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VAV aLLACAAL 1O . P — q, 257 q — --p.
e Example 8. If p = It is 4 o’clock, q = the train is late, then state in words the
following results :

() pvag, (ii) p Agq,

(ti) p A(~q), (iv) g v ~p,

(v) (~p)Ag, (i) (~p) A (~9),
(viz) (~p) v (~q), (viii) ~ (p A Q),
(ix) ~p=p.

Solution. (i) Itis 4 o’clock or the train is late.
(ii) It is 4 o’clock and the train is late.
(iii) It is 4 o’clock and the train is not late.
Or
It is 4 o’clock but the train is not late.
(iv) The train is late or it is not 4 o’clock.
(v) Itisnot 4 o’clock and the train is late.
(vi) It is not 4 o’clock and the train is not late.
Or
Neither it is 4 o’clock nor the train is late.
(vii) It is not 4 o’clock or the train is not late.
Or
Either it is not 4 o’clock and the train is not late.
(viii) It is not true that it is 4 o’clock and the train is late.
(ix) If it is not 4 o’clock, then the train is late.
" Example9. Let p =1t is cold, q = It is raining. Give a simple verbal sentence
which describes each of the following statements :

@ -~p, (i) p Ag,

(zii) pva, (iv) ¢ ©p,

W) p=-~4q, (i) gv~p,
wil)~pa~q, (viit) p & ~q,

(ix) ~~q, u) (PA"'Q)#,D,
(xi) ~~p, (xit)(pA~q)=q.

Solution. (i) It is not cold.

(ii) It is cold and raining.

(iii) It is cold or it is raining.

(iv) It is raining if and only if it is cold.

(v) Ifit is cold, then it is not raining.

(vi) It is raining or it is not cold.

(vii) It is not cold and it is not raining.

(viii) It is cold if and only if it is not raining.

(ix) It is not true that it is not raining.

(x) Ifit is cold and not raining, then it is cold. 5

(xi) It is not true that it is not cold. |

(xii) If it is veining and not celd, then it is raining
Col R P54 nila
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Example. 2. (a) If p and q are two statements, prove that ;

tautology. o e Ao
Solution. Truth table for p A ¢ = p is as follows :

p q PAG | Prg=p
T T T T
T F TR T
F T F T
F F F T

Since all entries in the columns of p A g = p are T, it is a tautology.
Example 2. (b) Prove that p A g = q is a tautology.
Solution. Truth table forp Aqg=gq.

P q PAg PAG=q
T T T T
T F F T
F r F T
F F F g

Note. Above 2(a) and 2(b) are called rules for simplification.

Example 3. Prove that p v (- p) is a tautology.

Solution. Truth table for p v (- p).

p -P Pv-~-p
: i F r
F T 14

Note. p v - p is a tautology. It shows any statements p is either true or false.
Example 4. Laws of addition. Prove that :
i) p=pVva @) g=PVva9),

are tautologies, when p and q are any two statements.

Solution. Truth tables for p = p v g and ¢ = p v g are shown by a single
truth table as given below :

P q pvq |p=>pvq|9=2PVYg
T T T T T
T F T T ¢
F T T /18 T
F F F | T T

Since the columns under p =>p vg and g =>p v q contain only T'’s. Hence
given propositions are tautol >z1es. ;
Example 5. Prove thatpAag=pVvqisa tautology.

Solution. Truth tableforpAg=pvg:

PArq

PV4g

NN

T e I B

N

ST I L R

p AqQ = p v q is tautology.
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Discrete Structure

Example 6. Is the statement (~p)vq is a tautology ?
Solution. Clearly (~ p) v g is not a tautology from the following truth table ;

p ~P q ~pvyq
d F 41 T
‘& F F F
F T T T
F T F T

/ Example 7. Prove that ~ {p A (~ p)} is a tautology.
Solution. Clearly the statement ~ {p A (~ p)} is a tautology from the following

truth table :

p ~p pA=p) | ~pA(=P)
T F r T
F T F T

Example 8. Prove that p = (~ p) <& ~ p is a tautology.
Solution. Truth table forp = (- p) & ~p.

p ~p p=>-p |(p=>(p)o(p)
T F F 7
F T T T

Hence the proposition p = (~ p) ¢ ~ p is a tautology.

Example 9. Prove that (p = q) & (~p Vv q) is a tautology.

