INEXACT CUTS IN SDDP APPLIED TO MULTISTAGE
STOCHASTIC NONDIFFERENTIABLE PROBLEMS
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Abstract. In [15], an Inexact variant of Stochastic Dual Dynamic Programming (SDDP) called
ISDDP was introduced which uses approximate (instead of exact with SDDP) primal dual solutions
of the problems solved in the forward and backward passes of the method. That variant of SDDP
was studied in [15] for linear and for differentiable nonlinear Multistage Stochastic Programs (MSPs).
In this paper, we extend ISDDP to nondifferentiable MSPs. We first provide formulas for inexact
cuts for value functions of convex nondifferentiable optimization problems. We then combine these
cuts with SDDP to describe ISDDP for nondifferentiable MSPs and analyze the convergence of the
method. More precisely, for a problem with 7" stages, we show that for errors bounded from above by
€, the limit superior and limit inferior of sequences of upper and lower bounds on the optimal value of
the problem are at most at distance 3T to the optimal value and that for asymptotically vanishing
errors ISDDP converges to an optimal policy. Finally, we present the results of encouraging numerical
experiments on a multistage nondifferentiable stochastic convex program solved using exact SDDP
and the proposed inexact variant of SDDP.
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1. Introduction. Multistage stochastic programs (MSPs) offer a framework to
model many real-life applications but are challenging to solve, see [30] for a thorough
review on MSPs.

A possible approach to approximately solve such problems is to restrict the poli-
cies to be decision rules belonging to specific classes of parametric functions, see for
instance [22] and references therein. In this situation, most studies have focused on
classes of problems and of decision rules allowing for a reformulation of the problem
(either tight or with controlled accuracy) as a tractable optimization problem, i.e., a
well structured convex optimization problem. This strategy has also been used in the
context of Robust Optimization where uncertain parameters are assumed to belong
to convex, nonempty, compact sets (see [3] for a thorough presentation of Robust
Optimization) for instance in [4].

Another approach to solve MSPs formulated using Dynamic Programming equa-
tions is to approximate the recourse functions. Two important classes of such methods
are Approximate Dynamic Programming [28] and Stochastic Dual Dynamic Program-
ming (SDDP) [25] which is a sampling-based extension of the Nested Decomposition
method [7], closely related to Stochastic Decomposition [18].

Several variants of SDDP have been proposed such as CUPPS [9], ReSa [19], the
Abridged Nested Decomposition [8], MIDAS [26] for monotonic Bellman functions,
or risk-averse variants [17], [29], [13], [21]. For convergence analysis of the method
and variants see [27],[11],[14], [2]. We also refer to [10] which explains how to take
advantage of the stationarity of the underlying stochastic processes to solve MSPs
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with SDDP and to [15], [23] for variants which can accelerate the convergence of
SDDP. In particular, in [15], an Inexact variant of SDDP called ISDDP was intro-
duced which allows us to solve approximately the optimization subproblems of the
forward and backward passes of SDDP and to increase the accuracy of the solutions
of these subproblems along the iterations of the method. ISDDP can be seen as an
extension to multistage and both linear and nonlinear problems of [33] where inex-
act cuts were combined with Benders Decomposition [6] to solve two-stage stochastic
linear programs. An inexact Stochastic Dynamic Cutting Plane (another variant of
SDDP solving approximately the subproblems along the iterations of the method)
was also introduced in [16] to solve MSPs. For all these inexact variants, convergence
can be shown for vanishing noises and numerical experiments in [33], [15] have shown
that convergence can be achieved quicker with these inexact variants.

The motivation for introducing inexact cuts obtained from the approximate primal-
dual solutions of the convex nonlinear subproblems generated during the course of
SDDP is due to the following reasons:

(i) a convex nonlinear subproblem can take a significant amount of time or may

even be impossible to be solved to high accuracy;

(ii) it is advantageous from a practical point of view to solve the initial subprob-
lems generated by SDDP with much less accuracy than the ones generated
during its late stages; in fact, the implementation presented in [15] shows that
an inexact SDDP variant based on this idea outperforms exact SDDP on sev-
eral instances of a portfolio problem (see also the numerical experiments in
Section 6 below).

In this paper, we extend the results of [15] to the nondifferentiable case, propos-

ing and studying Inexact SDDP for possibly nondifferentiable multistage stochastic
convex programs. More precisely, the contributions of this paper are given below.

Contributions.

A. Deriving formulas for inexact cuts for value functions of possibly
nondifferentiable optimization problems. An important tool in the development
of inexact variants of SDDP is the computation of inexact cuts for value functions of
optimization problems, i.e., affine lower bounding functions for the value function on
the basis of approximate primal-dual solutions. This task can be easily achieved for
value functions of linear programs, see for instance Proposition 2.1 in [15]. For non-
linear differentiable problems, the derivation of inexact cuts is given in Propositions
2.2 and 2.3 in [15] and Proposition 3.8 in [12]. However, this task is more complicated
for nondifferentiable optimization problems.

We extend these results developping tools to compute inexact cuts for value func-
tions of nondifferentiable optimization problems. Mathematically, the problem can
be stated as follows. Let @ : X — R be the value function given by

- minngm f(yax)

where X CR™ Y C R™ and where

(HO) X and Y are convex, closed, and nonempty sets and f,g; : YxX —
] — 00, +0] are proper, lower semicontinuous, convex, and possibly nondifferentiable.



Due to (HO) value function Q is convex and if Z € ri(dom(Q)) then Q is subdiffer-
entiable at Z and there exists a cut (a lower bounding affine function) for Q at Z which
coincides with Q@ at Z. More generally, under some assumptions, the characterization
of the subdifferential of Q at Z € X was given in [14, Lemma 2.1] and formulas for
affine lower bounding functions for Q were derived in [12, Proposition 3.2] on the
basis of optimal primal-dual solutions to (1.1). When only approximate primal-dual
solutions are available, we can only compute inexact cuts which are still lower bound-
ing functions for the value function but which do not coincide with this function at
the point T used to compute the cut. Formulas for computing inexact cuts on the
basis of approximate primal-dual solutions to (1.1) were derived in [15, 12] when func-
tions f, g; are differentiable. In this paper, we extend in Sections 2, 3 this analysis
considering possibly nondifferentiable functions f, g;.

A.1). More precisely, in Section 2 we derive inexact cuts using a reformulation
of the problem that adds some variables and constraints. Such copies of (state)
variables have been used to derive cuts in several publications, for instance [20]. The
novelty of the cuts we derive comes from the fact that they are built on the basis
of approximate primal-dual solutions and we provide the level of inexactness of the
cuts, see Proposition 2.3 and Corollary 2.4. In particular, Corollary 2.4 provides cuts
easier to compute than the inexact cuts from [15] and easy to interpret. Indeed, while
the computation of the cuts from [15] requires solving an additional optimization
problem, Corollary 2.4 provides an analytic formula for the inexact cuts with the
slope being simply an approximate dual solution, the intercept being the dual problem
approximate optimal value, and the level of inexactness being the difference between
the approximate primal and dual optimal values. For convex problems, such copy of
state variables is not needed to compute exact cuts (on the basis of exact primal-dual
solutions), see [14, Lemma 2.1], but it offers a simple way to derive cuts in the inexact
case.

A.2). Section 3 provides formulas for inexact cuts when the objective f has
a saddle point representation. The advantage of these cuts, compared to the cuts
derived in Section 2, is that they are computed without adding additional variables
and constraints.

B. Comparison with the cuts from [15] in the differentiable case. In
the case when f and g; are differentiable, we compare in Section 4 the formulas for
inexact cuts from [15] and the formulas from Section 2. In particular, on the basis of
characterizations of approximate e-optimal primal-dual solutions, we provide upper
bounds on the level of inexactness of the cuts.

C. Inexact cuts in SDDP for nondifferentiable problems. In Section 5,
we describe ISDDP for possibly nondifferentiable MSPs combining the framework of
SDDP with the inexact cuts derived in Sections 2 and 3.

D. Convergence of Inexact SDDP for nondifferentiable problems. In
Section 5, we also study the convergence of ISDDP. A useful tool for the convergence
analysis of SDDP and ISDDP is Lemma 5.2 in [11] for vanishing errors and Lemma
4.1 in [15] for bounded errors. We provide different proofs of these lemmas with
slightly different assumptions (see the corresponding Lemmas 5.1 and 5.2) and derive a
stronger conclusion. More precisely, one of our assumptions is stronger (the continuity
of f [which is satisfied when the lemmas are applied to study the convergence of
ISDDP]) and two are weaker. We show the almost sure uniform convergence of the
approximate Bellman functions generated by ISDDP to a continuous function which
coincides with the true Bellman functions at all accumulation points of the sequences
of trial points. Interestingly, as for ISDDP applied to linear programs studied in

3



[15], we show that for a problem with T stages and errors bounded from above by
€, the limit superior and limit inferior of sequences of upper and lower bounds on
the optimal value of the problem are at most at distance 3¢T to the optimal value.
Finally, similarly to ISDDP for nonlinear differentiable programs developped in [15],
we show the convergence of ISDDP to an optimal policy for vanishing noises.

