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Abstract—In robotics, structural design and behavior opti-
mization have long been considered separate processes, result-
ing in the development of systems with limited capabilities.
Recently, co-design methods have gained popularity, where
bi-level formulations are used to simultaneously optimize the
robot design and behavior for specific tasks. However, most
implementations assume a serial or tree-type model of the robot,
overlooking the fact that many robot platforms incorporate
parallel mechanisms. In this paper, we present a novel co-
design approach that explicitly incorporates parallel coupling
constraints into the dynamic model of the robot. In this
framework, an outer optimization loop focuses on the design
parameters, in our case the transmission ratios of a parallel
belt-driven manipulator, which map the desired torques from
the joint space to the actuation space. An inner loop performs
trajectory optimization in the actuation space, thus exploiting
the entire dynamic range of the manipulator. We compare
the proposed method with a conventional co-design approach
based on a simplified tree-type model. By taking advantage of
the actuation space representation, our approach leads to a
significant increase in dynamic payload capacity compared to
the conventional co-design implementation.

I. INTRODUCTION

Parallel mechanisms are increasingly used in various types
of robots due to their superior stiffness, accuracy and pay-
load capacity (see [1] for a survey). In humanoid robots
and highly dynamic manipulators, parallel mechanisms can
achieve proximal actuation to reduce link inertias. While
many humanoid systems use four-bar mechanisms [2], belt
transmissions have also become a popular choice [3], [4],
[5]. A notable example is the MIT humanoid leg, which
employs a parallel belt transmission to achieve efficient force
transmission while maintaining a compact and lightweight
design [3]. However, such mechanisms introduce complex
coupled constraints that challenge conventional modeling
and optimization techniques. The inherent complexity of
mechanical couplings in these mechanisms pose a consid-
erable challenge to system designers, a fact that advocates
a simultaneous optimization of robot design and behavior.
This method, commonly referred to as co-design, offers a
promising way to fully exploit a robot’s potential. This is
especially true for parallel mechanisms, as they encompass
a much larger design space than serial robots.
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Fig. 1. Illustration of the Manipulator lifting 3kg payload (in 1 — 4
sequence) through Parallel Transmission Aware Co-Design

A large body of work on co-design of robotic systems
already exists. The work presented in [6] shows the co-
optimization of a humanoid robot using a combination
of reinforcement learning (RL) and evolutionary optimiza-
tion. Similar approaches have been applied to quadrupedal
robots [7], [8], [9], primarily focusing on optimizing link
lengths. Some recent works [10], [11] have studied co-design
of simple underactuated systems taking into account the
robustness of the controllers. In contrast, the work in [12]
demonstrates a bi-level optimization of the workspace of
a manipulator, including the dimensions of the links and
their dynamic properties as well as the choice of actuators.
In [13], the authors present methods for the co-design of
robots with variable stiffness actuators. [14] studies the
design optimization of a parallel manipulator for surgical
applications taking into account only its kinematic properties.
[15] presents a computational framework but focuses on link
lengths to optimize design and motion trajectories of robotic
systems via implicit function theorem.

Common to almost all the aforementioned co-design ap-
proaches discussed above is that they can only be applied
to serial or tree-type robot architectures. If parallel sub-
mechanisms exist in a robot, the given approaches will have
to rely on serial abstraction of the robot model, which hides
the details of the parallel mechanisms. Therefore, they cannot
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exploit the full dynamics and workspace of a robot with
parallel mechanisms and ignore the dynamic effects caused
by the closed-loop couplings. This limitation highlights the
need for co-design approaches that explicitly account for the
dynamic effects and unique constraints of parallel and series-
parallel hybrid mechanisms, ensuring a more accurate and
efficient optimization process.

Contribution: The main contribution of this work is a
novel co-design method that considers the overall dynamics
of a series-parallel hybrid robot taking into account the
effect of its parallel transmissions. In contrast to existing
approaches that rely on serial or tree-type robot models,
our approach performs motion optimization directly in the
actuation space of the robot. This allows it to fully exploit
the available solution space of the robot, resulting in a
dynamically more efficient design. We evaluate our method
on a 4-DOF manipulator with parallel belt transmissions [5],
which is supposed to perform a pick-and-place movement as
shown in Fig. |I} The selected design parameters comprise
the transmission ratios of the parallel belt couplings. The
experimental evaluation shows that the resulting robot design
offers a significantly higher payload capacity compared to
conventional co-design approaches.