Pr Solution.
p q ~P P=4q ~pPvq [p=qo(-pVq)
T T F T T T
T F F F F T
F T T T T T
F F T T T T
Example 10. Prove that (p & q) & (p = a) A (¢ = p) is a tautology.
Solution.
P | ¢ |Peg|p=g|g=p |P=29r@=p (f::))ﬁq=p,
T T T T T T T
T F F F I F T
Flr | Fr| 1| F F T
F F T T T i T
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(==
Example 11. Show that p = g)A(@g=p) = (P Sq)isa tautology.

Solution.

p q p=q |9=P P=2q)A(@=2p)=P|p=q=Q PeQ
4 T T 23 T T T

T F F T F F T
F T T F F F T

F F 1 i Y & T T T

~Example 12. Prove that (p < q)A(@er) =@ & r) is a tautology.
[R.G.P.V. Dec. 2006]

Solution. For convenience, let
peor=Aand pegal@gern)=B

per=A (pﬁqh(qc:r):BB
(suppose) (suppose)
T

“
>

q

|
L~}

p

= e B Bl D B L B A

TN NN
MENNYYg g|a
MNIN TN YN
NSNS
NN N
N NN YN
N oo oo

Last column shows that B = A i.e., (p < q) A (g & r) = (p © 1) is a tautology.
§ 3.15. CONTRADICTION
Definition. A contradiction is a proposition which is always false for all truth

values of its propositions or components.

A contradiction is also called logically false.
Clearly in truth tables, all entries in the column of contradiction are of ‘F only.

Contingency : [R.G.P.V. June 2002]

A contingency is a proposition which is either true or false depending on the
truth values of its components or propositions.

ILLUSTRATIVE EXAMPLES

L
Example 1. Prove that p A (~ p) is a contradiction,
Solution. Let p be a statement. Truth table forp A (~p)is :

P -p__|pAGP)
/4 F F
F T F

Sinceﬂllentriesinthecolumnopr(..p)mofFolﬂmit’llm

e




294 Discrete Structure

Example 2. Prove that p < (~ p) is a contradiction.
Solution. Truth table forp & (~p)is:

P -p__|poCp)
T F F
F T F

~~ Example 3. Prove that (p v q) A (~p) A (~ q) is a contradiction.
Solution. Truth table for given proposition is :

p q pPVvq ~-P ~q |V AER) | PVEA(-p)A(~q)
/i T T F F F F
T F T F S F F
F T T T F i F
F F F T ' 3 F F

Since all entries in the last column are of F’s and so it is a contradiction.

.~  Example 4. Show that the proposition (~p Aq) v (p A~ Q) isa contingency.
Solution. Truth table for the given proposition is :
p q ~P ~9 | ~PAq |PA~Q |(-PAQ)V(DA~q) ]
T T F F F F F
z F F T F T T
F T T F d F T
F F T g F F F

The entries in the last column depends upon the truth values of its
components. Hence the given proposition (statement) is a contingency.

Example 5. Show that p = (p = q) is a contingency.

Solution. Proceed as Ex. 4 above.

§ 3.16. LOGICAL EQUIVALENCE

Definition. Two statements (or propositions) are called logically equivalent
if the truth values of both the statements (or propositions) are always identical.
In other words, two statements are called logically equivalent if when either
is true the other is true and when either is false the other is false.
If two statements P and @ are logically equivalent, then these are represented
by ‘P=@Q. If P=Q, then P = Q is a tautology.
Consider two open statements x = 4 and 3x = 12 (when x € N). Both have the
same truth value T for the value 4 of x, therefore, these both open statements are
logically equivalent.

SRy i =T . - = T N
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ILLUSTRATIVE EXAMPLES fud pgc

/Example 1. Ifp

g and
and its contrapositipe ( q are two s

tatements, show that the implication p = q

Solution. Truth t;gl)e? G logically equivalent,
;’, ; pP>gq ~p ¢ lC-g=Cp
T T F F 7
F F F T F
. T T T F T
F ¥ T T T T

The entries of third and sixth columns are identical. Hence p =g and
(-~ @) = (~ p) are logically equivalent.

Example 2. Show that q = p converse of p = q and its inverse (~p) = (~q)
are logically equivalent.

