem aiming at
minimizing the expected production cost where the system uncertainty is captured by demand D¢(m) in
period t for type of client or geographical zone m. In this context, we have & = (D¢(1), ..., De(M))"
and demand satisfaction constraints can be written as INEQ with by;(x1,...,xp) = a4, i =1,... 0y =
M satisfying Assumptions (A1) and (A4). Since demand realizations are positive, instead of an affine
function for hy, one may prefer a model formulated as

pt(m)

(1) &(m)=D Z@ M) Dy (m) + 0e(m)) = hem (E—1(m), . .., E—py (my (M), M ()

where f is a positive valued functzon: f R — Ry ; which ensures positivity of demands for any dis-
tribution of noises n.. As an example, taking for [ the functions f(x) = max(x,0) or f(z) = exp(z )

the corresponding functions by, in (7) given by him (1, ..., Ty, (m)+1) = max(0, Zpt(m) gb]( )T
Tp,(m)+1) O hem (1,0 Tp, (m)+1) = exp( pt m) gb]( M)Tj + Ty, (m)+1) ATE CONVET, i.e., Assumptzon

(A5) holds. Moreover, in these cases, if all coeﬂiczents ¢l (m) are nonnegative, Assumption (A6)
also holds. The maz operator for [ above can provide a model to obtain positive inflows for the
application described in Example 2.2 below.

Assumption (A5) states that at stage ¢, m-th component of the process value depends on p;(m)
previous values of this component through a convex function hsy,. As a special case, we will consider
the affine process model where this function hy,, is affine:
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(A7) For every m=1,..., M, and t € Z, we have

o m pi(m) ) o (m) — i (m

ar(m) o—j(m)

where iy (m) = El&(m)], of(m) = Varlg(m)], lag pi(m) € N, ¢7""™ (m) # 0, and where () is
an interstage independent process (for any stage ¢, correlations between the components of 7, are
however allowed).?

In this context, Assumption (A4) will not be needed and subsequent developments hold under
Assumptions (Al), (A2), (A3), and (A7). An example of a problem that can be modeled as (1)
where Assumptions (A1), (A2), and (A7) hold is the hydro-thermal planning problem described in
[8]. We recall in Example 2.2 which follows the uncertain constraints of a simplified version of this
problem.

Example 2.2 (Hydro-thermal planning). We have NS subsystems, each subsystem i containing
an hydroplant, with hydro generation u.(i) for time step t, and its water reservoir. We denote by
Vi(i) the volume of this reservoir at the end of time step t. Such volume depends on the volume
of the reservoir at the end of the previous period, on the turbined outflow, and on inflows Z;(i) in
subsystem i for period t. The corresponding dynamics is given by

Vi(2) = Vi (1) — we(@) + 7 (1) e (i),
where (i) € (0,1) is the portion of inflows that comes to the reservoir; the remaining portion being
directly converted into energy by run-of-river plants. However, due to limits in the run-of-river
capacities, not all these inflows may be converted into energy. The corresponding losses are modelled

by some convex loss function Ly in such a way that for each subsystem i and time step t, demand
satisfaction constraints write

(i) + dfe (i) + (L= 9(8)) Ze(i) — Lo (1 = 72(2))Ze (i) = De(d)
where Dy (i) (resp. df;(i)) denotes the demand (resp. unsatisfied demand).® Setting x, = (V;(1),...,

Vi(NS), ue(1), ..., ue(NS), dfe(1), ..., dft(NS))" and & = (Z¢(1), ..., Te(NS), De(1), ..., De(NS)) T,
we see that these constraints can be written as EQ and INEQ with

Cy = [Ins,Ins,Onsxns], E; = [-Ins,0nsx2ns)s
D, = [Diag(v:(1),...,7%(NS)),0nsxns|, Ar = [Onsxns, Ins, Ins],

B =0, and where by; is the convex function

bi(x1, ..., wans) = xnsti — (1 — v ()as + Le((1 — 4 (8))x;), fori=1,...,4, = NS.
Moreover, for this problem, the process of inflows is commonly modeled by a Periodic Autoregressive
(PAR) process of form (8), see [9], [7], [11] for instance. As a result, assuming also a PAR process for
the demand in each subsystem, Assumption (A7) is satisfied and & has M = 2N S components. The

corresponding approximations of the recourse functions (4) are obtained discretizing the distributions
of noises ny. In this context, Assumption (A2) also holds.

Our main results will be illustrated using simple hydro-thermal problems.
For didactic reasons, we start our developments describing in the next subsection the SDDP
algorithm in a simplified framework: we consider a problem of form (1) without equality constraints,

2The generalized autoregressive model is written using normalized random variables. For numerical reasons, it is
recommended to use such formulation for the calibration of the model.

3Exchanges between subsystems can also be considered. Demand satisfaction constraints can be written as INEQ
in this case too.
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with f; linear, hyy, affine, b; is a max function, and we assume relatively complete recourse. The
next subsections consider the general case (problem of form (1)).

2.1. SDDP for some interstage dependent problems. In this subsection, we consider the case
where there are no equality constraints, b:(&:) = max (&, 0), fi(xt) = ¢ 24 is linear, and hy,y, is affine.
More precisely, (&) is a (PAR) process of the form (3):

(9) &or = %52&1 + 12 and Eop_1 = %(52#2 + &3+ &a—a) +12t—1, VEELZ,

and we will assume, without loss of generality, that 7" is odd. We also assume in that subsection
that relatively complete recourse holds. As a result, the recourse functions satisfy

igf cf o 4 Qey1 (e, &)

(10) [LP]  Qi(xt-1,p—1)) = E§t|§[,,,1] Arxy > max(&,0) — Bias—
Tt Z 0

fort =2,...,T, with Qr1 =0 while the optimization problem (1) can be written
inf ez + Qa(1,&p))

[LPl] Az > max(fl, 0) — Bz
X1 Z 0.

One may think at first sight that since & depends on 1 or 3 past values of the process, depending
if ¢ is even or odd, it would be sufficient to store 1 (resp. 3) past realizations in the state vector
for stage t if ¢ is even (resp. odd). In fact, this choice does not define an appropriate state vector.
Indeed, let us look at DP equations (10). Since they are written backward in time, the state vectors
are also defined backward in time. Recalling that Q71 = 0, {[7_1) gathers the realizations of the
process before stage T' upon which {r depends. Since, T is odd, {r depends on 3 past realizations
§r—1,&r—2, and {p_3. It follows that {p_1) = (§7-1,87—2,&r—3). Looking again at DP equations
(10), now with t = T"— 1, we see that {;7_9 should gather the terms in {;7_y) that correspond to
realizations of the process before stage T'— 1 (these terms are £7_o and &r—3) and the realizations
of the process before stage T'— 1 upon which {71 depends (since T' — 1 is even, this realization is
§r—2). It follows that {p_o) = (§7-2,&7r—3). Proceeding iteratively, we obtain

(11) € _ (gta §t717 §t72) iftis even,

v (&,&—1) if ¢ is odd.
The SDDP algorithm exploits the convexity of the recourse functions to build lower bounding ap-
proximations of these functions. At iteration ¢, a convex polyhedral lower bounding approximate
function Qj is built for the convex recourse function Q;:

Qi (w—1,&—1))

[nax .H[_Eg—lxt—l + Eg_lf[tfl] +el i

7=0,1,...;%

where H is the number of cuts (hyperplanes lying below the recourse function) computed for Q; at
each iteration (see below).

For convenience, we denote by ﬁi_l (resp. Ei_l and €?_,) the matrix whose (j + 1)-th line (for
§j=0,...,iH) is the row vector B/ | (resp. B/ | and e/ ,).*

Given (zo,&[1)), in each iteration i = 1,2,.. ., a forward pass computes H feasible states (xF, 5{1]),
k = (i—1)H+1,...,iH, for time steps t = 1,...,T, as follows. Given ¢}, the scenarios
(ns,....nk), k= (i—1)H+1,...,iH are sampled from the distribution of (12, ..., 77). These scenar-
ios induce the scenarios (¢§,...,¢&k), k= (i—1)H+1,...,iH via (9) as well as (5[’“1], e ,§[kT]) via (11)

4We use notation from [3] and [15]
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(recall that since &; is known, &F = & for all scenario k). The forward pass then computes ¥ solving
the following approximate problem [AP/F] of [LP)] for t =1,...,T,and k= (i — )H + 1,...,iH,
obtained replacing Q41 by Q;ﬂ:

zlfl,lgf cf ok +oF

Agzf > max(éf,0) — By,

Eiaf+ofez Byl + 7 ()

ap >0,

[APZ’k] Qi(zf—pfﬁ_u) =

with xlg = 2o. In the above expression, constraints (a) are optimality cuts. Note that, for t = 1,
since [AP}**] = [AP!"*] does not depend on k (because ¥ = & and f[kl] = ¢ for all k), we can write
[AP}] instead of [AP{"].

A backward pass then builds H cuts for each recourse function Q; at (z¥_, 5{171]), k=(G@—-1)H+
1,...,iH. As a result, the forward pass consists of obtaining decisions on H scenarios replacing
the recourse functions in [LP] by the lower bounding approximations of these recourse functions

obtained in the end of the backward pass of the previous iteration. A lower bound on Qq(xf ,, 5[’1_1])

is obtained on scenario k£ and iteration ¢ solving problem [APti’k]. In particular, a lower bound on
the optimal value of [LP;] is given by the optimal value of [AP].

