INEXACT CUTS IN STOCHASTIC DUAL DYNAMIC PROGRAMMING
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Abstract. We introduce an extension of Stochastic Dual Dynamic Programming (SDDP) to solve stochastic convex
dynamic programming equations. This extension applies when some or all primal and dual subproblems to be solved along
the forward and backward passes of the method are solved with bounded errors (inexactly). This inexact variant of SDDP
is described both for linear problems (the corresponding variant being denoted by ISDDP-LP) and nonlinear problems (the
corresponding variant being denoted by ISDDP-NLP). We prove convergence theorems for ISDDP-LP and ISDDP-NLP both
for bounded and asymptotically vanishing errors. Finally, we present the results of numerical experiments comparing SDDP
and ISDDP-LP on a portfolio problem with direct transaction costs modelled as a multistage stochastic linear optimization
problem. In these experiments, ISDDP-LP allows us to strike a different balance between policy quality and computing time,
trading off the former for the latter.
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1. Introduction. Stochastic Dual Dynamic Programming (SDDP) is an extension of the nested de-
composition method [3] to solve some T-stage stochastic programs, pioneered by [13]. Originally, in [13], it
was presented to solve Multistage Stochastic Linear Programs (MSLPs). Since many real-life applications
in, e.g., finance and engineering, can be modelled by such problems, until recently most papers on SDDP
and related decomposition methods, including theory papers, focused on enhancements of the method for
MSLPs. These enhancements include risk-averse SDDP [16], [9] [8], [14], [11], [17] and a convergence proof
of SDDP in [15] and of variants incorporating cut selection in [7].

However, SDDP can be applied to solve nonlinear stochastic convex dynamic programming equations.
For such problems, the convergence of the method was proved recently in [4] for risk-neutral problems, in
[5] for risk-averse problems, and in [10] for a regularized variant.

To the best of our knowledge, all studies on SDDP rely on the assumption that all primal and dual
subproblems solved in the forward and backward passes of the method are solved exactly. However, when
SDDP is applied to nonlinear problems, only approximate solutions are available for the subproblems solved
in the forward and backward passes of the algorithm. Additionally, it is known (see for instance the numerical
experiments in [6, 7, 10]) that for both linear and nonlinear Multistage Stochastic Programs (MSPs), for the
first iterations of the method and especially for the first stages, the cuts computed can be quite distant from
the corresponding recourse function in the neighborhood of the trial point at which the cut was computed,
making this cut quickly dominated by other "more relevant” cuts in this neighborhood. Therefore, it makes
sense, for both nonlinear and linear MSPs, to try and solve more quickly and less accurately (inexactly) all
subproblems of the forward and backward passes corresponding to the first iterations, especially for the first
stages, and to increase the precision of the computed solutions as the algorithm progresses.

In this context, the objective of this paper is to design inexact variants of SDDP that take this fact
into account. These inexact variants of SDDP are described both for linear problems (the corresponding
variant being denoted by ISDDP-LP) and nonlinear problems (the corresponding variant being denoted by
ISDDP-NLP).

While the idea behind these inexact variants of SDDP is simple and the motivations are clear, the
description and convergence analysis of ISDDP-NLP applied to the class of nonlinear programs introduced
in [5] require solving the following problems of convex analysis, interesting per se, and which, to the best of
our knowledge, had not been discussed so far in the literature:

e SDDP applied to the general class of nonlinear programs introduced in [5] relies on a formula for
the subdifferential of the value function Q(z) of a convex optimization problem of form:

o 1nf R~ f(yax)
) Q(x) —{ yEY : Ay+Br—b, gly.z) <0,

where Y C R"™ is nonempty and convex, f : R"XR™ — RU {+o0o} is convex, lower semicontinuous,
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and proper, and the components of g are convex lower semicontinuous functions. Formulas for the
subdifferential 0Q(x) are given in [5]. These formulas are based on the assumption that primal and
dual solutions to (1) are available. When only approximate e-optimal primal and dual solutions are
available for (1) written with x = Z, we derive in Propositions 2.2 and 2.3 formulas for affine lower
bounding functions C for Q, that we call inexact cuts, such that the distance Q(z) — C(Z) between
the values of Q and of the cut at Z is bounded from above by a known function gy of the problem
parameters. Of course, we would like €y to be as small as possible and we have ¢g = 0 when ¢ = 0.

e We provide conditions ensuring that e-optimal dual solutions to a convex nonlinear optimization
problem are bounded. Proposition 3.1 gives an analytic formula for an upper bound on the norm of
these e-optimal dual solutions.

e We show in Proposition 5.4 that if we compute inexact cuts for a sequence (QF) of value functions
of form (1) (with objective functions f* of special structure) at a sequence of points (z*) on the
basis of e¥-optimal primal and dual solutions with limy_; ;.. €* = 0, then the distance between the
inexact cuts and the value functions at these points 2* converges to 0 too. This result is very natural
but some constraint qualifications are needed (see Proposition 5.4).

When optimization problem (1) is linear, i.e., when Q is the value function of a linear program, inexact
cuts can easily be obtained from approximate dual solutions since the dual objective is linear in this case.
This observation allows us to build inexact cuts for ISDDP-LP and was used in [18] where inexact cuts
are combined with Benders Decomposition [2] to solve two-stage stochastic linear programs. In this sense,
ISDDP-LP can be seen as an extension of [18] replacing two-stage stochastic linear problems by MSLPs.
In integer programming, inexact master solutions are also commonly used in Benders-like methods [12],
including SDDiP, a variant of SDDP to solve multistage stochastic linear programs with integer variables
introduced in [19].

The outline of the paper is as follows. Section 2 provides analytic formulas for computing inexact cuts
for value function Q of optimization problem (1). In Section 3, we provide an explicit bound for the norm
of e-optimal dual solutions. Section 4 introduces and studies ISDDP-LP method. The class of problems to
which this method applies and the algorithm are described in Subsection 4.1. In Section 4.2, we provide
a convergence theorem (Theorem 4.2) for ISDDP-LP when errors are bounded and show in Theorem 4.3
that ISDDP-LP solves the original MSLP when error terms vanish asymptotically. Section 5 introduces
and studies ISDDP-NLP. The class of problems to which ISDDP-NLP applies is given in Subsection 5.1.
A detailed description of ISDDP-NLP is given in Subsection 5.2 and in Subsection 5.3 the convergence
of the method is shown when errors vanish asymptotically. This convergence analysis uses a Slater type
constraint qualification called SL-NL, which assumes that the state equations admit an interior solution that
is uniformly bounded away from the boundary of set &; to which decisions for stage ¢ almost surely belong.

Finally, in Section 6, we compare the computational bulk of SDDP and ISDDP-LP on four instances of
a portfolio optimization problem with direct transaction costs. On these instances, ISDDP-LP allows us to
obtain a good policy faster than SDDP (compared to SDDP, with ISDDP-LP the CPU time decreases by
a factor of 6.2%, 6.4%, 6.5%, and 11.1% for the four instances considered). It is also interesting to notice
that once SDDP is implemented on a MSLP, the implementation of the corresponding ISDDP-LP with given
error terms is straightforward. Therefore, if for a given application, or given classes of problems, we can
find suitable choices of error terms either using the rules from Remark 2, other rules, or ”playing” with
these parameters running ISDDP-LP on instances, ISDDP-LP could allow us to solve similar new instances
quicker than SDDP.

2. Computing inexact cuts for the value function of a convex optimization problem.

2.1. Inexact cuts for the value function of a linear program. Let X C R™ and let Q : X — R
be the value function given by

B inf Rn CTy

for matrices and vectors of appropriate sizes. We assume:

(H) for every = € X, the set Y () is nonempty and y — ¢’y is bounded from below on Y (z).



If Assumption (H) holds then Q is convex and finite on X and by duality we can write

_ [ supy, AT(b—Bx)+pu" f
(3) Q) = { AN CTp = e, p < 0,

for x € X. We will call an affine lower bounding function for Q on X a cut for Q@ on X. We say that cut C
is inexact at & for convex function Q if the distance Q(z) — C(Z) between the values of Q and of the cut at
Z is strictly positive. When Q(Z) = C(Z) we will say that cut C is exact at Z.

The following simple proposition will be used to derive ISDDP-LP: it provides an inexact cut for Q at
Z € X on the basis of an approximate solution of (3):

PROPOSITION 2.1. Let Assumption (H) hold and let & € X. Let (A(€),i(¢)) be an e-optimal feasible
solution for dual problem (3) written for x = &, i.e., ATX(e) +CTju(e) = ¢, ji(e) <0, and

(4) Me)" (b Bz) + u(e)" f > Q) — e,
for some € > 0. Then the affine function
C(@) == A(e)" (b — Ba) + ju(e)" f

is a cut for Q at T, i.e., for every x € X we have Q(x) > C(x) and the distance Q(T) — C(T) between the
values of Q and of the cut at T is at most €.

Proof. C is indeed a cut for Q (an affine lower bounding function for Q) because (A(), fi(¢)) is feasible
for optimization problem (3). Relation (4) gives the upper bound ¢ for Q(z) — C(Z). ad

2.2. Inexact cuts for the value function of a convex nonlinear program. Let Q : X — R be
the value function given by

- infye n f( 7$)
(5) Q(fﬂ)—{ ye SR(Q;) ::y{yey : Ay+ Bz =b, g(y,z) < 0}.

Here, X C R™ is nonempty, compact, and convex; Y C R" is nonempty, closed, and convex; and A and
B are respectively gxn and gxm real matrices. We will make the following assumptions which imply, in
particular, the convexity of Q given by (5):

(H1) f: R"XR™ — R U {+o0} is lower semicontinuous, proper, and convex.
(H2) For ¢ = 1,...,p, the i-th component of function g(y,z) is a convex lower semicontinuous function
gi : R"xR™ — R U {400}.

As before, we say that C is a cut for Q on X if C is an affine function of z such that Q(x) > C(z) for all
x € X. We say that the cut is exact at T € X if Q(Z) = C(Z). Otherwise, the cut is said to be inexact at Z.

In this section, our basic goal is, given T € X and e-optimal primal and dual solutions of (5) written
for = Z, to derive an inexact cut C(z) for Q at Z, i.e., an affine lower bounding function for Q such that
the distance Q(Z) — C(Z) between the values of Q and of the cut at Z is bounded from above by a known
function of the problem parameters. Of course, when ¢ = 0, we will check that Q(z) = C(Z).

