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ABSTRACT. We introduce StoDCuP (Stochastic Dynamic Cutting Plane), an extension of the Stochastic
Dual Dynamic Programming (SDDP) algorithm to solve multistage stochastic convex optimization prob-
lems. At each iteration, the algorithm builds lower bounding affine functions not only for the cost-to-go
functions, as SDDP does, but also for some or all nonlinear cost and constraint functions. We show the
almost sure convergence of StoDCuP. We also introduce an inexact variant of StoDCuP where all subprob-
lems are solved approximately (with bounded errors) and show the almost sure convergence of this variant
for vanishing errors.
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1. INTRODUCTION

Risk-neutral multistage stochastic programs (MSPs) aim at minimizing the expected value of the total cost
over a given optimization period of T" stages while satisfying almost surely for every stage some constraints
depending on an underlying stochastic process. These optimization problems are useful for many real-life
applications but are challenging to solve, see for instance [22] and references therein for a thorough discussion
on MSPs. Popular solution methods for MSPs are based on decomposition techniques such as Approximate
Dynamic Programming [16], Lagrangian relaxation, or Stochastic Dual Dynamic Programming (SDDP) [12].
Recently, several enhancements of SDDP have been proposed, see for instance [21], [8], [13] for risk-averse
variants, [15], [2], [3] for convergence analysis, and [11], [5] to speed up the convergence of the method. In
particular, in [5], Inexact SDDP was proposed, which incorporates inexact cuts in SDDP (for both linear
and nonlinear programs). The idea of Inexact SDDP is to allow us to solve approximately some or all primal
and dual subproblems in the forward and backward passes of SDDP. This extension and the study of Inexact
SDDP was motivated by the following reasons:

(i) solving to a very high accuracy nonlinear programs can take a significant amount of time or may even
be impossible whereas linear programs (of similar sizes) can be solved exactly or to high accuracy
quicker. Therefore one has to study how to extend the SDDP algorithm to still derive valid cuts and
a converging Inexact SDDP or an Inexact SDDP with controlled accuracy when only approximate
primal and dual solutions are computed for nonlinear MSPs.

(ii) As explained in [5], numerical experiments (see for instance [4, 7, 10]) show that for both linear
and nonlinear MSPs, for the first iterations and for the first stages, the cuts computed can be quite
distant from the corresponding recourse function in the neighborhood of the trial point at which
the cut was computed. Therefore, it makes sense, for both nonlinear and linear MSPs, to try and
solve more quickly and less accurately (inexactly) all subproblems of the forward and backward
passes corresponding to the first iterations and the first stages and to increase the precision of
the computed solutions as the algorithm progresses. Using this strategy, it was shown in [5] that
for several instances of a portfolio problem, Inexact SDDP can converge (i.e., satisfy the stopping
criterion) quicker than SDDP.

In this paper, we extend [5] in two ways:



e a natural way of taking advantage of observation (i) above in the context of SDDP applied to
nonlinear problems, consists in linearizing all nonlinear objective and constraint functions of the
subproblems solved along the iterations of the method at the optimal solutions of these subproblems.
However, to the best of our knowledge, this variant of SDDP, that we term as StoDCuP (Stochastic
Dynamic Cutting Plane) has not been proposed and studied so far in the literature. In this context,
the goal of this paper is to propose and study StoDCuP.

e As far as (ii) is concerned, it is interesting to notice that it is easy to incorporate inexact cuts
in StoDCuP (i.e., to derive an inexact variant of StoDCuP), control the quality of these cuts (see
Lemma 4.1), and show the convergence of this method (see Theorem 4.3 below). This comes from
the fact that we can easily compute a cut for the value function of a linear program (and in StoDCuP
all subproblems solved are linear programs) from any feasible primal-dual solution since the corre-
sponding dual objective is linear, see Proposition 2.1 in [5]. On the contrary, deriving valid (inexact)
cuts from approximate primal-dual solutions of the original problems solved in SDDP applied to
nonlinear problems and showing the convergence of the corresponding variant of Inexact SDDP is
technical and the computation of inexact cuts may require solving additional subproblems, see [5]
for details.

The outline of the paper is the following. To ease the presentation and analysis of StoDCuP, we start
in Section 2 with its deterministic counterpart, called DCuP (Dynamic Cutting Plane) which solves convex
Dynamic Programming equations linearizing cost-to-go, constraint, and objective functions. Starting with
the deterministic case allows us to focus on the differences between traditional Dual Dynamic Programming
and its convergence analysis with DCuP and its convergence analysis. Two variants, a forward DCuP and a
forward-backward DCuP, together with their convergence analysis, are presented. In Section 3, we introduce
forward StoDCuP and prove the almost sure convergence of the method. Finally, in Section 4, we present
two variants of StoDCuP: forward-backward StoDCuP and Inexact StoDCuP which builds inexact cuts on
the basis of approximate primal-dual solutions of the subproblems solved along the iterations of the method.
We also prove the almost sure convergence of Inexact StoDCuP for vanishing noises.

We will use the following notation:

e For a real-valued convex function f, we denote by ¢;(+; z¢) an arbitrary lower bounding linearization
of f at xo, i.e., €4(-;20) = f(z0) + s7(w0) T (- — o) where s;(z¢) is an arbitrary subgradient of f at
Zo-

e The domain of a point to set operator T': A = B is given by Dom(T)= {a € A : T'(a) # 0}.

e For vectors z,y € R, (x,y) = 2 Ty is the usual scalar product between z and y.

e For a € R", B(a;e) = {z € R": ||z — all2 < e}

2. Tue DCUP (DyNAMIC CUTTING PLANE) ALGORITHM

2.1. Problem formulation and assumptions. Given xy € R", consider the optimization problem

T
inf ) th(xt,:ct_l)
(21) z1,...,c7€ER e}
ge(xe,x4-1) <0, Ay + Buwy_1 =b, t=1,...,T,
e € Xy, t=1,...,T,

where A; and B; are matrices of appropriate dimensions, f; : R® x R* — (—o0, 0] and ¢; : R” x R* —
(—00, 00]P. In this problem, for each step ¢, we have nonlinear and linear coupling constraints, g;(z;, z;—1) < 0
and A;xy + Byxy—1 = b respectively, and set constraints x; € AX;. Without loss of generality, nonlinear
noncoupling constraints h:(x;) < 0 can be dealt with by incorporating them into the constraint g:(z¢, x:—1) <
0. For convenience, we use the short notation

(2.2) Xe(wp—r) ={zr € Xy 1 ge(xg,00-1) <0, Apxy + Beap_1 = by}
and

(23) Xto(l'tfl) = Xt(xt,l) Nri Xt.



With this notation, the dynamic programming equations corresponding to problem (2.1) are

inf  Fy(ay, e-1) = fe(ae, ve—1) + Qigr(2e)

2.4 _ = i ER™
(2.4) Qu(wi-1) { mtee Xi(ze_1),

fort =1,...,T, and Qr41 = 0. Cost-to-go function Q1 (x:) represents the optimal total cost for time
steps t + 1,...,T, starting from state x; at the beginning of step ¢ + 1. Clearly, it follows from the above
definition that

(2.5) Dom(X?) Cc Dom(X;) Vt=1,...,T.
Setting Xy = {xo}, the following assumptions are made throughout this section.
Assumption (H1):

1) Fort=1,...,T:
a) Ay C R™ is nonempty, convex, and compact;
b) f; is a proper lower-semicontinuous convex function such that Xy xX;—1 C int (dom(fy));
¢) each of the p components gy;,i = 1,...,p, of g; is a proper lower-semicontinuous convex function
such that Ay xX;_1 C int (dom(gy;)).
2) Xi(zo) # 0 and X;_; C int [Dom(X?)] for every t =2,...,T.

The following simple lemma states a few consequences of the above assumption.
Lemma 2.1. The following statements hold:
(a) foreveryt=1,...,T, Qii1 is a convex function such that
Xt C int (dom(Qt+1)) ;

(b) for everyt=1,...,T, Qu1 1s Lipschitz continuous on X;;
(c) foreveryt=1,...,T,i=1,...,p, and (x¢,x4—1) € XpexXs_1,

Oft(we,x1-1) # 0,  O0gei(we, 70-1) # U
(d) foreveryt=1,...,T,i=1,...,p, the sets
U{0fi(@e, we—1) t (wr, 00-1) € Xex X}, U{0gki(we, we—1) 1 (T4, 0-1) € Xpx X1}
are bounded.

Proof: (a) The proof is by backward induction on ¢t. The result clearly holds for ¢ = T since Qr,1 = 0.
Assume now that Q1 is a convex function such that X; C int (dom(Qyy1)) for some 2 < ¢t < T. Then,
condition 1) of Assumption (H1) implies that the function (x¢,x¢1) = Fy(2¢,2t—1) +0x,(2,_,)(2¢) is convex.
This conclusion together with the definition of Q; and the discussion following Theorem 5.7 of [17] then imply
that Q, is a convex function. Moreover, conditions 1)b) and 2) of Assumption (H1) and relation (2.5) imply
that there exists ¢ > 0 such that for every ;1 € X;_1 + B(0,¢),

dom(fi(-,x1-1)) D X, Xie(we—1) # 0.
The induction hypothesis, the latter observation, and relations (2.2) and (2.4), then imply that
Xi(zy—1) Ndom(Fy (-, w4-1)) = Xy(wp—1) Ndom(fi (-, z¢—1)) Ndom(Qy11) D X¢(wi—1) N Xy = Xy(w4—1) # 0
for every z;_1 € X;_1 + B(0,¢). Since by (2.4),
dom(Qy) = {zy—1 € R" : Xy(z¢-1) Ndom(Fi(-, 24-1)) # 0},

we then conclude that X; 1 + B(0,e) C dom(Q;), and hence that X;_; C int (dom(Q;)). We have thus
proved that (a) holds.

b) This statement follows from statement a) and Theorem 10.4 of [17].

c-d) These two statements follow from conditions 1)a), 1)b) and 1)c) of Assumption (H1) together with
Theorem 23.4 and 24.7 of [17]. =



2.2. Forward DCuP. Before formally describing DCuP algorithm, we give some motivation for it. At

iteration £ > 1 and stage t = 1,...,T, the algorithm uses the following approximation to function Q(-)
defined in (2.4):

(2.6) Q¥ M (wy—1) = min {fF (e, wem1) + QF ) () 1 20 € XM (wem1)}

where

(2.7) X @) ={ze € Xt gf Naw, wm1) <0, Ay + Biay—y = by}

and ftk_l, gf_l, and Qf;ll are polyhedral functions minorizing f;, g; and Q;1, respectively, i.e.,

(2.8) < g < Qf;ll < Qita-

For t =T + 1, we actually assume that Ql}j_ll = 0, and hence that Q? 1= Qr41. Moreover, we also assume

that 21;1111 = 0, and hence Q;jrll = Or41.
Observe that for every k > 0,t=1,--- ,T, and x;_1 € X;_1, relations (2.7) and (2.8) imply that
(2.9) Xi(xi_1) C XF(2i-1) C X
and
G 1) + Qi () < felmm1) + Qs (),
and hence that

(2.10) oF <9, Vvt=1,2,...,T, Vk>0.
At iteration k, feasible points z¥, ..., 2% are computed recursively as follows: for t = 1,...,T, z¥ is set to be

an optimal solution of subproblem (2.6) with x;_; = x¥ | with the convention that x5 = z. These points
in turn are used to compute new affine functions minorizing f;, g and Q41 which are then added to the

bundle of affine functions describing ftkfl, gffl, and Qf;ll to obtain new lower bounding approximations

fE.gF, and QF | for fi, g, and Q1 respectively.
The precise description of DCuP algorithm is as follows.