In [15], conditions are given which guarantee the convergence of a set of sampling-based decompo-
sition algorithms that include SDDP. Under such conditions, an optimal solution to [AP{] converges
with probability one to an optimal solution to [LP] in a finite number of iterations.

We now detail the computations of optimality cuts in the backward pass. The optimality cuts are
computed for time step 7'+ 1 down to time step 2. For time step 7'+ 1, since QZ'TJr1 = Qr41 =0, we
have for Qr,; the cuts B = Bk = ek =0for k= (i — 1)H +1,...,iH. At time step t = 2,...,T,
the cuts for Q; are computed having at hand the approximation Q;‘; 11 of Qi1 which satisfies

(12) Qi (e, &) > Qo (w1, &)

The above relation indeed holds for t = T'. Assuming that it holds for some t € {2,..., T}, we build
Q! as follows, in such a way that (12) holds with ¢ + 1 substituted by t.

First, it is convenient to skip from conditional expectations to unconditional ones computed with
respect to the distributions of n;,¢ = 2,...,T. This can be done expressing §[;) and & as a function
of n; and ;1) using equations (9) and state vectors (11): we obtain

(13) §e = P&y +me and = i)tf[t—l] + Ty
where
Dot = (%IA{IOMng) ) o1 = (5Iv 5Iv 51m),
~ 5l Mx M ~ 1 1 1
(I)2t = IM OI\/IXM R @2t71 = < 311\/1 3IM 3IM >
Omrxne Iy It Omxnr Onrxor
Wor = | Onmrxar |, Woi 1 = [ 0 M :|
0 Mx M
MxM

for every positive integer t.
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Plugging (12) into (10) and using (13), we obtain Q¢ (z¢—1,&—1]) = En, [Qi(z1—1, -1}, m¢)] with
zitr}gt ¢, + 6,

Ay > max(d)%[t,l] +n:,0) — Bewe—q

Eizt +0ie > B (étf[t_l] + \i'mt) + ?i

xy > 0.

(14) Qi(i—1,&—1),m) =

On scenario k and time step ¢, the above problem is solved for (2¢—1,&p—1],7¢) = (zk |, 5[13571]’77153‘)’
j=1,...,q. Since Assumption (A3) holds, the optimal values of these linear programs are finite
and both the primal and the dual have the same optimal value. We denote by wfj and pfj the
(row vectors) optimal Lagrange multipliers associated to respectively the first and second group of
constraints for problem Qj (zf_1,&f;_,y,7t;)-

Next, for any z, 79 € RM | let s(xg) be a matrix such that

max(x,0) > max(zg,0) + s(xo)(x — x9),

i.e., the transpose of the m-th row of s(z) is a subgradient of the function max(z(m),0) at zo(m).
Setting

&y = D&l + g,

for j=1,...,q, the following cuts are computed for Q; at iteration i in the backward pass:
N ki
Etkfl = ;hzl p(t’])ﬂ-ﬂjBt’
ok _ 4t ; k]'ﬁi & kj o(¢k
Ei, = io1 p(t,9) |y E1®e + mps s(&5)Pe |
. - . .
N ; ; k
ey = XU () [P (P54 Eibn) + i (max(gh,0) - s<sfj)<1>ts{z”)] ,

fort=2,.... T, k=(G—1)H+1,... iH.

Finally, after each backward pass (run after a forward pass), a stopping test, discussed in Section
2.6, is called for. We now consider problems of the form (1) and start defining the relevant history
&y of the process to be included in the state vector in our interstage dependent framework.

2.2. State vector definition. For simplicity, in the SP literature, the state vector &) involved in
(4) is in general either not specified or i = (&1,...,&¢—1) is chosen ([17], [18] for instance). However,
for some processes and time steps, this history may not be enough, or, on the contrary, may be too
rich. It is important, especially for algorithmic purposes, to keep track of all the necessary history of
the process but also to try and find the “minimal” history of the process that needs to be included
in the state vectors for a stochastic problem of form (1) and an underlying stochastic process (&)
satisfying Assumption (A5).

The construction of this state vector is first illustrated on a small example depicted in Figure 1.
In this example, & has only one component and there are T = 8 stages. From top to bottom, the
different graphs in this figure illustrate the dependence of respectively &g, €7, &g, and &5 with respect
to previous values. More precisely, £s depends on &5, &g, and &7; &7 only depends on &g; €6 depends
on & and & while & depends on &, &3, and 4. Recalling that &_;) is an argument of Q; (see
DP equations (4)) and that Qg is null; considering (4) written for ¢ = 8, we see that {7 gathers
realizations of the process upon which &g depends, i.e., (&5, &, &7). Considering equation (4) written
for t = 7, we see that {5 appearing as an argument of Q7 not only needs to contain past values of
the process upon which &7 depends but also the values in &7 (appearing in the objective function)
corresponding to time steps lower than or equal to 6. Considering Figure 1, among the arrows
starting at the current time step or at future time steps j > 7, we look at the one which reaches
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the smallest past time step. As a result, {] = (£5,&6). Reasoning similarly and going backward in
time, we obtain {5 = (§4,&5) and &y = (&2, 3,64).

I I I I I I I I > 5[7] = (557£67£7)
1 2 3 4 5 6 7 T=8

| | | | | | | > &1o1 = (&5, 6)
1 2 3 4 5 6 7 T=8
AN
4/‘\
| | | | | | | &5 = (60, 5)

1 2 3 4 5 6 7 T=8

| | F— &y = (2,8, &4)
1 2 3 4 5 6 7 T=8
\_/\/

FIGURE 1. State vector definition on a simple example.

Let us consider as another example the hydro-thermal application of Section 4 where the lags
for the PAR models for each subsystem are given in Table 1. We see that the lags range from
1 to 4 for the South-East and South subsystems and from 1 to 5 for the North-East and North
subsystems. It is thus sufficient to use a state vector that stores 4 past inflow realizations for
the South-East and South subsystems and 5 past inflow realizations for the North-East and North
subsystems. However, this choice is not optimal. Let us see what minimal information is needed.
One may think at first sight that since &(m) depends on p;(m) past values, it would be sufficient,
together with z;_1, to store p;(m) past realizations of component m in the state vector for stage
t. In fact, it is not difficult to see that this does not define in general an appropriate state vector.
To convince us, let us see what minimal information is needed in that example for the South-East
subsystem if the optimization horizon is a civil year (January-December) with monthly time step.
Since the DP equations are written backward in time, we start with the last stage and since the
lag for December is Lagpecemper = 4, we see that we need Sizepecember = 4 past realizations
for December. For November, the lag is Lagnovemper = 1 so we need at least Lagnovember = 1
past realization for November. Moreover, the cost-to-go function Q41 used for November takes as
argument the state vector for December. Since this argument contains the realizations of inflows
for November, October, September, and August (recall that Sizepecemper = 4), We need at least
Sizepecember — 1 = 3 past realizations for November (the realizations for October, September, and
August). Gathering our observations, we see that we need to store for November Sizenopemper =
max(Sizepecember — 1y LGN ovember) = 3 past realizations. Similarly, we need to store for October
Sizeoctober = max(Sizenovember — 1y Lagoctober) = max(2,3) = 3 past realizations. Reasoning
similarly, we obtain the minimal number of past realizations to include in the state vector for all
stages and subsystems reported in Table 2. From this table, we see that the state vector for stage ¢
can need more than p;(m) past realizations of inflows for component m.

From these examples, we see that in the general case, vector £ should gather the realizations of
the process up to time ¢ upon which depend &;41, 42, - - ., &r (see DP equations (4)). For time step
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Subsystem Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
South-East 1 1 1 2 3 1 3 1 1 3 1 4
South 1 1 1 1 1 1 4 1 1 1 1 1
North-East 5 2 1 1 1 1 2 1 3 3 2 5
North 1 4 1 1 2 1 3 2 5 3 5 1

TABLE 1. Lags for the PAR models of inflows for the South-East, South, North-
East, and North subsystems. Column 7 gives the lags for the i-th month of the year:
for instance the lags for January are 1, 1, 5, and 1 for respectively the South-East,
South, North-East, and North subsystems.

Subsystem Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec
South-East 1 1 1 2 3 2 3 1 2 3 3 4
South 1 1 1 1 2 3 4 1 1 1 1 1
North-East ) 2 1 1 1 1 2 2 3 3 4 )
North 3 4 1 1 2 2 3 4 5 4 5 1

TABLE 2. Minimal number of past realizations to include in the state vector for
the South-East, South, North-East, and North subsystems when the optimization
horizon is a civil year (January-December). Column ¢ gives this number for the i-th
month of the year: for instance the number of past realizations to include in the
state vector for January are 1, 1, 5, and 3 for respectively the South-East, South,
North-East, and North subsystems.