For z € X, let us introduce for problem (5) the Lagrangian function

Lo(y, M\ ) = f(y,2) + AT(Bx + Ay — b) + " g(y, x)

and the function £ : Y x X xRIxR — R, given by

(6) E(ﬁ, ja 5‘7 ,[L) = - m1n<vyLi(ga 5‘7 ﬂ)a y—- g> = max(VyLi@, 5‘3 [1‘)7 g - y>7
yey yey
where, here and in what follows, scalar product (-, ) is given by (x,y) = 7y and induces norm || || := || - ||2.

Next, dual function 6, for problem (5) can be written 0, (A, u) = inlf/ L, (y, A, u) while the dual problem is
ye

(7) sup 0. (A, p).
(A1) ERT XRE.
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We make the following assumption which ensures no duality gap for (5) for any = € X:
(H3) Vo € X Jy, €ri(Y): Bx+ Ay, = b and g(y,,z) < 0.

The following proposition provides an inexact cut for @ given by (5):

PROPOSITION 2.2. Let T € X, lete > 0, let §(e) be an e-optimal feasible primal solution for problem (5)

written for x = T and let (A(e), [i(€)) be an e-optimal feasible solution of the corresponding dual problem, i.e.,
of problem (7) written for x = T. Let Assumptions (H1), (H2), and (H3) hold. Assume thatY is nonempty,
closed, and convex, that f(-,x) is finite on S(z) for all z € X, and that n(e) = L(j(e), Z, \(€), u(€)) is finite.
If additionally f and g are differentiable on Y XX then the affine function

(8) C(w) = La((e), Ae), (€)) = n(e) + (Vi La(f(e), Ae), fi(€)), & — 2)
)

is a cut for Q at T and the distance Q(Z) — C(Z) between the values of Q and of the cut at T is at most
e+ L(4(e), Z, Ae), fie)).

Proof. To simplify notation, we use §, A, i, for respectively §(e), A(e), ji(e). Consider primal problem (5)
written for x = Z. Due to Assumption (H3) and the fact that f(-,Z) is bounded from below on S(Z), the
optimal value Q(Z) of this problem is the optimal value of the corresponding dual problem, i.e., of problem

(7) written for 2 = . Using the fact that § and (), /i) are respectively e-optimal primal and dual solutions
it follows that

9) f(§,%) < Q(F) + ¢ and 6z(), 1) > Q(x) — <.
Moreover, since the approximate primal and dual solutions are feasible, we have that
(10) geY,Bz+Aj=0,g(9,z) <0, i >0.

Using Relation (9), the definition of dual function 6z, and the fact that § € Y, we get
(11) Lz (i, A 1) > 0z(X 1) > Q(7) — <.

Due to Assumptions (H1) and (H2), for any A and g > 0 the function L.(-, A, ) which associates the value
L.(y, A\, 1) to (x,y) is convex. Since i > 0, it follows that for every x € X,y € Y, we have that

Since (A, 1) is feasible for dual problem (7), the Weak Duality Theorem gives Q(z) > 0, (X, i) = infyey Lo (y, A )
for every z € X and minimizing over y € Y on each side of the above inequality we obtain

Finally, using relation (11), we get
Q@) — C(x) = Q&) — La(, N\, ) + £(9, 7, N, ) < e+ £(§,3, ), ). 0

We now refine the bound e+£(4(¢), Z, A(€), fi(€)) on Q(&)—C(Z) given by Proposition 2.2 making the following
assumptions:
(H4) f is differentiable on ¥ x X and there exists M; > 0 such that for every € X, y1,y2 € Y, we have

IVyf (Y2, 2) = Vo [y, @)l < Milly2 — -

(H5) ¢ is differentiable on Y x X and there exists My > 0 such that forevery i =1,...,p,z € X, y1,y2 € Y,
we have

1Vy9i(y2, 2) — Vygi(y1, )| < Ma|ly2 — y1l|-
In what follows we denote the diameter of set Y by D(Y).
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PROPOSITION 2.3. Assume that Y is nonempty, convez, and compact. Let T € X, let € > 0, let §(e) be
an e-optimal feasible primal solution for problem (5) written for x =  and let (A(€), ji(€)) be an e-optimal
feasible solution of the corresponding dual problem, i.e., of problem (7) written for x = . Also let Lz be any
lower bound on Q(Z). Let Assumptions (H1), (H2), (H3), (H4), and (H5) hold. Then C(z) given by (8) is

a cut for Q at T and setting Ms = My + Uz M> with

f(yfhj) - EQ + e
min(—g;(yz,2),i=1,...,p)

the distance Q(T) — C(z) between the values of Q and of the cut at T is at most

e+ £(3(e). 2, Al6), €) — “UGERFHAif (5(e), 2, Ale), fu(e)) < MsD(Y)?,
e+ 20(g(e), z, A(e), fu(e)) otherwise.

Proof. As before we use the short notation §, A, fi, for respectively §(e), A(¢), i(€). We already know

from Proposition 2.2 that C is a cut for Q. Let us now prove the upper bound for Q(z) — C(Z) given in the
proposition. We compute

P
i=1
Therefore for every yi1,y2 € Y, using Assumptions (H4) and (H5), we have
(12) IV, L (g2, A 1) = Vi L (g1, A, )| < (My + || @l1 Ma) g2 = v -
Next observe that

Lz —¢e< Q(-i) —e< 9@(5\,,&)

INIA

[z, @) + ||l maxi=1,...p 9i(yz, T).

From the above relation, we get ||ji||1 < Uz, which, plugged into (12), gives
(13) ||VyLv?(y27 5‘7 ﬂ) - Vny(ylv 5‘3 ,[L) || < M3||y2 — Y1 ||

Now let 5, € Y such that £(7, %, \, i) = (VyLz(9, A 1), — ys). Using relation (13), for every 0 < ¢ < 1, we
get

. RN R N
) 7”’) + t(Vny(y,)\,u),y* - y> + §M3t2||y* - yH2

Since § + t(y« — §) € Y, using the above relation and the definition of 6z, we obtain

. 1 .
0G, 2, fr) + §M3t2|\y* —9|1>.

\®)
—~
8
~
|
™
A
>

8l
—~
>
=
~—
N
h
8l
—~
F>
P
=
~
|
~

aj‘vﬂ)u@_

Ny

REMARK 1. It is possible to extend Proposition 2.3 when optimization problem maxycy (V,Lz(
y) with optimal value £(§, T, A\, i) is solved approzimately.
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3. Bounding the norm of e-optimal solutions to the dual of a convex optimization problem.
Consider the following convex optimization problem:

_ [ minf(y)
(14) f*_{Ayzb,g(y)<07y6Y

where
(i) Y C R™ is a closed convex set and A is a ¢xn matrix;
(ii) f is convex Lipschitz continuous with Lipschitz constant L(f) on Y;
(iii) all components of g are convex Lipschitz continuous functions with Lipschitz constant L(g) on Y;
(iv) f is bounded from below on the feasible set.
We assume the following Slater type constraint qualification:

(15) SL: There exist £ > 0 and yo € ri(Y") such that g(yo) < —xe and Ayy =b

where e is a vector of ones in RP.

Since SL holds, the optimal value f, of (14) can be written as the optimal value of the dual problem:

(16) F. = mus {000 = i) + O Ay =)+ (g} .
1>0,7 yey

Consider the vector space F' = AAfl(Y) — b where Aff(Y) is the affine span of Y. Clearly for any y € Y
and every A\ € F+ we have AT (Ay — b) = 0 and therefore for every A\ € R, O(\, ) = O(T1g(N), 1) where
IIF(A) is the orthogonal projection of A onto F.

It follows that if FX # {0}, the set of e-optimal dual solutions of dual problem (16) is not bounded
because from any e-optimal dual solution (A(e), u(e)) we can build an e-optimal dual solution (A(e) + A, u(€))
with the same value of the dual function of norm arbitrarily large taking A in F- with norm sufficiently
large.

However, the optimal value of the dual (and primal) problem can be written equivalently as

(17) fe= max {0\ p):p>0,A= Ay — b,y € Aff(Y)}.
e

In this section, our goal is to derive bounds on the norm of e-optimal solutions to the dual of (14) written
in the form (17).

In what follows, we denote the || - ||2-ball of radius r and center yo in R™ by B,,(yo, ). From Assumption
SL, we deduce that there is 7 > 0 such that B,,(yo,r) N Aff(Y) C Y and that there is some ball B, (0, p.) of
positive radius p, such that the intersection of this ball and of the set AAff(Y') — b is contained in the set

A(I[Bn(yo7 )N AH(Y)) — b. To define such py, let p: AAf(Y) — b — Ry given by
p(z) = max {t||z|| : t > 0,tz € AB,(yo,r) NAff(Y)) — b} .

Since yo € Y, we can write Aff(Y) = yo + V3 where Vy is the vector space Vy = {x —y, z,y € Aff(Y)}.
Therefore
A(B,, (yo, ) NAHH(Y)) — b= A(B,(0,7) N Vy)

and p can be reformulated as
(18) p(z) = max {t||z|| : t>0,tz € AB,(0,7)NVy)}.

Note that p is well defined and finite valued (we have 0 < p(z) < [|A]|r). Also, clearly p(0) = 0 and
p(z) = p(Az) for every A > 0 and z # 0. Therefore if A = 0 then p, can be any positive real, for instance
p« =1, and if A # 0 we define

(19) pr =min{p(z) : 2#0,z € AAf(Y) — b} = min{p(z) : ||z|| =1,z € AV¥y},
6



which is well defined and positive since p(z) > 0 for every z such that ||z|| = 1,z € AAfF(Y) — b (indeed if
z € AAH(Y) — b with ||z|| = 1 then z = Ay — b for some y € Aff(Y),y # yo, and since

r Y— Y

——z=Alyo+r——=) —be A(B,(yo,7) NAF(Y)) — b,

™ = A0+ ) 0 € A (B0 N AT)
we have p(z) > mHzH = Tt > 0). We now claim that parameter p, we have just defined satisfies
our requirement namely
(20) B, (0, p,) N (AAff(Y) - b) c A(Bn(yw) N Aff(y)) —b.
This can be rewritten as
(21) B, (0, p) N AVy C A(Bn(o, "N vy).