E. Numerical experiments. We consider 2 instances of a nondifferentiable
multistage stochastic program and solve them using both exact and inexact variants
of SDDP (the one proposed in [15] and Inexact SDDP given in this paper). We
also consider a solution method called MSDDP mixing StoDCuP from [16] and Inexact
SDDP. On these experiments, the inexact variants of MSDDP and of SDDP developped
in this paper converge quicker than (exact) SDDP.

2. Inexact cuts for value functions of convex optimization problems.
In the sequel, the usual scalar product in R™ is denoted by (z,y) = 2"y for z,y € R™.
The corresponding norm is ||z|| = ||z]l2 = +/(z, x).

The objective of this section is to compute inexact cuts with controlled accuracy
e for value functions Q of form (1.1) on the basis of approximate primal-dual solutions
to (1.1) solved for a given x = Z. We will call these cuts e-inexact cuts at Z:

DEFINITION 2.1 (e-inexact cut.). Let @ : X — R be a convex function with X
convex, X C ri(dom(Q)), and let € > 0. We say that C : X — R is an e-inezact cut
for Q@ at z € X if C is an affine function satisfying Q(x) > C(x) for all x € X and
Q(z) —C(z) <e.

REMARK 2.1. A 0O-inexact cut for Q at T, i.e., an e-inexact cut at T with ¢ = 0
will be called an exact cut for Q at T.

2.1. Affine functions of the argument in the constraints. We start com-
puting inexact cuts for particular value functions Q where the argument of this func-
tion only appears in the constraints through affine functions of this argument. The
study of this case will help us discuss the general case of a value function of form (1.1)
considered in the next Section 2.2.

More precisely, we consider value functions Q of form:

Join f(y)

) — (y) < Cu,
22) =N Ay B,

yey,
along with the corresponding dual problem given by

{ max 0. (A, 1)

e
p=>0,A,

(2.3)
where dual function 6,,(A, u) is given by

(2.4) 0z (A, p) = min{L,(y, A\, p) 1y € Y}
for the Lagrangian

Lo(y, A\, i) = f(y) + (N, Ay + Bx — b) + (11, g(y) — Cx).

Proposition 2.2 provides a formula for computing inexact cuts for value function Q
given by (2.2):



PROPOSITION 2.2. Assume that f : R™ —] — 00, 400] and component functions
gi : R™ =] —00,400],i =1,...,p, of g are proper, convex, and lower semicontinuous.
Assume that § is an e p-optimal feasible solution of problem (2.2) for x = & and that
(5\,;1) is an ep-optimal feasible solution of the corresponding dual problem (2.3) for
x =1x. Assume that f is finite on {y € Y : Ay + Bz = b,g(y) < Cz} and that Slater
constraint qualification holds for (2.2) written for x = Z, i.e., there is yz € ri(Y),
such that Ayz + Bz =b, g(yz) < CZ. Then

C(x) = f() — (ep +ep) + (BTA = CT i,z — 7)

is an (ep + ep)-inezact cut for Q at T.

Proof. By definition of 7, we get
(2.5) f(@) < Q@) +ep.

The assumptions of the Convex Duality theorem are satisfied for problem (2.2) and
its dual (2.3), both written for z = Z. Therefore the optimal value of dual problem
(2.3) written for = Z is the optimal value Q(Z) of the corresponding primal problem.
Using the definition of 5\, i1, it follows that

(2.6) 0z(\, 1) = Q(T) —ep.
Next,

Q(x) 0,(\, /i) by weak duality and feasibility of i, A,

H}ln{LI(yv 5‘7ﬂ) ‘Y € Y}a R

<>\, BA(x - j)> + <1&v —C(CE _A"E» + min{Li(yv A, IEL) VRS Y}v
(BTA—=CT i,z — ) + 0z (\, ),

(BTA—=CTji,z — %) + Q(7) — ep,

C(z) :=(BTA=C i,z —)+ f(§) —ep —ep.

v

S
Vo IvVa Il
o 'e

Moreover, since f(§) > Q(Z), we get
Q(z) —C(z) =ep+ep+Q(Z) — f(§) <ep +ep,
and we have shown that C is an (ep + £p)-inexact cut for Q at z. d

REMARK 2.2. The proof of Proposition 2.2 also shows that if 0z (5\, 1) can be com-
puted exactly (i.e., if optimization problem (2.4) written for x = T, \ = 5\,# = [ is
solved to optimality) then C(x) = 0z(\, i) + (BTA—CT ji,x — &) is an ep-inexact cut
for Q at .

2.2. General value functions. We now consider general value functions of
form
min T
Join f(y,z)

(2.7) Qz) ={ 9(y,2) <0,
Ay+ Bx =b,

yev.

Analyzing the proof of Proposition 2.2 dedicated to the special case of value func-
tions of form (2.2), we observe that the linearity in = of Lagrangian function L was
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crucial to derive our formula for inexact cuts. The Lagrangian obtained dualizing
coupling constraints in problem (2.7) does not satisfy this property anymore. How-
ever, we can reformulate equivalently the problem in such a way that the Lagrangian
of the reformulated problem satisfies this property. This reformulation is obtained
adding variable z € R" together with the constraint z = z. We obtain the equivalent
representation of problem (2.7) under the form

.2 [y, 2)

9(y,2) <0,
(2.8) Qz) = Ay + Bz =,

y ey,

zZ=2X.

The use of the copy z = x of state variables to derive cuts in the context of SDDP has
been used in several publications, for instance [20, 31]. This copy of state variables
adds variables and constraints and is not necessary for convex problems, even for
general value functions (1.1) having nonlinear coupling constraints, see Lemma 2.1 in
[14] for an analytic formula for the corresponding exact cuts. However, the use of copy
of state variables offers a simple way to derive inexact cuts in the convex case, see
the corresponding Proposition 2.3 and Corollary 2.4 as well as the more complicated
computations of Section 3 that do not use these copies of variables but use a saddle
point representation of the objective. Denoting by S the set

(2.9) §={(y2) ER™XR" : g(y,2) < 0, Ay + Bz = by € Y},

and dualizing the coupling constraint z = z in problem (2.8), we obtain the dual
problem given by

(2.10) { max Oa()

A eR?,
where dual function 6, () is given by
(2.11) 0:(N) = min{L.(y,2, ) : (y,2) € S}
now for the Lagrangian

L.(y,z,\) = f(y,2) + (A, & — 2),

which, as in the special case considered in the previous section, is a linear function of
x. Therefore, for every z, T € X, for every (y,z) € S, and \, we have

Lw(yaz7)\) = <A,J} - i‘> + Li(y7z7/\)

and the optimal value 6, () of problem (2.11) is the sum of (A, — Z) and of 6z(\).
Observing that from Weak Duality 6,()\) is a lower bound on Q(z), this sum is an
affine function of & which is a lower bounding function for Q. It can be bounded from
below in terms of a computable affine function (which therefore is an inexact cut for
Q at ) using an approximate primal-dual solution if problem (2.7) and its dual (2.10)
written for = T satisfy the Slater assumption.

The details of these computations are given in the proof of Proposition 2.3 below
which provides formulas for inexact cuts for value function (2.7). The proof of the
proposition is given for completeness but, due to our previous observations, it is similar
to the proof of Proposition 2.2.



PROPOSITION 2.3. Let Assumption (HO) hold. Assume that § is an ep-optimal
feasible solution of problem (2.7) for x = T and that \ is an £p-optimal feasible
solution of dual problem (2.10) written for x = Z. Assume that f(-,T) is finite on
{y €Y : Ay+bz =b,g(y,z) < 0} and that the following Slater constraint qualification
holds for (2.7) written for x = Z:

(2.12) Jyz such that (yz,Z) € ri(S)
where S is given by (2.9). Then
C(z) = f(9,%) — (ep +ep) + (N2 —7)

is an (ep + ep)-inezact cut for Q at T.

Proof. By definition of g, we get
f(gaf) < Q(‘f) +ep.

The assumptions of the Convex Duality theorem for dual problem (2.10) and primal
problem (2.7) written for © = & are satisfied and therefore the optimal value of dual
problem (2.10) written for = Z is the optimal value Q(Z) of the corresponding
primal problem. Therefore, using the definition of A, we get

0:(\) > Q(z) —ep.