DCuP (Dynamic Cutting Plane) with linearizations computed in a forward pass.

Step 0. Initialization. For every t = 1,..., T, let affine functions f{ and g¢¥ such that f) < f; and
gY < g4, and a piecewise linear function QY : X;_; — R such that QY < Q, be given. Set Q%H =0and k£ =0.

Step 1. Forward pass. Set C§ , = QF | =0and f = zo. Fort =1,2,...,T, do:

a) find an optimal solution z¥ of

(2.11) Qi (ak ) = { b S ) + Qi ()
’ =t t—1) =

Ty € Xf_l(xf—l)»

where XF(-) is as in (2.7);

b) compute function values and subgradients of f; and gy, i = 1,...,p, at (xF,zf_,), and let £, (-; (xF, 2F_,))
and £, (+; (zF,2¥_1)) denote the corresponding linearizations;
c) set
(2.12) 1 = wax (FE71 4y, () @k 2by) ),
(213) gfi = max (gfi_lv Egti ((-,~);(1’?,.’£§_1))>, Vi=1,...,p,

and define gf = (gfla e agfp)§
d) if t > 2, then compute 8 € agf _1(xf_1) and denote the corresponding linearization of Qf_l as

Ctk() = Qf_l(ac,’ffl) + <6ilt€7 g xf,1>;



moreover, set
(2.14) QF = max{QF~*,CFy};
Step 2. Set k< k+ 1 and go to Step 1.

We now make a few remarks about DCuP. First, Lemma 2.1(c) guarantees the existence of the subgradi-
ents, and hence the linearizations, of the functions f; and gy, i = 1, ..., p, at any point (z;, z;—1) € Xy X Xy—1,
and hence that the functions fF and gF in Step 1 are well-defined. Second, in view of the definition of xf
in Step a), we have that zf € X/~ '(zF |) € A, for every t = 1,...,T and k > 0. Third, Lemma 2.2(b)
below and the previous remark guarantee the existence of the subgradient 5F in Step d). Fourth, we dicuss
in Subsection 2.4 ways of computing this subgradient.

In the remaining part of this subsection, we provide the convergence analysis of DCuP. The following
result states some basic properties about the functions involved in DCuP.

Lemma 2.2. The following statements hold:
(a) foreveryk>1andt=1,...,T, we have

(2.15) FE<HT<fo af <ot <o,
(2.16) Xi(zi—1) C th“(a:t_l) - th(xt_l) C X1 Va1 € R,
(2.17) oy, < Qﬁ_ll < Qi1
(2.18) or <ot <,
(b) Foreveryk > 1 andt=2,...,T, function Qf is convex and int (dom(gf)) D X,_1; as a consequence,

ag,’f(xt_l) # 0 for every ;1 € X;_1.

Proof: (a) Relations (2.15) and (2.16) follow immediately from the initialization of DCuP described in step
0, the recursive definitions of ff and g in (2.12) and (2.13), respectively, the definition of XF(-) in (2.7),
and the fact that
Eft ((’ '); (mfv xffl)) < ft('a '), Egn'(("'% (va mﬁfl)) < gti("')'

Next note that the inequalities in (2.18) follow immediately from the respective ones in (2.15), (2.16) and
(2.17), together with relations (2.4) and (2.11). It then remains to show that the inequalities in (2.17) hold.
Indeed, the inequality QF,; < ijrrll follows immediately from (2.14) with ¢ = ¢ + 1. We will now show
that inequalities QF < Q; for every t = 2,...,T + 1 implies that Qf“ < Q; forevery t =2,..., T+ 1,
and hence that the second inequality in (2.17) follows from a simple inductive argument on k. Indeed, first
observe that the inequality Qf "1 < Q41 implies that Qf < Q. Next observe that the construction of Cf“
in Step d) of DCuP implies that CF™ < Qf, and hence that C;/™" < Q,. It then follows from (2.14) and
the inequality Q,’f < Q; that Q,’f“ < @;. We have thus shown that Qf < Qi foreveryt =2,...,T+1
implies that fo“ < @, for every t = 2,...,T. Since the latter inequality for t = T + 1 is straightforward
and Q9 < Q, for t =2,...,T, (2.17) follows.

(b) The assertion that Qf is a convex function follows from the fact that QF "1 is convex and the same
arguments used in Lemma 2.1 to show that Oy is convex. The assertion that dom(gffC ) D X;—1 follows from
the fact that by (2.18) we have gf < @4, and hence that

int (dom(gf)) D int (dom(Qy)) D X—q,

where the last inclusion is due to Lemma 2.1(a). L]
The following technical result is useful to establish uniform Lipschitz continuity of convex functions.

Lemma 2.3. Assume that ¢~ and ¢ are proper conver functions such that ¢~ < ¢T. Then, for any
nonempty compact set K C int (dom(¢™)), there exists a scalar L = L(K) > 0 satisfying the following
property: any convex function ¢ such that ¢~ < ¢ < ¢ is L-Lipschitz continuous on K.

Proof: Let ¢ be a convex function such that ¢~ < ¢ < ¢* and let K C int (dom(¢™)) be a nonempty
compact set. Since ¢~ and ¢T are proper, it then follows that ¢ is proper and dom(¢) > dom(¢™), and



hence that int (dom(¢~)) D int (dom(¢)) D int (dom(¢™)) D K. Hence, in view of Theorem 23.4 of [17], we
conclude that d¢(x) # 0 for every € K. We now claim that there exists L such that ||8]] < L for every
B € 0¢(x) and x € K. This claim in turn can be easily seen to imply that the conclusion of the lemma
holds. To show the claim, let z € K and 0 # 8 € d¢(z) be given. The inclusion K C int (dom(¢™1)) implies
the existence of € > 0 such that K. := K + B(0;¢) C int (dom(¢™)). Let

., 8 +._ + = in
Ye 1= x+sm, 0" = ;rel%cb (y), 0 = ?I!rélgcﬁ (y).
Clearly, y. € K. due to the definition of K. and the facts that z € K and ||y — z|| < e. Moreover, using the
fact that every proper convex function is continuous in the interior of its domain, we then conclude that the
proper convex functions ¢ and ¢~ are continuous on K. and K, respectively, since these two sets lie in the
interior of their domains, respectively. Hence, it follows from Weierstrass’ theorem that 8 and 6~ are both
finite due to the compactness of K and K., respectively. Using the facts that € K, y. € K., 8 € 0¢(x)
and ¢ > ¢, the definitions of #7 and 6~, and the definition of subgradient, it then follows that

07 > 6" (y:) = d(ye) = ¢(x) + (B,ye — 2) = ¢(x) +e|B] = 67 + ||
and hence that the claim holds with L = (6t —67)/e. L]

Lemma 2.4. The following statements hold:
(a) For each t = 2,...,T, there exist Ly > 0 such that the functions QF and Qf are Lyi-Lipschitz
continuous on X;_y for every k > 1;
(b) For eacht =1,...,T, there exist Ly > 0 such that the functions fF and gF are Ly-Lipschitz contin-
wous functions on Xy X X;_q for everyk > 1 andi=1,...,p.

Proof: Let t € {2,...,T} be given. The existence of L; satisfying (a) follows from Lemmas 2.1 and 2.2, and
applying Lemma 2.3 twice, the first time with K = X;_1, ¢7 = Q; and ¢~ = QY, and the second time with
K=X_1,¢"7 = Q;and ¢~ = Q? Moreover, the existence of L; satisfying (b) follows from Lemma 2.2,
and applying Lemma 2.3 twice, the first time with K = X, x X;_1, ¢7 = f; and ¢~ = £, and the second
time with K = X, x X;_1, 67 =gy and ¢~ = g% fori =1,...,p. ]

We now state a result whose proof is given in Lemma 5.2 of [2]. Even though the latter result assumes
convexity of the functions involved in its statement, its proof does not make use of this assumption. For this
reason, we state the result here in a slightly more general way than it is stated in Lemma 5.2 of [2].

Lemma 2.5. Lemma 5.2 in [2]. Assume that Y C R™ is a compact set, f : R™ — (—o0,00] is a function
and {fr : R" — (00, 00]}32, is a sequence of functions such that, for some integer ko > 0 and scalar L > 0,
we have:

(a) f"*o(y) < fPy) < f(y) < oo for every k > ko +1 andy € Y;
(b) f* is L-Lipschitz continuous on'Y for every k > 1.

Then, for any infinite sequence {y*}3, CY, we have
lim [f(y") = f*(y")] =0 lim [f(y") = f*" (") =0.

k—+o0 k—+oc0
We are now ready to provide the main result of this subsection, i.e., the convergence analysis of DCuP.
Theorem 2.6. Let Assumption (H1) hold. Define
(4) kET}rloogti(a:f,xf,l) <0, i=1,...,p,

(i) dm Qu(wi) — Q@) = lim Qi(afy) — Qf(wi) =0,

T
(iid)  lim Qu(wi,) — g fr(@k, 2k ) =0,
(i) lim Qu(wiy) = Qf(w1-1) =0.
Then H(t)-(i) holds for t = 1,...,T, H(t)-(ii),(iii) hold for t = 1,....T + 1, and H(t)-(iv) holds for

t =2,....,T + 1. In particular, the limit of the sequence of upper bounds (Zthl fe(@k 2k ))es1 and of

lower bounds 211%1(%) is the optimal value Q1(xg) of (2.1) and any accumulation point of the sequence

(%, ... 2k) is an optimal solution to (2.1).




Proof: We first prove H(t)-(i) for t = 1,...,T. Let t € {1,...,T} be given and define the sequence {yF} as
yk = (zF,2F |) for every k > 1. In view of Lemma 2.2, we have 9 (YF) > gE(yF) > Ly, (WFyF) = griyr),

and hence

(2.19) 9F W) = ge(yf), V> 1.

Due to Lemma 2.4-(b), functions g¥ are convex L,-Lipschitz continuous on X;xX;_;. Therefore, recalling
(2.19), we can apply Lemma 2.5 to f = gy, f¥ =g, y¥ =yf, Y = X;xX,_1 for i =1,...,p, to obtain

(2'20) hmk%Jroo gt (.’L‘?, xvlttl) - gfil(q“f? 33?,1) =0.

The latter conclusion together with the fact that xt S Xk l(xf 1), and hence gk 1(35?, mfﬁl) <0, for every
k > 1, then implies that H(¢)-(i) holds.

Let us now show H(1)-(ii), (iii) and H(t)-(ii)-(iii), (iv) for t = 2,...,T + 1 by backward induction
on t. H(T + 1)-(ii), (iii), (iv) trivially holds. Now, fix ¢ € {1,...,T} and assume that H(¢t + 1)-(ii),
(iii), (iv) holds. We will show that #(¢)-(ii), (iii) holds and that H(¢)-(iv) holds if ¢ > 2. Indeed, since
fo = fF > €5, (5yp) and fi(yf) = Ly, (yf;9r), we conclude that ff(yf) = fi(yf) for every k > 1, and
hence that limg o f:(yF) — fF(y¥) = 0. Recalling by Lemma 2.4-(b) that fF is L,-Lipschitz continuous on
X;xX;_1 and using Lemma 2.5 with f = f;, f* = fF, (v*) = (yF), and Y = X, xX;_1, we conclude that
(2'21) khr-{l ft(xtvxiC 1) k 1(xt’$1]tc 1) 0.

Moreover, by the induction hypothesis # (¢ + 1)-(iv), we have limy_, oo OF ; (zF) — Q¢+1(2F) = 0. Recalling
by Lemma 2.4-(a) that functions Qf are L;-Lipschitz continuous on X;_1, we can use Lemma 2.5 with kg = 1,
f =01, fF=0F ,y% =2f and Y = A}, to obtain

(2.22) hm Qt+1(35t> Qrr1(xy) = 0.