Indeed, let 2 € By (0, p.) N (AAf—f(Y) - b). IfA=0orz=0then z € A(IB%n(yo, r) mAff(Y)) —b. Otherwise,
by definition of p, we have p(z) > p. > ||z||. Let £ > 0 be such that tz € A(B,(yo,7) N AF(Y)) — b and
p(z) = t||z||. The relations (£—1)||z|| > 0 and z # 0 imply ¢ > 1. By definition of ¢, we can write tz = Ay —b
where y € B,,(yo, ) N Aff(Y'). Tt follows that z can be written

z:A<y0+y_Ey0>—b:Agj—b

y—% ¢ Af(Y) and [|§ — yoll = HZJ;{UOH < |ly — yol| < r (because t > 1 and y € B,,(yo,7)).
This means that z € A(I[Bn(yo, )N Aff(Y)) — b, which proves inclusion (20).

We are now in a position to state the main result of this section:

where §y = yo +

PROPOSITION 3.1. Consider optimization problem (14) with optimal value f,. Let Assumptions (i)-(iv)
and SL hold and let (\(e), u(g)) be an e-optimal solution to the dual problem (17) with optimal value f.. Let
K

(22) O<r§m,

be such that the intersection of the ball B, (yo,r) and of Aff(Y ) is contained in Y (this r exists because
yo € ri(Y)). If A =0 let p. = 1. Otherwise, let p, given by (19) with p as in (18). Let L be any lower
bound on the optimal value f. of (14). Then we have

(yo) =L+e+ L(H)r
min(p., k/2)

1@, < L

Proof. By definition of (A(g), u(e)) and L, and using SL, we have

(23) [: — £ S f* — € S 0(/\(8)7/}4(5))
Now define z(¢) = 0 if A(e) = 0 and z(e) = fm)\(e) otherwise. Observing that z(g) € By(0, ps) N

(AAH(Y) —b) and using relation (20) we deduce that z(e) € A(Bn(yo, r) ﬁAff(Y)) —b C AY —b. Therefore,
we can write z(e) = Ay — b for some § € B,,(yo,r) N Aff(Y) C Y. Next, using the definition of 0, we get
0N pml(e)) < f(7) + M) (Ay—b) + ple)" g(y) since g €Y,
< fo) + L(f)r +2()TAe) + ple) g (yo) + Lg)rllu(e) |1,
< o) + L(f)r = pulIME) = 5llu(e)]1 using SL and (22),

where for the second inequality we have used (ii),(iii), and ||g — yo|| < r. We obtain for ||(A(e), u(e))|| =
VIAE)? + [[u(e)]? the upper bound

(24) M+ @) < IAE + ()] < Lkt =b0nE),
Combining (23) with upper bound (24) on ||(A(¢), u(g))]|, we obtain the desired bound. |
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We also have the following immediate corollary of Proposition 3.1:

COROLLARY 3.2. Under the assumptions of Proposition 3.1, let f be an upper bound on f on the feasi-
bility set of (14) and assume that f is convex and Lipschitz continuous on R™ with Lipschitz constant L(f).

Then we have for [(A(), w(e)) | the bound [[(A(e), u(e))]| < Llegtetil,

min(p.,k/2)
4. Inexact cuts in SDDP applied to multistage stochastic linear programs.

4.1. Problem formulation, assumptions, and algorithm. We are interested in solution methods
for linear Stochastic Dynamic Programming equations: the first stage problem is

. T
| ming, epn g 21 + Qa(x1)
(25) Qi(z0) = { Ayz1 + Bizg = by, 21 >0

for zo given and for t = 2,..., T, Q¢(xi—1) = E¢, [Qi(x4—1,&)] with

: T
min. Rn C; Ty + Qt+1(l't)
26 Qi(wi_1,&) = TeERE Tt
(26) (we-1,&) { Ay + Bpwy 1 = by, 2 > 0,
with the convention that Qpiq is null and where for ¢t = 2,...,7T, random vector & corresponds to the
concatenation of the elements in random matrices A;, By which have a known finite number of rows and
random vectors by, c;. Moreover, it is assumed that &; is not random. For convenience, we will denote

Xt(xt—lagt) = {It € Rn N Atl‘t —|— Btl't—l = bt, Tt Z O}

We make the following assumptions:
(A0) (&) is interstage independent and for t = 2,..., T, & is a random vector taking values in R¥ with a
discrete distribution and a finite support ©; = {&1, ..., &} while & is deterministic, with vector
&:; being the concatenation of the elements in Ay, Byj, by, ct]-.l
(A1-L) The set Xi(xo,&1) is nonempty and bounded and for every x; € X;(xg,&1), for every t = 2,..., T,
for every realization 527...,5,5 of &,...,&, for every x, € XT(acT,l,fNT),T = 2,...,t — 1, the set
Xi(w—1, Et) is nonempty and bounded.

We put ©1 = {1} and for t > 2 we set py; =P(§ = &) > 0,i=1,..., M.

ISDDP-LP applied to linear Stochastic Dynamic Programming equations (25), (26) is a simple extension
of SDDP where the subproblems of the forward and backward passes are solved approximately. At iteration
k,for t = 2,...,T, function Q; is approximated by a piecewise affine lower bounding function QF which is
a maximum of affine lower bounding functions C; called inexact cuts:

Qt (x¢—1) = max C’(xt 1) with Cz(xt 1) = 19z <6§,xt,1>

0<i<k
where coefficients 6, 3 are computed as explained below. The steps of ISDDP-LP are as follows.

ISDDP-LP, Step 1: Initialization. For ¢t = 2,...,T, take for C{ = QY a known lower bounding
affine function for Q;. Set the iteration count k£ to 1 and QOT 41 =0.

ISDDP-LP, Step 2: Forward pass. We generate sample &F = (51 , 52, e f%) from the distribution
of &8 ~ (&1,&s, ..., &), with the convention that fl = ¢&;. Using approximation Qf;ll of Q;4+1 (computed at
previous iterations), we compute a §F-optimal solution z¥ of the problem

{ ming, crr xt Ct + Qt+1 €)
Ty € Xt(l‘t—hft)

fort=1,...,T, where xf = xo and where &k is the realization of ¢; in éf Fork>1andt=1,...,T, define
the function Qf :R"x0; — R by

(27)

. T k
28 kg, _ ] ming,erncp Tt + Qi1 ()
( ) Qt (xt 17£t) { T € Xt(xt—lagt)'

1To simplify notation and without loss of generality, we have assumed that the number of realizations M of &, the size K
of & and n of x; do not depend on ¢.



With this notation, we have

(29) Qf_l(xffl,éf) > <Ct7$t> + Qt+1 (z ) < Qk 1(9Ct 1a€t )+ 5k

ISDDP-LP, Step 3: Backward pass. The backward pass builds inexact cuts for Q; at z¥ | computed
in the forward pass. For t = T+ 1, we have QF = Q?H =0, i.e., 9§+1 and ﬁ%H are null. For j =1,..., M,
we solve approximately the problem

T
min cp.x T - -k
(30) srern 19T with dual { j;xii (brj — Brjrr_,)
Arjry + BTjII%,l =brj,xr >0, TiN S CTjs

and optimal value QT(ac’%_l,ij). More precisely, let )J}j be an eX-optimal basic feasible solution of the
dual problem above (it is in particular an extreme point of the feasible set). Therefore A%:j/\];’«j < crj and

(31) Qr(@h_y,&r)) — ep < (M, bry — Brjap_y) < Qr(eh_y, &ry).-

We compute

M M
(32) 05 = prj(bry, \py) and B = = pr; BE Ny
j=1 j=1

Using Proposition 2.1 we have that C(zp_1) = 0% + (8%, xp_1) is an inexact cut for Qr at % _,. Using
(31), we also see that

(33) Qr(zf ) = Cp(a ) < ef

Then for t =T — 1 down to t = 2, knowing QfH < Qyy1, for j =1,..., M, consider the optimization
problem

T
Rk min ¢z, + QF 4 (24) T Gt +f

(34) i) = xxte Xe(ak 1, &) Y Ayt Btjmf_ﬂ = by, ¢ > 0,
t t\Tt—1,8tj 200+ (Bl ), i=1,...,k,

with optimal value QF (2 |, &;). Observe that due to (A1-L) the above problem is feasible and has a finite

optimal value. Therefore Qf (xf_hftj) can be expressed as the optimal value of the corresponding dual
problem:

k
T k i
If\laX/\ (btj — Brjay 1) + E 1ibli 1

M 21

>\+Zﬂzﬁt+1 < ¢y, Zﬂz =1,

p,z>02—1 k.

(35) QF (f 4, &) =

Let (Af;, uf;) be an ef-optimal basic feasible solution of dual problem (35) (it is in particular an extreme
point of the feasible set) and let Qk be the function given by Q (xi-1) = Ejle ptjgf (xt—1,&:;). We compute

M M
(36) 0F =" pus (N bug) + Gy Ou,0) ) and B = =37 pey BIXL,
j=1 j=1
where i-th component 641 5 (i) of vector 6,11 is 6, for i = 1,... k. Setting Cf(z,—1) = 0F + (BF, z_1)

and using Proposition 2.1, we have

(37) Qi (we-1) 2 Cf(x-1) and QF(zy_y) — Cp(aty) <&y,
9



Using the fact that QF, ;(z4—1) < Q¢r1(w¢—1), we have Qf(xt—laftj) < Qi(xe—1,&;), Qf(xtfl) < Qi(z4—1),

and therefore
(38) Qi(we—1) > Cf (w4-1)
which shows that CF is an inexact cut for Q.

ISDDP-LP, Step 4: Do k < k+ 1 and go to Step 2.

Following the proof of Lemma 1 in [15], we obtain that for all t = 2,...,T + 1, the collection of distinct
values (0¥, 3F); is finite and therefore cut coefficients (0¥, 3F); are uniformly bounded. Observe that this
proof uses the fact that ()\fj, ufj) are extreme points of the feasible set of (35). There could however be

unbounded sequences of approximate optimal feasible solutions to (35).