Next,
Q(z) > 06,()) by weak duality and feasibility of A,
= min{L,(y,2 ) : (y,2) € S},
= (\az—2z)+min{Lz(y, 2\ : (y,2) € S},
= (Ao —2)+6:(N),
> (N —Z)+ Q(T) —ep,
> C(x):=(\z—)+ f(§,Z) —ep — ep.

Moreover, since f(¢,Z) > Q(Z), we get
Q) —=C(x) =ep+ep+ QT) — f(§,T) <ep +ep,

which achieves the proof. ]

As before, observe that if 6;z()) is available, i.e., if optimization problem (2.11)
written for = Z and A = X is solved to optimality then (A, 2 — Z) + 6;()\) is an
ep-inexact cut for Q at .

We also have the following corollary of Proposition 2.3 that will be used in the
numerical simulations of Section 6, offering an inexact cut easy to implement as long
as we have access to approximate primal-dual solutions:

COROLLARY 2.4. Under the assumptions of Proposition 2.5, let § be any approz-
imate optimal and feasible solution of primal problem (2.7) for x = & and let A be any
approximate optimal feasible solution of dual problem (2.10) written for x = . Then

C(x)=0:(\) + (\,z — &)

is an (f(4,%) — 0z(N))-inezact cut for Q at z. When § and \ are optimal solutions

then we get, as expected, an exact cut since f(y,Z) = 0z(\) = Q(T).
7



Proof. 1t suffices to observe that § is an ep optimal primal solution with ep =
f(9,z) — Q(Z), that A is an ep optimal dual solution with ep = Q(Z) — 0z(A) and to
apply Proposition 2.3. ]

It is also worth mentioning that if we have access to an optimal primal-dual
solution to (2.7) then we can obtain an exact cut for Q at Z directly solving (2.7) and
its dual, without adding constraint z = z. More precisely, a characterization of the
subdifferentiable of @ and formulas for exact cuts for Q given by (2.7) can be found
in Lemma 2.1 in [14] and Proposition 3.2 in [12].

3. Inexact cuts for value functions with saddle point representation of
the objective. The inexact cuts proposed in this section are based on the observation
that many convex functions have saddle point representations, see for instance [24]
and Section 5.6.1.1 in [5]. More precisely, we assume that the objective function f
has a saddle point representation: if p = (y, z), function f is given by

(3.13) fp)=p"a+ max [p" Cow — ¢o(w)]

for some known convex, proper, lower semicontinuous function ¢q, some known con-
vex, compact, nonempty set W, vector a, and matrix Cy. In this situation, we will
derive inexact cuts for Q without additional variables z € R™ and constraints z = x
introduced in the previous section.

”Well structured” convex functions have saddle point representations, see for
instance [24] and Section 5.6.1.1 in [5] for details.

EXAMPLE 3.1. Function f(p) = f(y,z) = ||y — x||1 has the saddle point represen-
tation f(p) = f(y,z) = |ly — z|1 = max . <1[w’y — wlx] which is of form (3.13)
with W = {w : ||w||e <1}, Co = [I; 1], and ¢o the null function.

We start considering value functions of form

min f(y, z)
(3.14) Q) =< yekm

yey
with Y compact, convex, and nonempty. Let a = [az;a;] and let us write matrix
Coy = [Ao; By] where Ag contains the first m rows and By the last n rows of C.

Representation (3.13) can then be written

(3.15) fyz)=a"ar +y"az + . y" Agw + " Bow — o (w)

and problem (3.14) becomes the saddle point problem

(316)  Q(x) = minmax «"ay +yas + " Agw + 7 Bow — do(w)
yeY wew

Since Y and W are convex, compact and nonempty, this saddle point problem can be
equivalently written as the convex problem

(3.17) Q) = 2Tar + { max 0 (w)
w e W

where concave function 6, is given by

(3.18) 6. () :{ min Lq (g, w)



where
(3.19) Ly (y,w) = y" (as + Aow) + 27 Bow — ¢ (w).

Once again, the linearity in = of this new Lagrangian function L, (y,w) will allow
us to derive inexact cuts. However, contrary to the previous section, this linearity was
achieved using a saddle point representation of f. The following proposition provides
inexact cuts for Q given by (3.14) with f of the form (3.15).

PROPOSITION 3.2. Consider problem (3.14) with f having a saddle point repre-
sentation of form (3.15). Assume thatY and W are compact, convez, and nonempty.
Let w € W be an e-optimal solution of problem (3.17) written with x = T and let
9§ €Y be a T-optimal solution of problem (3.18) written with x = T, w = w. Then the
affine function

(3.20) Clx):=x" (a1 + Bofui) +9" (a2 + Aow) —o(d) — 7

is a (¢ + 7T)-inezact cut for Q at T.

Proof. Let (y,w) be an optimal solution of saddle point problem (3.16) with
x = Z. By definition of @ and ¢, we have

(3.21) 0z(w) — & < 0z(w) and 0z(0) + 7 = Lz (§, W) = 0z ().

By linearity of L.(y, w) we get for every y € Y, w € W, that

(3.22) L. (y,w) = Lz (y,w) + (z — )T Byw.

Next, using representation (3.17) of Q and the fact that @ € WV we have
Qz) > aTar+0,(w)

yey,

(3.22) _ . min Lz (y,w
=" 2Tay + (2 — )T Bow + ey, (y, @)
=  2Tay + (x — 2)T Bow + 0z(0)

(3.21)
> 2Tay + (2 —2)T Bow + Lz (§,%) — 7

(3.20)

Moreover,

0<9(x)—C(Z) =7+ 0z(w) — Lz(§,w) (3%8) T+ 0z(0) — 0z () < 7 + ¢,

which achieves the proof of the proposition. 0
Now consider value function Q given by

_f min f(y,x)
(3:23) Az) = { yeY, Ay+ Bz =b,

with Y convex, nonempty, and compact. If f has a saddle point representation of
form (3.15) with W convex, nonempty, and compact, value function (3.23) can be
written

max 6, (w)

(3.24) Q(x) = zlay + { wew

9



where

. T T
_ [ min y* (a2 + Aow) + x* Bow — ¢o(w)
(3.25) 0. (w) = { y €Y, Ay + Bz — b.

For problem (3.25) define the Lagrangian

(3.26) Low(y,N) = y'(az+ Aow) + 27 Bow — ¢o(w) + AT (Ay + Bz — b)

where L,(y,w) is given by (3.19). Let us fix Z € R™ and assume that there is
yo € ri(Y) such that Ayo + BT = b. Then by the Convex Duality theorem, we can
express 0z(w) as the optimal value of the dual of (3.25):

(3.27) 0z(w) = max hzw(N)

for the dual function

B _ min ﬁ:ﬁ,w(ya A)
(3.28) hz,w(A) = { yev.

PROPOSITION 3.3. Consider problem (3.23) with f having a saddle point repre-
sentation of form (3.15). Assume that sets Y and W are nonempty, convezx, and com-
pact. Let us fit T € R™ and assume that there is yo € ri(Y) such that Ay + Bz = b.
Let (g, @) be an optimal solution of saddle point problem (3.24) with x = T and let
w €W be an e-optimal solution of problem (3.24) written with x = T:

(3.29) 0z (w) > 0z(w) — ¢,

and let \€Y be a d-optimal solution of problem
9@('{2}) = rn)é\lx hfﬂfj(k)

i.e.,

(3.30) ha.o(A) > 04() — 6.

Let g be a T-optimal feasible solution of

0 (1) = min y7 (ag + Aow) + 27 Bow — ¢ ()
r "\ yeY,Ay+ Bz =b,

i.e.,

(3.31) g€Y, Aj+ Bz =b, Lz(§,0) < 0z(w) + 7.

Then the affine function

(3.32) Cla) =2 (a1 + Bow + BT}) +g7 <a2 + Aow) —ZTBTA — ¢o(d) — 7 — 6

is a (e + 7+ §)-inezact cut for Q at T.
10



Proof. By linearity of £. ,,(y, A) we get for every y € Y,w € W, that
(3.33) Low(y,A) = Law(y,N) + (. — 2)" (Bow + BTN

Next, using representation (3.24) of Q and the fact that @ € WV we have

Oz) > zTay +0,(w)
> zTal + hxyuﬂ,()\), .

3.28 i w0 (Ys A
G291 rymenyﬁ(y )

3.33 _ . 5 in Lz.a(y, A
G2 e 4 (z —2)" (Bow + BT A) + { ;nleny’ o(8:2)
C29 4Tay + (@ — 2)T(Bow + BTA) + ha.o(N)

(3.30) .
> zla; + (z—2)T(Bow + BTA) + 0z () — 6§
(3.31) R
> aTay + (x — 2)T(Bow + BTA) + Lp(g,0) — 7 — 9

(3.32)

C(x).