Organization: This paper is organized as follows: Sec-
tion [l provides the mathematical background of the proposed
method. Section [[II| details the proposed co-design method-
ology. Section presents and discusses the experimental
results. Finally, Section [V| concludes the paper and outlines
potential directions for future work based on our findings.

II. MATHEMATICAL PRELIMINARIES

This section presents the mathematical basics required
for modeling rigid body systems with and without parallel
couplings or kinematic constraints.

A. Equations of Motion

For a robotic system with closed-loop or parallel coupling
constraints, the equations of motion (EoM) can be expressed
in both joint space and actuation space [16], [17].

The joint space formulation is:

Hi+C(q,q) =7 (D

where, q,q,{ € R" are position, velocity, and acceleration
of the independent joints, n is the number of independent
joints, H(q) € R™" is the mass-inertia matrix, C(q,q) € R”
describes the Coriolis-centrifugal effects and gravity forces,
and 7 € R” are the joint torques or forces.

The mapping from joint space to actuation space is given
by:

qu = Y(q) 2
4. =Gq (3)
QM = Gq +8u (4)

where ¥(q) is a function of joint space positions, mapping
them to actuation space and g, = Gq. In our case, there is
an explicit constraint matrix G € R"™ that describes the

mapping from joint to actuation space, so q, = Gq € R",
where m is the number of actuators. Substituting these
equations in , we arrive at the actuation space EoM:

G '"HG '§,+G T(C-HG'g,) = G Tt (5
Huiiu+cu = Ty (6)

where 7, = G~ € R™ are the actuator forces and torques,
H, = G THG ! € R™*™ is the mass-inertia matrix in actu-
ation space, and C, = G~ T(C — HG’lgu) € R™ ™ contains
the Coriolis-centrifugal effects and gravity forces in actuation
space.

B. Optimal Control Formulation

A robot’s movement can be formulated as an optimal
control (OC) problem, discretized over time. Equation
defines the optimization problem considered in this work.

N-1

rgiun Y (Xt Qx¢ + uf Ruy + pi[e(x¢) [[*)
Ry =

st Xpaq = f(xg, 1),
Amin < gk < Qmax,
Gmin < Gk < qmax;
Upin < Ug < Upgy,

k=0,...,N—1

(Joint limits) 7
(Velocity limits)

(Torque limits)

X0 = Xinit, (Initial state constraint)

XN = Xfinal, (Final state constraint)
where x = [q,q]” € R*" corresponds to the robot state,
Q221 and R?™2" are diagonal weight matrices associated
with the state and control regularization, respectively, f rep-
resents the discretized dynamics and ¢(x) imposes Cartesian
boundary constraints for all node points as a cost, where
p is the corresponding weighting factor. In this work, the
OC formulation is transcribed into a non-linear programming
problem (NLP) using CasADi [18] and solved with the
IPOPT (Interior Point OPTimizer) solver [19]. The EoM
described in the previous section serve as the basis for
formulating the co-design approach in both joint space and
actuation space. These fundamental concepts are elaborated
in detail in the following section.

III. METHODOLOGY

This section presents the coupling constraints for the
parallel belt driven robotic manipulator described in [5]. The
manipulator and its topological graph, shown in Fig. |2} is
designed for high-speed pick-and-place operations in auto-
mated fruit harvesting. To minimize moving inertia and en-
hance dynamic performance, all actuators are base-mounted,
utilizing parallel coupling mechanisms for joint actuation.
The total weight of the manipulator is approximately 5.3
kg, with moving components accounting for 1.6 kg. This
lightweight design ensures energy efficiency but limits the
payload capacity to fruits weighing < 1kg.

The limited payload capacity restricts the applicability of
the robotic arm to a narrow subset of agricultural tasks,
making it unsuitable for harvesting larger fruits. To enhance
the payload capacity of the manipulator and broaden its



Fig. 2.

application range, we propose a novel co-design approach
that incorporates the parallel coupling constraints into the
optimization process for design and behavior in a bi-level
manner. The goal is to find design parameters that allow
the manipulator to pick fruits in the range of 1 to 3 kg.
Since the torque capacity of the joints are determined by the
parallel belt coupling mechanism, the co-design approach is
applied in both joint space and actuation space to enable a
comparative validation of the proposed method. The explicit
constraint matrix that maps the joint torques to motor torques
is given by

/g1 O 0 0
1/g2 1/g2 0O 0
G= 8
L 1/gs 1/ga 1/ga ®
1 1/g3 1/ga —1/ga

where, g1 ...g4 represent the gear ratios of the belt couplings.
Note that the gear ratios are continuous, as they are cal-
culated as the quotient of the radii of the gear wheels to
which the belt is attached. This explicit constraint matrix
G establishes a direct connection between the joint space
and the actuation space, influencing the torque distribution.
In this special case, with constant terms in G, g, = 0. By
optimizing these gear ratios, the manipulator can handle
higher payloads while maintaining its dynamic performance.
In our co-design approach, the motion planning is formulated
in both, joint space and actuation space, as described in the
following sections.