Now, using Lemma 2.2, we easily see that the objective function fF~'(-,2f_ ;) + QF}(-) and feasible region
XF=Y(zk ) of (2.11) satisfies fF71(-, 2k )+ Qt+1 () < Fy(-,z¥F ) and XF~Y(zF ) D X, (2F ). Since zF is
an optimal solution of (2.11) and Qt(mt 1) is the optimal value of min{F;(z;, =¥ ;) : 2, € X;(2F_;)} due to
(2.4), we then conclude that fF=1(zF ¥ |) + Qt+1 () < Qy(x¥ ). Hence, we conclude that

0>kll)lf ft (xt,xt 1)+Qt+1($t) Qt(xt 1): hm ft(xtvxt 1)+Qt+1(xt) Qt(xt 1)

where the equality is due to (2.21) and (2.22). We now claim that

(2.23) lim fo(zf, of_1) + Qe (y) — Qi(wy_y) = 0.

k—4o00

Indeed, assume by contradiction that the above claim does not hold. Then, it follows from the last conclusion
before the claim that

(2.24) limg ft(xtvxt 1)+Qt+1(xt) Qt(xt 1) <0.

Since {(z¥,zF |)} is a sequence lying in the compact set X;xX;_;, it has a subsequence {(z¥, x5 |)}rex
converging to some (z},z;_ ;) € XyxX;_1. Hence, in view of H(t)-(i), (2.24), and the fact that f; and g,
are lower semi-continuous on X;xX;_1 and Q; (resp. Q¢+1) is lower semi-continuous on X;_; (resp. X;), we
conclude that

ge(wy, wi 1) <0, filwg, aiy) + Qe () — Qi) <0

and hence that a} € Xi(z7_;) (recall that X; is closed) and Fi(a},zf ;) < Qi(z;_;) due to the definition
of X; and F; in (2.2) and (2.4), respectively. Since this contradicts the definition of Q; in (2.4), the above
claim follows. Combining

0< Qt(gﬂfq)_gf(qu) < Qt(:cf,) Qk 1@? 1)
= Qu(zf,) - tk Yok, 2f ) — OFF (af) [by definition of 2]



with relations (2.21), (2.22), (2.23) we obtain limy_, ;oo Q¢(2F ;) — Qf(:cfﬁl) = 0. Also observe that
kEIJ{l Qt xt 1 ZfT Loy Lo 1

= Jim  Qu(ai) = fulaf, 2i_y) = Qua(ef) + lim Qs (at) Z fr(al,ak_y)
T=t+1

=0 by (2.23) =0 using H(t+1)—(iii)
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and we have shown H (¢)-(ii), (iii).
Finally, if ¢ > 2, H(t)-(iv) follows from

0< Qiaf 1) = Qf(zr 1) < Qilar ) —Cf(xf ) since QF > Cy,

= Quafy) = f ag,wty) - Qt+1 (x7) [by definition of ]
combined with relations (2.21), (2.22), (2.23). L]

2.3. Forward-Backward DCuP. It is also possible to have for each iteration both a forward and backward
pass and compute cuts for Q; in the backward passes and cuts for f;, g; in both the forward and backward
passes. The corresponding extension of the algorithm is given below and the convergence of this variant of
DCuP is given in Theorem 2.7.

Forward-Backward DCuP (Dynamic Cutting Plane) with linearizations computed in forward
and backward passes.

Step 0. Initialization. Let QY : X, 1 — R, ¢t = 2,...,T + 1, be affine functions satisfying QY <
Ount=2,...,T, and Q%H =0, and let f2,¢Y : XyxX;_1 — R, t =1,...,T, be affine functions such that
<00 < gp Set k=1.

Step 1. Forward pass. Setting x% V= o, for t =1,2,...,T, compute an optimal solution xfk_l of

{ mm ft (xtvxfkll) + Qt+1( Ty)

(2.25)
T EXQk Q(xtlel)’

where X2¥72 is given by (2.7) with k —1 replaced by 2k —2. Compute f;(z?*71 22*T1), g, (2?51, 22*71), and

subgradients of fi, g, i = 1,...,p, at (z2 71, 2?*T1) with corresponding linearizations £, (-; (z7" 1, z2571))

and £, ( (2571 22*71)). Define
(2:26) f70 = max (2720 (5 @0,
(2.27) g Qk 1 = (gfllC 1,...7935 b Wheregm€ 1—max(gtk 2 g (5 (mfk 1 xfkll))>,i:1,...,p.

Step 2. Backward pass. For t =T,7 —1,...,1, solve the problem

mm ft (xtaxfkll)*' Qf-u(xt)

7 € X1 (2270,

(2.28) Q9 (atyt) = {

Denoting by z?* an optimal solution of (2.28), compute f,(z?*, 22*T1), g,(2?*, 2271, and subgra-

dients of f; and g, i = 1,...,p, at (2?%,27*1), with corresponding linearizations £, (-; (2?%, z7% 1)),
k
lg,. (5 (@, 2727 1)). Define
k— k
(220)  fF = max (F e (5 @22,
(2.30) gk = (g, ... ,gflf) where g2F = max (gtk ! g (5 (xfk,x?kl 1))),@' =1,...,p.



If t > 2, take a subgradient 3f of Qk( ) at %71, and store the new cut
Ct (wp-1) = Qk(gﬁfkll) + (B i — JJ"?]€11>

for Q;, making up the new approximation QF = max{ fol, CF}.
Step 4. Do k < k+ 1 and go to Step 1.

Theorem 2.7. Let Assumption (H1) hold. Define

(4) limg s 4+ 0o max(ge (z} Fht xfkl 1),0) =0, limy 400 max(gt(xfk,xfkl 1),0) =0,

(i9)  limp—too Qe(z*] 1) Qk(l’fkl H) =0,
(ii9)  limpos oo Qi(z2571) — ZT L fr(@2 e =0,
(Z'U) hmk:~>+oo Qt(z?kl 1) Qt (x?kl 1) 0.
Then H(t)-(i) holds for t = 1,...,T, H(t)-(ii),(i11) hold for t = 1,...,T + 1, and H(t)-(iwv) holds for
t=2,...,T+1. Moreover, the lzmzt of the sequence (Zt NG x?kl 1))k21 is the optimal value Qi (zo)

of (2.1) and any accumulation point of the sequence (x fk L. :C%k Yy is an optimal solution to (2.1).

H(t)

Proof: For t = 1,..., T, let us define the sequence (yF)g by y?* = (22%,22%71) and y2F ! = (22F71 22% 1)

for all k > 1. Let us first show H(t)-(i), t = 1,...,T. Let t € {1,...,T}. Since 22*7' € XZ*72(2?*71), we
have g2 =2 (2%~ 2% 71) < 0 and therefore if gt( (k-1 ,x2*71) > 0 we have

(2.31) max (g (", 27571, 0) = g (@it 2 < e (@ AT — g T @ 2.

Since ng 2 < g, the above relation also holds when g;(x} 2kl x?kll) < 0 and therefore holds for every

X2k 1( 2k—1 2k— 1( 2k 2k: 1

k > 1. Similarly, since 22* x;"7") we have g; 2", 277 ") < 0 which implies

(2.32) max(ge (27", 23%71),0) < g (@, 2757) — g7 (@, 25T

for all k > 1. Next, gi; > gk > £,,.(;yF), which implies

(2.33) 9t W) = ge(yf), Yk > 1.

Using (2.33) and applying Lemma 2.5 to f = g, f* = gF, y* = y¥ (observe that the assumptions of the
lemma are satisfied), we obtain

2%k—1  2k—1 2=y 2h—1 2k=1y _
(2.34) { imyes oo 92 (2 b 2]95:&11 ) 2£t1 2(231& 2h— 1xt 1)=0
limg— 400 96 (23", 2321 ) — 97 (zi", x;277) = 0.
Combining (2.31), (2.32), and (2.34) we get
(2.35) i max(g (@ a?41), 00 =0, Tim_ma(g (o, 4251),0) =,

which achieves the proof of H(t)-(i).

Let us now show H(1)-(ii), (iil) and H(¢)-(ii)-(iii), (iv) for ¢ = 2,...,T + 1 by backward induction on ¢.
Clearly, H(T + 1)-(ii),(iii), (iv) holds. Now, fix t € {1,...,T} and assume that H (¢t + 1)-(ii), (iii), (iv) holds
We will show that #H(t)-(ii), (iii) holds and that #(¢)-(iv) holds if ¢t > 2. Since f, > fF > £,(-;yF), we have
fe(yF) > fEWE) > €4, (vF; yF) = fi(yF) and therefore for all k > 1,

(2.36) FEWE) = fulyp).

From (2.36), limy o0 fi(yf) — fE(yF) = 0 and applying Lemma 2.5 to f = f;, f* = fF, and (y*) = (yf)
(observe that the assumptions of the lemma are satisfied), we obtain

hmk»+ooft($t 1Ty ) . (x%k’xt 1 ):0~

Using the fact that 277" € XP* 2 (27%71) D Xy (x7F71), the relation f2*2(-, 22" 1)+ Q1 () < fu( a1 h)+

2k—1

Q:+1(+), and recalling defintions of z; and Q;, we get

STt + QU () < Qi



Since the sequence f2F =2 (z28~1 22k 1) 4 Qt+1 (22571) — Q4 (x2*71) is bounded it has a finite limit sup which
satisfies

(2.38) lim f% 2( Pt xt%ll) Qt+1( e 1)_Qt(5'3?k11)§0-

k—4o00

The induction hypothesis gives
li 2k—1 2k—1y _ (.
kalin Qt+1( ) = Qepr(2y" )

Applying Lemma 2.5 to f = Qu11, fF = QF 4, y* = xfk ! (observe that the assumptions of the lemma are

satisfied), we obtain
lim Qt+1 (@71 = Qua(ai* ) =0.

k—+oco

Together with (2.37), (2.38) this relation, implies

hmk—>+oof2k 2( i 17 ?k11)+Qt+1( e 1)*Qt(17?k;1)

(2.39) = Dy o0 S (932’“ xkfkl )+ Qt+1(l‘fk - Qt(ffkfkl D)

= Timp s oo fo(a* 1 250 + Qupa (27"71) — Qu(aE7Y) <.
Let us now show by contradiction that
(2.40) Uiy, oo i@ et + Qe (a7 — Qu(aty ) > 0.

If (2.40) does not hold, using the fact that (z2*~! 2?*71) is a sequence from the compact set X; xX;_; and

the lower semicontinuity of f;,g:, Q¢v1, Qt, we can find a subsequence (zF,z¥ |)rcx converging to some
(7,25 1) € Xy x Xy such that

ft(ﬂ?fal‘f—l) + Qt+1(x:) < Qt(l‘:—l)’

ge(xy,xi_y) <0, and z} € Xy(z]_,), which is a contradiction. Therefore (2.40) must hold and we have
shown

(2.41)
im Q@) A a ) Qi @) = lim Qu(a )~ e ) - Qi (03 = 0.

