Denyigban

Journal of Mathematics

DENYIGBAN JOURNAL OF MATHEMATICS
Vol. 1 (2026), No. 1, pp. 1-15
Weighted Gelfand Pairs, Weighted Spherical Fourier

Transform and Multipliers

Asseke Y. Tissinam!, Abudulai Issa'* and Yaogan Mensah!

Article Type: Research Article
Received: 15 March 2026 Revised: 12 August 2026 Accepted: 20 August 2026

Copyright: (©) 2026 DJMath. All rights reserved.
MSC2020: 43A20, 43A22, 43A30

Keywords: weighted Gelfand pair, weighted spherical function, weighted spherical Fourier

transform, multiplier

I Department of Mathematics, University of Lomé, Togo

* Corresponding author: issaabudulail3@gmail.com

Abstract. A kind of generalized Gelfand pair is introduced via a Banach algebra consisting
of bi-invariant functions in a weighted Lebesgue space. The related spherical functions and
the spherical Fourier transformation are constructed. The multipliers of the underlying

algebra are characterized by this Fourier transformation.

1. Introduction

Let G be a locally compact group and K be a compact subgroup of G. The concept of
Gelfand pair is linked to the commutativity of the space of compact supported K-bi-invariant
functions on G under the convolution product [2, 4]. It allowed to go beyond the harmonic
analysis on locally compact abelian groups and paved the way for the harmonic analysis on a
more general commutative spaces [3, 19]. The theory of Gelfand pairs has many applications
in some fields of mathematical sciences such as harmonic analysis on Riemannian symmetric
spaces, number theory and coding theory [7].

The theory of Gelfand pairs, and consequently that of spherical functions, has undergone
several generalizations [1, 6, 15].

In this article, we sought to generalize the notion of Gelfand pair in the direction of
weighted Lebesgue spaces [12] using a convolution product which depends on the weight.
Mainly, we study weighted Gelfand pairs, weighted spherical functions, weighted spherical

Fourier transform and multipliers.
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The notion of multiplier originates from the theory of summability for Fourier series [13].
It extends to other areas with many applications such as probability theory, optimization
theory, differential equations, theory of signal, acoustics, etc. Some pioneer works in this
area are [8, 16, 17, 18]. In 2020, authors in [9] obtained a theorem of Wendel type related
to multipliers for Gelfand pairs.

The rest of the paper is organized as follows. Section 2 is devoted to the recall of some
basic facts about the weighted group algebra and Gelfand pairs. In Section 3, we state the

main results spread over three subsections.

2. Preliminaries

2.1 The weighted group algebra

Let G be a locally compact group which neutral element is denoted e. Let K be a compact
subgroup of GG. In the whole paper, integration of functions on G is taken with respect
to a left Haar measure of G while integration of functions on K is with respect with the
normalized Haar measure of K.

On the Lebesgue space

Ll(G):{f:G—><c:/G|f(x)\dx<oo}

£l = /G f(@)lda
fxgla ‘/f

In this article, we refer to this convolution product as the classical convolution product.
It is well-known that (L*(G), || - [l1,*) is a Banach algebra [5, 13].

one defines the norm

and the convolution product

Definition 2.1. A continuous function w : G — (0, 00) is called a weight on G.

Let w be a weight on G. Consider the weighted Lebesgue space L. (G) defined as
LL(G) = {f :G—=C: / |f(z)|w(x)de < oo}
G

On this space, one defines the norm | f||, , = / |f(x)|w(z)dz. The following generalized
’ G
convolution product ([14]) is defined on L} (G) by setting
-1
wiy)wly "o
(Fro)a) = [ fgt a2y
w(x)

Let us observe that if w = 1, then the classical convolution product is recovered.
The space LL(G) = (LUIJ(G% [+ll1 0 5 *w> is a faithful Banach algebra called the weighted
group algebra in [14].
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Multipliers of £} (G) when G is a locally compact abelian group had been studied in [10].
There, the authors defined the multipliers of the space £L(G) via the introduction of the

operator I'}, s € G defined by

TS f(z) = M,

w(z)

where M, is the multiplication operator defined by

Mo f) (@) = w(z)f(x)

and 75 is the translation operator defined by

(rsf)(@) = f(s7 ), | € LL(G).
The definition of a multiplier is stated as follows.