Moreover, if @ is an optimal solution of (3.24) written for z = z, i.e., Q(Z) = 2T a; +
0z(w) we obtain

(3.25) (3.29)
0<91)—C(@)=T7+0+0z(w) — Lz(§,0) < T+6+0z(w)—0z(w) < T+6+e,

which achieves the proof of the proposition. ]

4. Particular case of differentiable problems and comparison with the
inexact cuts from [15]. The following proposition, taken from [15], provides an
inexact cut for Q given by (2.7) when functions f, g; are differentiable.

PROPOSITION 4.1. Consider value function Q given by (2.7). Let Assumption
(HO) hold, take T € X, and assume that

(4.34) there exists yz € ri(Y') such that Ayz + BT = b with g(yz,T) < 0.

Assume that f and g are differentiable on Y xX. Let € > 0, let § be an e-optimal
feasible primal solution for problem (2.7) written for x = T and let (A, 1) be an e-
optimal feasible solution of the corresponding dual problem given by

max 0o (X, p)

where the dual function 0,(\, 1) is given by
(4.35) O (A, p) = gnei;l Lo (y, A, 1)
for the Lagrangian
Lo(y, A 1) = f(y,2) + (A, Be + Ay = b) + (1, 9(y, 2))-
Assume that f(-, ) is finite on

(4.36) S(@)={yeY:Ay+ Bz =0b,9(y,z) <0}
11



and that n(e) = £(4, Z, \, i) is finite where
09,20 4) = max{(VyLa(§, X ), 5 — ) sy € YV}

Then the affine function

(4.37) C(x) == L, A, 1) — n(e) + (VaLa(§, A, f1), & — 7)

is an (e + 0(§, T, \, i))-inezact cut for Q at I.

We want to compare the inexact cuts given by Propositions 2.3 and 4.1 obtained
taking ep = ep = ¢ in Proposition 2.3. For the cut given by Proposition 4.1 to be
valid, we assume that the assumptions of this proposition are satisfied. In particular,
(4.34) holds. Let us show that if in addition Y x X C dom(g;) for all i = 1,...,p, this
implies that (2.12) holds which will imply that the assumptions of Proposition 2.3 are
also satisfied and the inexact cut given by that proposition is valid. Indeed, write set
S given by (2.9) as § = S1NS2N(Y xR™) where S1 = {(y,2) € R™xR" : g(y,2) < 0}
and Sz = {(y, z) € R™xR"™: Ay + Bz = b}. We have that ri(S2) = S3 and

(4.38) ri({g; <0}) ={(y,2) € R"xR" : (y,2) € ri(dom(g;)), g:(y,2) <0,i=1,...,p}.

Since Y x{Z} C dom(g;),i = 1,...,p, we have ri(Y") x {Z} C ri(dom(g;)),i =1,...,p,
implying that set N?_;ri({g; < 0}) is nonempty since it contains the nonempty set
ri(Y) x {Z} (this set contains (yz,Z)). Therefore ri(S1) = NY_ri({g; < 0}) = {(y,2) €
R™xR" : (y,z) € ri(dom(g;)), 9i(y,2) < 0,4 = 1,...,p}. It follows that convex sets
S1,S2, and Y x R™ are convex and satisfy ri(S7) Nri(S2) N (ri(Y) x R™) # 0 (they
contain the point (yz,Z)) which implies that ri(.S) = ri(S1) Nri(S2) N (ri(Y) x R™) and
recalling the representations of ri(S7) and ri(Sz), we see that (yz,Z) which satisfies
(4.34) also belongs to ri(S), i.e., Slater condition (2.12) holds. Therefore, Proposition
2.3 provides a valid 2e-inexact cut for Q.

Let us use the notation Ci(z) = 01 + (81,2 — Z) and Ca(z) = 03 + (B2, — T) for
respectively the inexact cuts given by Propositions 2.3 and 4.1. In Proposition 4.2
below, we derive upper and lower bounds on ¢y — 8 = C1(Z) — C2(Z) (observe that
in the exact case, i.e., when ¢ = 0, clearly §; = 65 and ;1 = 32). This will be done
using characterizations of e-optimal feasible primal-dual solutions to obtain bounds
for the terms (i, g(4, Z)) and r;1€a}>/<<VyLa—; (g, A\, 1), §—1y) (which are clearly null if § and

(5\7 1) are optimal primal-dual solutions). In particular, we will show that (ji, (¢, Z))
is between —2¢ and 0. To derive these bounds, we will assume that

(A0) the gradient of objective function f(-, &) (resp. of constraint function g; (-, Z))
is Lo (resp. L;)-co-coercive with L; >,i =0,...,p.

Recall that F : Dom(F) C R™ — R™ is L-co-coercive on € C Dom(F) if

L{y — 2, F(y) = F()) > |[F(y) = F(2)|?, Va,y € Q.

PROPOSITION 4.2. Let the assumptions of Proposition 4.1 hold and assume that

Y x X C dom(g;) for alli=1,...,p. Take T € X and let Lz be any lower bound on

Q(z). Let Ci(x) = 01 + (B1,x — Z) and Ca(x) = 02 + (B2, — T) be respectively the
12



inexact cuts given by Propositions 2.3 and j.1 taking ep = ep = €. Assume that f
and g;,i =1,...,p, satisfy (A0), thatY is compact, and set

Uy, = flyz,7) — L5 te L=Lo+U; max Ly

min(—g;(yz, Z),i = 1,...,p)’ =1,..p

Then we have
—2¢ S Cl(i‘) — CQ(J_J) S 2e + 2Dy\/ LE,
where Dy is the diameter of Y.
Proof. Recall that
Ci(@) = f(§,2) — 2,

~

CQ(i‘) = f(:'-)v 'f) + <H/, g(gv j» - Iynea‘}},{<vyl’f(:ga 5‘7 ,[1')) Yy — y>7

and that (g, A, i) satisfy

where S(z) is defined in (4.36) and 6z is the dual function given by (4.35).
By the subgradient inequality, if L, is the Lagrangian given in Proposition 4.1,
we get

(4.40)
0@(}\, :a) = miner L ( Y, >\a ,[L) Lf (ya A ,u) + mlnyey<v La? (@a na)r y— g>
= f§,8) + (1, 9(9,7)) + mingey (Vy Lz (i, , 1),y — §) = Ca()
Therefore,
I
(4.41) > 0z(\ 1) — 2¢ by weak duality,
(4.40)
> CQ(LE) — 2¢

We next provide an upper bound for C;(Z) — C2(Z). Indeed, (4.39) implies that
F(5,7) < 02\, 1) + 22 = min{La(y, A i) : y € Y} + 2
y

and hence that

La(§. A 1) = f(5,2) + (71, 9(5, 7)) < min{Lz(y, A, i) 1y € Y} + (1, 9(3,7)) + 22

yey
where the first equality is due to § € S(Z). The last inequality in turn is equivalent
to & :=2e + ({1, (9, T)) satisfying
(142) 2224 (g ) =220, 0€: (Lol Af) +0v () ()
where dy () is the indicator function of set Y given by

[0 ifyey,
oy (y) = { 400 otherwise.

It is easy to check that ||| < Uz (see for instance the proof of Proposition 2.3 in
[15]) which easily implies that Lz (-, A, ) is L-co-coercive (for the interested reader,

13



we provide in Lemma 8.1 in the appendix the proof that a sum of L;-co-coercive
mappings f; is (3.1, L;)-co-coercive). Combining this observation with (4.42) and
Lemma 3.2 in [32], we obtain that there exists v satisfying:
< (4.42)

(4.43) v € VyLz(9, A\ 1) + 00y (9), |lv]| < V2L < 2V Le.
It is well known that set 0z0y (§) is the £-normal set to Y at § given by

00y (§) ={z eR™ : (z,y —§) <EVy € Y}
and therefore v which satisfies (4.43) also satisfies

(4.44) (VyLz(§, M\ 0) —v,G—y) <& VyeY < mea;dvy[/g—;(;ﬁ, M) —v,g—y) <E
Yy

We then obtain the following upper bound for C;(Z) — Ca(Z):

Cof®) = J(5:3) + (it 9(5 7)) = max(Vy La(§ A ), 9~ )

= G@) 42+ (95, 2)) - max(Vy La(j, A1), = y)

(4.42) o
> Cl(f) _glea)},(<vyLi(ya/\7M)vy_y>
2 G(@) —max(VyLa(g, A, ) — v, — y) — max(v,§ —y)

(4.44) (4.43)
> Ci(z)—¢é—|v||Dy > Ci(x)—2e—2Dy+Le,

which achieves the proof of the proposition. 0

The upper and lower bounds on C;(Z) — C2(Z) given in Proposition 4.2 are con-
tinuous functions of € which go to 0 as € goes to 0. Also these bounds are respectively
positive and negative for positive . This shows that they are both of good quality
for small values of ¢ and this analysis does not ensure that one of these two is always
better (i.e., has a larger intercept at ) than the other.