A. Motion Optimization in Joint Space

A conventional approach in co-design methodologies is to
plan motion directly in the joint space of a robot, for example
by using OC. Here, state variables (position and velocity) and
torque control inputs are formulated accordingly. However,
in the context of a parallel belt mechanism, such an approach
does not fully capture the interaction between the actuators
and joints. Specifically, the differential coupling between
Joint 3 and Joint 4 (see Fig. ) is lost when using a joint
space representation. Consequently, the torque limits must be
properly accounted for using the explicit constraint matrix G.
In this formulation, the joint torques and velocity limits are
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--» Parallel coupling joints
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CAD model (left) and topological representation (right) of joint space and actuation space
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where q, and 7, are the actuator velocity and torque limits
respectively.

The motion planning is then formulated as an optimization
problem described in (7). Here, velocity and torque limits are
handled as described in (]9) In this formulation, the dynamic
constraints are defined in the joint space without explicitly
considering gear ratio coupling in the EoM, as described in

.

B. Motion Optimization in Actuation Space

Unlike the conventional approach, where control limits
and EoM are described in joint space, we formulate the OC
problem in actuation space. This formulation provides a more
accurate representation of the parallel coupling dynamics
between actuators and joints while ensuring compliance
with actuator limits. Accordingly, the motion optimization
problem in actuation space is defined as in (7), with control
limits expressed as:

Tumin S u S Tumax (10)

The velocity limits remain unchanged from (9), as the state
representation still considers joint-space velocity constraints.
Additionally, the optimization problem is subject to the
dynamic constraints specified in (6).

C. Design Optimization for Payload Adaptability

To accommodate varying payloads, we optimize the con-
tinuous gear ratios g1,g2,83,84 as design parameters in G.
The gear ratio bounds are imposed based on the mechanical
constraints of the manipulator as follows:

1<g1,8<9
> 81,82 > (11
1<g3,84<3
with
83 <8 <g (12)

By optimizing these gear ratios, a modular manipulator
can be developed, allowing for adjustments based on the
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Fig. 3. Co-design pipeline with joint space (conventional) and actuation
space (ours)

specific payload requirements. This modularity ensures that
the robotic arm can handle payloads of different weights,
while maintaining agility and efficiency.

D. Co-Design Implementation Details

Our co-design approach is formulated in both, joint space
and actuation space, optimizing the mechanical design and
control strategies simultaneously in a bi-level formulation.
The OC problem as described in ([7) is employed to minimize
the motion cost while ensuring compliance with the dynamic
constraints at the inner level. The outer-level optimizes the
gear ratios of the parallel belt couplings. Fig. 3] illustrates
this pipeline. In the figure, the four joints of the manipulator
are highlighted in red, while the actuators including the belt
couplings are indicated in green. The inner-level OC problem
is formulated using CasADi [18], and the dynamics are
computed using the open-source library Pinocchio [20]. The
total duration for trajectory generation is set to 7 = 0.7 s with
N = 50 discretization steps. This selection is slightly faster
than the trajectory duration of 7 = 0.8 s reported in [5], with
the intent of achieving more dynamic motions while ensuring
robust pick-and-place operations for various payloads. The
hyperparameters of the OC are summarized in Table [} These
hyperparameters are determined based on empirical evalua-
tions to ensure a balance between trajectory smoothness and
dynamic feasibility in joint space and actuation space. At the

TABLE 1
HYPERPARAMETERS FOR MOTION OPTIMIZATION

Hyperparameters Weights

diag(1072,...,1072)

State  Weights (Q)

Control  Weights  (R) diag(1073,1073,1073,1073)

Cartesian Boundary ~Weights (p) diag(10%,10%)

outer level, we employ CMA-ES from the pagmo library [21]
for optimizing the gear ratios. The optimization is performed
with a population size of 100 over 30 generations, with an
initial step size of ¢ = 0.3. Infeasible solutions, where the
motion planner fails to generate a valid trajectory, or the
constraint in (I2) is violated, are penalized with a high cost
(10%) to ensure convergence towards physically feasible gear
ratios.