T — 1, these realizations are {ip_1) = ({7-1(m), «..,{r—pr(my(m),m = 1,..., M). For time step
T —2, the values of the process upon which depend 71 and &7 are (§-1(m), ..., &—p,(m) (M), M =
L...,M, for t = T —1,T. As a result, we have {p_g) = ({7—2(m),...,{r—1-57_, . (M), m =
1,....,M), with T — 1 — sp_1,4, = min(T — 1 — pr_1(m), T — pr(m)). Proceeding iteratively, we
see that £y_q) should gather (&—1(m),&—2(m), ..., &—s,,,(m),m = 1,..., M), with t — s, =
ming<y<7(W — Py(m)), ie., S¢m = Mmaxo<w<r—t(Pi+w(m) —w). The coefficients s, can also be
defined iteratively by sry1m = —oo and s¢m, = max(pi(m), St41,m — 1), t =1,...,T. Finally, the
state vector at time step t 4+ 1 is given by (z;, E[I])T with

m—1
(15) E[t](z Six1,j k) =&s1—k(m) form=1,.... M, and k =1,...,S141,m-

J=1

2.3. General overview of SDDP for problem (1). As mentionned in Section 2.1, the SDDP
algorithm exploits the convexity of the recourse functions to build lower bounding approximations
of these functions. This latter property holds under conditions given in the following lemma:

Lemma 2.3 (Convexity of recourse functions). Consider recourse functions defined by (4). In each
of the two situations below, these recourse functions are convex:
(i) Assumptions (A1) and (A7) hold;
(i) for every time step, there are no equality constraints (matrices Cy, Dy, and E; are absent)
and Assumptions (A1), (A4), and (A5) hold.

Note that for the class of problems we consider and in contrast with the framework usually
considered to apply SDDP (see [13] and [15] for instance), our recourse functions are not in general
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polyhedral. However, at iteration i, a convex polyhedral lower bounding approximate function Qi
can still be built for the convex recourse function Q;:

Qi(xtfla §[t—1]) = j:OH%aX .H[*Etjflxtfl + nglg[t—l] + 6171]

where, as in Section 2.1, H is the number of cuts (hyperplanes lying below the recourse function)
computed for Q; at each iteration (see below).

The SDDP algorithm is made of a sequence of forward-backward passes that we detail now for
problem (1).

Using the notation introduced in Section 2.1, the forward pass computes H feasible states (zf, f[’i] ),
k=@G—-1)H+1,...,iH, for time steps t = 1,...,T. We recall that («f[kl], . ,E[’“T]) is obtained from
a sample (n&,...,n%), k= (i —1)H +1,...,iH of the noises (12, ...,nr), using (3) and (15). The
forward pass then computes zf solving the following approximate problem [APti k] of [LP;] obtained
replacing Q¢y1 by Q;ﬁ

inf fi(xy) + 0F

zf, t

Ay > by(&fF) — Beay_y
Ctl'f = thf - Etl'f 1

Eit k+9 e> Byl + @7 (a)

?txt > th 7 (0)
af >0,

[AP;’k] Qi(szhf[]ifl]) =

fort=1,...,T,and k = (i—1)H+1,...,iH. In the above expression, constraints (a) are optimality

cuts while constraints (b) are feasibility cuts. Matrices ?t, Ft, and vector ?t can be modified
various times in a given iteration. As a result, constraints (b) correspond to the feasibility cuts for
x; that are available so far. For more details on the computation of feasibility cuts, see Sections 2.5
and 2.6.

We now detail the computations of optimality and feasibility cuts in our interstage dependent
framework.

2.4. SDDP: backward pass. The optimality cuts are computed for time step 17"+ 1 down to time
step 2.
We start our computations when Assumption (A7) holds. Proceeding as in Section 2.1, we first

express {; and & as a function of 7, and §;_4j. For this, we introduce the M x Z]szl S¢ ) matrix
®; defined by

Dy (m, Z;n;ll St +1: ZZ:; st + pi(m)) = ®4(m),
Dy (m,j) =0 otherwise,

for m = 1,..., M, where ®,(m) = (®}(m), ®}(m), ..., ®}""™)) with ®}(m) = ;2050](m), 5
1,...,p(m). Setting U, the M x M matrix ¥; = Diag(o(1),...,0:(M)) and O, the M-vector given

by ©(m) = pe(m) — 7 @] (m)p—j(m), m =1,..., M, we have
(16) §t = Pe&jr—1) + Vene + O
Next, let ®; be the Z,iw_l St+1,k X Z,iw_l st.), matrix whose non-zero elements are given by

(Zk N Serie+ 1,50 ) stk 100 suk + pe(m )): ( ), m=1,...,M,
(zk L St41k T Zk U sept+i—1) =1, m=1,....,M, j=2,...,541,m-
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Notice that in the expression above, 1 < j—1 < 5441, —1 < 5¢,p,. Finally, \i/t and (:)t are respectively
the Z,iwzl St+1,k X M matrix and the Z,iwzl St4+1,k-vector whose non-zero elements are given by

\?t(zzzll St+1,k + 1,m) = o (m) m=1,...,M,
O seer +1) = pe(m) = 2N ) (m)py—j(m) m=1,... M.

With this notation, we obtain
(17) i = (i)tg[t—l] + Tyny + O

To alleviate notation and without loss of generality, we assume in (2) that X; = R**. Plugging (12)
(still valid) into (4) and using (16) and (17), we obtain Q(xi—1,&—1)) = By, [Qf(zi—1,&—1), )]
with
inf 04 + O

zt,0¢1,002
Ay > by (Pepr—1) + Yo + Oy) — By
Crry = Dy(Pejt—1) + Ve + O;) — Eywyq

(18) Qi(we—1,&u—1y,me) = By + Ope > oy
E%Z‘t + Op0e > E% ((i)tg[t—l] + \I}tnt + ét) + ?i
Tt Z 0
where j3; is the matrix 8; = [3/1;...; 8] and oy is the vector ay = (au1,...,a¢7,)". On scenario k

and time step ¢, the above problem is solved for (2;—1,&p—1],7¢) = (95571,5[]%,1]’77163‘), 7=1,...,q.
The forward pass ensures that the feasible sets of these optimization problems are nonempty. Since
Assumption (A3) holds, the optimal values of these linear programs are finite and both the primal
and the dual have the same optimal value. We denote by 717, 757 A and p}7 the (row vectors)
optimal Lagrange multipliers associated to respectively the first, second, third, and fourth group of
constraints for problem Qf (xf_l,f[’;fl],ntj). Finally, s%, () (resp. sh.(x)) will denote a subgradient
of convex function by; (resp. hy) at 2. The following theorem provides the cuts computed for Q; at
iteration ¢:

Theorem 2.4 (Optimality cuts-Affine process model). Consider recourse functions Q from (4)
and let Assumptions (A1), (A2), (A3), and (A7) hold. Let &f; be the M-vector given by

(19) &ty = Bulf,_q) + Wiy + Oy
In the backward pass of iteration i of the SDDP algorithm H wvalid cuts for Q¢ t = 2,...,T, are
given by EF | = ?;lp(t,j)Etkﬁl,Ef_l = 1p(t ])Et 1, and ef | = ?t:l p(t,j)efﬂl where

EM = ME, + 4B,

Efj1 = py) B{®y + mi Doy + w3 sY(EF) s,

e =Ny 4 pl (€1 + E Wiy +6O4)) + s I Di(Wyme; + O4) + s (bt(ftj) si’({fj)@téﬁ_l]),
fort=2,... T, k=(Gi—-1)H+1,...,iH, and Bt = Ek. = ek =0 fork= (i —1)H+1,...,iH. In

these expressions, s(x) is the matriz st (z) = (st (z) ;.. .; st (z)").

For implementation purposes, it is convenient to decompose E ", as Et 1= (Ef_l,l, . ,E’f_L M)
with Etfl,m € R™stm and to get rid of (large size and sparse) matrices ®; and ®; in the formula
for Ef_Lm. Such decomposition is provided in the following corollary of Theorem 2.4:
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Corollary 2.5. Let Ef_l be defined as in Theorem 2.4 and let us decompose E’f 1 as E’f_l =

(B yq,.- EF | yy) with EF € RVt We have Ef |, = o p(t,j)Etjlm where the
~kj .
transpose of B~ ,, is given by
iH
(Z”tl )Di(w, m) + Z Pt )+ ZW Stw §t])(m)> ®y(m) "
w=0

0<st,mfpt<m>>x1

n ZP (20 st11,m) "

O(St,m*5t+1,m+1) x1

. ki
Also, in Theorem 2.4, etil can be expressed as

iH
/\kjozt erk]_>Z + Z (©¢(m) + a(m)ne; (m (Zﬂtl )Dyi(w,m) + Zp E“’ (1))

w=0
M Zt pt(m)

k
+7Tt]bt ftg Z Z ”tz Stw §tg)(m)q)§(m)§t—u(m)-
m=1w—=1 v=1
Remark 2.6. Using the convexity of Q¢, we can also express efﬁl as

(20) Qi(‘rfflag[];fl]’ntj) + (7Tt2 B + WtJEt) ‘Tt 1 (Wgsf(ffj)@t + Pt] E ‘I)t + th)t) f[t 1]

The previous corollary shows that for some interstage dependent processes, it is possible to share
optimality cuts between nodes of the same stage. This was first observed in [10]. We mention some
differences between the optimality cuts derived in [10] and those written in the above corollary. In
[10], the affine model is written in the vectorial form:

t—1
(21) &= (Ri& + Sjn)),
j=1

whereas we consider separate models for each process component. On the one hand, the above
vectorial form allows for dependences between different components and noises 7n;,7 < ¢, but on
the other hand, the number of terms in the sum is not a parameter of the model as is the case for
model (8). When & has many components and for many stages, many large size matrices Rﬁ-, Sjt-
will be involved in the formulas for the cuts. Moreover, for large time steps, these formulas will
provide a large number of cut coefficients (with possibly a large number of null coefficients) whereas
we consider a minimal subset of such coefficients necessary for building the cuts. On the other
hand, we do not provide as in [10] iterative formulas to compute the cut coefficients. As a result,
depending on the application, one formulation or the other may be more interesting in terms of
memory allocation. In the simple 3-stage example which follows (a small hydro-thermal problem),
we show that our formulas for the cuts are more economic in terms of memory allocation.