The analysis above (the proof of Proposition 4.2) is also interesting per-se since it
offers ways of characterizing e-optimal primal-dual solutions and allows us to derive
bounds on the two quantities (ji, g(¢,Z)) and rgleag(vij(gj,S\,ﬂ),g) — y) which, by

the first order optimality conditions, are null if § and (5\, [i) are respectively optimal
primal and dual solutions. More precisely, if § (resp. (), /1)) is an e-optimal feasible
primal (resp. dual) solution, then we have shown that —2¢ < (f1,¢(9,%)) < 0 and
0< glea;quLi(g, A A), 9 —y) < 2DyVLe + 2.

5. ISDDP algorithm for nondifferentiable problems. The objective of this
section is to introduce and study new variants of ISDDP which use the inexact cuts
built in the previous sections.

We consider multistage stochastic nonlinear optimization problems of the form
(5.45)

min T1, X0, +E min Ta, X1, +E|[..
r1€X1(z07§1)f1( b €1> r2€X2(1,82) f2( 2 52) [
...+ E [minxTeXT(foléT) fr(er, zr, fT)H] )
where zq is given, (&)L, is a stochastic process, ¢; is deterministic, and
Xi(wi—1,&) ={ze € R" : Ay + Byay 1 = by, ge(e, 0021, &) < 0,2 € Xy}
14



We make the following assumption on (&;):

(H) (&) is interstage independent and for t = 2,...,T, & is a random vector tak-
ing values in R¥ with a discrete distribution and a finite support ©;, = {&1,.--, &N, }
with py; = P(& = &) > 0,i = 1,..., Ny, while & is deterministic.

In the sequel, we will denote by A¢;, By;, and by the realizations of A, By, and
bt in gtj'

For this problem, we can write Dynamic Programming equations: the first stage
problem is

(5.46) Q1 (w0) = { ;Illinexl)e(nfzxﬁ(gl)wo,fl) + Qa(x1)

for ¢ given and for t = 2,...,T, Qi(xi—1) = E¢, [Q¢(z4-1,&)] with

_ ) ming,ern fr(@s, 2i-1,&) + Qeyr(ay)
(547) Qt(ajt—hgt) - { 2 € Xt(xt—lagt)y

with the convention that Qpy; is null.
We set Xy = {0} and make the following assumptions (H1) on the problem data:

(H1): there exists € > 0 such that for t =1,...,T,

1) X, is a nonempty, compact, and convex set.

2) For every j = 1,...,N;, the function f;(-,-,&;) is convex, proper, lower
semicontinuous on Ay xX;_; and for every z;_1 X7 ; we have

Xy C dom(fi(-, xi—1,&5))-

3) For every j =1,..., N, each component g4;(-,-,&;),¢ =1,...,p, of function
g¢(+,+, &) is convex, lower semicontinuous and finite on Xy xX;_;.

4) Xi(wp,&1) # 0 and for every t = 2,...,T, for every j = 1,..., Ny, for every
w1 € X7, the set ri(X;) N X¢(2¢—1,&;) is nonempty.

5) for every t > 2, for every j = 1,..., Ny, there is (x¢j,x¢—15) € ri(X)x X1
such that gi(zy;, x4—15, &) < 0.

We are now in a position to describe the ISDDP algorithm for nondifferentiable
optimization problems of form (5.45). The ISDDP algorithm given below combines
SDDP with the inexact cuts derived in Section 2.2:

ISDDP algorithm.

Step 0) Imitialization. Let QY : X, ; — R, ¢t = 2,...,T + 1, be affine functions
satisfying Q? < Q. Set k=1. o ~

Step 1) Forward pass. Setting z& = z¢, generate a sample (¢F,€5, ..., €%) from the
distribution of (£1,&,...,&7) and for t = 1,2,...,T, compute a 6F-optimal
solution z¥ of

(5.48) min { fu(ar 2fy, &) + QFF! (w0) w0 € Xu(wh_1, )

Step 2) Backward pass.
15



Fort=T,T—-1,...,2,
For j=1,..., Ny,
Compute an eF-optimal solution xfj of

rwnigl Je(re, 2,&5) + Q§+1(xt)
Atjxt + Bth = btj,
(549) Qf(méc*l’gtj) = gt(xh Zagtj) < 07
Ty € Xt,
z = xf—lv [/\fg}

and an ef-optimal dual solution )\fj of the dual of problem (5.49)
k

obtained dualizing constraints z = zy_;.
End For
Compute

BF = ZJ 1pt1/\fp
05 = Zjv 1 Ptj (ff(xtja‘rt 17£tj) + Qt—‘,—l(ztg) </\ic]7xt 1>)

and store the new cut
CF(x1) := OF — 2eF + (BF 2;1)

for Q;, making up the new approximation QF = max{QF~! CF}.
End For
Step 4) Do k <+ k + 1 and go to Step 1).

REMARK 5.1. ISDDP algorithm given above applies both to differentiable and
nondifferentiable problems. In the differentiable case (when all functions fi(-,-, &)
and g4 (-, -, &5) are differentiable), compared to ISDDP introduced in [15], the variant
of ISDDP given above does not need to solve an additional optimization problem to
obtain the intercept of the cut. However, all subproblems solved in the forward and
backward passes have additional variables and constraints; the number of additional
variables and constraints being the size of xy_1 for stage t.

When objective functions fi(-,-,&:;) have saddle point representations (which is
the case of all “well structured” convex functions), we can also derive another variant
of ISDDP that combines SDDP with the inexact cuts given in Section 3. For instance,
assuming to alleviate notation that f; is deterministic of the form fi(xy, x¢—1) with
saddle point representation

(5.50) fe(ze,meq) = af jary + 2f ar + Inax af Ayw + {_ ) Byw — Uy (w),

setting
Ay =) = (AO,)\l,...,)\k)eRk“ A>0,5F N =1},
00k =[00; 0} — 2¢f;...;0F — 2ek], BOF [ﬁt,ﬁt,...,ﬁﬂ,
¢tk( ):_ATQO:k7

from the saddle point representation

k
Q,’fﬂ(act) = max Z)\ 91 25t (ﬁf,x,ﬁ) = max Bto kg — dek(A2),

AEA k1 2€AK41
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of QF,, where ¢ = 0, we deduce the saddle point representation

(5.51) al jagy +alags + max eF AN+ 2T B\ — ¢ (M)

of fi(ws,xi-1) + Q,’f_,_l(xt) where

Al = [Ay, BY*), By = [By, 0], ¢ri(Mi,A2) = Wi( A1) + dep(N2),
A= {/\ = ()\1,/\2) AL EWL A € Ak+1}.

In this situation, (5.51) provides a saddle point representation of the objective
functions of problems (5.49) solved in the backward passes which allows us to build,
using Section 3, inexact cuts of controlled accuracy for value functions Qf (-,&;) and
therefore for Q.

We now study the convergence of ISDDP and start introducing more notation.
Due to Assumption (H), the realizations of (&;)7_, form a scenario tree of depth T+ 1
where the root node ng associated to a stage 0 (with decision z( taken at that node)
has one child node n; associated to the first stage (with &; deterministic). We denote
by A the set of nodes and for a node n of the tree, we define:

e (C(n): the set of children nodes (the empty set for the leaves);

e z,: a decision taken at that node;

e p,: the transition probability from the parent node of n to n;

e &,: the realization of process (&) at node n: for a node n of stage t, this
realization &, contains in particular the realizations b,, of by, A, of A;, and
B, of B;.

Next, we define for iteration k decisions z* for all node n of the scenario tree
simulating the policy obtained in the end of iteration k—1 replacing cost-to-go function
Q, by QF tfort=2,...,T+1:

Simulation of ISDDP policy in the end of iteration k£ — 1.

Fort=1,...,T,
For every node n of stage t — 1,
For every child node m of node n, compute a §f-optimal solution z%, of

ixnf fe(Tm, zfuﬁm) + Qitll(xm)

k—1(k — Ammm + Bmmﬁ = bm7
(552) Qt (‘xrwgm) gt(xm,xfl,gm) S 07
Tm S Xt,
where acflo = Zp.
End For
End For
End For

We will assume that the sampling procedure in ISDDP satisfies the following
property:

17



(H2) The samples in the backward passes are independent: (§~§, e ,é{ﬁ) is a real-
ization of &% = (¢&,... &k) ~ (&, ..., &r) and €1, €2, ..., are independent.