IV. RESULTS AND DISCUSSION

In this section, we present the results of the evaluation of
the proposed co-design approach and validate them through

a comprehensive comparison. First, we use the original
manipulator design and analyze the optimized motion in joint
space and actuation space to illustrate the inherent differ-
ences between the two representations. Next, we determine
the optimal gear ratios using co-design in joint space and
actuation space for a payload of 1 kg and 3 kg and compare
the resulting optimal manipulator trajectories. The results are
also summarized in the accompanying vide

A. Motion Optimization in Joint Space and Actuation Space

We use the OC problem from (7) and the hyperparameters
from Table I to generate the motion shown in Fig. @ Since
the manipulator is to be used in fruit harvesting, the initial
position corresponds to the point at which the fruit is picked
and the final position corresponds to the point at which the
fruit is placed in a collection container. The OC problem
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Fig. 4. [Initial and final position of the manipulator

ensures that the planned trajectories satisfy the EoM of the
system while minimizing the given cost function. The gear
ratios in the original design are [gi,g2,83,84] = [6,3,1,1],
with a torque limit of £1.7 Nm for all four motors. Fig.
[] illustrates the resulting joint positions, motor torques and
Cartesian space trajectory when the OC problem is formu-
lated in actuation space. The resulting motion is represented
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by a smooth trajectory between the initial and final positions
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in Cartesian space, while respecting the torque constraints.
The differential coupling effect is evident in 7,3 and 7,4,
which follow identical torque profiles throughout the motion.
A slight saturation can be observed in the torque values, but
this is acceptable given the maximum torques of the motors.

The results of joint-space motion optimization are shown
in Fig. [ The torque limits imposed by the paral-
lel coupling on the joints are given by Ty, Tnin =
[£18.7,48.5,+3.4,+0] Nm. The Cartesian space trajectory
looks slightly different when comparing actuation-space and
joint-space motion planning. However, both approaches pro-
duce feasible solutions.
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B. Co-design in Joint Space and Actuation Space

In this section, we describe the results on performing co-
design in joint space and actuation space of the belt-driven
robot manipulator. To find optimal gear ratios, we use CMA-
ES as a black-box optimizer in the design space. To obtain
meaningful results, we run the entire co-optimization five
times for each case, with different random seeds for the
initial population. The optimization criterion used in CMA-
ES is chosen to be identical to the cost function in (7).
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Fig. 7. Evolution of the cost function in CMA-ES

1) lkg Payload: In order to evaluate the capabilities of our
approach to optimize the load capacity of the manipulator,
tests are performed with a payload of 1 kg. The evolution
of the cost function of CMA-ES is shown in Fig. [7] In

-

ERENE R

IRC I

0.4 0.6 0.0 0.2 0.4 0.6
Time ] Time s

Joint torques [Nm

Joint torques [Nm]

0.0 0

(a) Joint torques (original) (c) Joint torques (optimized)

1.00
Initial position
0.75 ® Final position

**** Cartesian boundary

Initial position

®  Final position

Z|m|

***** Cartesian boundary

-1.0 0.5 0.0 —1.0 —0.5 0.0
Y [m] Y [m]
(b) Cartesian plot (original) (d) Cartesian plot (optimized)

Fig. 8. Comparison of joint torques and cartesian trajectories before and
after co-design in actuation space for 1kg.
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Fig. 9. After co-design in joint space for 1kg with optimal gear ratios

this graph, the populations that generate infeasible solutions
can be seen with costs around 10°. The graph shows that
CMA-ES converges after about 1200 iterations. Using the
original robot design, no feasible solution could be found
when formulating the OC problem in joint space. When
formulating the OC problem in the actuation space, a feasible
solution could still be obtained. However, the quality of the
solution was low due to torque saturation (see Fig. and
a non-smooth Cartesian space trajectory (see Fig.[8(b)). After
applying our co-design approach, the resulting motion is a
smooth trajectory (Fig. [8(d)) without saturation of the motor
torques (Fig.[8(c)). Similarly, when performing co-design in
joint space, a feasible solution could be obtained. As shown
in Fig. 0] the resulting Cartesian trajectory is smooth and



adheres to the imposed constraints. However, in contrast to
the solution obtained by actuation space co-design, the joint
torques consistently reach saturation.