Solution.
p q g=>p ~p ~q (-p)=(-9)
T T T F F s
T F T F T T
F o i F 1 F F
F F T /fa T T

Since entries of 3rd and 6th columns are identical.
(@=p)={-p)= (9}
Example 3. Show that~(p=q)={p A (~q).
Solution. If ~ (p = ¢) and p A (~ g) are equivalent, then
~p=29eprc-9) ;
will be tautology (See Theorem § 2.16), which is clear from the following truth

table :

P q -q |p=2q|-@=29|Pr(9 ~-p=2q9epa-9)

T T F T F F T

T F T F T T T

F T F T F F f;

F F T T F F

rs(paq)=Tr. ;
s lscmlt’)l:.&Af}{;wﬁf:.a gf’\z(gh::il )pro(ge tgat}):b(q::r)ﬁ(pnq):brls a
tautology. T T

4 q r |g=rlp=@=n|pre|@ra=r DAQ) DT

T T T T T T T ;

T T F F F T F ’

T F T T T F T e

T F F T T F g 3

F T r T T 5 -

gl | F | B T F ;‘. 4

/F F T ” T F 4 -

F F F T T F

/

~
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Discrete Structure

> Example 5. Show that p®g=(PAr~qQv(~pPAQg).

Solution. As in Ex. 3 above, we shall prove that

—

p®q=(pA~q)V(~pAq)isatautology.

R L R i L W ] S
T - T 4 F | @ as F F F T
T {F | T |3 |8 T F T i
F 1@ 1T T 2 SRy 1 T T
F1F ) F | T4 0N F F T

Example 6. Show that p Tq)@ @ Tq)=@vg)a(plq).

D Solution. Asin Ex. 3 above, we shall prove that
T @@ Tg) = (vq) A@P!qg)isatautology.
P | o plafelocetalerie| P00 Lo tul
T AT | F F 7 F F T
Ty F T F T F F T
F el T F T F F T
FAlEQ T F Ed ‘T F T

5 Example 7. Show that (p T q) ® (p T q) is logically false (or is a contradiction).
Solution. In truth table of Ex. 6 above all entries in column four are of ‘F° only.

Hence (p T q) ® (p T q) is logically false.

. Example 8. Prove that following statements are logically equivalent :

(@) @PAQAr=pAa(gar).

(@) pa(@@vr=@Aq)V(pAT).
@) pv@an=@va A v.
() p=2@an=@E=2q)A(=21).
W) p=2@vr=@E=q) v(=r.
W) p=q)vr=(vr)=(qvr).
Wi)pv(@ern=pve e @V

Solution. These are easily proved by truth tables.

[R.G.P.V. June 2007]
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Example 2. (a) Obtain the converse, inverse and contrapositive of the
conditional statement p — q. [R.G.P.V. Dec. 2002]

Solution. If p and g are two proposotions then the converse, inverse and
contrapositive of p — q are as follows :

(1) Converse implication is ¢ — p.

(ii) Inverse implication is ~p — ~gq.

(ii) Contrapositive implication is ~q — ~p.

Example 2. (b) Construct converse, inverse and contrapositive of the direct
statement ‘if 4x — 2 =10 then x = 3’.

Solution. Let p=4x-2=10,g=x=3. Thus the statement if 4x-2= 10
then x = 3’ is the direct implication p = q.

(i) Converse. Converse of p = ¢’ is ‘q = p’, hence the converse of given
statement is as follows :

“If x = 3 then 4x - 2=10".
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R

(ii) Inverse. The inverse of * :
of P gty e ;
given statement is as follows P = ¢is ‘(~ p) = (~ g, hence the inverse of the