As said in the introduction, a useful tool for the convergence analysis of SDDP
and ISDDP is Lemma 5.2 in [11] for vanishing errors and Lemma 4.1 in [15] for
bounded errors. We provide different proofs of these lemmas with slightly different
assumptions, one of them being stronger (the continuity of f [which is satisfied when
the lemmas are applied to study the convergence of ISDDP]) and two being weaker.
More precisely, in these lemmas we do not assume ™ < f and take equicontinuous
sequences f" instead of sequences of Lipschitz continuous functions. If we assumed
f™ < f, the proof would be a little shorter, because boundedness of {f"} would be
immediate. From these assumptions, we also derive a stronger conclusion, used in the
convergence analysis.

LEMMA 5.1. Let (X, d) be a compact metric space. If {x, }nen is a sequence in X,
{f"}nen is an equicontinuous sequence of real functions on X, f1 < f2< f3< ...,
and f is a continuous real function on X then the following conditions are equivalent:

(a) hmm,n—mo fm(xn) - f(xn) = 0.

(b) limy,_yo0 f™(zn) — f(zn) =0.

Morever, if (a) or (b) holds then f™ converges uniformly to a continuous function
which coincides with f on the set

Y, = {y € X : y= lim x,; for some subsequence {x,, }jEN} .
J—00

Proof. See the Appendix. ]

The proof of the previous lemma can be adapted to prove Lemma 5.2 which will
be used in the convergence analysis of ISDDP with bounded errors.

LEMMA 5.2. Let (X,d) be a compact metric space, let f : X — R be continuous
and suppose that the sequence of equicontinuous functions f* k € N satisfies f*(x) <
i (x) for all v € X, k € N. Let (2%)ren be a sequence in X and assume that

(5.53) lim f(z¥)— f*@a*) <8

k—+o0

for some finite S > 0. Then

(5.54) lim  f(z*) — A1 (2F) < 8.

k——+oo

Moreover, f™ converges uniformly to a continuous function g such that | f(y)—g(y)| <
S for every y in the set

Y, = {y € X : y= lim x,; for some subsequence {x,, }jeN} .
j—o0

Proof. See the Appendix. 1]
We are now in a position to state our first convergence theorem for ISDDP.

THEOREM 5.3 (Convergence of ISDDP with bounded errors). Consider the se-
quences of decisions (zF),en and of functions (QF) generated in the simulation of
ISDDP. Assume that (H), (H1), and (H2) hold, and that errors ef and 6¥ are bounded:
0<ek <z 0<dF <6 for finite §,&. Then the following holds:
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(i) fort=2,...,T 4+ 1, for all node n of stage t — 1, almost surely
(5.55)
0< lim Qu(zF)— Q(ak) < Tim Qu(ak)— QF(ak) < (6+28)(T —t+1);

k—+oo k—4o00

(ii) for every t = 2,...,T, for all node n of stage t — 1, the limit superior and
limit inferior of the sequence of upper bounds ( Z P (fielxh  ak &) +

meC(n)
Qt_,_l(xfn)))k satisfy almost surely
(5.56)
0<lim, o Y po[felah,ahi&m) + Quia(ah)] — Qu(ah),
meC(n)
Tisroo > P fol@h, @, &m) + Quia(wh)] = Qulek) < (B +29)(T — ¢+ 1);
meC(n)

(iii) the limit superior and limit inferior of the sequence Q’f_l(xo,gl) of lower
bounds on the optimal value Q1(xo) of (5.45) satisfy almost surely

(5.57) o
Q1 (20)—0T—28(T—1) < lim Qf '(20,&) < Tim QF'(20,&) < Qu(wo);
k—+4o00 k—+o0
(iv) for t = 2,...,T, almost surely the sequence of functions (QF); converges
uniformly to a continuous function QF which is at most at distance (§ +

28)(T —t+1) from Q; on every accumulation point T,, of the sequences (z£)

for every node n of stage t — 1.

Proof. (i) We show (5.55) for t = 2,...,T + 1, and all node n of stage t — 1 by
backward induction on t. The relation holds for t = T'+ 1. Now assume that it holds
for t 4+ 1 for some ¢t € {2,...,T}. Let us show that it holds for ¢. Take a node n of
stage t — 1. Let S,, be the iterations where the sampled scenario passes through node
n and take an iteration k € S,,. It was shown in Lemma 5.2 in [15] that for the classes
of problems we consider, Assumptions (H1)-3),5) imply that almost surely for every
7, k, there exists x; satisfying

Tt € ri(Xt), Atjxt + Bw‘l’fﬁl = btj and gt($t71’f71,§tj) < O

Recalling that X; x X;—; C dom(gy;) for all 4, we can reproduce the reasoning used
just after Proposition 4.1 in Section 4 to deduce that for every j,t, there exists

(5.58) (w1, 2) € 1i(Sy)
where
Stj = {(xt,z) : Atj.’ﬂt + Bth = btjvgt(xtvzagtj) <0,2; € Xt}

Condition (5.58) is exactly Slater condition (2.12) (from Proposition 2.3) written for
problem (5.49) solved in the backward pass of iteration k for scenario j. Therefore, we
can apply Proposition 2.3 to value function gf (+,&:;) to obtain a 2¢eF-inexact cut for
this function for stage t and iteration k of ISDDP. More precisely, fix j € {1,..., N;}
and take m such that &§; = &,,. Recalling that Ak is defined in (5.52) and setting

Ctkm(xn) = ft(xfn"rlrcwgm) + Qf—&-l('rlri) - 251166 + </\fnvxn - fo>7
using Proposition 2.3, we get for all x,, € X;_; and k € S,

(5.59) Cr(wn) < QF (0, &m)
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and

(5.60) QF (@, &m) — Chin(ah) < 2¢f.

This implies that QF is indeed a valid cut for Q;: for x,, € X;_; and k € S,,, we have

(5 61) Qy (xn) = Zmec(n) Pm (fna gm) > ZmeC(n) pmgf (xn» gm)
. (5.59)
B ZmEC(n) PmChn(xn) = Cf (zn).

Also by definition of 2¥, computed in the simulation of iteration k we get

(5.62) Felam, an, &m) + QU (20,) < QY (2, &m) + O
Therefore, for k € S,:
Chap) = D paCh
meC(n)
(5.60)
Z Z Pm [gf(x]:”é.nz) - 26?] )
meC(n)
(5.63) > =264 ) paf (e Gn),
meC(n)
(5.62)
> -2+ Z Pm [ft(xfmfﬁ,fm) + §+11( m) — 5k]
meC(n)
> 28—+ Z Dm [ft( Tpns nafm)+Qt+1( )}
meC(n)

It follows that for k € S,

(5.61)
0 < Qiap) - QfF(a) < Qulay) — CF(a})
(5.63)

< 25“1‘5"’ Z Pm [Dt(xlrcngI) ft( T nﬁgm) Qt+1( )]

meC(n)

BE) < 24 d+ Y p[ ik 6n) = filah 2 6n) — Qui(al)

meC(n)

<0 by definition of 9, and =z,

+ Z pm{QH-l( m) — Qt+1( )]

Using the induction hypothesis, we have for every m € C(n) that limy,_, y oo Qs11(zF,)—
O, (zk,) < (6 +28)(T —t). Following the proof of Lemma 4.2 in [16], we obtain that
sequence (3F), is almost surely bounded and that functions (QF), are L-Lipschitz
continuous and therefore sequence (QF); is monotone and equicontinuous. Since Q;
is contlnuous on A;_1, we can apply Lemma 5.2 to obtain M,Hm Qt+1(xfn) —
Qt-{—l (zk)) < (6 +28)(T —t), which, plugged into (5.64), gives

(5.65) m  Qu(ah) — QF(ak) < (5 +28)(T —t + 1).

k—4o00,kES,

Finally, to conclude the proof of (i), it remains to show that

(5.66) LB uah) - Q) < (2T -t 4 D),
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and with relation (5.65) at hand, relation (5.66) can be shown by contradiction fol-
lowing the end of the proof of Theorem 4.2 in [15].

(ii) and (iii) can be shown using (i) and following the proof of Theorem 4.2-(ii),
(iif) in [15].