2) 3kg Payload: To determine the limitations of the co-
design approach presented, further experiments were con-
ducted with a payload of 3 kg. With the original design,
the manipulator design was not able to handle this load
effectively. As shown in Fig. [I0(b)] the manipulator exhibits
an initial pendulum motion before attempting to lift the
payload. The trajectory strongly violates the Cartesian space
constraints. In contrast, after performing the co-design in the
actuation space, the resulting motion is smooth and adheres
to the imposed Cartesian position constraints. Fig. [T0(d)|
shows that the optimized manipulator initially performs a
swing-up of the payload, while adhering to the Cartesian
space boundaries, before successfully lifting the load and
placing it at the final position.
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Fig. 10. Comparison of joint torques and cartesian trajectories before and
after co-design in actuation space for 3kg.

In contrast, the co-design approach in the joint space is
not capable to produce a manipulator design that can handle
the desired payload of 3 kg in this task.

C. Discussion

The previous section presented results on comparing joint
space and actuation space co-design of a belt-driven robotic
manipulator. The co-design results in joint space and actua-
tion space are summarized in Table[[T] where before and after
corresponds to original design and optimal design respec-
tively. The optimal gear ratios obtained are also illustrated
in Fig. [[T] When using joint space co-design, the resulting
gear ratios g3 and g4 already reach their limits with a payload
of 1 kg. In contrast, when using actuation space co-design,
the resulting gear ratios are much smaller for a 1 kg payload,
while they reach their upper bounds when the payload
increases to 3 kg. Our co-design implementation, applied to a

robot with moving mass of 1.6 kg, doubled the manipulator’s
payload capability, approximately to 3 kg. This improvement
was achieved within the system’s maximum gear ratio limits,
requiring only gear adaptations while keeping the motors
unchanged. The inclusion of parallel coupling constraints
in our approach enabled significant capability enhancements
with minimal cost and weight addition. The results indicate
clearly that co-design in actuation space is more efficient, as
it better exploits the available solution space.

TABLE 11
GEAR RATIOS AND COST FOR DIFFERENT PAYLOADS

Payload Space Before/After  Gear Ratios Cost
Joint 66.77
No payload Actuation Before [6,3,1,1] 50.99

Joint Before 16,3,1,1] -
Ikg After [9,4.09,3,3] 146.42
Actuation Before [6,3,1,1] 161.21
After [9,5.62,3,1.8]  71.55

. Before - -

Joint

3kg After - -
Actuation Before [6,3,1,1] 526.45
After [9,4.62,3,3] 159.42

92 92

—— Original
1kg

—— Original
1kg

3kg

94 94

(a) Joint Space

(b) Actuation Space

Fig. 11. Optimal gear ratios for different payloads

However, the effect of adding or removing mass when
changing the gear ratios is neglected in our study. Naturally,
the use of belt transmission introduces several practical
challenges, such as backlash, efficiency losses, and friction,
which are not considered in this study. The primary objective
is to maintain a minimalistic co-design strategy that opti-
mizes the use of actuation space to increase the payload of
the manipulator.

While one could consider advanced motion optimization
algorithms such as iterative Linear Quadratic Regulator
(iLQR) or Differential Dynamic Programming (DDP), we
formulate motion optimization as NLP problem, as it allows
us to impose both, hard and soft constraints. Specifically, ini-
tial and final positions, system dynamics, and actuation limits
are treated as hard constraints, while the Cartesian boundary
conditions, state regularization, and control regularization
are incorporated into the cost function of the optimization
problem. For the design optimization process, we employed
CMA-ES as a gradient-free black box optimizer.



V. CONCLUSION AND OUTLOOK

In this work, a novel co-design approach that integrates
parallel coupling constraints into the dynamic model of a
robot is presented, particularly focusing on a belt-driven
manipulator. Through a bi-level optimization process, we
simultaneously optimize the robot’s design, specifically the
gear ratios, and its behavior for specific tasks to lift heavy
payloads. By optimizing in the actuation space, our approach
allows for better exploitation of the manipulator’s dynamic
range, leading to a significant increase in payload compared
to conventional co-design methods based on simplified tree-
type models.

Future research will address practical challenges like back-
lash, efficiency losses, and friction from belts and gears,
which were not considered in this study. Including these
factors in the optimization process could enhance the perfor-
mance of the real system and the practical applicability of
our approach. Furthermore, the co-design strategy introduced
in this work will be applied to more complex robots like
humanoids to enhance their stability and agility.
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