4.2. Convergence analysis. In this section we state a convergence result for ISDDP-LP in Theorem

4.2 when errors 6F, ¥ are bounded and in Theorem 4.3 when these errors vanish asymptotically.
We will need the following simple extension of [4, Lemma A.1]:

LEMMA 4.1. Let X be a compact set, let f : X — R be Lipschitz continuous, and suppose that the
sequence of L-Lipschitz continuous functions f* k € N satisfies f*(z) < f**1(x) < f(z) forallz € X, k €

N. Let (2%)ren be a sequence in X and assume that

(39) lim f(a*) - f*(*) < 8

k— o0

for some S > 0. Then

(40) lim f(a*) - f*7 (") < 8.

k— 400

Proof. Let us show (40) by contradiction. Assume that (40) does not hold. Then there exist €9 > 0 and

0 : N — N increasing such that for every £ € N we have

(41) Fao®y — pr®=1gey 5 g 4 g

Since 2°(F) is a sequence of the compact set X, it has some convergent subsequence which converges to some
x, € X. Taking into account (39) and the fact that f* are L-Lipschitz continuous, we can take o such that

(41) holds and

(12) J@e®) — pr @) <5+ 7,
(43) frO7 @ W) = O (@) > -2
(44) FO @) = 70 @) > -2,

Therefore for every k > 1 we get

RN @) = foE () > o8 (@) = frR N (@) since o (k) > o(k —1) + 1,
= [7®(2,) = fR(@"®) (> —eo/4 by (44)),
HfOW (@7R)) — f(a7®) (> =S —eo/4 by (42)),
+f (@) — frR (7)) (> S + g by (41)),
IR @7 W) — fe0TN(z,) (> —eo/4 by (43)),
> 80/4,

which implies f7*) (z,) > f7©)(z,) 4 k2. This is in contradiction with the fact that the sequence f7*)(z

4
is bounded from above by f(x).

10
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We will assume that the sampling procedure in ISDDP-LP satisfies the following property:

(A2) The samples in the backward passes are independent: (€5, ..., &%) is a realization of €F = (¢§,... €k) ~
(&, ..., €p) and €1,€2,. .., are independent.

Before stating our first convergence theorem, we need more notation. Due to Assumption (AO), the
realizations of (£;)Z_, form a scenario tree of depth 7'+ 1 where the root node ng associated to a stage 0 (with
decision zo taken at that node) has one child node n; associated to the first stage (with & deterministic).
We denote by N the set of nodes and for a node n of the tree, we define:

e C(n): the set of children nodes (the empty set for the leaves);

e 1,: a decision taken at that node;

e p,: the transition probability from the parent node of n to n;

e &,: the realization of process (£;) at node n?: for a node n of stage t, this realization &, contains in
particular the realizations ¢,, of ¢, b,, of by, A,, of A;, and B,, of B;.

Next, we define for iteration k decisions z¥ for all node n of the scenario tree simulating the policy
obtained in the end of iteration k — 1 replacing cost-to-go function Q; by fol fort=2,...,T+1:

Simulation of the policy in the end of iteration k£ — 1.
Fort=1,...,T,
For every node n of stage t — 1,
For every child node m of node n, compute a §X-optimal solution z%, of

B f L mm+Q ( m)
45 F=l(gh ¢ ) = 1wn t+1
( ) Qt (x" g ) { Tm S Xt(xnafm)v

where 2 = zo.
End For
End For
End For

We are now in a position to state our first convergence theorem for ISDDP-LP:

THEOREM 4.2 (Convergence of ISDDP-LP with bounded errors). Consider the sequences of decisions
(%) nen cmd of functions (QF) generated by ISDDP-LP. Assume that (A0), (A1-L), and (A2) hold, and
that errors ef and 6F are bounded: 0 < ef <&, 0 < 6F < § for finite 0,&. Then the following holds:

(i) fort=2,...,T 4+ 1, for all node n of stage t — 1, almost surely

(46) 0< lim Qy) — QfF(xy) < Jim Qu(rp) — Qf (x3) < (3+&)(T —t +1);

k—+o0
(i) for every t = 2,...,T, for all node n of stage t — 1, the limit superior and limit inferior of the
sequence of upper bounds ( Z pmlclak 4+ Qi (x )))k satisfy almost surely

meC(n)
0 < hmk—>+oo Z Pm {Cm Ly =+ Qt+1( )} - Qt(x'lfz%
(47) o meC(n)
[isoe Y2 0 |chrhy + Qi (ah)] — Qulak) < (54T 1+ 1)
meC(n)

113) the limit superior and limit inferior of the sequence k-t 0,&1) of lower bounds on the optimal
1
value Q1(xzo) of (25) satisfy almost surely
(48) Q1(wo) =0T —&(T —1) < kl'% QN (wo,6) < kﬁwgffl(xo,&) < Q1 (o).
(oo}

2The same notation E1ndex 1s used to denote the realization of the process at node Index of the scenario tree and the value
of the process (&;) for stage Index. The context will allow us to know which concept is being referred to. In particular, letters
n and m will only be used to refer to nodes while ¢ will be used to refer to stages.
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Proof. The proof is provided in the appendix. ]

Theorem 4.3 below shows the convergence of ISDDP-LP in a finite number of iterations when errors
ek §F vanish asymptotically.

THEOREM 4.3 (Convergence of ISDDP-LP with asymptotically vanishing errors).  Consider the se-
quences of decisions (xF),ens and of functions (QF) generated by ISDDP-LP. Let Assumptions (A0), (A1-
L), and (A2) hold. If for allt =1,...,T, klir_irrl 68 =0 and for allt =1,...,T — 1, limy_, oo €F = 0, then

—+00

ISDDP-LP converges with probability one in a finite number of iterations to an optimal solution to (25),
(26).

Proof. Due to Assumptions (A0), (Al-L), ISDDP-LP generates almost surely a finite number of trial
points z¥, 25, ... 2% Similarly, almost surely only a finite number of different functions QF .t = 2,...,T,
can be generated. Therefore, after some iteration k;, every optimization subproblem solved in the forward
and backward passes is a copy of an optimization problem solved previously. It follows that after some
iteration kg all subproblems are solved exactly (optimal solutions are computed for all subproblems) and
functions QF do not change any more. Consequently, from iteration ko on, we can apply the arguments of
the proof of convergence of (exact) SDDP applied to linear programs (see Theorem 5 in [15]). d

REMARK 2. [Choice of parameters 6F and €F] Recalling our convergence analysis and what motivates
inezact variants of SDDP, it makes sense to choose for §F and eF sequences which decrease with k and
which, for fized k, decrease with t. A simple rule consists in defining relative errors, as long as a solver
handling such errors is used to solve the problems of the forward and backward passes. Let the relative error

for stage t and iteration k be Rel ErrF. We propose to use the relative error

(49) Rel Errf = % [E - <;_E§> (t— 2)} ,

for stage t > 2 and iteration k > 1 (in both the forward and backward passes) for some small g9, 0 < €9 < E,
and Rel Err¥ = 0, which induces corresponding 0F and €¥. The relative error Rel Err¥ at the first stage
needs to be null to define a valid lower bound at each iteration, see also Remark 3. However, it seems more
difficult to define sound absolute errors. One possible sequence of absolute error terms in the backward pass

could be e = max (1, ‘Qf_l(xithgf) )Rel,ErréC with Rel Exr!¥ still given by (49).

5. Inexact cuts in SDDP applied to a class of nonlinear multistage stochastic programs. In
this section we introduce ISDDP-NLP, an inexact variant of SDDP which combines the tools developed in
Sections 2 and 3 with SDDP.

5.1. Problem formulation and assumptions. ISDDP-NLP applies to the class of multistage stochas-
tic nonlinear optimization problems introduced in [5] of form

T
(50) inf Ee,,..er [Z fe(@e(€r,&os o, &)y w1 (&1, 62,5 6em1), 1))

T1y..,T

t=1
xt(£17£2a cee 7§t) S Xt(-xtfl(fhééa cee 761‘/71)7515) a.S., Tt ]:t'measurable; t S T7

where x¢ is given, (&)1, is a stochastic process, F; is the sigma-algebra F; := (&, < t), and where
Xi(xi—1,&) is now given by

Xe(wp—1,&) ={x: e R" t 2y € Xy, ey, w0-1,6) <0, Apxy + Brapq = be},

with & containing in particular the random elements in matrices A, By, and vector b;.
For this problem, we can write Dynamic Programming equations: assuming that & is deterministic, the
first stage problem is

(51) Ql(l‘o) = { ;ﬁf;ge;:(izfziﬁxoagl) = fl(x17x07£1) + QQ(xl)
12



for zo given and for t = 2,..., T, Qi(x4—1) = E¢,[Q (w1, &)] with

_ [ infoern Fy(@e, w1, &) o= fe(we, me-1, &) + Qg (@)
(52) Qi(wi-1,6) = { xr € Xp(xe-1,&),

with the convention that Qp; is null.

We make assumption (A0) on (&) (see Section 4.1) and will denote by Ay;, By;, and by; the realizations
of respectively A, By, and b in &;.

We set Xy = {20} and make the following assumptions (A1-NL) on the problem data: there exists e, > 0
(without loss of generality, we will assume in the sequel that e; = ¢) such that for t =1,...,T,

(A1-NL)-(a) X; is nonempty, convex, and compact.

(A1-NL)-(b) For every j = 1,..., M, the function fi(,-,&;) is convex on X;xAX;_; and belongs to
CH(XyxX;_1), the set of real-valued continuously differentiable functions on X, x X;_;.

(A1-NL)-(c) For every j = 1,..., M, each component gy;(-,-,&;),¢ = 1,...,p, of function g(-,-,&;) is
convex on X;x X', and belongs to C1(X;xX;—_1) where X7t = X1 + e {z € R" : [|z|]2 < 1},

(A1-NL)-(d) For every j =1,..., M, for every x;_; € X', the set Xy(x¢—1,&;) Nri(X;) is nonempty.

(A1-NL)-(e) If t > 2, for every j = 1,..., M, there exists Z;; = (Tyjt, Teji—1) € ri(X)xX;—1 such that
9t (ZTtjt, Teje—1,&t5) < 0 and Ay Zeje + BijTije—1 = by

Assumptions (A0) and (A1-NL) ensure that functions Q; are convex and Lipschitz continuous on X;_;:

LEMMA 5.1. Let Assumptions (A0) and (A1-NL) hold. Then fort=2,...,T+1, function Q; is convex
and Lipschitz continuous on X;_1.

Proof. See the proof of Proposition 3.1 in [5]. O

Assumption (A1-NL)-(d) is used to bound the cut coefficients (see Proposition 5.3). Differentiability
and Assumption (A1-NL)-(e) are useful to derive inexact cuts.