Example 2.7 (Optimality cuts for a simple hydro-thermal problem). Consider a simplified hydro-
thermal problem with T = 3 stages, 2 independent hydroplants, and a thermal plant. The stochastic
process (&) corresponds to the process of inflows and satisfy &2(1) = &1 (1) +n2(1), &(1) = 3(&L(1)+
&1(1)+&0(1) +n3(1) for the first reservoir and &(2) = £&-1(2)+n:(2), t = 2,3, for the second. For
these models, vectors n; are independent, and past inflows are given by & = (1;1) and & = (0;0).
For each t, the possible realizations of ny are (0;0),(0;5), (5;0), and (5;5), each with probability 0.25.
Demands are known and set to respectively 14, 12, and 18 for the first three time steps. Reservoir
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volumes are nonnegative, initial reservoir levels are (7;7), and unit thermal cost is 1 while hydro
plants produce without cost. To avoid feasibility problems (discussed in the next section) we assume
that H = 1 and that the sampled scenario of inflows in the forward pass of the first iteration is
the wet scenario (0;5;8) for the first reservoir and (0;5;7.5) for the second (obtained taking the
realization (5;5) for both na and n3). We denote by Vi the vector of reservoir levels at the end of
time step t. In the backward pass, after some simple computations obtained following the previous
developments of this section, we obtain for Qs the cut

Qs(V,£2(1),60(1),60(1),£2(2)) 2 13— €V = 56(2) — 5(&(1) +&(1) + (D)

and for Qs the cut Qo(Vi) > 7 — e"Vi. Writing the process of inflows in the form (21), the cut for
1 1

(2) 1 | and R} =R} = ( 2 0 ) as follows:
2
)

0 O
Q3(Va,&,61,&) > 13—e Va—eT (R3&+ R3E + R3Ey), (note also that the latter formulation involves
more arqguments for Qs ).

Q3 would be expressed in terms of matrices R3 =

We now provide in Theorem 2.8 the formulas for optimality cuts for the convex process model. In

this case, we consider problems of form (1) without equality constraints. As in the proof of Theorem
2.4, we introduce Qi(xt_l,f[t,”,ntj) obtained using (3) and replacing recourse function Q11 by
its lower bounding approximation Q}, ;. We denote by ﬂ'g , )\fj , and pfj the (row vectors) optimal
Lagrange multipliers associated to respectively the first, second, and third group of constraints for
the corresponding problem Qf(z¥_,, 5[’;_1],ntj).
Theorem 2.8 (Optimality cuts-Convex process model). Consider stochastic optimization problem
(1) without equality constraints and the corresponding recourse functions Q from (4). As in Corol-
lary 2.5, let us decompose EF | as Ef | = (E~t]21717 . .,Eﬂt’iLM) with E}k,lym € RY¥stm . Let &; be
defined as in Assumption (A8) and let Sfj be the M -vector defined by

(22) &5(m) = hem (&1 (m), ... €, () (M), 715 (M), m=1,..., M.
Let Assumptions (A1), (A2), (A3), (A4), (A5), and (A6) hold. In the backward pass of iteration
i of the SDDP algorithm, H wvalid cuts for Qry1 are given by EX = EF = ek = 0 for k =
(t—1)H+1,...,iH. For t =2,...,T, H valid cuts for Q; are given by EF | = ?‘:1 p(t,j)ﬂngt,
Etkq,m =>1, p(t JVEF s ond ef | = i p(t, j)el? | where the transpose of EF

by
(23)

m 15 grven

iH
(Z Pfj (w) ) + Zﬂtz Ste §t] (m )) Stm (gffl;tfpt(m)(m)vntj(m)) (1:pe(m))
w=0

O(s4.m —pe(m))x 1

+ Zp tm2 St+1’m)T

O(St,m*5t+1,m+1)><1
and where e}’ | — A\ oy — pFi i ngbt(flfj) is given by
M pe(m) ¢
=3 S A Ot sty (6 (M) es () ) (w)EE, ()
m=1 w=1 (=1
(24) pe(m)

L3S (o - S b (&5 sy (), 03 () ) (wEE ()

m=1 w=0 u=1
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Following the lines of DOASA algorithm introduced in [15], we can reduce the per-iteration
computational effort choosing for each time step t and scenario k a nonempty subset QF of Q.
Next, in the backward pass, at iteration ¢, for each scenario k = (i — 1)H + 1,...,iH, instead of
solving all subproblems Qi (xF 5[’171] M), J = 1...,q, only subproblems Qi (zf_;, 5[7171] M), With
Nty € QOF are solved. After solving these problems, optimal dual multipliers are stored, i.e., the
following set M} of multipliers is updated:

i ki ki ki ki , -
Mi={\ 7 7, ) k= (i — 1)H +1,...,iH, j : ny € QF},
if there are equality constraints in (1) and
M= {7 3, ),k = (i = DH + 1, iH, j = my € OF)

otherwise. Next, for every k = (1 —1)H +1,...,iH, and for every j such that 7;; belongs to Q; but
not to QF, the “missing” multipliers are replaced by

ki ki ki kj
(25) N med i35 p”) € Argmax y, o e poyeni 91( A Tets Teas pry )

if there are equality constraints in (1) and

kj kj  kj
(26> ()‘t] ) 7Tt2]7 ptj) € Argmax()\t,ﬂ'tg,pt)e./\/li g2 ()‘ta Tt25 Pty 77tj>

otherwise. In this context, the next proposition provides the cuts computed in the backward pass:

Proposition 2.9 (Optimality cuts for the affine and convex process models with DOASA). Consider
stochastic optimization problem (1) and the corresponding recourse functions Qg from (4).

If there are no equality constraints in (1) (resp. if there are some equality constraints), assume
that Assumptions (A1), (A2), (A3), (A4), (A5), and (A6) hold or that Assumptions (A1), (A2),
(A3), and (A7) (resp. Assumptions (A1), (A2), (A3), and (A7)) hold. Next, for every k = (i —
DH +1,...,iH, and for every j = 1,...,q;, let (A9 7k oM7) (resp. (M wkd 7kd p%9)) given by
(26) (resp. (25)).

With these values of (A7, 73, pF7) (resp. (M 2l 7l pf9)), Theorem 2.8 (resp. Theorem 2.4
and Corollary 2.5) defines valid cuts for recourse functions Q,t =2,...,T + 1.

2.5. SDDP: forward pass and feasibility cuts. Before the first forward pass, in an initialization
phase, trivial cuts (given by available lower bounding functions for Q) are built, taking for instance
a constant value for €? | and null values for E? | and EY_|.

In the forward pass, at stage ¢ and given a (t — 1)-stage scenario (¢F, ... &F ), before proceeding
forward to the next stage, we need to check if 2% | yields a feasible [AP! k] and that cuts can be
built at (mfﬁl,f[’if”) in the next backward step. If this is not the case then either ¢ = 1 and the
problem is infeasible or a feasibility cut (an additional constraint) needs to be added to stage (t —1)
subproblems. For interstage dependent stochastic linear programs (IDSLP), the subtrees rooted at
the different nodes of a given time step are in general different and feasibility cuts cannot in general
be shared between these nodes. However, we will show that in our context the feasibility cut sharing
property holds. More precisely, when infeasibility arises in the course of the algorithm at a node
of stage ¢ that belongs to some sampled path, rows F;_1, F,_1, and ft—1 are added to respectively

?t_l, F;_ 1, and ?t_l. These rows added are such that given the history £, _1) until stage ¢ — 1, if
x;—1 is a feasible output state for stage ¢t — 1 then F;_1x;-1 > Ft,lf[t_l] + ft—1. The methodology to
build feasibility cuts is the same as with the Nested Decomposition algorithm (see [1] for instance).
However, to the best of our knowledge the feasibility cut sharing property for SDDP in our interstage
dependent context has not been explained so far in the literature.

To understand how feasibility cuts are built and can be shared in our context between nodes of
the same stage, we consider a simple hydro-thermal planning problem. We have one reservoir with
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volume V; at the end of period ¢ and hydro generation u; for this period. Thermal generation is
denoted by w; for period ¢ and thermal capacity is very large, i.e., (deterministic) demand can be
satisfied by thermal power at each stage. We consider T' = 4 stages and impose the restrictions
Vi >0,V >0,Vs >0, and V4 > 7 on reservoir levels, knowing that V5 = 7. The vector of demands
disd = (7;1;1;1) (in the same energy unit as u; and w;) and thermal unit cost is one. Let the model
for the inflows be of form (8): & = 0.5&_1 + n: with & = 0 and P(n: = 0) = 0.5, P(n, = 5) = 0.5.
The corresponding scenarios for the first 4 stages are represented in Figure 2.