As before, note that the optimal value of (2.28) is larger than the optimal value of (2.25), i.e

(2.42) Qi (e = P ) + Qi (@Y,
implying
(2.43) 0< Qt(xgkll) Qk($?k11) < Qt(xfkll) Ek_2(x§k_lv ?kll) Qt+1( A 1)7

which, together with (2.41), gives H(t)-(ii). Next,

. k - k
kEIJ,I-loo Qt JI? 11 Zf‘l’ 9 '2r 11)
:khm Q7™ Y) = fula* 2 — Qe (a7 )+ hm Qiyi(z Z fr(@2h7h 22,
-+ T=t+1
=0 by (2.41) =0 using H(t+1)— (i)
= ()7

and we obtain #(¢)-(iii). Finally, for ¢ > 2,
0<Qu(a? 7Y — QF (@27 < Qu(a?FTh) — CF(a?*T1) since QF > CF,
= Qa1 - Qk(xfkl 1) by definition of CF
which combines with (2.43) to show H(t)-(iv). m
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2.4. Computation of the subgradient in Step d) of DCuP. This subsection explains how to compute
a subgradient 8F of Qf_l() at xf_; in Step d) of DCuP.
Observe that we can express Qf_l as
min f+4+6
z,€R™, f.0ER
Ty € Xy, -
(2.44) Q¥ (wy ) = fZf‘f;_(flﬂt@t—l,(xiaxé—1))vj2.1’--~7k‘—1,
6 Z QtJrl(x%) +A<ﬁtl‘+17xt - LE%>, 1= ]-7 e 7k - 17
logoi (T, xp—1, (], 2]_1)) <0, j=1,...,k—1,i=1,...,p,
Ayxy + Bixy_q = by.

Due to Assumption (H1)-2), for every x;—1 € X;_1, there exists z; € ri(X;) such that Aix: + Biaxs—1 = by
and g;(x¢, x¢—1) < 0, which implies that for every i =1,...,p,and j =1,...,k — 1, we have

Ly (wg, w41, ($§79€Z_1)) < gti(we,24-1) <0

and therefore Slater constraint qualification holds for problem (2.44) for every z;_1 € X;—1. Next observe
that the feasible set of (2.44) is compact and therefore the objective function is bounded on the feasible set.
It follows that the optimal value of (2.44) is finite and by the Duality Theorem, we can write problem (2.44)
as the optimal value of the corresponding dual problem. To write this dual, it is convenient to rewrite Qf -1
on X;_1 as

min _f+6
z¢€R™, f,0€ER
xy € Ay,

k—1 k—1 k—1

(2.45) QM wi) = Jez %’?k. ot + 1B,§ et O
be > 0,07 + By wes
Di ly 4 EF e, + HF <0,
Arxy + Byxy—q = by,

where e is a vector of ones of dimension k—1 and A*~!, BF=1 pk-1 pk-1 ,Btl_:i_kfl (resp. CF=1 HFL, 931“1*1)

are matrices (resp. vectors) of appropriate dimensions. In particular, ,Btlfl_l is a matrix with £ — 1 rows

with i-th row equal to (B{, ;)" and 9t1jffl is a vector of size k — 1 with ¢-th component given by 6;,, =
QZ_}(‘T%) — (Bis12)-
We now write the dual of (2.45) as

max ht7wt—1 (Oé, )\a s 6)

2.46 Qk_l Ti_1) = a, 0,
(2.46) Qi (w-) {aEO,uZO,zSEO,/\,

where dual function h¢ ., , is given by

min Ly, e, f,0;0, A, 1, 0
(247) ht’wt71 (CY, )\7 /’1/7 5) — xtERnyfﬂER t,re—1 ( t f ,U )
Ty € Xt7

with Lagrangian Ly 5, , (x, f,0; o, A, i, 0) given by
Lt,¢£t—1 ($t7 fa 9; «, )‘a H,y 5) = f +0+ <a7 Af_lmt + Bf_lxt—l + Cf_l - fe> + <)\, Atl't + Bixi—1 — bt>
H, DF ey + EF T ey + HE Y + (5,608 + BUE Ty — Ge).

Next, let (af, AF, uF §¥) be an optimal solution of (2.46) written for z;_; = z¥_ ;. With this notation, we
have

(2.48) B = (By ™) Ty + BN + (B Ty € 0977 ().

When X; is polyhedral, formula (2.48) follows from Duality for linear programming. For a more general
convex set X, formula (2.48) directly follows from applying to value function Qf_l Lemma 2.1 in [3] or
Proposition 3.2 in [6] which respectively provide a characterization of the subdifferential and subgradients
for value functions of general convex optimization problems (whose argument is in the objective function and
in linear and nonlinear coupling constraints of the corresponding optimization problem). For the interested
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reader and for the sake of completeness, we provide in the Appendix a proof of relation (2.48) specializing
to the particular case of value function Qf_l the proof of Lemma 2.1 in [3].

3. THE STODCUP (STOCHASTIC DYNAMIC CUTTING PLANE) ALGORITHM

3.1. Problem formulation and assumptions. We consider multistage stochastic nonlinear optimization
problems of the form
(3.49)

min 1, X0, +E min T, X1, +E|...+E min TT, TT—1, ,
$1€X1(10,§1)f1< b 51) 12€X2(061,§2)f2( 2 §2) |: |:1T€XT(mT—1»£T)fT( et {T):|:|:|

where ¢ is given, (&)1, is a stochastic process, &; is deterministic, and
Xi(wi1,&) = {wy € R" : Ayxy + Bywy 1 = by, ge(we, 00-1,&) < 0,24 € Ay}

In the constraint set above, &} is polyhedral and &; contains in particular the random elements in matrices
A, By, and vector b;.
We make the following assumption on (&):

(HO) (&) is interstage independent and for t = 2,...,T, & is a random vector taking values in R¥ with
a discrete distribution and a finite support ©; = {&1,..., &, } with py = P(& = &),i = 1,..., My, while
& is deterministic.

For this problem, we can write Dynamic Programming equations: the first stage problem is

z1 € X1 (20,&1)
for ¢ given and for t = 2,...,T, Qi(xi—1) = E¢, [Q¢(21-1,&)] with

(3.50) 01 (z0) = { ming, ern f1(21, %0, &1) + Qa(21)

_ | ming,ern fe(ze, 21-1,8) + Qig1(24)
(351) Qt($t_1’§t) B { Tt € Xt(xtflvgt)v

with the convention that Q77 is null.
We set Xy = {z¢} and make the following assumptions (H1)-Sto on the problem data:
(H1)-Sto: fort =1,...,T,

1) X, is a nonempty, compact, and polyhedral set.

2) For every j =1,..., M, the function f;(-,-,&;;) is convex, proper, lower semicontinuous on X x X;_;
and Xy xX;_1 C int (dom(fi(- -, &5)))-
3) For every j = 1,..., M;, each component gs(-,-,&;),t = 1,...,p, of function g;(-,-,&;) is convex,

proper, lower semicontinuous such that X, x X1 C int (dom(g4; (-, -, &;5)))-
4) Xq(x0,&) # 0 and for every t =2,...,T, for every j =1,..., M, X;—1 C int (dom(X;(+,&5)))-

Remark 3.1. Nonlinear constraints of form hy;(x,&) < 0 or hy(xy) < 0 at stage t can be handled, adding
the corresponding component functions hy; in g¢, as long as (H1)-Sto is satisfied. In particular, convexity of
hei(+,&5) is required for j =1,..., M.

It is easy to show that under Assumption (H1)-Sto, functions Q; are convex and Lipschitz continuous on
Xt_ll

Lemma 3.2. Let Assumption (H1)-Sto hold. Then Q is convexr Lipschitz continuous on X;_q1 for t =
2,...,T+1.

Proof: The proof is analogue to the proof of Lemma 2.1. [
3.2. Algorithm. The algorithm to be presented in this section for solving (3.49) is an extension of the

DCuP algorithm to the stochastic case. All inequalities and equalities between random variables in the rest
of the paper hold almost surely.
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T
Due to Assumption (HO), the H M; realizations of (&)1, form a scenario tree of depth T + 1 where the
t=2
root node ng associated to a stage 0 (with decision z( taken at that node) has one child node ny associated
to the first stage (with &; deterministic).
We denote by N the set of nodes, by Nodes(t) the set of nodes for stage ¢ and for a node n of the tree,
we define:

C(n): the set of children nodes (the empty set for the leaves);

T,: a decision taken at that node;

Pp: the transition probability from the parent node of n to n;

&, the realization of process (&;) at node n': for a node n of stage t, this realization &, contains in
particular the realizations b,, of b;, A, of A, and B,, of B;.

e {[,,): the history of the realizations of process (£;) from the first stage node n; to node n: for a node
n of stage ¢, the i-th component of &) is {pe—i(y) for i = 1,...,¢, where P : N — N is the function
associating to a node its parent node (the empty set for the root node).

At each iteration of the algorithm, trial points are computed on a sampled scenario and lower bounding
affine functions, called cuts in the sequel, are built for convex functions Q;,t = 2,...,T + 1, at these trial
points. More precisely, at iteration k denoting by xF_; the trial point for stage ¢ — 1, the cut

(3.52) Cf (z1—1) = 0F + (BF, w_1)

is built for Q; with the convention that C§., , is the null function (see below for the computation of 6f,
BF). As in SDDP, we end up iteration k with an approximation QF of Q; which is a maximum of k affine
functions: QF(z;_1) = maxo<j<r CJ (T, 1).

Additionally, the variant we propose builds cutting plane approximations of convex functions fi(-, -, &)
and ggi(-,&;), t=1,...,T,i = 1,...,p,j = 1,..., M, computing linearizations of these functions. At
the end of iteration k, these approximations will be denoted by ftlg and gfij for fi(-,- &) and g4 (-, -, &)
respectively, and take the form of a maximum of %k affine functions. We use the notation

k _ ¢ ¢ ¢
ftj(xhxt,l) = max - a;w, + byre-1 + ¢y,

gfij (T4, 00-1) = ,nax dfijxt + efijwtfl + hfij?

where afj, bfj, dfij, and efij are n-dimensional row vectors. The trial points of iteration k are computed before
updating these functions, therefore using approximations ftkj*l, gfi;l, and Qf;ll of fi(-y+ &), gui(-5 -, &), and
Q,1 available at the end of iteration k—1. These trial points are decisions computed at nodes (n¥,n%, ..., nk)
using these approximations, knowing that n¥ = n;, and for ¢ > 2, n¥ is a node of stage ¢, child of node n¥_,,
i.e., these nodes correspond to a sample (ﬂ“, §~§, . ,géﬂ) of (&1,&2,...,&r). At iteration k, the linearizations
for fi(-,+, &), 9ui(+, -, &) (resp. Qy) are computed at (zF,, 2%) (resp. %) where n = nf_;, and m is the child
node of node n such that &,, = &;. For convenience, for any node m of stage ¢, we will denote by j;(m) the
unique index j;(m) such that &, = &, (m). Before detailing the steps of StoDCuP, we need more notation:
forall k >1,t=1,...,T,j=1,..., M, let thj : Xp—1 = A be the multifunction given by

(353) ij(xt,l) = {(Et € Xt : gﬁ-j(wt,xt,l) S 072 = ]., ey Dy Atjxt + Btjxt,1 = btj};

where Ay, Byj, by; are respectively the realizations of A, By, and b, in &; and let ij : Xi—1 — R be the
function
min F (@ me1) + QFyy (20)
t
S ij(xt,l).