“If 4x — 2 # 10 then x # 3",
(iii) Contrapositive. s ¢ pic ’
contrapositive of Ehe g-ive‘li s'::]ti;f:;: ?: (;Ssl?t:’lfogsp. FAE S o i i
“If x # 3 then 4x - 2 # 10” '
'&Example 3. Write the e 4 :
P converse, inverse and contrapositive of the following
(@) IfABCD is a square then ABCD is a rectangle.
(b) When sun rises then it is morning.
Solution (a) Letp =ABCD is a square,
q =ABCD is a rectangle.
s The given statement is the direct implication ‘p = ¢'.
i) Ct'mverse. Since the converse of p = ¢’is ‘g = p’ so the converse of given
statement 1s :
‘If ABCD is a rectangle then ABCD is a square’.
(ii) Il_lverse. Since inverse of p = ¢'is (~ p) = (~ g)’ so the inverse of given
statement 18 :
‘If ABCD is not a square then ABCD is not a rectangle’.
(iii) Contrapositive. Since contrapositive of ‘p = ¢’ is (~ g) = (~ p)’, so the
contrapositive of the given statement is :
‘If ABCD is not a rectangle then ABCD is not a square’.
(b) Assuming p and g as above in (a), the given statement has :
(i) Converse. ‘When it is morning then sun rises’.
(ii) Inverse. ‘When sun does not rise then it is not morning’.
" (iii) Contrapositive. ‘When it is not morning then sun does not rise’.
Z Example 4. Let p =it is rainy season, g = the mango is delicious, construct the
following statements :
(@ p=gq,
(c) itsinverse,
(e) its negation.
Solution. (a) If it is rainy season, then the mango is delicious.
(b) If the mango is delicious, then it is rainy season.
(c) Ifit is not rainy season, then the mango is not delicious.
(d) If the mango is not delicious, then it is not rainy season.
(e) It is rainy season and mango is not delicious.

Example 5. If the truth value of p & q is G) F, (i) T, then find the truth value
ofpvyq.

Solution. We know that the
and q has truth value F and other T.

(b) its converse,
(d) its contrapositive,

truth value of p & q is F, when either one of p

Truth table
peq P q pvq
T F T
g F T T
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5
7 Example 10. Prepare the truth table of the statement

. P=2QAR)v(~PAQ).
Solution. Truth table for (P = Q A R) v (~ P A Q) :

QAR P=QAR)| ~P [~-PAQ|(P=QAR)v(-P1rQ)

ﬁ:"!“‘-’l"ﬁ“ﬂ“ﬂ“i“ﬁ\'ﬂ
o e Bl e e, B8 - B 17~
NN TN NN
ol e - B B B i
o Bl M e B 88 e Mg
NNy Y
MmNy
NN N

~  Example 11. Prove that the following statement is a tautology.
(~B) A(A = B) = (- A).
Solution. Truth table for given statement :

| A B ~A ~B |A=B|(~-BA(A=B)|-BIA(A=>B)=(-A)
T T F F 7y F T
T F F i F F ¥ &
F T T F T F T
F F T T T T T

Hence (~ B) A (A = B) = (- A) is a tautology.
<  Example 12. If p = Ram is beautiful,
q = Ram is mixable,
! . r = His friends like Ram,

then write the following statements in language :

(@ e=qvpE=r),

b)) p=(@vn.

Examine, are the above statement equivalent ?

Solution. (a) If Ram is beautiful then either Ram is mixable or his friends
like Ram.

(b) If Ram is beautiful then he is mixable or his friends like him.

Combined truth table for (a) and (b) :
p=q|p=2r|p=2qvep=2n4q

b |

P=@Qvr)

e i s M e TR T R
o e e Be B B e B |
o e e e B B e
i ke e B B Bia BRe
e Bl B B e B Bie | RS
NNNNTNNS

L*:l%’l:‘fj*i"i"i’i'u
WM NN 3R
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From above truth table, we see that the entries in sixth and eigth column are
identical. Hence the statements given by (a) and (b) above are logically equivalent.
« Example 13. Prepare the tables of the following statements :
@) @Eearva.
@ evoal=n=agqg
Solution. (i) Truthtableofp & gaA(rvg):

P9 ¥

Q

pPeoqg)a(rve)
T

O T T T B B R
T I I e T B B B

O I T L B B B

ol B 1 LR i B L B

NN e
=5 i e P B e Bl

(ii) Truth tableof (pvg)Aa(~r)=gq:

l
oy

Ppvqg (v a=r)((pvga(-r=q

ST T B B B B
WM NN R
e i e (R B B [
o i Byt SR B B
U R ke Tt o [ i

e S R B B R B

¥ Example 14. Prove by truth table that the following formulae are
tautologies :

@) ~g=2-p)al@=p)=PE =9, @=>q) v (F=p).
(@) pegan)=(-r=-~p), (W)@e=>gAr)=(~r=~q).