& =055 1+
(5 = 0) = 0.5
P(5; = 5) = 0.5.

0 5 25 75 125 625 375 875
FIGURE 2. Scenario tree of inflows.

In this context, the problem is feasible since on each scenario we can use a fully thermal production
plan. At a given stage ¢t — 1 and for a given history £;_1j, output state x;_1 is said to be feasible if
for any future scenario there exist feasible decisions for every time step.

Let us take H = 1 scenario per iteration and let us see how the forward pass of the first iteration of
SDDP is like if the first sampled scenario is the pessimistic (dry) scenario of inflows (£1,&3,&3,&1) =
(0,0,0,0) (nodes Ny, N2, N3, and Ny of the scenario tree in Figure 2). Let us start the algorithm
with null approximations of the recourse functions, i.e., EY_;, E~t071, and € ; are null (costs are
nonnegative). Problem [AP}!] (see Section 2.3) reads

min w;}
(27) VISV —ul € ul bl > d,
up >0, wy >0, V,;} > Vi,

with ¢t = 1, V™0 = 0, and V! = Vj = 7. The solution is given by u} = 7,w} = 0, and Vj! = 0.
For the second stage, we solve problem [APj!] which is of form (27) with ¢t = 2, V™0 =0, d; = 1,
and Vi' = 0. The solution is given by ui = 0,wl = 1, and V;! = 0. For stage 3, we consider
problem [AP41] which is of form (27) with ¢ = 3, V™" =0, d; = 1, V3} = 0. The solution is given by
ud = 0,w} =1, and Vi' = 0. For the last stage, [AP}!] is of form (27) with t =4, V™8 =7 d, =1,
Vil = 0. This problem is infeasible. We thus see that relatively complete recourse does not hold. As
a result, a feasibility cut needs to be built at node N3. Such feasibility cut is a constraint satisfied
by all feasible reservoir levels V3 at node N3, at the end of stage 3. If state V3 is feasible for node
N3 then the optimal value of the following linear program is 0:

min Z?:l Z;

wtlJru%Jrzlzdt

Vi +ao —as+up = Vs + &,

ut >0, wp >0, V>0, Vi4 oy > VR0 2, >0,i=1,...,4,

(28)
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where t = 4 and where & is the inflow at Ny, i.e., & = 0. Now observe that on the dry scenario, we
have &4 = %53 = 0. As a result, problem (28) with ¢ = 4 can be written as

min Z?:l Z;

wtlJru%Jrzlzdt

Vi o — a3 +ul = Vier + 361,

ul >0, wl >0, V>0, V' fay > Vi g, >0, i=1,....4,

(29)

where &1 = 0 is the inflow at node N3 (father of N4). Next, observe that for any node n of stage 3,
there is a son node where the realization of 74 is 0, i.e., a node such that the inflow is half the inflow
for his father node n. As a result, for any node of stage 3, if V3 is feasible then the optimal value
of (29) is 0. Moreover, wee see that a dual solution to (29) written with V;_; = 0 and §_1 = 0 is
feasible for the dual of (29) written with given V;_; and &_;. Consequently, using a dual solution
to (29) written with V;_1 = 0 and &_1 = 0 (problem solved at N4), we obtain that if V3 is feasible
at stage 3 then 0 > V" — (V3 + 1&5), e, V3 > 7 — 165

We then go back to node N3 and solve (27) with t = 3, V®in = 0, V! = 0, and with the additional
cut V3 > 7 valid for node N3. This problem is not feasible. To build a feasibility cut for V5, we
use the fact that if state V5 is feasible for node Ny then the optimal value of the following linear
program is 0:

. 5
min Y7, a,
w% + u% +x1 > ds

(30) V4 2o — 23 +uf =V + &,
VE>0, VEda, > Vo Vo >7— 34,
U%ZO; wtlzov %20, 7':17557

where t = 3 and where & = 0 is the inflow at node N3. Next, we observe that at N3 we have
& = %«ft_l where & _1 is the inflow for father node N5. As before, we also note that for any node
n of stage 2, there is a son node where the realization of 13 is 0, i.e., a node such that the inflow is
half the inflow for its father node n. As a result, for any node of stage 2, if V5 is feasible then the
optimal value of (30) with & replaced by %ft,l is 0. As before, using a dual solution to (30) with
Vi_1 and & null, we obtain the cut 0 > 7 — iftq - (Vi1 + %Et_l) with t = 3, ie., Vo > 7 — %«fg.
This cut is valid for all nodes of stage 2.

We then go back to node Ny solving (27) with ¢ = 2, V" = 0, V! = 0, and with the additional
cut Vo > 7 valid for node N». This problem is not feasible. Reasoning as before, we use the fact that
if state V5 is feasible for a node of stage 2, then the optimal value of the following linear program is
0:

min Zle x;
wy +uf + a1 > dy
(31) Vi 4+ ao —zs+uf = Vo + 361,
V>0, Vo >V Vi das > 7 - 360,
u% >0, wtl >0, 2;,>20,i=1,...,5,

where t = 2 and where &_1 = 0 is the inflow at node N;. We obtain the cut V4 > 7 — %51 =17, i.e.,
there will be no hydro generation at the root node.

We go back to the first stage (node N7) and solve [AP!] with ¢t = 1, V;®ir =0, Vi =V =7,
and the cut V; > 7. We find the optimal solution u = 0,w} = 7, and Vi' = 7. No more feasibility
cuts are needed at this iteration and we find the solutions u} = 0,w; =1, and V,;! =7, t = 2,3, 4.

The feasibility cuts constructed in this example are easily interpreted. Indeed, let us consider a
given stage ¢t and a node of this stage with inflow &. The level of the reservoir V; at the end of
stage t at this node plus the minimal future inflow needs to be above V2" = 1, = 7. The minimal
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future inflow is obtained when all future realizations of the noises are 0. On this dry scenario,
inflows are éft at stage t + 1, ift at stage t 4+ 2, ..., and 2T—1,t§t at stage 1. We thus obtain the cut
Vi e s vmin e, V> VR (1 - )6, When T =4 and t = 1,2, or 3, we obtain the
cuts prev1ously buﬂt

We now consider the general case and provide formulas for the feasibility cuts built in the forward
pass of the algorithm.

Let us start with the affine process model. On a given node of stage ¢t — 1 with history &;_yj, if
state x;_1 is feasible then all subproblems for all sons of this node must be feasible, i.e., the optimal
value of the optimization problem

e i v, v ve)
Ay + v > by (Prlp—1) + Wamyy + Or) — Brap—a
(32) Ciray + v — Ug: D(®e&fr—1) + Winey + Or) — Eray

tht v > F (@) + Uamyj + O4) +
Ty, Vg1, Ve2, Vg3, Vg > 0

must be 0 for every j = 1,...,¢;. In the forward pass, on scenario £F.., to know if x¥ | yields
feasible problems for all son nodes, problems (32) for j = 1,..., g, are solved with {;_;; and x;_;
respectively replaced by 5[’1_1] and xf_;. If one of these problems is not feasible then a feasibility
cut is built as explained in the following theorem.

Theorem 2.10 (Feasibility cuts-Affine process model). Consider optimization problem (32) for
some j € {1,...,q:} and with 1) and x;_1 respectively replaced by fk 1] and xF_,. Assume that
the optimal value of this problem is positive and that Assumptions (AJ) (A2), and (A3) hold. Let
O't] be a row vector of optimal dual variables for feasibility cuts and let ﬁfl (resp. 7rt2) be a row vector
of optimal dual variables for the equality constraints (resp. the remaining inequality constraints). A
feasibility cut can be built for x+—1 adding respectively

row vector 7rt1 B, + wt]Bt to ?t,l,

row vector 7rt1 ID,®, + ﬂfQJ sf(f@)@t + o’ij o, to Ft,l,

scalar 0 (7 + Fo(Tmy; +00) + 7 Du(@mey +0) + nly (u(€ly) — sH(E)@EL 1) to Ty,
where we recall that 5,{“] = @téﬁ_l] + Wyne; + Oy in the affine process model.

For the convex process model, on a given node of stage ¢ — 1 with history §;_yj, if state z;_1 is
feasible then all subproblems for all sons of this node must be feasible, i.e., the optimal value of the
optimization problem

min || (v/y, v5) "1y
T, V1 ,Vt4

Arxe +vp1 > bt(&:J) Bz
?txt + vy 2> th ?

T, Vi1, Vg > 0

(33)

must be 0 for every j = 1,..., g, where &; is given by (6) and where {[;j; is the useful history of the
process at time step ¢ given the history §;_1; up to time step ¢ — 1 and the realization of & obtained
with history ;1) and realization 7;; of n;. Feasibility cuts for the convex process model are given
in the following proposition:

Theorem 2.11 (Feasibility cuts-Convex process model). Consider optimization problem (33) for
some j € {1,...,q:} and with {y_y) and w1 respectively replaced by ft 1] and xf_, for some
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ke {(i—1)H+1,...,iH}. Assume that the optimal value of this problem is positive and that
Assumptions (A1), (A2), (A3), (A4), (A5), and (A6) hold. Let o’ be a row vector of optimal dual
variables for feasibility cuts and let ﬂ'g be a row vector of optimal dual variables for the inequality
constraints. A feasibility cut can be built for xy_1 as follows. We add to ?t_l the row ﬂ'gBt. We

add to F1_ the row vector (thl,la . ;thl,M) with thl,m € RY™stm gnd where thl,m 1s given by
the expression (23) where E, p, and iH are respectively replaced by F, o, and the current number of
feasibility cuts minus 1. Finally, we add to fi_1 the quantity o¢ [+ +7Tfijt («Efj) plus the expression
(24) where E, p, and iH are respectively replaced by F,o, and the current number of feasibility cuts
minus 1. In this expression, Sfj is given by (22).