(3.54) Qi (1) = {

1The same notation Endex 1s used to denote the realization of the process at node Index of the scenario tree and the value
of the process (&) for stage Index. The context will allow us to know which concept is being referred to. In particular, letters
n and m will only be used to refer to nodes while ¢ will be used to refer to stages.
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Introducing k£ X n matrices

0 0 0 0 0\T
Ry 0 g o o
Ak Qy; Bk — btj Db _ dtij Bk _ Ctij 0k (Bt)
tj — Pty T : iy T : » iy T : » Mt T : ’
k k k k kT
At bi; dii; €tij (BY)

k dimensional vectors,

Ct i ht" ) et
ch=1| 7 |,Hy,=| " | anded* =] |,
K k 'k
Ctj htij 0%
and matrices and vectors
k k k
chlj Egclj H%j
Dy, EE . ok
k 25 k t2j k t25
Dtj = : ’ Etj = : 9 Htj = : )
k k %
Dtpj Etpj Htpj
if X = {a : Xy > T}, we can write problem (3.54) as
min 0
¢, f,0 f +
k k k
365 Qk B fe > Atjxt + Btjmtfl + Ctj7
( . ) 7tj(-'15t71) - At]‘l’t + Btjxt_l = btja

ijxt + Efjxt—l + Hfj S 0,

fe 2 9?4161 + 5?4:,]61%“ tht 2 Tt.
Due to Assumption (H1)-Sto-4), for every z;—; € X;—1 and j = 1,..., My, there exists x; € X; such that
Atjxt + Btjxt—l = btja and gti(ztaxt—hgtj) S 07 1= 17 By 2 which lmphes gfij(xtaxt—l) S 03 L= 17 By 2
ijxt + Efjxt,1 + Htkj < 0 and therefore the above problem (3.55) is feasible. Recalling (H1)-Sto-1), this
linear program also has a bounded feasible set and therefore its optimal value is the optimal value of the
dual problem and can be expressed as:
max o (Bfjwi—1 + Cf) + p ' (Ejwey + Hp) + 6" 05 + X (byy — Byjw) +v' 3
k _ ’ I .
Q@) = ¢ (AF)Ta+ (D5 Tu+ (B75) 76 — X v — (4))TA =0,
ela=1,e"6=1,a,p,6v>0.

The detailed steps of the algorithm are described below.

Forward StoDCuP (Stochastic Dynamic Cutting Plane) with linearizations computed in a
forward pass.

Step 1) Imitialization. Fort =1,...,T,i=1,...,p, take ftoj7 g?ij : Xy xX;_1 — R affine functions satisfying
I < Fe(&5), 985 < 9, &), and fort =2, T, QF : Xy 1 — Ris an affine function satisfying
Q? < Q;. Set xp, = T, set the iteration count &k to 1, and QOT+1 =0.
Step 2) Generate a sample (£F,€5, ... €5) of (€1,&, ... ,&r) corresponding to a set of nodes (nf,nk, ... nk)
where n¥ = n;, and for ¢t > 2, n¥ is a node of stage ¢, child of node nf_;. Set nk = ny.
Do 6%, , =0and 8%, =0.
Fort=1,...,T,
Let n =n}_,.
For every m € C(n),
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compute an optimal solution z¥, of

min f50 ) (@m, ) + Qi (2m)
k ¢ ( ) Tm s & 41
(3.56) Q5 imy (@) = { ;(kml "
£ (m) ().

Compute an arbltrary bubgradlent [s1; s2] of convex function fi(-,-, &) at (zF,, %) where
s1,s2 € R™ and do atj (m) = sy, bf] (m) = sy. Fori = 1,...,p, compute an arbitrary
subgradient [s1,; s2;] of convex function g4; (-, -, &m) at (zF,, 2%) where s14, s9; € R™ and do
dz}‘,cijt(m) s, e fijt(m) = s4,. Compute

t]t ft( m’ n7£m) - afﬁ( )‘rfn - b?Jt m)xfﬂ

k k k 4 k
hmjt(m) gtl( Lo nvfm) dtmt m)x _etijt(m)xn'

Compute an optimal solution (af , uk 6k vF AE ) of the dual problem

o r/??if N (Btj,(m)xn + Ct;,(m)) (Etj,(m)xn Htk] (17n)) + 5T9?+k1 Y4 )‘T(bijt(m) - Btjt(Tn)kaz) + VTft
(Afjf(IM))T (ijf(lm)) Bt (ﬂ?+k171)T5 - X{v - (Atjt(m)) A=0,
ela=1,e'6=1,a,1,6v>0.
End For
If t > 2 compute:
ko k=1 \T k k—1 T k
BE = D pu| (Bl ) ek (B Tk = Bl s
(3.57) k ey k—1 k—1 k p0:k—1 k ko=
OF = D0 b (@b Ol (e HE ) + (O 00571) (X b ) + (s 7).
meC(n)
End If
End For

Step 4) Do k + k + 1 and go to Step 2).

We have for StoDCuP the following analogue of Lemma 2.4 for DCuP (the proof is similar to the proof
of Lemma 2.4):

Lemma 3.3. Let Assumptions (HO) and (H1)-Sto hold. Then, the following statements hold for StoDCuP:

(a) Fort=2,...,T, the sequence {BF}5, is almost surely bounded.

(b) There exists L > 0 such that for each t = 2,...,T, QF is L-Lipschitz continuous on X;_1 for every
kE>1.

(c) There exists L > 0 such that foreacht =1,...,T, 5 = 1,..., M, functions ftkj and gfij are L-
Lipschitz continuous on Xy X X;_q for everyk>1 andi=1,...,p.

Remark 3.4 (On the cuts and linearizations computed). Assumption (HO) is fundamental for StoDCuP,
due to the following claim:

(C) StoDCuP builds a cut for Qi t =2,...,T, on any sampled scenario and a single cut for each of the
functions fe(-,-, &), gu(e, &)t =1,..., T, =1,..., My, i=1,...,p, at each iteration.
The validity of the formulas of the cuts for Q¢ will be checked in Lemma 3.7. The fact that a single cut is
built for functions fi(-,-, &), gui(v, - &;j), i=1,...,p, t =1,...,T,j =1,..., My, comes from the fact that
at iteration k and stage t a cut is built for each of functions fi(-, -, &m), gti(sy &m), 1 =1,...,p, m € C(n),
where n = n¥_ |, and due to Assumption (H0), to each m € C(n), corresponds one and only one index
J = Jjit(m) such that &m = §tj = iy (m)-

Remark 3.5. The algorithm can be extended to solve risk-averse problems. It was shown in [8] that dy-
namic programming equations can be written and that SDDP can be applied for multistage stochastic linear
optimization problems which minimize some extended polyhedral risk measure of the cost. As a special case,
spectral risk measures are considered in [9] where analytic formulas for some cut coefficients computed by
SDDP are available. Sitmilarly, StoDCuP can be extended to solve multistage nonlinear optimization problems
with objective and constraint functions as in (3.49) if instead of minimizing the expected cost we minimize an



extended polyhedral risk measure of the cost, as long as Assumptions (H0) and (H1)-Sto are satisfied. It is
also possible to apply StoDCuP to solve risk-averse dynamic programming equations with nested conditional
risk measures (see [19], [20] for details on conditional risk mappings) and objective and constraint functions
as in (3.49), again, as long as Assumptions (HO) and (H1)-Sto are satisfied. Using SDDP in this risk-averse
setting was proposed in [21].

We can simulate the policy obtained after k — 1 iterations of StoDCuP and define decisions x* at each
node n of the scenario tree as follows:

Simulation of StoDCuP after k — 1 iterations.

Set ak = w.
Fort=1,...,T,
For every node n € Nodes(t — 1),
For every m € C(n),
compute an optimal solution x%, of

min f m (Tm, n) + Qt+1( m)
(3.58) Q@ 2):{ o f )
" € X5, (my (71
End For
End For
End For

3.3. Convergence analysis. In what follows, if the stage associated to node n is 7(n), we use the notation
(3.59) Sp={keN":nf, =n}

In other words, S,, the set of iterations k& where the sampled scenario passes through node n.

We show in Lemmas 3.6 and 3.7 below properties of the algorithm useful to prove the convergence of
StoDCuP given in Theorem 3.8. We start providing simple relations involving the linearizations of objective
and constraint functions:

Lemma 3.6. Let Assumption (H1)-Sto hold. For everyt=1,...,T, j=1,...,M;, i =1,...,p, we have
almost surely

(3-60) ft(l'taxt—l,gtj) > ftkj(xhzt—l)agti(xtaxt—lagtj) > gfij(it,zt—l), Vk >0,V € A, Vo € Xp_q,
and for every k > 1,

(361) Xt(xt—l;gtj) C ij(l’t_l), Va1 € X_q.
Forallt=1,...,T,i=1,...,p, for all n € Nodes(t — 1), for all k € S,,, we have for all m € C(n):

(3'62) ft(xfn’xfﬁgm) ft]t m)( 1]317 n) and gtl( T n?gm) gfijt(m)(xﬁwmﬁ)a a.s.
Forallt=1,...,T,i=1,...,p, for all n € Nodes(t — 1), for all k > 1, for all m € C(n), we have

(3.63) gfi;tl(m) (zF 2%) <0, as.,

(364) 0 < ma’X(gtz( m7 n?fm) 0) < gtl( m? nvgm) 791];]_,,1("1)(1’]:)7.71'2)5 a.s.

Proof: Let us show (3.60). The relation holds for ¥ = 0. Now let us fix ¢t € {1,...,T}, j € {1,..., M},
k>1and ¢ € {1,...,k}. At iteration ¢, setting n = n!_;, there exists one and only one node m in the

set C(n) such that &, = &; with j = j,(m) and by the subgradient inequality for every z; € X}, for every
ri_1 € Xp_1, we have

ft($t7$t—17§tj) = fe(ze, xe—1,€m) Eft(.,.7§m)($t71't71; (l'fn,ffl))
ft( fna nvfm)"‘afjt(m)(xt )+bfjt( )(mtil_xﬁ)’

Z (m)wt + bt] (77L)‘rEt*1 + ijt(m) - af]l't + b tjUt—1 + ij’

v

(3.65)
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(3.66)
gti(xfm Tt—1, gt]) = gti(xt7 Lt—1, f’m) Egti('fa{m)(xh Tt—1; (xfrm xi))7
gti( f;“ T fm) + dtljf(m) (xt ZL’fn) + efijt(m) (xtfl - xﬁ,)?

dfijt(m)xt + 6 )l't 1+ h dfz‘jmt + €€ij$t71 + hfz]

v

tije(m tije(m) —

It follows that f.(-,-,&;) and gui(-,-,&;) are above all linearizations built for these functions by StoDCuP
and therefore also above ft’g and gfij which is given by the maximum of the first k linearizations. Relation
(3.60) follows and clearly inclusion (3.61) is a consequence of (3.60).

Take t € {1,...,T}, i€ {1,...,p}, take a node n € Nodes(t —1) and k € S,,. Then for any m € C(n), a

linearization is bullt for fi(-,,&m) and gy (-, -, &m) at (zF,, 2F). Therefore,
- (3.60) -
ft(xnﬁvxn)fm) 2 ftjt(m ( m7xn)
k k4 ok
2y, T+ V)@ F ()
(3.65)
= gft('v'afm)( er?xlrcL;(wm7 n)) ft( Lo nvfm) since nf 1="n,
(3.50) k kook
gtz( L nvfm) > gtijt(m)(ajm,xn)
k k
2 iy g my @ R )
(3.66) ko k. (nk k

ggti('y‘agm)(xWL’xﬂ; (‘T;m7 n)) - gtl( m7 nﬂgm) since ntfl =n,

and (3.62) follows.
Relation (3.63) comes from the fact that 2%, € X*~! (z*) by definition of z*, (see the simulation of

tje(m)
StoDCuP).
Finally take a realization w of StoDCuP. We show that
(3.67) 0 < max(gei (2, (), 7 (@), €m), 0) < gei (@, (), T (W), Em) = 97 oy (@) (@0 (W), 23 ().
If gii (zF (W), 28 (), &) < 0then (3.67) holds because g4 (-, -, &) > gz;tl(m)(w) and if gg; (2, (w), 2% (w), &n) >
0 then (3.67) holds too because of inequality (3.63). Therefore, (3.67) holds. ]

Lemma 3.7 shows the validity of the cuts computed for Q;:

Lemma 3.7. Let Assumptions (H0) and (H1)-Sto hold. For everyt = 2,...,T + 1, for every k > 1, we
have almost surely

(3.68) Qu(xi—1) > Cf (x4-1) and Qy(we—1) > QF (w4—1), Vai—1 € Xi1.
Forallt=1,...,T,j=1,..., My, for every k > 1, we have almost surely
(369) ij(a:t_l) < Dt(xt_l,gtj) fO’f’ all xi_1 € Xp_q.