Definition 2.2. [10] A map T : £LL(G) — £L(G) is called a multiplier if T is linear, bounded

and commutes with the operator I';, for all s € G.

We denote by M(LL(G)) the set of all multipliers on £} (G). The following characteri-

zation of multipliers was obtained.

Theorem 2.3. [10] Let G be a locally compact abelian group. Let T : LL(G) — LL(G) be
a linear map. Then, T € M(LL(G)) if and only if T(f *w g) = Tf v g = f *w Tg for all
f.9 € Ly(G).

2.2 Gelfand pairs

In this subsection, we recall the notion of Gelfand pair on a locally compact group and state
some related properties. For interested readers, we refer [2, 3, 4, 11] and references therein.
Let G be a locally compact group and let K be a compact subgroup of G. A function
f G — C is said to be left K-invariant if

Ve € G,Vk € K, f(kzx) = f(x).

A right K-invariant function is defined in an obvious way. A function f : G — C is said
to be K-bi-invariant if f is both left and right K-invariant. That is,

Vo € G,Vki, ko € K, f(kraks) = f().

We denote by C.(G) the set complex continuous functions on G with compact support
and by C.(K \ G/K) the members of C.(G) which are K-bi-invariant. We also denote by
LY(K\G/K), the set of complex K-bi-invariant integrable functions on G. A couple (G, K) is
called a Gelfand pair if C.(K\G/K) is a commutative algebra under the classical convolution
product. By a density argument (in fact, C.(K \ G/K) is a dense subset of L'(K \ G/K)), it
is equivalent to say that (G, K) is called a Gelfand pair if (L*(K \ G/K), %) is commutative.

3
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It is well known in the litterature that if f € C.(G), then the map f — f* where f* is

defined by
:/ / f(k1xks)dkdks, (1)
K JK

is a projection from C.(G) into C.(K \ G/K) (see for instance [3]). Moreover, the function
f%is K-bi-invariant and if f is integrable, then

/G F(a)do = /G f(@)de

3. Main results

3.1 Weighted Gelfand pairs

We introduce the concept of weighted Gelfand pair as one of the possible generalization of
the notion of (classical) Gelfand pair. Let G be a locally compact group and let K be a
compact subgroup of G. We start this section with the following properties related to the

generalized convolution product .

Theorem 3.1. Let G be a locally compact group and let K be a compact subgroup of G. Let
w be a K-bi-invariant weight on G. Then, Vf € C.(K \ G/K), Vh € C.(G),

(h*wf)ﬁ:hﬂ*wf-

Proof. In one hand, we have

(h o () = /K /K (h o £)(krhs)dkyds

_ A w(y)w(ytkizks)
= [ r sk SO g g,

- /G /K /K h(y)f(y_lklx)Wdydk;ldkyz(Fubini’s theorem).

In the other hand,

w(yw(y 'z
0 5 D) = [ W) 2 gy

/ [ / / (kvyks)dkyds | f(y" )wd”

Making the change of variable y — ki 1yk§ 1 we have

1, -1 -1
s £y = [ [ ) Gy =8 TR B g,

w(x)

_ 1y Oy ki)
—/G/K/Kh(y)f(y kyix) (@) dydk,dks;.
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Thus, (h*, f)f = hix, f. O

Theorem 3.2. Let G be a locally compact group and let K be a compact subgroup of G.
Let w be a K-bi-invariant weight on G. Let f € C.(K \ G/K) and h € C.(G). If h is left

K -invariant, then

(h#o ) = hox f2.

Proof.

~1,
(s 19(0) = [ 1)yt 2 g

/ [//fkly Lwoky)dkydky ()(() wylolye) ,

/// flkry™ xkg)Wdydkldkg

Making the change of variable y — ki Ly, we have

(o 1) / / / kL) f(y k) by y%) 1k1x)dydk1dk2

o -1 -1 mw(y)w( lklx)
- /G /K /K k) £ ) S g

_ @@y )
=[] st =y ar,

= / / / h(y)f(k:ly_lxkg)w(y)w%lyilxb)dydkldkg
GJK JK w(z)

= / / hoxy f(kiy taks)dkydky
KJK
= (h*y f)*(2).