Remark 2.12. We see that the feasibility cut sharing property is possible due to the interstage
independence of 1n;: we have used the fact that all the nodes of a given stage t have the same set of
realizations of ny+1 at their children nodes.

We mention that infeasibility in the forward pass could also be handled by penalization of slack
variables. Slack variables are added in such a way that the modified problem satisfies relatively
complete recourse. As a result, feasibility cuts are not necessary anymore for this problem. However,
unless guided by some physical interpretation intrinsic to the particular application (for instance
when the penalty corresponds to a fee paid by the company to the clients or to the government for
each unit of unsatisfied demand), the choice of the penalty parameters remains a delicate matter and
can substantially distort the recourse functions. Using feasibility cuts amounts to eliminating all
solutions with postive slack variables which makes sense when such solutions cannot be implemented.

In the absence of relatively complete recourse, the approximate policy obtained with SDDP may
not be feasible, even with the feasibility cuts built. The feasibility cuts will simply allow us to avoid
infeasible states when building the policy. However, when simulating the policy on a set of scenarios,
infeasibility can arise. To remedy that, we cannot use feasibility cuts in the simulation phase since
we only go forward. We thus need to use slack variables penalized in the objective in the simulation
phase. In that context, numerical results could be performed to compare the quality of policies
built using on the one hand feasibility cuts and on the other hand slack variables penalized in the
objective.

2.6. SDDP: stopping rule and algorithm. In the backward pass, for the first time step, the
first stage problem is solved using the recourse function Q% < Q,. Since Assumption (A3) holds,
the optimal value of this problem is finite and provides a lower bound zj,¢ for the optimal mean
cost. In our numerical experiments in Section 4 and in Figure 3 representing the SDDP algorithm,
the algorithm is stopped after this lower bound z;,¢ has stabilized. Two other stopping criterion are
discussed in [19] and [4].

Using the previous developments, DOASA algorithm for solving (1) that handles infeasibilities in
the forward step and with an interstage dependent process of form (8) for (&) can be formulated
as in Figure 3. In this figure, the fast-forward fast-backward tree traversing strategy [21] is used.
A discussion on alternative tree traversing strategies (Shuffle, Cautious) can be found in [12] for
instance.

3. SDDP FOR SOME RISK-AVERSE INTERSTAGE DEPENDENT STOCHASTIC PROGRAMS

For general stochastic programs, two recent papers [19], [5] have introduced risk-averse recourse
functions and have proposed to use SDDP to obtain approximations of these functions in the special
case of stochastic linear programs. In [19], the recourse functions are based on a risk-averse nested
formulation of the problem defined in terms of conditional risk mappings. This methodology is
applied in [14] (resp. [20]) to an hydro-thermal scheduling problem in the New Zealand (resp.
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Step 0: INITIALIZATION. Set i = 1 (iteration number), 2int ney = Zinf_o1a = —00, and all EY,
E? and €Y to 0 for t = 2,...,T + 1. Fix a confidence level € > 0. Go to Step 1.
Step 1: FORWARD PASS.
Sample H scenarios (&F,...,&8) k= (i—1)H +1,...,iH.
For k=(i—1)H +1,...,iH,
t=1.
While (¢t <T)
Back=FALSE. %We check the feasibility of =¥ ;:
For j=1,...,q,
Solve optimization problem (32) with &, and z;_; respectively
replaced by ‘E[ktq] and z¥ .
If the optimal value of this problem is positive and ¢ = 1 then stop:
the problem is infeasible.
Else if this optimal value is positive and ¢ > 1 then build
a feasibility cut for z;_; at stage t — 1 using Theorem 2.10.
Back=TRUE.
End If
End For
If (Back=TRUE)
t—t—1.
Else
Solve problem [APti’k], store an optimal solution x¥ of this
problem and do ¢t <t + 1.
End If
End While
End For
Step 22 BACKWARD PASS.
For t =T + 1 down to 2,
For k=(Gi—-1)H+1,...,iH,
If (t =T +1) then set EF |, EF |, and ef | to 0.

Else
For each j € {1,..., ¢} such that n;; € QF,
Compute Q! (zF |, 5[’171],17%) given by (18) and store optimal dual
multipliers (\¥, 757 78 o7y in M.
End For
End If
End For

If (¢t <T) then
For k=(i—1)H+1,...,iH,
For each j € {1,...,q} such that n;; ¢ QF,
Compute (Af7, 7 ki pt) given by (25).
End For
Form a cut for Q; of the form 6F | + EF |z, | > Ef,lf[tfl] +ekb
with EF , EF |, and ef_; given in Proposition 2.9.
End For
End If
End For
Zinf_old — Zinf new-
Set zint new to the optimal value ziy¢ of the first stage problem.
Go to Step 3.
Step 3: STOPPING RULE.
If Zinf new < Zinto1a(1 + €) then stop.
Else i +— i+ 1 and go to Step 1.
End If

FI1cUure 3. DOASA algorithm without relatively complete recourse for solving ID-
SLP (1) with a stochastic process (&) satisfying (8).
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Brazilian) electricity system. In [5], the class of multiperiod extended polyhedral risk measures
is introduced and studied. In particular, this class is shown to be appropriate for deriving risk-
averse DP equations. Conditions are also given on the multiperiod risk measure chosen to guarantee
the convergence of SDDP in this risk- averse setting. Taking as a special case of multiperiod risk
measure, a convex combination of the expectation of the total cost and of Conditional Value-at-Risks
of partial costs, we obtain the risk-averse problem

T T t
inf fy (1) + T1EY | filw)] + Y TeCVaR™ (Y fi(w))
t=2 t=2 k=2
(34) Agte > bi(&) = Bwgo1, as,, t=1,...,T,

CtZEt = DtEt — Et-rt—la a.s., t= 1, .. .,717
Tt Z 0, a.S., , Tt S Lp(Q,ft,P;Rkt), t= 1,. ..,T,

where confidence levels g, € (0,1) and coefficients T'; are nonnegative and sum up to one®. In the
case when I'; = 1, problem (34) boils down to non-risk-averse problem (1) considered in Section 2.
Using the minimization formula from [16] for the CVaR, [5] provides for model (34) the DP equations

T

. inf . fl(acl) + Z Tyw + Qg(xl,«f[l],zl,wg, ce ,’LUT)

35 b t=2
(35) Avzq > bi1(&) — Bizg, Ciz1 = D1& — Eqxo,
T ZO, Wi GR, t:2,...,T,

with z; = 0 and where for t = 2,..., T, Q¢(xt—1,&}4—1], 2t—1, wr.T) is given by

. I
inf dyrly2e + E—t(zt —we)" + Qi (e, &, 26, Weg 1)
T2t t
(36) Ef"‘g[f*” Ay > b(&) — Biwy—1, Cory = Di&y — Eyagy
2 >0, 2z =21+ fi(zy)

where & is the Kronecker delta and Q1 = 0. In [5], cuts are provided for these recourse functions
for interstage independent SLP. The adaptations to our interstage dependent context are easily done
using the developments of the previous section. In particular, note that for our risk-averse SDDP,
the stopping criterion is a simple adaptation of the stopping criterion in the risk-neutral case. The
interested reader can look at Figure 1 in [6] which gives a detailed description of a risk-averse SDDP
for a model more general than (34). That description (written for an interstage independent process)
provides in particular the computation of the stopping criterion.