As for MSLPs from Section 4, due to Assumption (A0), the M T~ realizations of (&)7_; form a scenario
tree of depth T'+ 1 and we define parameters ng,ni, N, C(n), Zn, pn, &, which have the same meaning as in
Section 4. Additionally, we denote by Nodes(t) the set of nodes for stage ¢ and for a node n of the tree, we
define vector £, the history of the realizations of process (;) from the first stage node n; to node n. More
precisely, for a node n of stage ¢, the i-th component of £} is {pi—i(py for i = 1,... ¢, where P : N = Nis
the function associating to a node its parent node (the empty set for the root node).

5.2. ISDDP-NLP algorithm. Similarly to SDDP, to solve (50), ISDDP-NLP approximates for each
t=2,...,T+1, function Q; by a polyhedral lower approximation QF at iteration k. To describe ISDDP-NLP,
it is convenient to introduce for ¢t = 1,...,T, and k > 0 functions Ff(z¢, x4 1, &) = fi(z, sctfl,ét)—i-QfH(xt)
and Qf(xt_l,ft) : X1 x0; — R given by

ig?f FF (2, 20-1,&)

QF (21, &) = 4
2 (e, &) { xy € Xe(wi-1,&).
We start the first iteration with known lower approximations QY = C? for Q;,t = 2,...,T. Iteration k > 1
starts with a forward pass which computes trial points z¥ for all nodes n of the scenario tree replacing
recourse functions Q1 by approximations Q,’f_;ll available at the beginning of this iteration:

Forward pass:

Fort=1,...,T,

For every node n of stage t — 1,
For every child node m of node n, compute a dF-optimal solution z¥, of

inf Ff N @m, ok, 60) = fi(@m, 2k, &0) + Q8 (2m)

Tm € Xt(xﬁagm)v

(53) Q1 (2, 6m) = {

ko k—1 _ _
where Ty, = To and QT+1 =0Or41 =0.
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End For
End For
End For
Therefore trial points satisfy

(54) QF Nk &) < FFY(ak ok, €) < QF N (ak, 6 + OF.

The forward pass is followed by a backward pass which selects a set of nodes nf, t=1,...,T (vyith n’f =ni,
and for t > 2, n¥ a node of stage ¢, child of node n¥_ ;) corresponding to a sample (5, &5, ... €k) of
(&1,&,...,¢r). Fort =2,...,T, an inexact cut

(55) Cf(x1-1) = 0F —nf () + (BF, 11 — m%ﬁ )

1

is computed for Q; at a:’; . for some coefficients 0F, 0¥ (eF), BF whose computations are detailed below. At
t—1

the end of iteration k, we obtain the polyhedral lower approximations QF of Q;, t = 2,...,T + 1, given by

OF(zy_q) = Jnax. Cf(x;_1). Cuts are computed backward, starting from t = T + 1, down to t = 2. For

t =T + 1, the cut is exact: C:]FH? 9§+1, n?H, and ﬁ%H are null. For stage t < T + 1, we compute for every

child node m of n := nf_, an eF-optimal solution z2* of

(56) Qb £ = { inf Ff (2m, 25, m) = fo(@m, 2 m) + Q1 (€m)

Ty € Xt(xfmfm)
and an ef-optimal solution (AX,, %)) of the dual problem

max A, A,
(57) DN t’mbl( 2
A= ApnTm + Bk — b, v, € A(X,), p >0,

where hf’;k is the dual function with hf’;k (A, p) given by the optimal value of

(58)

Lnf Acfm(l'm, )\, /L) = Ftk(xm7x}:l,£m) + <)\, Amxm + Bmxﬁ - b’m> + <,LL, gt(wm7x}7€w£m)>
Tm € Xp.

We now check that Assumption (A1-NL) implies that the following Slater type constraint qualification holds
for problem (56) (i.e., for all problems solved in the backward passes):

(59) there exists #2F € 1i(X;) such that A,,#5% + B,,2% = b,, and g,(5%, 2% ¢,,) < 0.

m Y nrSm

The above constraint qualification is the analogue of (15) for problem (56).

LEMMA 5.2. Let Assumption (A1-NL) hold. Then for every k € N*, (59) holds.

Proof. Let j = j(m) such that &; = &,. If 2% = Z;j,_1 then recalling (A1-NL)-(e), (59) holds with
zfcﬁk = Z¢j¢. Otherwise, we define
zh — Tjt—1

ke _ _k
SO P e

n

Observe that since 2% € X;_1, we have x%° € X7 ;. Setting
Xim = {(zt, 4-1) € Ti( X)X X1+ At + Bim@i—1 = b, ge(21, 211, &m) < 0},

since x%¢ € Xf_,, using (A1-NL)-(d), there exists z*¢ € ri(X;) such that (z*¢, 2%¢) € X,,,. Now clearly, since

X; and X;_1 are convex, the set ri(X;)xXF ; is convex too and using (A1-NL)-(c), we obtain that X, is
convex. Since (Zyjs, Tyjt—1) € Xim (due to Assumption (A1-NL)-(e)) and recalling that (255, 25¢) € X, we

mn
obtain that for every 0 < 6 < 1, the point

(60) (@(0), 21-1(0)) = (1 — 0)(Zuje, Trje1) + O(aps, 2h) € Xim.
14



For

1
61 0<O=f=— —— <1
oy B ’

—Zeje—1l]
we get zy_1(00) = zF, 2:(0y) € ri(X), Amzt(00) + Brwi—1(00) = Amzi(00) + Bzl = b, and since
gti,t = 1,...,p, are convex on Xy x X7 ; (see Assumption (A1-NL)-(c)) and therefore on Xy, we get

gt(xt(90)7$t71(90)7§m) = gt($t(90) mftj)
S (1_00)gt(xtjt7xt]t 1)€t])+ 00 gt( ma Ty, 7£t]) <0.
N—_—— ~NS> ——

>0 <0 >0 <0

Therefore, we have justified that (59) holds with #2F = ,(6,). |

From (59), we deduce that the optimal value Qf (2%, &,,) of primal problem (56) is the optimal value of dual
problem (57) and therefore e¥-optimal dual solution (X, uk ) satisfies:

(62) g?( n?gm) - gt < ht zk (Ak ,,L,Lm) < Qk( n?gm)

We now use the results of Section 2.2 to derive an inexact cut Cf for Q; at z¥ (recall that n = nf_;). Problem
(56) can be rewritten as

inf ft(xmaxfzagm)+ym
(63) m’me k > gj J J J
T € Xt (s Em)s Ym > 011 — i1 (E141) + Bigr, Tm — xni

which is of form (5) with y = [Zm;ym],x = 2%, f(y,2) = fi(Tm, 25, &0) + Ym, A = [An 0gx1], B = By, b =
b, (Y, ) = Ge(Tm, 28, 6), Y = {y = [Tm; Ym] : Tm € Xy, BF 1y < bF, |}, where the j-th line of matrix Bf,
s [(ﬂfH)T, —1] and where the j-th component of b}, ; is =001+l (ely) + (Bl ).
%
Therefore denoting by (z2*, yB*) an optimal solution of optimization problem (63), by ¢F™(xBF 2k Ak
uk &) the optimal value of the optimization problem?

P
(64) max (Va, fe (2, ), €m) + AL AL + > 1 () Ve, gei@nf ap, &m)s 2hf = 2m) + 4 — ym,
1=1
Tm € XtanJrl[mm?ym] < bf+17

and introducing coefficients

efm = Ctm(ka /\k ) ft(mm 7mn7§m) + Qt+1( Bk) + <Mm,gt($ﬁk,$ﬁ,f’m)>,
(65) nfm(ef) = gkm(mm axna)‘fnvumag’m)
tkm = Tt 1ft(xm axnaf’m)'i_BT)\k +Zz 1,um( )Vztflgti(wﬁkwﬁ?&m),
then using Proposition 2.2 we obtain that 8™ — k™ (ek) 4+ (8F™ . — %) is an inexact cut for QF(-,¢,,) at

a2k 4 Tt follows that setting

(66) = Y b nfEe) = D pant™ER), BE= D pmB

meC(n) meC(n) meC(n)

the affine function CF(-) = 0F — nf(eF) + (BF,- — 2%) is an inexact cut for B¢, [QF (-, &)] and therefore for Q.
The computation of coefficients (66) ends the backward pass and iteration k

3Observe that this is a linear program if &; is polyhedral.

4Note that the assumptions of Proposition 2.2 are satisfied. In particular, fi(-, 2%, &) + Qf+1(-) is bounded from below on
the feasible set of (56) and the optimal value of yn, in (63) and (64) is finite. In fact, problems (63) and (64) can be equivalently
rewritten as an optimization problem over a compact set adding the constraints ming, e x, Q%Jrl (zt) < ym < maxXg, e x, Qir1(xt)
on ym, and with such reformulation Proposition 2.3 applies too.
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REMARK 3. Since QF is a lower bound on Qy, a stopping criterion similar to the one used with SDDP
can be used. For that, we need to compute a valid lower bound in the forward passes solving exactly the first
stage problems in the forward passes taking 6% =

REMARK 4. We assumed that for ISDDP-NLP nonlinear optimization problems are solved approximately
whereas linear optimization problems are solved exactly. Since in ISDDP-NLP we compute the optimal value
ek (gBE gk Nk ik €) of optimization problem (64), it is assumed that these problems are linear. Since
these optimization problems have a linear objective function, they are linear programs if and only if X; is
polyhedral. If this is not the case then (a) either we add components to g pushing the nonlinear constraints
in the representation of Xy in g or (b) we also solve (64) approximately. In Case (b), we can still build an
inezact cut CF (see Remark 1) and study the convergence of the corresponding variant of ISDDP-NLP along
the lines of Section 5.5.

5.3. Convergence analysis. In Proposition 5.3, we show that the cut coefficients and approximate
dual solutions computed in the backward passes are almost surely bounded with the following additional
assumption:

(SL-NL) For t = 2,...,T, there exists x; > 0,7, > 0 such that for every z;_; € X;_1, for every
j=1,..., M, there exists z; € X; such that B(z;, ) N Aff(X;) C &y, Ayjze + Byjxi—1 = by, and for every
t=1,...,p, gri(Te, xe—1,&;) < —ke.

For problems without nonlinear coupling constraints g;, (SL-NL) is no stronger than the constraint
qualification condition used by [4] in the exact case.