(iv) is an immediate consequence of (i) and Lemma 5.2. 0

We can now state our second convergence theorem for ISDDP:

THEOREM 5.4 (Convergence of ISDDP with vanishing errors). Consider the se-
quences of decisions (%), cn and of functions (QF) generated in the simulation of IS-
DDP. Assume that (H), (H1), and (H2) hold, and that for allt we have limy,_, 4o, ef =
limg 400 0F = 0. Then almost surely the limit of the sequence (Q’f_l(xo,fl))kzl is
the optimal value Q1(xo) of (5.45). Moreover, for t = 2,...,T, almost surely the
sequence of functions (QF)x converges uniformly to a continuous function QF which
coincides with Q; on every accumulation point T,, of the sequences (x%)y for every
node n of stage t — 1.

Proof. Tt suffices to follow the proof of Theorem 5.3 and to use Lemma 5.1 instead
of Lemma 5.2. 0

If instead of the inexact cuts from Section 2 we use in ISDDP the inexact cuts from
Section 3 based on saddle point representations of the objective, we obtain similar
convergence results, due to the fact that the error terms in both the cuts from Section
2 and from Section 3 linearly depend on §F and &f.

6. Numerical experiments. We consider the multistage nondifferentiable non-
linear stochastic program given by the following DP equations: the Bellman function
forstaget =1,...,T,is Q¢(x1—1) = E¢, w,,v,[Qe(xe—1,&, ¥4, Uy)] and fort = 1,..., T,
Qi(xi-1,&, Yy, Up) is given by

min fy(xy, 21,8, Up) + Qegr1 ()
(6.67) —100e < z; < 100e,
max(4(z¢ — €)' (z, — e), 2 (&&6 + aly)z + 2l & + 1) < Uy,

where 7, € R", fi(2y, x1-1,&, Up) = max((z;—21)" (&&] +aly)(ze— x4 1) +af &+
Lal (&&L + aly)z, +xFe + U,), e is a vector of size n of ones, and Q71 is the null
function. In these equations, @ > 0 is a parameter, &; is a discretization of a Gaussian
random vector with mean vector m; having entries 1 or —1 and covariance matrix
¥ = At AT +0.51 where A; has entries in [—0.5,0.5]; U; is a discrete random variable
taking values +10, —10, and ¥; has discrete distribution with support contained in
[10%,10%]. The number of realizations N; for (&, ¥y, Uy) is fixed to N; = N for each
stage. We assume that (&1, ¥y,Up) is known and (&2, Wa,Us), ..., (&r, Uy, Ur) are
independent.

We generate 2 instances of this problem with parameters o = 0.2 and T, n, M
given by (T,n, M) = (5,10,20) and (T,n, M) = (5,50,20). The instances are cho-
sen taking realizations W;; of W, sufficiently large, in such a way that Assumption
(H1)-4) holds. It is easy to check that the remaining assumptions (H1) and (H) are
satisfied and therefore SDDP can be applied to solve the problem as well as SDDP
combined with the inexact cuts from Section 2. In what follows, we denote the corre-
sponding solution methods by SDDP and ISDDPND (Inexact SDDP for nondifferentiable
problems). We also solved problem (6.67) using Stochastic Dynamic Cutting Plane
(denoted by StoDCuP), StoDCuP combined with inexact cuts (denoted by IStoDCuP)
introduced in [16] as well as the inexact variant of SDDP introduced in [15] that we
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Iteration 1-10 | 11-20 | 21-40 | 41-140 | 141-240 | 241-350 | > 350
Parameter value 10 5 3 1 0.5 0.1 e-6
TABLE 1

Relative error of the subproblem solutions along iterations of inexact methods (Mosek parameter
MSK_DPAR_INTPNT_TOL_REL_GAP).

IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP
Tterations | 439 409 465 655 569 | 431 770
CPU time | 233.1 282.2 | 3225 582.4 | 352.7 | 297.3 | 7918
T =5,n =10, M = 20
IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP

Iterations 400 400 400 - 400 400 -
CPU time | 3424 4 387 3 237 - 3 547 | 4 504 -
T=5n=50,M=20,aa=0.2
TABLE 2

Number of iterations and CPU time in seconds needed to solve the two instances. For the
second instance, the unfilled cells for IStoDCuP and StoDCuP indicate that these methods had not
converged after completing the mazimal number of 600 iterations. It took IStoDCuP (resp. StoDCuP)
2 230 s. (resp. 2 356 s.) to complete these 600 iterations.

will denote by ISDDPD (Inexact SDDP for differentiable problems) in what follows
(the interested reader can find in the Appendix the formulas for the inexact cuts to
use for this inexact variant of SDDP). Observe that this inexact variant ISDDPD was
designed for differentiable problems but can be applied to (6.67) reformulating the
problem as a differentiable problem replacing in (6.67) each max with 2 quadratic con-
straints. Finally, we consider a mixed StoDCuP-SDDP variant (denoted by MSDDP)
which uses StoDCuP for the first 150 iterations and SDDP for the remaining itera-
tions, as well as its inexact counterpart (denoted by IMSDDP) which is StoDCuP with
inexact cuts, i.e., IStoDCuP, for the first 150 iterations and SDDP with the inexact
cuts from Section 2, i.e., ISDDPND, for the remaining iterations. The Matlab imple-
mentation of all methods can be found at https://github.com/vguigues/ISDDP_NLP.
All subproblems were solved using Mosek optimization library [1].

For the inexact variants with inexact cuts to be well defined, we also need to set
the level of accuracy of the computed solutions along the iterations of the methods.
In our experiments, the relative error of the subproblem solutions (Mosek parameter
MSK_DPAR_INTPNT_TOL_REL_GAP whose range is any value > 10~'4 and default
value is 107%) is given in Table 1; see also Remark 2 in [15] for other choices of
sequences of noises ef. For the exact variants, this parameter was set to 10719 for all
iterations.

All methods compute at each iteration a lower bound on the optimal value which
is the optimal value of the first stage problem solved in the forward pass and upper
bounds computed by Monte-Carlo simulations, from iteration 400 on, using the last
400 forward scenarios. The algorithms stopped when a relative gap of at most 0.1
was achieved or, for the largest instance, when the maximal number of 600 iterations
was reached.

The number of iterations before stopping the algorithms as well as the CPU time
is given in Table 2 for all methods and the two instances.

The evolution of the upper and lower bounds for some iterations, all methods,
and the two instances is given in Tables 3 and 4.
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Iteration | IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP
400 14.34 14.66 14.32 5.07 14.35 | 14.66 2.76
409 14.39 14.66 14.41 6.07 14.41 | 14.66 4.67
431 14.46 - 14.45 9.17 14.46 | 14.67 7.47
439 14.48 - 14.49 9.45 14.49 - 8.95
465 - - 14.62 12.80 14.57 - 12.34
500 - - - 12.80 14.57 - 12.34
569 - - - 13.71 14.62 - 13.57
770 - - - - 13.97

T=5n=10,M =20,aa =02

Iteration | IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP
200 -96 077 84.8 84.4 -1.832e6 -8 884 | 83.8 | -1.843e6
300 53.7 85.8 85.7 -1.05e6 35.1 85.6 -1.0e6
400 84.6 85.9 85.9 -6.6eb 84.5 85.9 -7.2eb
600 - - - -3.3e4 - - -3.5e4

T=5n=50,M=20,aa=0.2
TABLE 3

Lower bounds computed along the iterations of the methods for both instances.

We observe that the sequences of upper bounds decrease and as expected the
sequences of lower bounds are increasing and both sequences converge to the same
values. On these instances, StoDCuP and its inexact variant IStoDCuP need more
iterations and time than the other methods to converge (for the largest instance the
maximal number of 600 iterations was even not enough for StoDCuP and IStoDCuP to
converge). However, we observed that the first iterations of StoDCuP and IStoDCuP
are much quicker than the first iterations of SDDP and its inexact variants, which
explains the good performance of the mixed StoDCuP-SDDP method and its inexact
counterpart. Indeed, IMSDDP is the quickest to converge for the first instance and the
second quickest, after ISDDPD, for the largest instance. In particular, both MSDDP and
IMSDDP converge much quicker than SDDP. Out of the 8 runs of the inexact methods,
only one did not converge quicker than its exact counterpart, namely ISSDPD for the
smallest instance. Among inexact variants ISSDPD and ISSDPND of SDDP, method
ISSDPD was the quickest on the instance with the largest value of the state vector size
n (n = 50) while ISSDPND was the quickest on the smallest instance, which may come
from the increase in the CPU time needed to solve subproblems with ISSDPND due to
the copy of variables used to derive the cuts. On the other hand, ISSDPND is more
general and can apply to nondifferentiable problems contrary to ISSDPD.

7. Conclusion. In [15], an inexact variant of SDDP called ISDDP was intro-
duced. Two variants of the method were described in [15]: one for linear problems and
one for nonlinear differentiable problems. In this paper, we explained how to extend
ISDDP for nondifferentiable multistage stochastic programs. We provided formulas
to compute inexact cuts for value functions of possibly nondifferentiable optimization
problems and combined these cuts with SDDP to describe two new inexact variants
of SDDP, one for each of the classes of cuts derived (the cuts from Section 2 and the
cuts from Section 3).