In the next section, devoted to numerical simulations, approximations of these risk-averse recourse
functions are used on a real-life application with an affine process model. For this reason and for the
sake of completeness, the cuts needed to obtain approximations of the risk-averse recourse functions
using SDDP are derived in Theorem 3.1 which follows for the affine process model. Before stating
this theorem, we need some more notation and remarks. First, lower bounding approximations Q!
of Q; now have the form

T—t+1
Qi(ztfla f[t—l],zt—h wt:T) = max [*nglztflﬁLnglg[t—l]*nglztflﬁL Z Wﬁflwwfﬁei,l]

j=0,1,...,iH
J ! T=1

with ZJ_|,W/7, € R. Next, notice that risk-averse DP equations (35)-(36) involve additional first

stage variables ws, ..., wr as well as partial cost variables zi,...,2zp. When applying SDDP on
these DP equations, with respect to the previous section, at iteration ¢ of SDDP, the forward pass

5Risk measures are defined on random variables representing costs, contrary to [5] where they are defined on
random variables representing incomes. We easily switch from one setting to another since an income is the opposite
of a cost.
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additionally computes first stage decisions wj, ..., w} as well as partial costs 20, z% on scenario
k=(i—1)H+1,...,iH. As a result, in the backward pass of iteration i, H cuts are computed for
Q, at (xf_l,éﬁ_l],zf_l,wi, coowh), k= (i —1)H +1,...,iH. We can bound from below Q;(z;_1,
Ej—1)» zt—1, wer) by By [Qi(@e—1,&p—1), 2t—1, wer, )] wWith Qf(xy_1,&p—1), 2—1, Wer, 1) given as
the optimal value of the following linear program:

T,
inf 03 + _'Ut + 02

t,0¢1,0¢2,0¢3,0¢

O3 — 071041 > 5tTF1Zt 1

Ay > by (Pip—1) + Yeme + O) — Brwy
(37) Ciry = Di(®ilpp—1) + Ve + O;) — Eywy

—Biws + e > oy

vy — 0 > 21— wy

) ) = /- - - ) = .
Eiﬂﬁt + Or2e + 91&17% > Ey (‘I)tff[tq] + Uyne + 9t) - Zt—lﬁfg + Zzzf Witwe, + €1
¢ > 0,04 >0

where W (resp. 7 is the column vector whose (j + 1)th component is W]" (resp. Z7) for
j=0,...,iH. We denote by wt()],wg,wtl AR R and pM ) the (row vectors) optimal Lagrange
multiphers associated to respectively the first 6 groups of constraints for the problem defining
Qé(xf_l,fﬁfl],zf_l,wéf,ntj). With this notation, the following theorem provides the cuts com-

puted for Q; at iteration i:

Theorem 3.1. Let Qi t =2,..., T+ 1, be the risk-averse recourse functions given by (36) and let
Assumptions (A1), (A2), (A3), and (A7) hold. In the backward pass of iteration i of the SDDP
algorithm, H vahd cuts for these recourse functions are given as follows: for t = T 4+ 1, we set
EF  EF |, ZF  WFT and et 1 to Oforkf (t—1)H+1,...,iH. Fort =2,....,T andk*
(i—1)H+1,...,iH, EF 1,Et 1, and ek are given by Theor@m 2.4 and

qt qt
()  Zb = Y p(t) [-esaTy —ul + o0 Zi], WL ==Y pt gl

j=1 j=1

(39) W = ST plt, )WL r =2 T —t 4 1.

<.
g
i

4. NUMERICAL EXPERIMENT

4.1. Power system data and policies. We consider a hydro-thermal power system operating over
an horizon of 10 years, discretized in 7' = 120 time steps, from January 2005 to December 2014.
Most of the data was made available by CEPEL and corresponds to part of Brazil’s power system,
represented by 4 different subsystems that can trade energy in the form of import-export exchanges.
Each subsystem, South-East (SE), South (S), North-East (NE), and North (N), corresponds to a
geographical region; some energy exchanges between the N, NE, and SE subsystems make use of a
fifth, fictitious, node (F). In a specific subsystem, a single reservoir aggregates all the hydro-power,
while thermal generation is considered individually: there are 24, 14, 6, and 0 thermal plants in the
SE (the largest one), S, NE, and N subsystems, respectively.

The total monthly demand is 54900 MWMonth ©, taken constant over the horizon. Each reservoir
critical level was set to 20% of the maximum level of the reservoir, for all time steps.

6we adopt the convention 1 MWMonth:W MWh= 730.5 MWh
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The objective function is given by the total thermal operating cost (ranging between R$ 6.27
per MWh and R$ 1047 per MWh) plus load shedding (set at R$ 4170.44 per MWh). Hydro plants
operating cost is negligible while unnecessary spillage and exchanges are avoided by introducing
penalties and trading costs between subsystems.

Following the lines of [11], the inflows in each reservoir are modeled by a periodic autoregressive
model of form (8) (Assumption (A7) holds). The parameters of each model were estimated based on
historical data from 1931 to 2005, with one important modification, relative to standard deviations.
Namely, we reduced the estimated value of o} (m) because, with the original estimations, the model
generated too many negative water inflows that have no meaningful physical interpretation. Due to
this modification, our results should be interpreted as an illustration of our methodology, rather than
reflecting the real behavior of the Brazilian power system. This distribution of inflows is discretized
to generate a scenario tree such that for all stage t < T', a given node of the scenario tree for this
stage has 20 children nodes. With the notation of (5), we thus have ¢, =20 for t =2,...,T.

Our analysis compares two different policies:

e SDDP: a usual multistage risk-neutral policy that approximates recourse functions by SDDP
as in Section 2;

e RA-SDDP: the risk-averse approach from Section 3 with ¢, = 0.1, T'r =1 —-T7 = 0.3 (i.e.,
I,=0,t=2,...,7 — 1), and with risk-averse recourse functions Q;; approximated using
SDDP.

The policies are compared in a simulation phase that uses 500 streamflow scenarios generated from
the continuous distribution of inflows. Note that the approximate recourse functions are obtained
solving by SDDP a Sample Average Approximation (SAA) problem associated to the scenario tree
previously mentionned. As a result, with probability one, no scenario from the simulation phase is
a scenario from the scenario tree.

Due to the high computational effort required by RA-SDDP, as in [14], SDDP is run for risk-averse
model RA-SDDP taking the number of iterations necessary for SDDP to converge in the risk-neutral
setting SDDP. At each iteration, H = 200 scenarios are generated in the forward passes of SDDP and
RA-SDDP.

The implementation was done in Matlab, using Mosek’s optimization library to solve linear pro-
gramming problems (http://www.matlab.com and http://www.mosek.com).” The state vectors
defined in Section 2.2 were used and convergence was obtained after 11 iterations® after observing a
stabilization of the lower bound (increase of the lower bound inferior to 1%). The evolution of the
upper bound (computed as in [19]) and of the lower bound along the iterations of the risk-neutral
version of SDDP are reported in Figure 4. In this context, each approximate recourse function is
built from 2201 cuts obtained in the backward passes.

4.2. Distribution of the cost. Since for model (34), we chose ¢4 = 0.1 and 'y =1 —T'; = 0.3 for
our simulations, RA-SDDP aims at decreasing the cost of the average of the 0.1x500=>50 scenarios
of highest cost. This model thus seeks to avoid peaks in the total cost (sum of the individual costs
for all stages). For this reason, to measure the impact of the introduction of aversion to risk, we
compare the distribution of the total cost for both policies.

We first provide for these policies in Table 3 the mean and the empirical standard deviation (s.d.)
of the whole system total cost over the 500 scenarios, as well as the corresponding VaR p%, for
p = 1,5,10, and 90, where VaR p% is the (1-p/100)-quantile of the empirical distribution of the
cost. We observe that the mean total cost is higher for RA-SDDP (increase of about 23%). It can also

"The runs were done on a Dell PowerEdge 2900 server with 2 CPUs Intel Xeon E5345 (2.33 GHz, 8M of cache
memory, 1333 MHz FSB), running under CentOS release 5, with 48 GB of RAM.
8The computational time was approximately 4 weeks.
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FI1GURE 4. Upper and lower bounds evolution for the risk-neutral version of SDDP
(at each iteration, 200 cuts are built).

TABLE 3. Measures of central tendency and of dispersion of the total cost (R$)

Output SDDP RA SDDP
Mean 1.693x10Y | 2.087x109
s.d. 1.293x109 | 8.755x108
VaR 1% || 6.864x10° | 4.543x10
VaR 5% || 3.953x10° | 3.863x10?
VaR 10% || 3.205x10° | 3.358x10?
VaR 90% || 6.850x108 | 1.158x107

be seen that the risk-averse version of SDDP we tested results in lower standard deviation as well as
lower VaR 1% and 5% of the total cost. Finally, with RA-SDDP, VaR 10% is slightly higher while
VaR 90% is significantly higher. More precisely, from Figure 5 where the distributions of the policies
are compared, we can add that on a majority of scenarios, RA-SDDP generation cost is higher than
SDDP generation cost. However, with SDDP, there are more than 10 scenarios with cost above 5x10?
whereas all scenarios have cost below this value for RA-SDDP. This is partly due to the fact that the
portion of demand left unsatisfied is larger with SDDP: the percentage of unsatisfied demand is very
small for each policy but is larger for SDDP: 2.62x1073% against 1.89x1073% for RA-SDDP.

As a result, the risk-averse model allows us to reduce the number of very high cost scenarios at
the expense of an increase in the mean total cost.

4.3. Reservoir levels. Another important indicator to measure the impact of risk-aversion on the
policy is the volume of the reservoirs. We report in Figure 6 the mean and 0.05- and 0.95-quantiles
for the equivalent reservoir level (sum of all reservoir volumes). Over all time steps and scenarios,
RA-SDDP uses less water than SDDP, especially after the third year. As a result, with the risk-averse
policy, the mean and 0.95-quantiles of the equivalent reservoir level are much higher. This also
explains that load shedding decreases with RA-SDDP since it occurs when the system does not use
enough water and is not able to satisfy the demand with the remaining thermal plants (of limited
capacity). Finally, since for all policies the demand is satisfied for nearly all time steps and scenarios,
the thermal generation merely complements the hydro-generation to attain the demand level for each
policy.
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FIGURE 5. Empirical distribution of the total cost for RA-SDDP (on the left) and
SDDP (on the right) policies.
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FIGURE 6. Equivalent reservoir level evolution (mean and 0.05- and 0.95- quantiles).