Thus, (h*, f)* = h*, f*. O

Let 6 be a continuous involutive automorphism of G. For a function f defined on G, set

() = f(0(2)).

Theorem 3.3. Let G be a locally compact group. Let w be a weight on G. If w? = w, then
Vf.h e Ce(G),
£ xu B = (f %, h)P.
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Proof.

Making the change of variable s = §(y), we have

*w h@ /f —10 )) (S)w(sile(x))ds

= (f #u h)0(x)
= (f %o )’ ().

Thus, f9 %, h? = (f %, h)?. O

Remark 3.4. If for instance we choose 6 as the inverse map of G, that is §(z) = 27!, then

0

the condition w” = w is satisfied by symmetric weights.

Set LL(K\ G/K) :={f € LL(G) : fis K-bi-invariant}. When equipped with the norm
|11 and the generalized convolution x,,, the space £ (K \ G/K) is Banach algebra (non

necessarily commutative).

Theorem 3.5. Let G be a locally compact group and let K be a compact subgroup of G. Let
w be a K-bi-invariant weight on G. Then, the space C.(K \ G/K) is dense in LL(K\ G/K).

Proof. Let f be in £L(K \ G/K). Then, fw € L'(K \ G/K). Since C.(K \ G/K) is dense
in L'(K \ G/K), then there exists a sequence (g,) of elements of C.(K \ G/K) such that
im |lgn — fwl 1\ x) = 0- Let us set fp, = “(Zu—n Then, (fn)nen C Ce(K \ G/K) and

n—r+o0

i 1 = flleyna/r) = m llgn — follr\eri) = 0

Thus, C.(K \ G/K) is dense in LL(K \ G/K). O

The following definition is one of the main ingredients of the article. It is concerned by

a generalization of the notion of Gelfand pair which we call a weighted Gelfand pair.

Definition 3.6. Let G be a locally compact group. Let K be a compact subgroup of G.
Let w be a K-bi-invariant weight on G. The triple (G, K,w) is called a weighted Gelfand
pair if the space (LL(K \ G/K),*,) is commutative.

6
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Remark 3.7. Let us notice that if w = 1, then one recovers the classical notion of Gelfand
pair.
For a complex valued function f defined on G, set f(z) = f(z~!). We state the following

result.

Theorem 3.8. Let G be a locally compact group and let K be a compact subgroup of G. If
there exists an involutive continuous automorphism 0 of G such that for all x € G, 0(x) €
Kz~ 'K, then for each integrable K -bi-invariant function f on G, we have f = f.

Proof. Let x € G. By definition, f(z) = f(0(z)). If 0(x) € K2~ 'K, then there exists ky, ko
in K such that 0(z) = kyx~'ko. Therefore,

o) = f(8(x) = flkiz" ka) = f(z™h) = f(x).
Thus, f? = f. O

The following result states a necessary condition to have a weighted Gelfand pair.

Theorem 3.9. Let G be a locally compact group and let K be a compact subgroup of G.
Let w be a K-bi-invariant weight such that w’ = w. If there exists a continuous involutive
automorphism 0 of G such that 0(x) € Kz~ 'K for all x € G, then (G, K,w) is a weighted
Gelfand pair.

Proof. By Theorem 3.3, one has Vf,h € LL(K \ G/K), f? %, h® = (f %, h)’. Since w? = w
and 6? is the identity map of G, then Vz € G,

w(@) = w(B(2)) =w(@ ' (z)) =w(B@™")) = w(z™).
That is to say w is symmetric. Furthermore,

(f *w h)(@) = (f 0 R)(x™)
/f Yi(y ™! 71) w(y)w (?/:lx_l)dy

w(x—l)
/f ziju;() y)dy
-1y w(y)w(zy)
/ F ) =y ¢

Then, (f *o lvz)vz h*, f. Therefore, f %, h = (h *, f). By Theorem 3.8, we have
f0 *whe = (h*w f)e

However, f*,h = %, h? = (f ., h)? by Theorem 3.3. It follows that (hx, f)? = (f *, h)°.
Therefore, h *, f = f *, h. Thus, (G, K,w) is a weighted Gelfand pair. O
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Set w(x) = w(x™t). Then, M, f(z) = f(z)w(@ Hw(z),r € G.