PROPOSITION 5.3. Assume that errors (e¥)x>1 are bounded: fort = 1,...,T, we have 0 < e < &, <
+oo. If Assumptions (A0), (A1-NL), and (SL-NL) hold then the sequences (9 Veks MEEN) ek, (BF)ik,
(A Vs (UE )k generated by the ISDDP-NLP algom'thm are almost surely bounded: fort=2,...,T +1,

there exists a compact set Cy such that the sequence (05, nF(eF), BF)k>1 almost surely belongs to Ct and for
everyt =1,...,T — 1, for every node n of stage t, for every m € C(n), there exists a compact set Dy, such
that the sequence (Afn7/j/fn)k:nf:n almost surely belongs to Dy,

Proof. The proof is by backward induction on ¢. Our induction hypothesis H(t) for t € {2,...,T + 1}
is that the sequence (08, nF(eF), B¥)k>1 belongs to a compact set Cy. H(T + 1) holds because for t = T + 1
the corresponding coefficients are null. Now assume that H(t + 1) holds for some t € {2,...,T} and
take an arbitrary n € Nodes(t — 1) and m € C(n). We want to show that #(¢) holds and that the
sequence (AF,, /) gk —n belongs to some compact set Dy,. Since fi(+ - &m)s ge( - &m) € CH(XpxXyo1)
we can find finite my, Myy, Mo, M3, Myy such that for every z; € Xy, 21 € Xy_q, for every i = 1,...p,
for every m € C(TL), we have ||v$t,$t—1ft(xt’zt—l?fm)” < MtQ? ||fo,,mt_1gti($t7xt—lafm)n < Mt37 my <
fe(xe, 21, &m) < My, and || ge(ze, 2e—1,&m)|| < Mya. Also since H(t + 1) holds, the sequence (||3F, [|)k>1 is
bounded from above by, say, L4 1, which is a Lipschitz constant for all functions (QF, | )x>1. We now derive
a bound on ||(\F, uk))|| using Proposition 3.1 and Corollary 3.2. We will denote by L(Q;.1) a Lipschitz
constant of Q;y1 on X; (see Lemma 5.1). Let us check that the assumptions of this corollary are satisfied
for problem (56):
(i) X, is a closed convex set;
(ii) FF(-, 2k, &) is bounded from above by fo,(-) = fi(+, 2%, &)+ Qi1 (¢). Since fi(-, -, &) is convex and
finite in a neighborhood of Xy xX;_1, it is Lipschitz continuous on X;xX; 1 with Lipschitz constant,
say, Ly, (f:). Therefore f,, is Lipschitz continuous with Lipschitz constant L,,(f;) + L(Q¢41) on X;.
(iii) Since all components of g:(-,-, &) are convex and finite in a neighborhood of X;xAX;_1, they are
Lipschitz continuous on Xy xX;_1.

(iv) Ly = mi}r} 0 (24-1,&n) is a (finite) lower bound for the objective function on the feasible set
Te-1€Xt 1
(the minimum is well defined due to (Al NL) and 7—[
Due to Assumption (SL-NL) we can find #%, such that B, ( rt ) NAff(X;) C & and 2% € Xi(2F,¢,).

Therefore, reproducing the reasoning of Sectlon 3, we can ﬁnd pm > 0 such that By(0, pm) N AV, C

A (IB%”(O,Tt) N V)Q) where Vy, is the vector space Vy, = {& —y, z,y € Aff(X})} (this is relation (21) for

problem (56)). Applying Corollary 3.2 to problem (56) we deduce that |[(AE,, uk )| < Uy := max,,ec(n) Uim
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.
where”

(Lm(ft) + L(Qt+1))7“t + &+ o e IIIlaXGX (ft(l't, Tt—1, .fm) + Qt+1(l't)) — Em
min(pm, %)

Now let n = nf_,. For 0F = ZmEC(n) pm0F™, we get the bound my — UMy + ming,ex, Qb (z:) < 05 <

Utm =

My +max,,ex, Qii1(7:). Note that nf () > 0 and the objective function of problem (64) with optimal value
nkm (e¥) is bounded from above on the feasible set by 7; = (Mtg + V2max(max,,ecm) [|AL ||, Mis/P)Us +

L(QH_l))D(Xt) and therefore the same upper bound holds for n¥(eF). Finally, recalling definition (66) of

BF we have ||8F|| < L; := Mz + v/2 max( mgfq) | BL ||, My3+/D)Us, which completes the proof and provides
meC(n

a Lipschitz constant L; valid for functions (QF)g. 0

We will assume that the sampling procedure in ISDDP-NLP satisfies (A2) (see Section 4.2).

To show that the sequence of error terms (¥ (¥)); converges to 0 when i lim e =0, we will make use
—+o0

of Proposition 5.4 which follows:

PROPOSITION 5.4. Let Y C R" X C R™, be two nonempty compact convex sets. Let f € C1(Y xX)
be convexr on Y xX. Let (Qk)k>1 be a sequence of convex L-Lipschitz continuous functions on'Y satisfying

Q< QF < Q onY where Q,Q are continuous on Y. Let g € CL(Y xX) with components g;,i = 1,...,p,
conver on Y xX¢ for some ¢ > 0. We also assume

(H): Irnne>0:VeeXIyeY: B(y,r)NAE(Y) CY, Ay+ Bz =b, g(y,z) < —ke,

where e is a vector of ones of size p. Let (2%)k>1 be a sequence in X, let (e¥)>1 be a sequence of nonnegative
real numbers, and let y*(e*) be an e*-optimal and feasible solution to

(67) inf {f(y,2") + Q*(y) : yeY, Ay+ Ba" =b, g(y,2") <0}.
Let (\¥(e%), u* (%)) be an £¥-optimal solution to the dual problem

(68) Sup)\,u hik ()‘7 #)
A=Ay + Bx* —b, y € A(Y), u >0,

where h*, (X, p) = 1g}f/{f(y, 2*) 4+ Q%(y) + (\, Ay + Bz — b) + (i, g(y,2"))}. Define n*(e*) as the optimal
v

value of the following optimization problem:

(69) max <Vyf(yk(5 ), ) + ATAR(F) + Z“ ()Vygi(y* ("), 2"), 5" (") - y>
+Q" (" (e") - Q" (w).
Then if limy,_, ;oo €¥ = 0 we have

(70) lim n*(eF) =o.

k— oo

Proof. For simplicity, we write A\¥, u* y* instead of \F(e¥), u*(e¥)),y*(*), and put Y(z) = {y € Y :
Ay + Bx = b, g(y,z) < 0}. Denoting by y* € Y(z*) an optimal solution of (67), we get

(71) Flyi a®) + QM ul) < F(u*.ah) + Q" (W) <yl oh) + Q" (ul) + 5.
We prove (70) by contradiction. Let 7* be an optimal solution of (69):
P
nF (%) = (Vy f(F, ak) + ATAR £ " ih )V 0: (4%, %), oF — 3%) — QF(5%) + QF(v¥).
i=1

50bserve that Uiy, does not depend on k. In particular, the only relation radius p., (involved in the formula giving Usm,)
has to satisfy is B4 (0, pm) N AmVx, € Am (Bn(o, re) N V,yt) and this relation does not depend on k.
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Assume that (70) does not hold. Then there exists g > 0 and o7 : N — N increasing such that for every
k € N we have

(72) <vyf(y01(k)7 m0'1(16)) + AT \o1(k) + Zle HGI(k)(i)Vygi(yal (Iv)7 201 (k))7 g (k) + yal(k)>
_,’_Qm(k)(ym(k)) _ Qol(k)(gal(k)) > 0.

Now denoting by C(Y') the set of continuous real-valued functions on Y, equipped with norm || f]|y
sup,cy |f(y)|, observe that the sequence (Q71(F)), in C(Y)

(i) is bounded: for every k > 1, for every y € Y, we have: —oo < mingey Q(y) < Q71 (y) <

maxyey Ofy) < +oo;

(ii) is equicontinuous since functions (Q7*(*)), are Lipschitz continuous with Lipschitz constant L.
Therefore using the Arzela-Ascoli theorem, this sequence has a uniformly convergent subsequence: there
exists @* € C(Y) and 03 : N — N increasing such that setting o = 07009, we have limg_, 4 oo HQ"(’“) —Q*|ly =
0. Using Assumption (H) and Proposition 3.1, we obtain that the sequence (A7), ;,7(F)) is a sequence of a
compact set, say D. Since (y"(k)7 yf(k), g7, m"(k))kzl is a sequence of the compact set Y XY xY x X, taking
further a subsequence if needed, we can assume that (y‘f(k)7 yf(k)7 o) o (k) \o(k) ug(k)) converges to some
(G Yoy Uy Ty Aiy i) € YXY XY x X xD. Tt follows that there is kg € N such that for every k > ko:

|<Vyf(ya( ) a(k )+AT>\0'(I<: +ZP a(k ( )V gz( ) xa(k:))’ 7@0(1@) +ya(k)>
(73) - <Vy (Y, = ) + AT ATV (i )VyQZ(Zj ), =7 + ﬂ>| <eo/4,
) — g < &, 1278 — Q*[ly < &p/16.

We deduce from (72), (73) that

(74) < o (@, w) + AT 4 Z“ Vi (7, ), =57 FO) 4 y> + Q% (y) — Q" (7 %) > g0/2 > 0.

i=1

Due to Assumption (H), primal problem (67) and dual problem (68) have the same optimal value and for
every y € Y and k > 1 we have:

F7 0,270 4+ Q79 (7 9) 4 (A4y7®) + Bao® — b, X)) + (47, 647, 27 ))
(a) - - -
S S0 T 27 ®) 4 Q7MW (42 ™) 4 e7®),

(75)
< ha(k) ()\J(k)“ua(k))_’_z,_:a(k)’

S f(y, xv(k)) + (Ay + Bx°F) _ b, )\G(k)> + (/f““),g(y, mcf(k))) + ch(k)(y) + 2e7 (k)

where we have used in (75)-(a) the definition of y?™ yo(®) and the fact that uo® > 0,y7*) V(xo®)),
n (75)-(b) the fact that (A7), u@®)) is an €7 *)- optlmal dual solution and there is no duality gap, and in
(75)-(c) the definition of h7').

Taking the limit in the above relation as k — +o0o, we get for every y € Y:

f(@,24) + (AY + Bri — b, ) + (i, 9(, 24)) + Q*(9)
< flys i) + (Ay + Bry — b, Ay) + (s, 9(y, 24)) + Q% ().