Several comments are in order:

e the variants of ISDDP presented in this paper can be used both for nonlinear
differentiable and nonlinear nondifferentiable optimization problems.
e For errors bounded from above by e, same as ISDDP for linear programs
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Iteration | IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP
400 20.81 17.79 20.4 32.61 22.17 | 20.55 43.19
409 19.03 15.72 18.3 27.47 21.94 | 19.79 26.32
431 16.48 - 17.1 19.85 18.57 | 16.25 16.25
439 15.89 - 16.81 18.78 18.56 - 20.03
465 - - 15.9 18.42 18.14 - 19.37
500 - - - 17.11 16.75 - 17.72
569 - - - 16.42 16.22 - 16.86
770 - - - - 15.94

T=5n=10,M =20,aa =02

Iteration | IMSDDP | ISDDPND | ISDDPD | IStoDCuP | MSDDP | SDDP | StoDCuP
400 86.22 86.7 86.1 21 348 87.7 89.0 19 538
600 - - - 9 342 - - 7 231

T=5,n=50M=20,a=0.2
TABLE 4

Upper bounds computed along the iterations of the methods for both instances..

introduced in [15], ISDDP variants of this paper provide 3eT-optimal first
stage solutions. Using the analysis of Section 4, it is easy to check that ISDDP
for nonlinear stochastic programs from [15] provides for bounded errors a
O(T+/e)-optimal first stage solution. However, all subproblems solved in the
forward and backward passes of the variant of ISDDP that uses the cuts from
Section 2 have additional variables and constraints; the number of additional
variables and constraints being the size of x;_; for stage t.

e All variants of ISDDP from [15] and from this paper converge to an optimal
policy for vanishing noises. The convergence analysis of ISDDP applied to
nonlinear programs in [15] was however more technical due to the fact that
the error terms in the inexact cuts were not a linear function of §F and ef
(see Proposition 5.4 in [15]).

8. Appendix.

LEMMA 8.1. Assume that F; : R™ — R™ is L;-co-coercive fori=1,...,n. Then
S Fyis (301 L;)-co-coercive.

Proof. We can assume w.l.o.g that all L; are positive. Let S(z) = Y I, Fi(x),
L=%" L;>0,and o; = % Observing that Y. ; a; = 1 and using the convexity
of || - ]|? we get:

(y—z,5@y) —Sx) = Z?:%LL%‘ Fi(x) - Fi(y)lI®
(8.68) = I 2in ailla (Fi(z) = E)|?
> 1lIS(y) = S(@)|?,
which achieves the proof of the lemma. ]

Proof of Lemma 5.1. Implication (a)=(b) holds trivially. Suppose (b) holds.
Since X is compact and f is continuous, the sequence {f™(z,)} is bounded. Combin-
ing this result with the compactness of X and the equicontinuity of {f”} we conclude
that this sequence is pointwise uniformly bounded. Hence the monotone sequence
{f™(x)} converges for any x € X. Recall that Y, is the set of limit points of {z,}
and let g : X — R be the pointwise limit of {f™} that is,

g(x) =lim, o [M(z) (z € X).
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We claim that

1. g is continuous;

2. {f™} converges uniformly to g;

3. g(y) = f(y) for any y € V..
Continuity of g follows from the equicontinuity of {f™} and its convergence to g.
Since {f™} is a sequence of equicontinuous functions converging monotonically in a
compact set to a continuous function g, this convergence is uniform. To prove item
3, suppose that lim;_, z,; = y. Direct use of the triangle inequality yields

[f" () = S <1 () = 7 (@) + [ (@) = flan) + | (2n;) = F(Y)]-

It follows from the equicontinuity of {f™}, the continuity of f, and the convergence
of {x;} to y that the first and third terms in the right-hand side of the above
inequality converge to 0, while it follows from Assumption (b) that the middle term
also converges to 0. Since {f"(y)} converges to g(y), we have g(y) = f(y).

To end the proof, take € > 0. There exists My € N such that

m > My = |f"(z) —g(z)| <e Vz e X.

It follows from the continuity of f and g, and from the compactness of X that there
is 0 > 0 such that

d(z,2") <o = [f(2) - f(@')| <e, |g(x) —g(@")| <e.

It follows from the definition of Y, and the compactness of X that there is Ny € N
such that d(z™,Y,) < ¢ for n > Ny. Suppose that m > My and n > Ny. There is
y € Y, such that d(z",y) < é. Therefore
(8.69)
[T (@n) = flaa)l < 1™ (@n) — g(zn)| + |9(zn) — 9(y)| + |9(y) — f (@)
= [f™(@n) — g(@n)| + |9(2n) — 9|+ | f(y) — flzn)] < 3e,

which achieves the proof of the lemma. O

Q
<

Proof of Lemma 5.2. The proof is a simple extension of the proof of Lemma
5.1. We outline the changes in the proof below. Since the sequence f"(x,) — f(x,) is
bounded from above and f is continuous on the compact set X, the sequence f™(x;,)
is bounded from above. Same as in Lemma 5.1, together with the equicontinuity, the
monotonicity of f™, and the compactness of X, this implies that the sequence f™(x)
converges for every z € X uniformly to a continuous function g. For every y € Y,
taking {x,, } satisfying y = lim;_, o ,,,, we get

l9(y) = FW)l = [limyee [ (y) = f My 00 2, )| = [Tim; 0 [ (y) = f(20;)]
S |hmj%oo fnj (y) - fnj (mn])| + ‘hmjaoo fnj (an) - f(wnJ)l =S.

To conclude, it suffices to modify the last inequality (8.69) in Lemma 5.1 by

|f™ (2n) = flan)] < [f™(2n) — g(zn)| + [9(zn) — g(W)] + |9(y) — f(2n)]
< [f™(n) = g(@n)| + g(@n) = 9W)| + 19(y) = FW)| + [f(y) = fzn)]
< S+ 3¢,

which concludes the proof of the lemma. O
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Formulas for inexact cuts for ISDDP from [15] applied to problem
(6.67). The inexact cut for ISDDP from [15] applied to problem (6.67) for Q; takes
the form CF(zy_1) = 0F —nF + (BF,x,_1) for iteration k. This cut is computed as
follows. Given trial point 2F ; we compute for j = 1,..., Ny, an approximate optimal
primal-dual solution (f};, q;;, ;;, Aj;) of

ming gz, f+4q
f2 (e —ap )T (€ el + adn) (wr — afy) + o] &5 + 1, [Ay]
[ = al (&8l + aly)x, + afe + Uy,
(8.70) 4(xy —e)(zy —e) < Uy,
xtT(ftjftTj +aly)zy +af & +1 < Uy,
—100e < zy < 100e,
q= 9§+1 + <5§+1a$t> - 77§+1, i=0,...,k,

where AJ; is an approximate value for the optimal Lagrange multiplier associated
to the first constraint (any approximate primal-dual solution can be used, for in-
stance running a few iterations of a quadratic solver). We then define the Lagrangian
L(f gzt xi-1, A1, &) = fHq+ M (xe —2e—1) T (&l +adn) (2 —m1) + 2] &+ 1— f)
obtained dualizing the coupling constraint and compute for j = 1,..., Ny, the optimal
value nfj of

min (1= A7) (f = f5) + (AL (& + 2685 + aln) (@ — 2i_1)) @ — 255) + 0 — a;

f_aQ»ZCt

fj = f2> xtT(ftjftTj + al,)z + 2l e + Uy,
Ay —e)T (zr — e) < Wy,

xtT(ftjfg; +ady)xe + 2l &y + 1 < Wy,
—100e < x; <100 e,

q=>0; 4+ (B @) — Mg, 1=0,..k,

where ﬁj is an upper bound for fi(-,-,&;) on X x Xy—q = {z; : —100e < z; <
100e} x {zy_1 : —100e < zy_y < 100e}. Setting Bf; = 2X},(&5¢7 + ody) (af_ — ;)
and

efj = L(ft?aq:j’xrj’mic—b)qj’gtj) - <ﬂfj’xf—1>v

the coefficients 08, n¥, BF of the cut CF are given by
N; N; Ny
0F = pe0f;, BF = piiBly, and nf = pynf;.
j=1 j=1 Jj=1

If instead of approximate primal-dual solutions we compute exact primal-dual solu-
tions, we get nfj =0, L(ff;, atj» 155 k| Aij, &) = fij +qf; and we get the usual cut
computed by SDDP applied to convex problems.
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