Theorem 3.10. Let G be a locally compact group and let K be a compact subgroup of G.
Let w be a K-bi-invariant weight on G with w(e) = 1. If (G, K,w) is a weighted Gelfand
pair, then Vf € Co.(K \ G/K),

/G./\/lwwf(x)dx:/GMwwf(m_l)dx. (2)

Proof. Let g € C.(K\G/K) be such that g = 1 over the compact set Supp(f)U (Supp(f))~L.

Then,
| Mear@dn = [ ot
e elauee)

= (f*w 9)(e)
(9 %0 f)(e)

/ o teyo(e) 2018,

_ / f(x’l)w(afl)w(x)dx
G
—/./\/lwa;f(x_l)dm
G

Remark 3.11. If w = 1, then the equality (2) implies / f(z)dx = / f(z7Ydz. Therefore,

O

G G
we recover the classical fact which states that if (G, K) is a Gelfand pair, then G is a

unimodular group.

3.2 Weighted spherical functions and weighted spherical Fourier trans-

form

Let (G, K) be a Gelfand pair. A spherical function for (G, K) is a K-bi-invariant continuous
function ¢ on @G, such that the map x : f > x(f) = / f(z)p(z™Y)dz is a non-zero
G

continuous character of the convolution algebra C.(K \ G/K); that is, x is linear, continuous
and x(f *g) = x(f)x(9),Yf,9 € Co.(K \ G/K). It is equivalent to say that a non-zero

continuous K-bi-invariant function ¢ is a spherical function for the Gelfand pair (G, K) if

and only if / o(zky)dk = o(x)p(y), (see for instance [3, 11]). In what follows, we state
K

the suitable definition of a spherical function for the convolution algebra LL(K \ G/K).

Moreover, the appropriate Fourier transform in this new context is considered.

Definition 3.12. Let (G, K,w) be a weighted Gelfand pair. Let ¢ be a non-zero K-bi-
invariant. Set x,o(f) = / Mo f(2)Myp(z )dz. The function ¢ is called an w-spherical
G
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function on G if x, . verifies the property xo.u(f *w 9) = Xew(f)Xew(9), Vg € Ce(K \
G/K).

Theorem 3.13. Let (G, K,w) be a weighted Gelfand pair. Let ¢ be a non-zero K -bi-invariant
continuous function on G. The function ¢ : G — C is an w-spherical function if and only

if Ve, y € G,
/K Mop(aky)dk = Mup(z) Mup(y).

Proof. Let f, g be in Co(K \ G/K).
Xoulf ) = [ Ml 50 0)@ Mool
= [ 9@ Mopla w(a)da
= | [ rwat Mo ety ey

By the change of variables x — yx, we have

Xew(f *0w g) = //wa (@) Mup(z~ly™ ) dady

:/Kdk;/G/Gwa(y)/\/lwg(x)./\/lwgp(x_lky_l)d:vdy.
_ / / Mo f(y) Mog(z) ( / ngp(x—lky—l)d@ drdy
//wa HMug(z (/ Mo a:ky)dk) dzdy.
Moreover,

X (F)Xp (g </ Mo f(y yl)dy> </Gng(w)chp(x1)dx>

_/G/Gwa(y)ng(w) (Mup(a Y Mup(y™)) dzdy
_ /G /G Mo f(r ) Mug(a~) (Mo (@) Mo (y)) dady.

Xow(f *w 9) — Xow(f)Xepw(g) =

/G/Gwa(y_l)ng(x—l) (/K Myp(zky)dk — chp(x)/\/lwcp(y)> dxdy.