5. CONCLUSION

We have explained how to apply the SDDP algorithm both in risk-neutral and risk-averse settings
for some interstage dependent stochastic linear programs for which relatively complete recourse does
not hold. Considering two statistical frameworks for the underlying stochastic process, namely the
affine process model and the convex process model, we provided conditions that guarantee the
convexity of the recourse functions and gave formulas for the feasibility and optimality cuts that are
built in respectively the forward and backward passes of the SDDP algorithm. We have also shown
how to share these cuts (both feasibility and optimality) between nodes of the same stage.

We then presented numerical results that compare for a real-life application the performance of
a risk-neutral model with risk-averse model (34) when recourse functions are approximated using
SDDP. We have seen that the risk-averse model allows us to avoid high 0.99-quantiles and to decrease
the standard deviation of the total cost. However, a price has to be paid for this risk aversion which
is the increase in the policy average total cost. A visible effect of risk aversion for our application is
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also observed comparing the evolution of hydro reservoir levels. The risk-averse model keeps more
water in the reservoirs, resulting in less load shedding, which appears as another appealing feature.
Further numerical experiments could analyze the behavior of the risk-averse model for different
values of parameters (g;) and (I';) and compare this risk-averse version of SDDP with the one in
[19].

In a forthcoming work, we intend to explain how one can extend the SDDP algorithm and related
methods when the number of stages is random.
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APPENDIX

Proof of Theorem 2.4. By duality, Qi(x;_1, &[t—1),Mtj) may be expressed as the optimal value of the
following linear program (due to Assumption (A3) the dual and the primal have the same finite
optimal value):

max 91(/\t,7Tt1,7Tt27Pt,77tj)
At, 41,72,

LT
(40) Crny+ ATr+ B pf < B7A
)\te::la ptezla ptZOa )‘tZOa 7Tt220

where the objective function is given by

e~ S - -
91( A, o1, Te2,s prs Meg) = Ao + py ?fs + E{(Pe&ji—1) + Weney + O1)
+ 72 (be(Pef—1) + Wemps 4 O1) — Brae—1) + w1 (De(Pelp—1) + Venej + O¢) — Erarp—) .

(41)

For problem (40), optimal solutions are extremal points of the feasible set. Further, the feasible set
neither depends on x;_1 nor on &_q and for any (z;_1,&y_1)), ToW vectors )\fj,ﬂff,ﬂg,pfj are
extremal points of the feasible set of problem Q! (z;_1, &[t—1),Mtj) expressed as (40). It follows that

Qi(w¢—1,&4—1), M) is bounded from below by

. . . . . . = . ~ ~
k k k k k k —i i
g (N T pneg) = N o+ pf? < &+ Ej (P + Yoy + @t)>

(42) _ _
+7ng] (bt(@tf[t—u + Wy + O¢) — thtfl) + Wflj (Dt(@tf[t—u + Wyne; + O¢) — Etl'tfl)
for j =1,...,q. Next, from the convexity of b;;, we obtain
(43) bei D1y + Wanes + Or) = beal€5) + 84, (65) T Pe(Epmry — Efiyp)s i =1, s,
and since ﬂ'g > 0, we have
(44) T be(@efey) + Wemn; + ©2) 2w |ba(Ely) + (5@ (o) — )] -
Plugging (44) into lower bound (42) for Qi(xt,l,é[t_l],ntj) and since Q(w¢—1,&—1)) is bounded
from below by E,, [Qf(zi—1,&—1), )] = ?t:l p(t, 7)Qi(xt—1,&¢—1],Mt5), we obtain a cut of the
form 0F | + EF x4 4 > Eéﬁlf[t,” +e¥ | and the result follows. U

Proof of Theorem 2.8. We show by induction, from ¢ = 7"+ 1 down to ¢ = 2, that the announced
cuts are valid and that EF > 0 for t = 1,...,7, and k = 0,1,...,iH. For t = T, we have

QZ'TJr1 = Qr41 = 0. As a result, all components of E%, E%, and e% are null for £k =0,1,...,¢H. In
particular, we have that Etk > 0. This achieves the first step of the induction.

Let us now assume that for some ¢ € {2,...,T}, valid cuts have been built for Qp1,¢ =t¢,...,T,
according to the formulas given in the theorem for Ef,Ef, and ei?, L=1t,....T, k=0,1,...,iH,

with all EF > 0.
We have Qi (x¢—1,&p—1)) > D50, p(t, J) Qi(e—1, e —1], M) with

(45)  Qi(@e—1,E—1),me) = 2N i3 oy ) = M + pi? € — miy Brwy—y + U + ViE+ W
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where
M St4+1,m—
(46) Uy = Z Z Zp (1) | E—e(m),

1H

(47) Vi = ZZP (1)&15(m),

m=1 w=0
Lt

(48) Wi = 53 (0)bie(Ees)-
{=1

Let us first bound from below Wt’;" Using the convexity of by, we obtain

bre(€e) > bre(E5) + sto(€5) T (&5 — &5)

for every ¢ = 1,...,¢;. Using these inequalities and the fact that ﬂfQJ > 0, we have

(49) WE = i be(€e5) > m3 be(EF;) + w3 sh(ER) (6 — €5).

Similarly, using the convexity of hy,,, we have

€ (m) — &55(m) = ham (€= 1t—p, m) (1) 7185 (M) = P (§5 1.0, (1 (M) 015 ()

pi(m)
S (€ sy (). () (1) (&1 ) — 5 ()

for every m = 1,..., M. Using Assumption (A4), each component of each subgradient of b is
nonnegative. As a result, all elements in matrix si’(ffj) are nonnegative Using this observation and

relations (49) and (50), we obtain for W/ the lower bound b, (&) plus

M pi(m)

(51> Z Z [Zﬂ Stl gtj ( )S?m (gfflztfpt(m) (m>,77tj (m>) (’LU)‘| (gt*w(m) 7§ffw(m))

m=1 w=1

Let us now bound from below Vt’; . Using relation (50) and the nonnegativeness of E~’,§‘,’m(1) (induction

hypothesis) and of pi7 (w), we obtain for Vt’; the lower bound

M iH pe(m)
S S A @B 1) Y b (€ v oy )5 () ) () (€ () = €5, ()
(52) m=1 'w O u=1

+Z Zp )gtj( m).

m=1 w=0

Plugging into (45) relation (46) as well as lower bounds (51) and (52) for respectively W/ —7ib, (&)
and V%

43, we obtain for Q; a cut of form —Ef jx1 + EN'tkfl,f[t] + eF | with the desired values of
Ef |, Ef_l, and ef_;. If remains to check that all components of Ef_l are nonnegative. We had
already observed that for all functions by;, all components of all subgradients are nonnegative, due
to Assumption (A4). The same remark holds for functions hyy,, due to Assumption (A6). By
induction hypothesis, all coefficients (E’gm (€));¢,m are nonnegative. Using the nonnegativity of these
coefficients, as well as the nonnegativity of row vectors pfj and ﬂfg , together with the formula for

Ef_l, we obtain that E’f_l >0, k=0,1,...,iH. O
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Proof of Proposition 2.9. We show the cuts are valid when there are both equality and inequality
constraints. A similar proof can be done when there are not equality constraints. Let k € {(i —
DH +1,...,iH} and j € {1,...,q}. If ny; € QF then Q}(w¢—1,&—1],mt;) is bounded from below
by ¢1 ()\fj, ﬂflj, ﬁfQj, pfj, 1n¢;) where the expression of g1 is given by (40). Next, for every j such that
n; ¢ QF, since all (A, w41, T2, pt) € M belong to the feasible set of problem Qi(xt_l,f[t,”,ntj),

we have Q (-1, &p—1), M) = 91 (Mo, Ter, Te2, pe, 1) for every (A, mon, T2, pr) € My, As a result,
Qi(xt—lag[tfl]antj) > maX(/\t,ﬂ'tl,ﬂ'tQ,pt)EMf gl()‘taﬂ-tlaﬂ.ﬂaptantj)
ki ki ki kj .
gl(/\tjvﬂtljaﬁﬂjvptjvntj) using (25)

We then conclude as in the proof of Theorem 2.4. O

Proof of Theorem 2.10. Let x;—1 be a feasible state at the end of time step ¢ — 1 at a given node
of this time step with history §;_;. Since for one of the son nodes, the realization of 7; is 7, the
optimal value of (32) is 0. As a result, the optimal value of the dual of (32) is 0. This dual problem
can be written

max  f(m1, T2, 0¢)
Tt1,7t2,0¢

.
(53) OFmy + ATm + Fro7 <0
—e<7;<e 0<7, <e, 0<0/ <e,

where the objective function f is given by
T [D;(‘I)tf[tﬂ] + Uiy 4 O1) — Brwy_1] + oo [be(Pe€e—1) + Verp; + O¢) — Bearp—1 ]|
+oy [Ft(‘i)tf[tu + Wy + O4) + ?t]

For this dual problem, since the optimal value is 0 and since (ﬂff , ﬂfg , of 4 ) is feasible, we obtain

kj kj kj
0> f(”tlJaWtQJaUt])-

We conclude using (43) and (44). O
Proof of Proposition 2.11. We follow the proofs of Theorems 2.8 and 2.10. O
Proof of Theorem 3.1. The proof is similar to the proof of Theorem 2.4. O
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