For allt = 2,...,T, for every k > 1, defining QF '(z¥) = E 1thQk (zF), we have for every n €
Nodes(t — 1) and for all k € S,:

(3.70) Qf_l(xfl) = Cf(xﬁ), a.s.

Proof: Let us show (3.68)-(3.69) by backward induction on t. Relation (3.68) clearly holds for t = T + 1.
Now assume that for some ¢t € {1,...,T}, we have Q;11(z¢) > QF,(2) for all z; € X; and all k > 1. Using
Lemma 3.6, we have for all k > 1, for all j = 1,...,M;, for all x; € X}, z;_1 € X;_1, that ffj(xt,xt_l) <
fi(me, 21, &) and Xy(ai—1,&;5) C thj(wt,l), which, together with the induction hypothesis QfH < Qa1
implies

(371) QZ (xt—l) < Qt(xt_l,&j) for all Ti—1 € Xt—la
i.e., (3.69). Now observe that due to Assumption (H1)-Sto, for every ;1 € X;_1, the optimization problem
. k—1 k—1
min f5 ar, zo) + Q87 ()
ij_l(xt 1) = { Tt tj bt t+1 A

T € thj_l(iEt_l),
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is a linear program with feasible set that is bounded (since X} is compact) and nonempty (it contains the
nonempty set X;(x;—1)). Therefore it has a finite optimal value which is also the optimal value of the dual
problem given by

k—1
max Dy (a0, 0,y Ajxp—1)
a, 1,0,V

k-1 _ _
(3.72) Q5 @e-1) = § (AE)Ta+ (D) T+ (BEE) T8~ X[ v — (A4)TA= 0,
ela=1,e'6=1,a,ud6,v>0,
where

ijfl(a,,u, O, v, \;xe—1) = aT(Bfflmt,l + Ctkj*l) + uT (Efflmt,1 + Ht] ) +9 H?fl Ty )\T(btj — Bijxe—1) + v Ey.

Now assume that ¢t > 2. Let us take m € C(nf_;). Recall that j;(m) is the unique index j such that &;; = &,.
Clearly (ak,, uk ok vk AE) is feasible for dual problem (3.72) written for j = j;(m) and therefore for any
Ti_1 € Xp_1 we have

(373) ta(m)(mt 1) >Dt]1(m)(am7:um75fna m?Afrth 1)

which gives

My
Qi(zi—1) = Zptjﬂt(l“t—l,ftj)
j=1
HO
R S s HC
meC(nk_))
= > e Qu(@io1, &y m)
meC(nk_))
(3.71) B
> 2 Pl (@)
meC(nk_))
(3.73)
Z Z ijt(lm)( ma:uma(srkrm m,)\fn,(Et 1)
mEC(nf_l)
= C(ze-a),
for every xy_1 € X;_1, where for the last equality, we have used (3.52) and (3.57). Therefore we have shown

(3.68).
Now take n € Nodes(t — 1) and k € S,,. Then by definition of (ak,, uk,, 6k vk AF ) and of CF, we get for
any m € C(n):

k—1 k k k
(3.74) Qo (@) = Dy (st O Vs A )
and
(375) Z mefh(lm) mnufma(;frn m7>\,r€n7 n) - Z Qf]t(m)( ) Qk 1( )
meC(n) meC(n)

To prove the convergence of StoDCuP, we need the following assumption:

(H2) The samples of (&) generated in StoDCuP are independent: (55, e ,g%) is a realization of &F =
(b ... k) ~ (&, ..., &) and €F k > 1, are independent.

Theorem 3.8 (Convergence of StoDCuP). Let Assumption (HO), (H1)-Sto, and (H2) hold. Then
(i) for everyt =1,...,T,i=1,...,p, almost surely

(3.76) kliI_iI_I max(gs (zF,, 2% €,),0) = 0, Vm € Nodes(t),n = P(m).
—1+00

Forallt=2,...,T +1, for all node n € Nodes(t — 1), we have almost surely
(3.77) H(t): lim Qi(xk) — QF(ak) =
k— 400
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(ii) The limit of the sequence of first stage problems optimal values (fi7 ' (z zk o)+ bt (zk )e>1 is the
optimal value Q1(xo) of (3.50) and any accumulation point of the sequence (a:fll) s an optzmal solution to
the first stage problem (3.50).

Proof: We first show (3.76). Let us fix t € {1,...,T}, i € {1,...,p}, m € Nodes(t), n = P(m). Recall from
Lemma 3.6 that

(3.78) 0< maX(gtl( L nvgm) 0) < gtl( Lo nﬁgm) gfwtl(m) (xfmmﬁ)
We now show that
(3.79) I gui (20, 20 €n) = 945 o) (s 7) = 0,

which will show (3.76) due to relation (3.78).
Let k(1),k(2),..., be the iterations in S, with k(i) < k(i + 1): S, = {k(1),k(2),%k(3),...}. Let us first
show that we have

: ok Lk _
(380) k%+1;on,}cesn max(gtl (‘rmv L) gm)v 0) 0.

For all ¢ > 1, relation (3.62) gives

(3.81) gn-( m ), Z(é gm)—gz(j?(m)(x%ovxnu))

( k(e) | k(£)

Let us now apply Lemma 2.5 to y* = (zm ,n ), sequence f* = gm(ﬁ)( ) and f = g4 (-, -, &m) (observe that

the assumptions of the lemma are satisfied with kg = 1). Since
: O _ gl 6y
Jim f7) = ()

we deduce that

. _ k(-1
(3.82) Jim f) = SN = lim g e 6n) = gy ) @02l 0) = 0.
. 0— —
Since k(¢) > 1+ k(¢ — 1), we have 0 < g4 (-, &m) — gzgt)(ml)('a ) < g1y &m) — gzgt(%(-, -) and therefore
(3.82) implies
: k(€) (z) k() k() k(0 _ : k—1 koo ky _
(383) [BI_PDQ gt ( 'm s L 7£m) gtlj,(m)(aj In ) - k—>+1;on,1ke$ gt'L( m7 nagm) gtmt(m)(zmv'rn) - O
Finally, we show in the Appendix that
(384) lim gt?( L ITCL) gtz]f(m)( Ircmxﬁ) =0,

k—+00,keS,,

which achieves the proof of (3.79) and therefore of (3.76).

Let us now show (t) by backward induction on t. H(T +1) holds since Q71 = Q%_ . Assume now that
H(t + 1) holds for some t € {2,...,T} and let us show that #(¢) holds. Take a node n € Nodes(t — 1) and
let us denote again by k(1),k(2),..., the iterations in S, with k(i) < k(i + 1): S, = {k(1),k(2),k(3),...}.
Let us first show that
(3.85) lim o Quah) — Qf(x) = lim Q) — ¢/ (a}) =0.

k—+00,kESn
By definition of Q,’f(e) we have Qf(z)(aclfl(z)) > Cf(z) (mfb(z)) and therefore for all £ > 1 we get:

0< Quxk k(¢) ) — 5(5) (xfl(f)) < Qt(xﬁ(é)) —Cf(z)(mﬁ“))
_ Qt(xfi(e)) Qk(é)—l( k(l))

A

(3.86) LG
= Y p| Q9 gn) — Q5 (2RO |
mEC(nka))
By definiton of z¥,, we have
k(£)—1 k(¢)—1 k()—1
(3.87) QEO (k@) = fHO N kO, 6O + Q) k),
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which, plugged into (3.86), gives
¢ (e -
(388) 0< Quek®) = Q@) < 3 pu[Queh®, €)= £E0 @O, kO) - QY (k).

mGC(nk(z)

Let us apply Lemma 2.5 to y¢ = (xﬁy), i )), sequence f¢ = ffj(f()m), and f = fi(-,-,&m) (observe that the

assumptions of the lemma are satisfied). Due to (3.62), we have
Jim fy) = () =0
——+00

and therefore

- k(e—
(3.89) Jim fy) = N0 = lim Sl 0,20 O, 60) — £ @O 2H0) = 0.
Since k(¢) > k(¢ — 1) + 1, we have 0 < f; (xfn([ ,CUn ,gm) ftjf()m)l( k(f) k(f)) < f( k(z ) —
ftkj(f Y (m 50 xfb(z)) which combined with (3.89) gives
k(¢
(390) ZEI—P ft( k(f) §m) ft](f()m)l( mZ)7 ’]::L(K)) 0.

Using (3.87) and (3.69), we get
k(e k(£)— k(6)—
FEE kO 2Oy 4 Q) (@h0) = Qi) H(ah®) < 9y(aED) &),

tje(m)

Therefore the sequence (ftjt(ﬂ;)1 (xm@, zh® )+ foffl(x’;@) - Qt(l'ﬁ(e),fm))ng is bounded and has a finite

limit sup which satisfies

(3.91) T R0 @b, h0) 4 Q) (k) — ,(hO, &) < 0

(oo It
Applying Lemma 2.5 to y* = xiﬁﬁ‘“’) sequence ff = fol) ,and f = Q11 (observe that the assumptions of the
lemma are satisfied), since from the induction hypothesis we know that

- O _ el 0y
lggloof(y) ffy)=0

we deduce that

(3.92) lim f(y") — fHy") = dim Qra(ah) — QY (@) = 0.

L— 400

Since k(¢) > k(¢ — 1) + 1, we have 0 < Qt+1(x’fn(z)) - foffl(a;,’i{‘)) < Qt+1(xk“ ) — Qfgl 2 (x re )), which
combines with (3.92) to give

(3.93) im0 () — QT ) =o.
Combining (3.90), (3.91), and (3.93), we obtain
(3.94) Jim S, a0, 6m) + Qi () — Qu(®, 6n) <0

Let us now show by contradiction that

(395) @ ft( k(é) §m) + Qt+1( E)) - Qt(xﬁ(e)vfm) > 0

k—+oc0

Assume that (3.95) does not hold. Using the fact that sequence (z¥,,2%).cs, belongs to the compact
set XyxX;_1, and the lower semicontinuity of fi(-,-,&m), g:(-y -, &m), Qt, Qi(+,&m), there is a subsequence
(2k  2F)rex with K C S, converging to some (Z,,, 7,) € X;xX;_; such that

Jt(@m Ty Em) + Qea1(Zn) — Qi(Tn, Em) <0

and T,, € X¢(ZTy,&yn). This is in contradiction with the definition of ;. Therefore we must have

0 = limes oo fi(@h? 250 60) + Qrir (@5) — Q4259 ¢,0)
. k(¢)—1 k(¢ k(¢ k(4)—1 k(¢ k(¢
= Timespoo Frim (@5 2n )+ Q) @) — Qi@ 6m)
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which, plugged into (3.88) gives

(3.96) Qu(y) — Qf (zy) = 0.

lim
k—4o00,k€ES,
Finally, we show in the Appendix that

(3.97) Qi(af) — Qf(zh) =0,

lim
k—+00,k¢Sy
which achieves the proof of H(t).

(ii) The proof of (ii) can easily be obtained from (i), see Theorem 4.1-(ii) in [3] for details. L]

Remark 3.9 (Stopping criterion). The stopping criterion is similar to SDDP. We can stop the algorithm
when the gap UbU_bLb is less than a threshold, for instance 5%, where Ub and Lb are upper and lower bounds,
respectively, defined as follows. Due to Lemma 3.7, we can take as a lower bound on the optimal value of
problem (3.49) the value Lb = Q’ffl(:ﬁo). The upper bound Ub corresponds to the upper end of a 100(1-
a) %-one-sided confidence interval (with for instance o = 0.05) on the optimal value for N policy realizations

(using the costs of decisions taken on N independent sampled scenarios).