The function ¢ is an w-spherical function if and only if Vf, g € C.(K\ G/K), Xpw(f *w g) =
Xl PXola): That is, | Mog(ahy)dk = Mapla) Mug(s) 0

Theorem 3.14. Let (G, K,w) be a weighted Gelfand pair. Let ¢ be a continuous K -bi-
tnvariant function on G. Then, ¢ is an w-spherical function if and only if the following two

conditions hold.
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1. p(e) =1,

2. For each f € C.(K \ G/K), there exists a scalar X, w(f) such that f ., ¢ = Xpw(f)e-

Proof. Let us assume that ¢ is a w-spherical function. Then, / Myp(zke)dk = Myp(x) Myp(e).
We used the K-right-invariance of the functions ¢ and w, tlll(e condition w(e) = 1 and the

fact that the Haar measure of K is normalized, to obtain M ,p(x) = Myp(z) X ¢(e). Then,

Vo € G, Myp(z) [p(e) — 1] = 0. This implies ¢(e) = 1. In the other hand,

ovste)= [ 10 <>w(<5) ety 12,
), dk/ I ()ﬂ(y)_lx)dy

z/de/f(y)w(y) oy o) ()
= [t ([ Moot ki)

N /Gf(y)w(y)MwsD(y_l)MwSD(ﬂﬁ) o

w(z)

= M“(p(x)/Gf(y)Mwso(y‘l)W(y)dy

w(z)

= p(T)Xpw(f)-

Thus, f ., ¢(x) = ©(2)Xpw(f)-
In the converse, let us assume 1 and 2. We may show that x, o (f *0w9) = Xp.w(f)Xew(9)-

Yow(f o g) = / f 0 9(2) Mupla () dz

/ / e (@D (y)w(y~ z)dody

w 7137 1’71
— [t /G oty el DRty oy
/ fy 1) (g %0 @) (5 )dy

:/ F@wy)wly ey x(g)dy

= ([ MorMaptran) x(o

= ch,w(f)ch,w (9)-

O]

We denote by S, (G, K) the set of w-spherical functions for the weighted Gelfand pair

10
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(G, K,w). We set
SY (G K) = {p € Su(G,K) : M, is bounded} .

Theorem 3.15. Each non-zero character x of LL(K \ G/K) is of the form
N = [ Mof@Mopla)s g

where ¢ € S8 (G, K).

Proof. Let x be a non-zero character of £} (K \ G/K). Then, y is a continuous linear form
on LL(K \ G/K). Then, there exist a function ¢ € L¥(K \ G/K) such that

= / My flx)Myp(z)de.
G
Let us show that ¢ is a weighted spherical function. For all f,g € C.(K \ G/K). We have

X(f *w 9) — x(f)x(g)
// wp(zy) — Myp(z)Mup(y)] My, f(x) Mug(y)dedy

“J.J.

Therefore, / Myp(zky)dk = Myp(x)Mye(y). Thus, ¢ is a weighted spherical function.
K
O

/K Mop(ky)dk — Mup(@) Myp(y) | Mo f(@~ ) Magly™)dedy.

We are now able to introduce the notion of weighted spherical Fourier transform.

Definition 3.16. Let (G, K,w) be a weighted Gelfand pair. The weighted spherical Fourier
transform of a function f € £,(K \ G/K) is denoted by

— [ Mof@Mupla™)ds, o € SHG.K)
G
The weighted spherical Fourier transform satisfies the following convolution theorem.

Theorem 3.17.
Vf.g € Lo(K\ G/K), F*(f x, g) = F*())F*(g). 4)
Proof. Let p € S8(G, K).
F(f 209)(9) = [ Mulf 50 9)() Mupla™)da
= | [ 1wt 0 Mep @yl a)dody.

11
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1

By the change of variable s — ™ x, we have

“(f 50 9)( / / (s~ Yw(y)w(s)dsdy

= [ [ s ( [ Mol )k ) wlyu(s)dsdy

- / / F@)9(5) (Mup(s™ ) Mup(y™) wly)w(s)dsdy

(/ Iy wp(y” )dy> (/ g(s)w(s)Mup(s 1)ds)
([
7

) ([ s )

P)F(9)(¢)-

Thus, F*(f % g) = F*(f)F*(q). =

Theorem 3.18. The weighted spherical Fourier transform is injective on LL(K \ G/K).
This is equivalent to say that the Banach algebra LL(K \ G/K) is semisimple.