Recalling that g € Y this shows that ¢ is an optimal solution of

(76) { min J (3 2.) % @)+ Ay + 5o = b de) + o9l

Now recall that all functions (Q”("’)) 1 are convex on Y and therefore the function OQ* is convex on Y too. It
follows that the first order optimality conditions for § can be written

i=1

(77) <Vyf(y7w*) AT Y ()Y, gi(7 )y — y> +Q%(y) — Q" (7) 2 0
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for all y € Y. Specializing the above relation for y = §7*0) | we get

p
<Vyf(y,:c*) +ATN D (i) Vygi (g, 2), 570 — y> + Q7 (k) — 9*() > 0,

i=1

but the left-hand side of the above inequality is < —e(/2 < 0 due to (74) which yields the desired contradic-
tion. a

We can now study the convergence of ISDDP-NLP:

THEOREM 5.5 (Convergence of ISDDP-NLP). Consider the sequences of stochastic decisions % and of
recourse functions QF generated by ISDDP-NLP. Let Assumptions (A0), (A1-NL), (SL-NL), and (A2) hold
and assume that fort = 2,..., T, we have limy_, oo € =0 and fort =1,...,T, limy_, 10 0F = 0. Then

(i) almost surely, fort =2,...,T + 1, the following holds:

H(t): Vn €Nodes(t—1), lim Q(zF)— QF(ak) =

k—+o0

(i) Almost surely, the limit of the sequence (Flk Yx m,xo,fl))k of the approximate first stage op-
timal values and of the sequence (QF(xo,&1))r is the optimal value Qi(xo) of (50). Let Q =
(O2x ... xO71)>® be the sample space of all possible sequences of scenarios equipped with the product
P of the corresponding probability measures. Define on @ the random variable z* = (z3,...,z%) as
follows. For w € Q, consider the corresponding sequence of decisions ((x%(w))nen)k>1 computed
by ISDDP-NLP. Take any accumulation point (z)(w))nenr of this sequence. If Z; is the set of Fi-

measurable functions, define x5 (w),...,xh(w) taking x}(w) : Z; — R™ given by z}(w)(&1,...,&) =
xy, (w) where m is given by §m) = (&1,.-.,&) fort =1,...,T. Then
P((x7,...,27) is an optimal solution to (50)) = 1.

Proof. Let € be the event on the sample space € of sequences of scenarios such that every scenario
is sampled an infinite number of times. Due to (A2), this event has probability one. Take an arbitrary
realization w of ISDDP-NLP in Q. To simplify notation we will use z¥, OF 0F nk(eF), B8, AF  uk instead
of 2k (w), QF (w), 05 (w), n(eF)(w@), BH(w), A&, (w), ik, (w):

Let us prove (i). We want to show that H(¢),t = 2,...,T + 1, hold for that realization. The proof is by
backward induction on ¢. For ¢ = T +1, #(t) holds by definition of Qr11, Q% ;. Now assume that H(t+1)
holds for some t € {2,...,T}. We want to show that #H(¢) holds. Take an arbitrary node n € Nodes(t — 1).
For this node we define S,, = {k > 1:nF | = n} the set of iterations such that the sampled scenario passes
through node n. Observe that S, is infinite because the realization of ISDDP-NLP is in ;. We first show
that k—>+hmkes Qi (xF) — QF(2%) = 0. For k € S,,, we have nf | =n, ie., 2k = xfl’f;l’ which implies

)

(78) Qi(ay) > QF(an) 2 Cr(an) = 0F — i (ef) = Y pm(BF™ —0f™(er)).

meC(n)

Let us now bound 6™ from below:

(65 (62)
opm () L (@BF NS k) > BT O ) > k(a6 — e

where for the first inequality we have used the definition of hk o and the fact that 5% € X;. Next, we have
the following lower bound on Qf( k&) forallk € S,:

Qf_l (x% . &,,) by monotonicity,

Fk_l( m 7L7€"7L) 61{67
Ft( Ty, n?gm)+Qt+1( m) — Qt+1( ) — 0,
( n’gm)+Qt+1( ) Qt—H( ) 557
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where for the last inequality we have used the definition of Q; and the fact that 2%, € X;(z%,¢,,). Combining
(78) with (79) and using our lower bound on 6™, we obtain

(80)  0<Quak) -~ QFh) <of+ef+ D punf™E)+ Y p(Quialah) - Q).

meC(n) meC(n)
We now show that for every m € C(n), we have

(81) lim  nfm(ef) =o0.

Bk

Let us fix m € C(n). Decision x2* is an ef-optimal solution of

@) A

Tm € Xt(xlrcugm)a
and 7™ (eF) is the optimal value of the following optimization problem:

p

+Qf+1(:c§1k) - Q§+1 (Tm).

We now check that Proposition 5.4 can be applied to problems (82), (83) setting:
e Y =X, X = X;_; which are nonempty compact, and convex;
e f(y,2) = fi(y,x,&y) which is convex and continuously differentiable on ¥ x X;
e g(y,2) = g1(y,2,&m) € CH(Y xX) with components g;,i = 1,...,p, convex on Y x X¢;
e OF = QF | which is convex Lipschitz continuous on Y with Lipschitz constant Lyy1 (L¢y1 is an
upper bound on (||3f,1[)kes,., see Proposition 5.3) and satisfies

Q = Q%+1 < Qk < Q = Qt+1

on Y with @, Q continuous on Y;
o (2¥) = (2F)pes, sequencein X, (y¥)res, = (2BF)res, sequencein Y, and (A\F, uF)res, = (AE, 1k res, -
With this notation Assumption (H) is satisfied with x = k;, since Assumption (SL-NL) holds. Therefore we
can apply Proposition 5.4 to obtain (81).
Next, recall that Q41 is convex; functions (QF, )y are Ly11-Lipschitz; and for all k > 1 we have Q,’f 1 <
ijfll < Q41 on compact set X;. Therefore, the induction hypothesis limy,_, o Q¢ 11(zF)) — Qt+1( a)=0
implies, using Lemma A.1 in [4], that

(84) lim Qi (ah,) — Qi (ah) = 0.

k—+oco

Plugging (81) and (84) into (80) we obtain

- kY _ Ok(ky —
(85) pim o Qi) — Qi(an) = 0.
It remains to show that . lim Q,(zF) — QF(2¥) = 0. This relation can be proved using Lemma 5.4 in
—+o00, n

[10] which can be applied since (A) relation (85) holds (convergence was shown for the iterations in S,,), (B)
the sequence (QF);, is monotone, i.e., QF > QF ! for all k > 1, (C) Assumption (A2) holds, and (D) &F | is
independent on ((zZ,j =1,...,k),(Q},j=1,...,k —1)).% Therefore, we have shown (i).

(ii) The proof is similar to the proof of [5, Theorem 4.1-(ii)]. d

6Lemma 5.4 in [10] is similar to the end of the proof of Theorem 4.1 in [5] and uses the Strong Law of Large Numbers. This
lemma itself applies the ideas of the end of the convergence proof of SDDP given in [4], which was given with a different (more
general) sampling scheme in the backward pass.
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REMARK 5. In ISDDP-NLP algorithm presented in Section 5.2, decisions are computed at every iteration
for all the nodes of the scenario tree in the forward pass. However, in practice, at iteration k decisions will
only be computed for the nodes (n, ... ,ni}) and their children nodes. For this variant of ISDDP-NLP, the
backward pass is exactly the same as the backward of ISDDP-NLP presented in Section 5.2 while the forward

pass reads as follows: we select a set of nodes (n¥,nk, ... ,n’%) with n¥ a node of stage t (n} = ny and
for t > 2, n¥ is a child node of nf_,) corresponding to a sample (£§,&5,...,€8) of (&1,&,...,&). More
precisely, fort =1,...,T, settingm = n¥ and n = nk_|, we compute a 6F-optimal solution x¥, of
. inf Ff Ny, 2k, &n) = fily, 2k, &m) + Q511 (1)
(36) @k g =4 v
Y € Xt(xnﬂgm)v

This variant of ISDDP-NLP will build the same cuts and compute the same decisions for the nodes of the
sampled scenarios as ISDDP-NLP described in Section 5.2. For this variant, for a mode n, the decision
variables (xF)y are defined for an infinite subset S, of iterations where the sampled scenario passes through
the parent node of node n, i.e., S, = Sp(n)- With this notation, for this variant, applying Theorem 5.5-
(i), we get fort = 2,...,T + 1, for alln € Nodes(t — 1),limy— o0 keSp Qi (zk) — QF(2%) = 0 almost
surely. Also a.s., the limit of the sequence (Ff_l(xﬁl,xo,fl))k of the approximate first stage optimal values
is the optimal value Q1(xo) of (50). The variant of ISDDP-NLP without sampling in the forward pass was
presented first, to allow for the application of Lemma 5.4 from [10]. More specifically, item (D): £F | is
independent on ((zd,j =1,...,k),( g,j =1,...,k —1)), given in the end of the proof of Theorem 5.5-(i)
does not apply for ISDDP-NLP with sampling in the forward pass.

6. Numerical experiments. Our goal in this section is to compare SDDP and ISDDP-LP (denoted
for short ISDDP in what follows) on the risk-neutral portfolio problem with direct transaction costs presented
in Section 5.1 of [10] (see [10] for details). For this application, & is the vector of asset returns: if n is the
number of risky assets, & has size n+1, &(1 : n) is the vector of risky asset returns for stage ¢ while &(n+1)
is the return of the risk-free asset. We generate four instances of this portfolio problem as follows.