4. VARIANTS OF SToDCUP

4.1. Forward-backward StoDCuP. Similarly to DCuP, we can extend forward StoDCuP presented in the
previous section to forward-backward StoDCuP. In this variant, at iteration k, we still compute in a forward
pass trial points z¥ for nodes n € {n1,n%,...,nk} with n¥ a child node of node n¥_;. Foreach t = 1,...,T,
and j = 1,...,M,;, ¢ = 1,...,p, a linearization is also computed in the forward pass for fi(-,-,&;) and
gi (-, -, &5) at these trial points. However, cuts for Q; are computed in a backward pass and in this backward
pass an additional linearization is also built for f;(-,-,&;) and g4 (-, -, &;) using points computed in both the
backward and forward pass. For the cut computed at iteration k for Q;, we will still use the notation:

Cl(me—1) = 0F + (BF,we-1)

with the convention that C%_, is the null function (see below for the computation of ), 5f). We end up
iteration k with approximation QF(x;_1) = maxo<;<y Cg (x¢—1) of Q4.

Therefore, at iteration k, two approximations of functions f;(-,-,&:;) and g4 (-,-,&;) are computed which
will be denoted by ffjk_l and gfi’}_l, respectively, in the end of the forward pass, and by fZ* and g7F,
respectively, in the end of the backward pass.

The detailed steps of forward-backward StoDCuP are described below.

Forward-Backward StoDCuP (Stochastic Dynamic Cutting Plane) with linearizations com-
puted in forward and backward passes.

Step 1) Initialization. For ¢ = 1,...,T, take f;, g5; : XixX;_1 — R affine functions satisfying f;; <
fe(s -, &), g?ij < gii(vy+&;), and for ¢t = 2,...,T, QY : X;_1 — R is an affine function satisfying
QY < Q,. Set the iteration count k to 1 and QOT-H =0.

Step 2) Forward pass.

Generate a sample (éf,ég, . ,é;) of (&1,&2,...,¢r).
Fort=1,...,T,
For j=1,..., M,
If &; = ¢F then compute an optimal solution x¥ of
i}cltf FEF 2 @) + OF ] ()
Tt € X%E_Q(xf—ﬁ,

(4.98) Q5 (xh) = {

where xlg = xo and where for all k£ > 1,

(499) Xtij_Z(xf—l) = {xt € Xt : 9316_2(17t,$f_1) S 07Z = 17 R 2 Atjl't + Btj'rf—l - btj}
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Compute fy(xy, 2} 1,&;), gu(ay, #f_1, &), and subgradients of fi (-, -, &;),
gui(-, -, &) at (zf, xf_|) with corresponding linearizations €y, (.. ¢, (-, -5 (zf, zf_,))

and ggti('y',&j)(‘v g (If’ zf—l))' Compute

FETN ) e max (2720 s (o (o 7)),

k— k—
g?z] 1( ’ ) < max (gtzz] 2( ) )’Egti(',"gtj)(.’ g (x?7x1]5€71)>)

Else
f2k 1_ 2k 2’ thZl; 1 thil;_Q
End If
End For
End For

Step 3) Backward pass.
Set 6%,, =0 and gf, |, =0.
Fort=1T,...,2,
For j=1,..., M,

Compute an optimal solution a:BJk of

i;ltf f%‘k_l(l"tvxf—ﬂ + QF 1 ()

2%—1(, k
xe € Xpy H (ap_y).

(4.100) Q7N (af ) = {

Compute ft(mt] 7x§—17 gtj)v gti(ItB}kv x?—la gt]) and Subgradients of ft('a ) gt]) and
gri(-, -, &) at (I’gk ,zF ) with corresponding linearizations
gft('m&j)(" K (mg‘kvxf—l)) and £g“ : ,ftj)('v E (xgkvxf—l))'

Compute
ft2]k( ;+) ¢ max ka 1( ) ')7£ft('7‘7§tj)(" g (xgkvx?—l)))7
k— X
gtzzﬁ( ) ) < max g?zg 1( ) )7€gti(‘y',§t]‘)<.7 ) (‘rtBjk’x?fl)))'

Compute (for instance using Lemma 2.1 in [3]) a subgradient 87 of fo_l at ¥ | and
the cut coefficients:

o = Z] 1pt3(532k 1(7315 1) — <ﬁfja$f—1>) and szzy:t1ptjﬂfj~

End For
End For
Compute an optimal solution zP* of

(4.101) { inf f{ (1, 20) + Q3 (w1)

z1 € X1 (xo).

Compute f1(zP* 20,&1), g1:(zP*, 29, £1), and subgradients of f1(-,-,&1), g1:(+, - &1) at (zP*, 2¢) with
corresponding linearizations (y, (.. ¢y (-, s (%, 20)) and £y, (... e, (5 5 (@FF, 20)).
Compute

lgf(a ) < max (ff{cil(" ')7€f1('v',§1)('7 E (x{gk’xo)))v
g%fl(% ) < max (g%zkl 1('7 ')7€91i('a'751)(" K (x{;k’ 330)))

Step 4) Do k < k + 1 and go to Step 2).
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4.2. Inexact cuts in StoDCuP. In this section, we present an extension of StoDCuP to solve problem
(3.49). Since all subproblems of forward StoDCuP presented in Section 3 are linear programs, it is easy
to derive an inexact variant of StoDCuP that computes ¥-optimal solutions (instead of optimal solutions
in StoDCuP) of the subproblems solved for iteration k and stage t. We show in Lemma 4.1 below that
the cuts computed by this variant are still valid and that the distance between the cuts and fol() =
Z] lpt]Qk (-) at the trial point z¥ for stage ¢ and iteration k is at most ef. This variant of StoDCuP,
called inexact StoDCuP, is given below and the convergence of the method is proved in Theorem 4.3:

Inexact StoDCuP.

Step 1) Initialization. For ¢ = 1,...,T, take f;,g5; : XixX;_1 — R affine functions satisfying f;; <
fe(s o 65), g?ij < gii(vy+,&;), and for t = 2,...,T, QY : X;_1 — R is an affine function satisfying
QY < Q,. Set z,, = g, set the iteration count k to 1, and Q(%_H =0.

Step 2) Generate a sample (ﬂ“7 557 e ,@2) of (&1,&a,...,&7) corresponding to a set of nodes (nf,nk, ..., nk)

where n¥ = n;, and for t > 2, n¥ is a node of stage ¢, child of node n¥ ;. Set nk = ny.

Do 6%, =0and 8, =0.
Fort=1,...,T,
Let n=nk .
For every m € C(n),
compute an ef-optimal feasible solution z¥, of

. k-1
mi t»(m)(l‘m, )+Qt+1( m)
(1102) i, (ﬁ>:{ OSSN

tje(m)\Tm

Compute an arbltrary subgradient [s1; so] of convex function fi(-,-,&y) at (zF,, 2%) where

s1,82 € R™ and do atj (m) = sy, bfjt(m) = sy. For i = 1,...,p, compute an arbitrary
subgradient [s1;; $2;] of conveX function g4;(-, -, &m) at (zF,, 2%) where s14, s9; € R™ and do
k T k
dtijt(m) 516> €45j,(m) = 5;- Compute
k k
t]gt ft( m’ ”’gm) _atth( m) ¥ btJt m)¥n>
htzgt(m) g“( T Tﬂfm) dtljt(m)x etmt(m)xn'

Compute an e¥-optimal feasible solution (af,, uk 6% vF AE) of the dual problem

amax ol (B @+ Ol ) + 4 (B, oy i () 8702+ A (bejomy = Bego(mywn) + v 2
(Afjt lm))T (ijt(lm ) /"’+ (5?+k1 I)T(s XT (Atjt(m)) A= 07
ela=1,e'6=1,a,u,dv>0.
End For
If t > 2 compute:
c — k—
B = D | (Bl T (2 ) T = By )
meC(n)
(4.103) < - )
0F = D pw[{ak CEL )y (b HE L) (08 605 (N b))+ ().
meC(n)
End If
End For

Step 4) Do k <= k + 1 and go to Step 2).

Clearly Lemma 3.6 still holds for Inexact StoDCuP. The quality of the cuts computed for Q; by Inexact
StoDCuP is given in Lemma 4.1:

23



Lemma 4.1 (Validity and quality of cuts computed by Inexact StoDCuP). Let Assumptions (HO) and
(H1)-Sto hold. For everyt=2,...,T+1, for every k > 1, we have

(4.104) Qu(wi—1) > Cf (x4-1) and Qy(we—1) > QF (w4—1), Vai—1 € Xi1.
Foralt=1,...,T,j=1,..., My, for every k > 1, we have
(4.105) ij(xt—l) < Qt(xt_l,ftj) fO’I“ all xi_1 € Xp_q.

For allt = 2,...,T, for every k > 1, defining Qf_l(xfl) = Zj\/[:tl ptjgfjfl(wﬁ), we have for every n €
Nodes(t — 1) and for all k € S,,:

(1.106) 0. Q(ak) - Ch(al) < <

Proof: The proofs of (3.68) and (3.69) in Lemma 3.7 can be used to prove (4.104) and (4.105) for Inexact
StoDCuP, observing that only feasibility and not optimality of the primal and dual solutions computed as
well as Lemma 3.6 (which, as we have already observed, holds) are needed in these proofs.

Now take n € Nodes(t — 1) and k € S,. Then recalling that
ijfl(a, Wy O, U, N xp1) = a’ (ij*lmt 1+ Ctkj*l) + ,LLT(Efflxt,1 + Htkfl) + 5T9?f1 Ly )\T(btj — Bijzi—1) + l/Tizt,
ko sk kK

by definition of (ak,, uk 6k vk AE ) and of CF, we get

(4.107) QL @) —eb < DI (ah i s v M) < Q1L (k)
and
(4.108) Z pmD t]t(m) m’IU/m’6’r]?n,7 m’)"rkrv n)
mec(n)
Since fol(xﬁ) = Zmec(n?ﬂ)pmﬂfﬁ 1m (z%), pm > 0, and 2 mec(n) Pm = 1, relations (4.107) and (4.108)
imply (4.106). .

Lemma 4.2 below is the analogue of Lemma 3.3:

Lemma 4.2. Let Assumptions (H0) and (H1)-Sto hold and assume that sequences e are bounded: |eF| <
for all t, k, for some 0 < & < 400. Then, the following statements hold for Inexact StoDCuP:

(a) Fort=2,...,T, the sequences {0F}2, and {BF}3°., are almost surely bounded.

(b) There exists L > 0 such that for each t =2,...,T, QF is L-Lipschitz continuous on X;_1 for every
k>1.

(¢) There exists L > 0 such that for each t = 1,...,T, j = 1,..., My, functions ftlz and gfij are L-
Lipschitz continuous on Xy X Xy_q for every k> 1 andi=1,...,p.