Proof. The spherical Fourier transform of a function f € L'(K \ G/K) is defined by
/f zV)dz, ® € S°(G, K),

where S®(G, K) denotes the set of bounded spherical functions for the Gelfand pair (G, K).
Let f € LL(K \ G/K) be such that F*(f)(p) =0, Ve € SE(G, K). It is clear that

felLl(K\G/K) = wf e LYK\ G/K)

e S(G,K) = wype SG,K).

Then,
FA)(p) =0 = Flwf)(wp) =0
— wf =0, because L'(K \ G/K) is semisimple.
= f=0.
Thus, F* is injective. O

3.3 Multipliers for weighted Gelfand pairs

Our main goal in this section is to characterize the multipliers for the weighted Gelfand pairs

(G, K,w).

Definition 3.19. A multiplier for the weighted Gelfand pair (G, K,w) is a linear map
T:LLK\G/K)— LL(K\ G/K) such that

Vg€ LUK\ G/K), T(f %0 g) = Tf *ug.

12
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Let us denote by M(LL(K \ G/K)) the set of multipliers of the weighted Gelfand pair
(G, K,w).

Theorem 3.20. Let (G, K,w) be a weighted Gelfand pair.
Let T: LL(K\G/K) — LL(K\ G/K) be a a linear map. Then, the following assertions

are equivalent.
1. T is a multiplier for (G, K,w).
2. There exists a unique function b defined on S°(G, K) such that

Vf € Ly(K\G/K), F*(Tf) = bF*(f).

Proof. We mimic the proof from the Proposition 4.2 of [9].

1. 1 = 2 Assume that T(f *, g) = Tf %, g for all f,g € LL(K \ G/K). Since (G, K,w)
is a weighted Gelfand pair, then £L(K \ G/K) is commutative under the convolution

product .. Therefore, we have
Tfrwg=T(f*g) =T(g*0 f) =Tgxu [.
Using the property of the spherical Fourier transform (4) we obtain
FUT ) x F(g) = F2(Tg) x F(f)-

Let us choose g in £L(K \ G/K) such that for all weighted spherical functions ¢,

F¥(g)(¢) # 0. Now, we define b by b(p) = ];:w((Tg))((gi) Therefore, we have F* (T f)(¢) =
g)\p

b(@) F(f) (). Thus, F*(Tf) = bF“(f).

Let us show the unicity of b. If t is a second function on S (G, K) such that F*(Tf) =
tFU(f) = bF¥(f) for all f € LL(K \ G/K). Then, the equation (b —t)F¥(f) = 0 for
all f € LL(K \ G/K) reveals that b = t.

2. 2 = 1 Let us assume that there exists a function b defined on S’(G, K) such that
FTf) = bF9(f),Vf € LL(K\ G/K). For f,g € LL(K \ G/K), we have f x, g €
LL(K \ G/K). Applying the hypothesis, we have F“(T(f ., g)) = bF“(f *, g) =
bFY(f)F(g9) = FU(Tf)F(g9) = F(T(f) *w g)- It follows that T(f *, g) = T'f *u g
since the weighted spherical Fourier transform is injective (Theorem 3.18). Therefore,
T e M(LL(K\ G/K)).

O

Theorem 3.21. Let (G, K,w) be a weighted Gelfand pair. Let T,T' € M(LL(K \ G/K)).
Then,
f,9 € Lu(K\G/K), Tf %, T'g=T'f %, Tg.

13
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Proof.

Tfx,Tg=T(f* (T'g))
((T"9) *e )
(T'(g *o f
(T'(f *w g
(T'f) *w g
=T(9%. (T'f)
=Tgx,TJ.
Tfx,Tg=TFfx,Tg.

\_/\_/

)
)

i B B B

)
)
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