Solution. (i) Let ~ g = ~p, g = p, p & q be respectivel
) ’ y denoted by A, B, C.
The truth table of given statement is as follows : 7

A B C
p q ~P | ~q |~g=-plg=p|ArB|poqg| AAB)=C
T T F F T T T T T
T F F A F T F F 7 i
F T ‘i F T F F F T
F F T T /i T g4 T ¥ %

Since all entries of last column are T. Hence the given formula is a tautology.
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(ii)

[ g v
T P=4q r=p p=q Vv(ir=p) |
T ¢ g T T T T
: < i z 2 T
T F T E P T T
o/ F F F T T
F T T T F T
F T F T T T
s = T T F T
F F F T T T

Since all entries of the last column are T. Hence the given formula is a
tautology.
(iii)

™

>
ﬁ

l
N

!
L
>

.,
i)
MNRNaNaal

NNl w

M NN N N
M NN TN N
SR RCIE RO B TR
CRCEUIT R R R R P
rae»a'::*q‘qh:-a.g:s
NE RTINS
NN NN Ty

Since all entries of the last column are T. Hence the given formula 1s a

tautology.
(iv) Proceed as above in (ii1). %
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Example. Construct the truth table for the propositions pTqTr and
peqor.
Solution.

pTeTr |p
T

Q

PO®qgqOr

R

~

MM W M N NN NY
M NN Ty N N(R
M N TN TN Y Ny
NN N NNNY TS
SR BTG

Mo N N NN (e
WM ON N W N
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Example 4. Negate the statement ‘He is poor and laborious’.
Solution. We know that~(p AQ)=~pv~gq.
Hence the negation of the given statement is:
It is false that he is poor and laborious’.
= ‘He is not poor or he is not laborious’.
Example 5. Negate the siatement ‘It is daylight and all the people have
arisen’.
Soltion. We know that ~-(p Aq)=~pVv ~q.
Hence the negation of the given statement is :
Tt is false that it is daylight and all the people have arisen’.
= ‘It not daylight or it is false that all the people have arisen’.
= It is not daylight or some one has not arisen’.
Example 6. Negate the statements
(@) 3xPx)vYyQy).
(i) VxPx)Ady QM.
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Example 10. Write the following statement into symbols
(using quantifier and the symbol ‘<’ for ‘less than’)
(i) A number x, is less than T and greater than 5.

(i) For a given number x there is a greater number y.
(iti) For two given numbers x and y, there is a number z such that the differsnes

of x and.y is less than the product of x* and z.
(tv) The numbers x, y, z are such that x +y is greater than xz.

Solution. (i) Ix[x <7 A5 <x].
(ii) Vx3dykx<y).
Gi)) VxVy3Iz (| x-y | <x%2).
(iv) Gx)3y)3z) (xz2<x+Yy).
Example 11. Write the following sentences into symbols :
() The square of any rational number is not 2.
(zz) Two non-parallel coplanor straight lines have a common point.
(iit) If there is no prize, then a person does not purchase a ticket.
Solution. (i) Let @Q(x)=x is a rational number
Ex,y)=‘x=y'
The given sentence in symbols, using quantifiers, is
3x [Q(x) A E(x?, 2)).
(ii) Let P(x) = x is a point
L(x) = x i8 a straight line
I(x, y) = the point x is on y
D(x, y) = x, y are non-parallel and coplanar.



Example 15. Write the following predicate into symbolic form -
() There are real numbers which are greater than all real numbers.
(it) Some ladies lawyer are such that they are also homely ladies.
(tti) Some ladies are lawyer and also homely ladies.
(iv) Every student is a member of N.C.C. or N.S.S., but some students are nt
players.
(v) If a and b are non-zero integers and p is a prime number such that p | ab
thenp | aorp | b.
Solution. (i) Let R(x)=xis real number
Glx,y)=x>9y.
Then the given predicate in symbolic form is
V x [Rx) = 3y {R(y) A G(x, y)}].
(ii) W(x) =xis lady
L(x) = x is lawyer
H(x) = x is homely lady.
Then 3 x [W(x) A L(x) A H(x)].
(iii) Same as (ii).
(iv) S(x) =x is student.
N(x) = x is a member of N.C.C.
M(x) = x is amember of N.S.S.
P(x) = x i8 a player.
Then Vx[S(x)= (N(x) AMx)l] A3y [S») A~ P)].
(v) I(x)=xis a non-zero integer
~ P(x) =xis prime number
D(x, y) = x divides y.
Then V a, b, p [l(a) A I(b) A P(p) A D(p, ab)l = [D(p, a) v D{p, b)].
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?5. Explain the following terms and also give examples to explain them :
(a) Quantifier.
(b) Universal quantifier.
(¢) Existential quantifier.
(d) Negation of a quantifier.
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