Proof: (a) Using (H1)-Sto, there is € > 0 such that for every t € {2,...,T}, every zy_1 € X;_1 + B(0;¢),
and every j = 1,..., My, the set X;(2;_1) is nonempty and f9s(-, ;1) + Qf, () is continuous on this set.
Therefore Q?j is convex and finite on X;_; + B(0;¢), implying that ng is Lipschitz continuous on &;_;. It

follows that Q? is also Lipschitz continuous on X;_1 and we can define mi/% Q?(xt_l) € R. Similarly
7 Te—1€X—1

to DCuP, due to (H1)-Sto, we can also choose ¢ > 0 in such a way that Q; is Lipschitz continuous on
Xi—1+ B(0;¢), implying that we can define max,, |cx, ,45(0;) Qi(Ti—1) < +00. We can now easily extend

the proof of Lemma 3.3: for every z; 1 € X;_1 + B(0;¢), denoting n = n¥_,, we have for k > 2:

(@19
max _ Qu(xp—1) > Qi(xe—1) > Ci(xi—1)
i 1€EX;_1+B(05¢)
= CF(zk)+(BF,x1—1 — k) [CF is affine],
(4.106) o1 .
> Q7N (an) —ef + (B @i 1—9€>
> min Q?(xt_l) — &4 <ﬂt i — ).
Ty 1€EX: 1
For B # 0, take x;_1 = ak + £ Hﬁ%\l to obtain
2
ki<p.=2(é+ max Ty 1)— min Oz .
”ﬁt ” o € T_1E€EX—1+B(0s¢) Qt( ¢ 1) 961,716/‘-”:71225( ¢ 1)
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Using (4.106), we also have for n = nf_;:

—£€+ min Q?(xt_l)SHf:Cf( o)< max Qi(xi—1).

T 1€X—1 Tt 1€X_1
(b) immediately follows from (a) and (c) from (H1)-Sto. m
Theorem 4.3 (Convergence of Inexact StoDCuP). Let Assumptions (HO), (H1)-Sto, and (H2) hold and
assume that limy,_,  ooef = 0 for t = 1,...,T. Then the conclusions of Theorem 3.8 hold: for every

t=1,...,T,i=1,...,p, almost surely (3. 76) and (3.77) hold and the limit of the sequence of first stage
problems optimal values (fiy ' (xF ,20) + Q5 (2% ))i>1 is the optimal value Q1(xo) of (3.50) and any
accumulation point of the sequence (fol) is an optzmal solution to the first stage problem (3.50).

Proof: The proof is an adaptation of the proof of Theorem 3.8 and uses Lemmas 3.6, 4.1, and 4.2. We
highlight these adaptations below.
Using Lemma 4.1, for Inexact StoDCuP relation (3.86) becomes

0< Qt(l‘ﬁ(@) o Qf(f) (JUZ(Z)) < O, (ak k(£) ) Ctk(@)(xfb(f))

(3.70)
(4.100) < Ef( + Qt(x’;(f)) _Qk(é)—l( k(e))’
k(e QO-1
= 9% Y pa|QuEh®,6,) - 21 kO]
mEC(nk(“)
Also, by definiton of %, we now have
k(£)—1 (-1 -1 k(£)—1 k(e
(4.110) QEO @k ) < fEOH RO 2k + QF )T @k ) < @i ) (@b O) + e,
which, plugged into (4.109) gives

(4.111)
0= Q™) = @) < 25+ 3T pn [l &) — S50 @O, 2hO) — QRO

tj:(m
mEC(nk(Z>)

The remaining relations and arguments used in the convergence proof of StoDCuP apply to prove the
theorem. ]

4.3. Other variants. It is also easy to incorporate in StoDCuP regularization as in [10], to apply multicut
variants as in [7], [1], and cut selection strategies for the bundles of cuts of Q;, for instance along the lines
of [14], [4], [7]. Observe, however, that all linearizations for f;(-,-,&:;) and g« (-, -, &) are tight and therefore
no cut selection is needed for these linearizations.

5. CONCLUSION

We introduced the exact and inexact StoDCuP (Stochastic Dynamic Cutting Plane) methods which are
extensions of the SDDP method to solve MSPs. As a future work, it would be interesting to compare for
several MSPs, for instance on real-life applications modelled by MSPs, the performances of SDDP, Inexact
SDDP from [5], and StoDCuP and its variants presented in this paper.
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APPENDIX

Proof of formula (2.48). We prove (2.48) adapting the proof of Lemma 2.1 in [6] to the special case of
value function Qf_l. Defining
S = L xRxRxR*"NCy N D,

where
Af_lfrt + Bf_lxt,l + Cf_l < fe,
Cr = (2, f,0,00-1): S 0%+ BYFE 2, < Oe,
DF oy + Ef ey + HTL <0
D = {(x¢, f.0,2-1) : Aywy + By = by},
we have

ke k| inf f+0+Ts, (v, f,0,2F )
(5.112) (1) = { z: €R™, f,0 € R.

Using Theorem 24(a) in Rockafellar [18], we have

Bf € 62?(37?—1) A (0’0’0765) € 8(f+0+H8k)(xf7ftk?9tk?‘rf—1)

5.113 )
(5.113) S (0.0.0.85) € [0:1; 1:0] + Nig, (25, fup O 251), ()

where fy, and 6y are the optimal values of respectively f and € in (2.45). For equivalence (5.113)-(a), we
have used the fact that (x4, f,0,24-1) — f + 6 and Is, are proper, finite at (zF¥, fix, O, 2F 1), and the
intersection of the relative interior of the domain of these functions, i.e., set ri(Sk), is nonempty. Next,
(5.114)

Nsk(vaftkaatkﬂxffl) :NCk (l'ic’ ftkvetkvxi{tl) +ND(xfaftk,0tk;$§71) +NXt><R><R><]R"(vaftkaatkaxitl%

26



and standard calculus on normal cones gives
NXt XRXRXR™ (va ftk7 etkv lefc—l) = NXt (xt ) {0} X{O}X {0}

(5.115) N (F, fik, 0ok, T4_1) - {[A:’O’O’Bm)\ ' )\GRq}’

and Ng, (z¥, fix, 0w, F_1) is the set of points of form
(A7) T+ (BET DT+ (D) T
—e'a
—e'§
B HTa+ (B

(5.116)

where a, §, u satisfy

Q, 6) 2 Z 07
5 9?{1 v + Bk lxt Htke =0.
" vf+ B e+

Combining (5.113), (5.114), (5.115), (5.116), we see that 8F € 8Qk(xt 1) if and only if BF is of form
(5.118) BIA+BFYTa+ (EF YT
where «, A, p satisfies (5.117) and

0 € Na(af)+A A+ A7 HTa+ (B Y6+ (DF ) T,
(5.119) 0 = 1-e'a,
0 = 1—e'é.
Finally, it suffices to observe that a, A, u satisfies (5.117) and (5.119) if and only if a, A, i, ¢ is an optimal

solution of dual problem (2.46). Therefore 8Qf(xf_1) is the set of points of form (5.118) where a, A, i, 0 is
an optimal solution of dual problem (2.46). O

ot

To prove (3.84) and (3.97), we will need the following lemma (the proof of (ii) of this lemma was given in
[2] for a more general sampling scheme and the proof of (i), that we detail, is similar to the proof of (ii)):

Lemma 5.1. Assume that Assumptions (H0), (H1)-Sto, and (H2) hold for StoDCuP. Define random vari-
ables yk = 1(k € S,,).
(i) Let e >0, t € {1,...,T}, n € Nodes(t — 1), m € C(n), i € {1,...,p} and set
Ko = {k = 12 gui(ahy, o, €)= g5 o (b 2) 2 e}
Let
Qo(e) ={w € Q1 |K, i i(w)] is infinite}
and assume that Qo(g) # 0. Define on the sample space Qy(g) the random variables L. 1, ;(j),j > 1, where
Zem,i(l) =min{k > 1:k € K, p, ;(w)} and for j > 2
Temi(j) =min{k >Z, p,;(j — 1) 1 k € K¢ i(w)},
i.e., Tem,i(j)(w) is the index of jth iteration k such that gy(xk,, ak &) — gfi;l(m) (xk  2k) > . Then

m? n

random variables (yn Lem, L(j)) i>1 defined on sample space Qo(e) are independent, have the distribution of y)

and therefore by the Strong Law of Large numbers we have

Ia m, 1( 1 I
(5.120) lim = Zy N=Ey'| =1

(i1) Lete >0, t € {1,...,T}, n € Nodes(t — 1), and set

Kgn:{k;21:Qt(x) Qt( >€}
Let
() = {w € Q: |K n(w)| is infinite}
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and assume that Q(e) # 0. Define on the sample space Q4 () the random variables I, n(j),7 > 1, where
Z.n(l) =min{k > 1:k € K. ,(w)} and for j > 2

s

Zen(j) =min{k >Z. ,(j — 1) : k € K. »,(w)},

i.e., Zo.n(§)(w) is the index of jth iteration k such that Qu(z%) — QF(zF) > . Then random variables

(y,If’"(j))jZl defined on sample space Q1 (g) are independent, have the distribution of y. and therefore by the

Strong Law of Large numbers we have

N
Ze n(J 1 —
(5.121) Pl lim Z Elyl] | =1.
Proof: (i) Define on the sample space €(¢) the random variables (w?,, ;)i by
1 ifke K. pi(w
ki) = { o)

0 otherwise.

To alleviate notation (g,m,n,i being fixed), let us put w* := wk ..
have

(5.122) P(yi =7,) = i Pyl =7, 70) =

I(]) = IE,m,i(j)a For ?_] € {07 1}7 we

).

Observe that the event Z(j) = Z; can be written as the union U, 7, .7, .z, E(ZT1,...,Z;) of events

— — T =wli=1
E(T.,....I;)={ " S WE =4 _ ,
@1, L3) {wf0,1g£<zj,e¢{11,...,zj} }

Due to Assumption (H2) observe that random variable yfj is independent of random variables w?,i =

1,...,Z;, and therefore events {yfj =7;} and {Z(j) = Z,} are independent which gives
(5.123)

P(yg(j)=@j> = i]}»(szj:@j;I(j):Tj)
;=1
= 2Rl =m)r(I) =T) =P =3,) 3 2(70) =) =F(1.=7))
szl I;=

where we have used the fact that y! and 47 have the same distribution (from (H2)).
Next for 7y,...,7, € {0,1}, we have

T T —_ T — T — - T
PynV =70, in” =7,) = > Pyl =T vk =5 T0) =T Z0) = T,).
1<T1<T2<...<T)

By the same reasoning as above, the event
{yfl =Tyt =T, 1 Z(1) =T1;.. s Z(p) = 7p}
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can be e§pressed in terms of random variables yzl e ,yZ”_l , wgl e ,wZ”, and is therefore independent of
event {yfp =7,}- It follows that
(5.124)

P<yf(j)=§j,1§j§p)= > P(yzp=?p)19’(y§f=§j,1Sjﬁp—l;f(j)prléjSp)

1<T1<Z2<...<T)
0 - —
=P(yi=7) > Py =71<i<p-LIG)=T;1<)<p)
1<Z1<Z2<...<Z)p
=P(uh=7,) > P =ul<i<p-LIG)=Tu1<j<p-1)

1<T1<T2<...<Tp_1
_ (5 _ .
= P(y}L = yp)P(yn(” =ypl=i=p- 1)~

By induction this implies

P p
; _ . _ (5.123) . _
(5.125) Plyn” =71<i<p) = [[P(vi=7) =" [IP(siY =75))
i=1

j=1

which shows that random variables (yg(j ))jzl are independent.
The proof of (ii) is similar to the proof of (i). L]
Proof of (3.84) and (3.97). As in [2], we can now use the previous lemma to prove (3.84) and (3.97).
Let us prove (3.84). By contradiction, assume that (3.84) does not hold. Then there is € > 0 such that the
set Qo(e) defined in Lemma 5.1 is nonempty. By Lemma 5.1, this implies that (5.120) holds. But due to

(3.83), only a finite number of indices Z. ,,, ;(j) can be in S, (with corresponding variable yfg’m”"(j) being

one) and therefore P <limNa+oo ~ Zjvzl ygs’m’i(j) = O) =1, which is a contradiction with (5.120).
The proof of (3.97) is similar to the proof of (3.84), by contradiction and using (3.96) and Lemma 5.1-(ii)
(see also [2], [3]). O
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