For fixed T' (number of stages) and n (number of risky assets), the distributions of &(1 : n),t =2,...,T,
have M realizations with py; = P(& = &) = 1/M, and & (1 : n),&a(1 @ n),...,&m(1 @ n) obtained by
sampling from a normal distribution with mean and standard deviation chosen randomly in respectively
the intervals [0.9,1.4] and [0.1,0.2]. The monthly return &(n + 1) of the risk-free asset is 1.01 for all ¢.
The initial portfolio 2y has components uniformly distributed in [0, 10] (vector of initial wealth in each
asset). The largest possible position in any security is set to u; = 20%. Transaction costs are known
with 4(i) = p1¢(i) obtained by sampling from the distribution of the random variable 0.08 + 0.06 cos(22 Ur)
where Ur is a random variable with a discrete distribution over the set of integers {1,2,...,T}. Our four
instances of the portfolio problem are obtained taking for (M, T, n) the combinations of values (100, 10, 50),
(100, 30,50), (50,20,50), and (50,40,10). All linear subproblems of the forward and backward passes are
solved numerically using Mosek solver [1] and for ISDDP, we solve approximately these subproblems limiting
the number of iterations of Mosek solver as indicated in Table 2 in the Appendix. The strategy given in this
table is (as indicated in Remark 2) to increase the accuracy (or, equivalently, increase the maximal number
of iterations allowed for Mosek solver) of the solutions to subproblems as ISDDP iteration increases and
for a given iteration of ISDDP, to increase the accuracy (or, equivalently, increase the maximal number of
iterations allowed for Mosek solver) of the solutions to subproblems as the number of stages increases from
t =2 tot =T, knowing that we solve exactly the subproblems for the last stage T" and for the first stage
t=1.

SDDP and ISDDP were implemented in Matlab and the code was run on a Xeon E5-2670 processor with
384 GB of RAM. For a given instance, SDDP and ISDDP were run using the same set of sampled scenarios
along iterations. We stopped SDDP algorithm when the gap is < 10% and run ISDDP for the same number

of iterations.”

"The gap is defined as Ub—Lb \where Ub and Lb correspond to upper and lower bounds, respectively. Though the portfolio
problem is a maximization problem (of the mean income), we have rewritten it as a minimization problem (of the mean loss),
of form (51), (52). The lower bound Lb is the optimal value of the first stage problem and the upper bound Ub is the upper end
of a 97.5%-one-sided confidence interval on the optimal value for N = 100 policy realizations, see [16] for a detailed discussion
on this stopping criterion.
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On our four instances, we then simulate the policies obtained with SDDP and ISDDP on a set of 500
scenarios of returns. The gap between the two policies on these scenarios and the CPU time reduction using
ISDDP are given in Table 1. In this table, the gap is defined by lOOW where CostISDDP
and CostSDDP are respectively the mean cost for ISDDP and SDDP policies on the 500 simulated scenarios
and the CPU time reduction is given by 100TneS0RP-TineISOP where TimeSDDP and TimeISDDP correspond
to the time needed to compute SDDP and ISDDP policies (before running the Monte Carlo simulation),
respectively.

On all instances the gap is relatively small and ISDDP policy is computed faster than SDDP policy.

M | T | n | Gap (%) | CPU time reduction (%)
50 | 20 | 50 0.1 6.2
50 | 40 | 10 4.2 11.1
100 | 10 | 50 0.8 6.5
100 | 30 | 50 3.4 6.4
TABLE 1

Empirical gap between SDDP and ISDDP policies and CPU time reduction for ISDDP over SDDP.

More precisely, we report in Figure 1 (for instances with (M,T,n) = (100,10,50) and (M,T,n) =
(100, 30,50)) and Figure 2 (for instances with (M,T,n) = (50,20,50) and (M,T,n) = (50,40,10)) three
outputs along the iterations of SDDP and ISDDP: the cumulative CPU time (in seconds), the number of
iterations needed for Mosek LP solver to solve all backward and forward subproblems, and the upper and
lower bounds on the optimal value computed by the methods (note that the upper bounds are only computed
from iteration 100 on, because the past N = 100 iterations are used to compute them).

These experiments (i) show that it is possible to obtain a near optimal policy quicker than SDDP solving
approximately some subproblems in SDDP and (ii) confirm that ISDDP computes a valid lower bound since
first stage subproblems are solved exactly. For the first iterations, this lower bound can however be distant
from SDDP lower bound (see for instance the bottom left plots of Figures 1 and 2). However, both SDDP
and ISDDP lower and upper bounds are quite close after 200 iterations, even if Mosek LP solver uses fewer
iterations to solve the subproblems with ISDDP (see the middle plots of Figures 1, 2). The total CPU
time needed by ISDDP is significantly inferior but this CPU time reduction decreases when the number of
iterations increases. If many iterations are required to solve the problem, after a few hundreds iterations
backward and forward subproblems are solved in similar CPU time for SDDP and ISDDP and the total
CPU time reduction starts to stabilize.

7. Conclusion. We have introduced the first inexact variant of SDDP to solve stochastic convex dy-
namic programming equations. We have shown that the method solves these equations for vanishing noises.
It would be interesting to consider the following extensions of this work:
(i) derive inexact cuts for problems with nondifferentiable cost and constraint functions;

(ii) build cuts in the backward pass on the basis of approximate solutions which are not necessarily
feasible;

(iii) apply ISDDP to other real-life applications, testing several strategies for the sequence of error terms
(6%, k) or the maximal number of iterations for the LP solver used to solve the subproblems along
the iterations of ISDDP.

Appendix. Proof of Theorem 4.2.

(i) We show (46) for ¢ = 2,...,T + 1, and all node n of stage t — 1 by backward induction on ¢. The
relation holds for t = T 4+ 1. Now assume that it holds for ¢ + 1 for some ¢ € {2,...,T}. Let us show
that it holds for t. Take a node n of stage t — 1. Observe that the sequence Q;(x%) — QF(x%) is almost
surely bounded and nonnegative. Therefore it has almost surely a nonnegative limit inferior and a finite
limit superior. Let S,, = {k : nf = n} be the iterations where the sampled scenario passes through node n.
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For k € S,, we have 0 < Q;(zF) — QF(2F) and

n

Qi(zn) — O () < Qulay) — Cf ()
<&+ Z pm[gt(xnafm)_ (xnv’gm)]

meC(n)
<et >0 o [Qulehi6n) — 2 @k )]
meC(n)
(87) SE+OE+ Y pm [Dt(xii,im) — (Cm, k) — Qf;f(g;’:n)]
meC(n)
S&T Z pm[Qt(‘rﬁ,gm)— <Cm7xi€n>_Qt+l(x )+Qt+1( ) Qf+11( k )]
meC(n)

<o by definition of 9, and =k,

E+0+ Z pm[Qz+1( m) — Qf“l(k)]-

meC(n)

IN

Using the induction hypothesis, we have for every m € C(n) that
. Qyy(a,) — Qi () < (B +8)(T —1).

k—-+o00

In virtue of Lemma 4.1, this implies

(83) lm Qupa(ay,) — Qi (a7,) < (3 +8)(T 1),

k—+o0

which, plugged into (87), gives
(89) Im  Qu(aF) — QF () < (0 +&e)(T —t+1).

k—+o00,kES,,

Now let us show by contradiction that limy_, 1 o0 Q¢ (z¥)— QF(2%) < (6+&)(T—t+1). If this relation does
not hold then there exists g9 > 0 such that there is an infinite set of iterations k satisfying Q;(z*)— QF (z%) >
(6 +&)(T — t + 1) + g9 and by monotonicity, there is also an infinite set of iterations k in the set K = {k >
1:Qu(xk) — QF 1 (ak) > (6 + &) (T —t+1) +e0}. Let ky < ky < ... be these iterations: K = {k;,ky,..., }.
Let y* be the random Variable which takes the value 1 if £ € S,, and 0 otherwise. Due to Assumptions
(A0)-(A2), random variables y*: ,yn ,...,are i.i.d. and have the distribution of y}. Therefore by the Strong

Law of Large Numbers we get % ZynJ Aoteo, E[yt] > 0 a.s. Now let 2; < 23 < ... be the iterations

in Sp: S = {#1,22,...}. Relatlon (8()) can be written limy_, ;oo Q¢(27%) — Q7% (22%) < (6 +&)(T —t + 1),
which, using Lemma 4.1, implies limy, , 1o Q¢(77F) — Qtz’“ "(z2F) < (64 &)(T —t + 1). Using the fact that
2 > 2p—1 + 1, we deduce that limy_y 400 kes, Qt( ky — f 1( fl) = limg— 0o Qe(xZF) — Qf’“il(xflk) <
limy, s oo Qe(x2F) — Q7F 1 (22¢) < (04+8) (T — t—|— 1). Therefore, there can only be a finite number of iterations

that are both in K and in §,,. This gives % Zy 7 N2F%, 0 as. and we obtain the desired contradiction.

j=1
(ii) Using (87), we obtain for every t = 2,...,T, and every node n of stage ¢t — 1, that

(90) o< Y pm[cﬁxfn+9t+1(a:’fn)] Qu(zp) <d+e+ pm[Qt+1( m) = Qf;f(:r’fn)]

meC(n) meC(n)

Therefore limy,_, o 3, cc(m) Pm [C T Qiri(x )} — Q(zF) > 0 and using (88) we get

i %j()pm[c b Quia(ah)| - Quah) < G+ )T -1+ 1),
meC(n

(iii) We have

Q1(mg) > Qlf_l(fo,gl) ol af + Q () — oF
—0 4 Qi (wo) + Q5! (x}) — Qa(ak).
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ISDDP

iteration

[1,20)

[21, 50]

[51,100]

LP solver
maximal
number of
iterations at t

(t=2)yr

[(04+06

2) L |

(t 2)

[(o 45+ 05542 max]

(t=2)yr

[(05+05

2) L |

ISDDP

iteration

101, 200]

201, 300]

301, 400]

LP solver
maximal
number of
iterations at ¢

[(0.55 + 0.45%)111%]

(t 2)

[(0 6+0.4 )Imaxw

[(0.65 + 0.35%)1111%]

ISDDP
iteration

401, 500]

(501, 600]

(601, 700]

LP solver
maximal
number of
iterations at ¢

(t=2)

[(07+03

) Lo |

(t 2)

[(0 75+ 0.25 )ImaX]

(t=2)

[(08+02

2) Lo |

ISDDP

iteration

701, 800]

[801, 900]

> 900

LP solver
maximal
number of
iterations at ¢

(085 +0.15%

(t—2)

2) o |

(t—2
[09+0.14=2

2) o |

Imax

TABLE 2

Mazimal number of iterations for Mosek LP solver for solving backward and forward passes subproblems as a function of
stage t > 2, ISDDP iteration, and the number Imax of iterations used to solve subproblems with SDDP with high accuracy. In
this table, [x] is the smallest integer larger than or equal to x.

Using (91) and (88) with ¢t = 1, we obtain (iii).

Additional parameters for ISDDP. For ISDDP, the maximal number of iterations allowed for Mosek
LP solver to solve subproblems along the iterations of ISDDP is given in Table 2.

//www.mosek.com/.
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