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Abstract

In [5], Fontaine and Wintenberger developed the theory of norm fields to study
certain p-adic representations of local fields with perfect residue fields. In [3],
Scholl has extended the theory to more general local fields of characteristic
zero with imperfect residue fields; however, differing from Fontaine and Win-
tenberger, no appeal is made to higher ramification theory. In this paper, we use
the ramification filtration of Abbes and Saito to initiate a study of Scholl’s the-
ory from Fontaine and Wintenberger’s viewpoint of “arithmetically profinite”
extensions.

Contents

e In Section 1, we give a brief overview of Abbes and Saito’s ramification
theory for local fields with imperfect residue fields, and of Scholl’s con-
struction of the field of norms for strictly deeply ramified towers. With
the exception of Example 2.1, this section contains no original material.

e In Section 2, which is entirely original, we determine the ramification prop-
erties of strictly deeply ramified extensions, and study how these translate
via the field of norms functor. Applications, which are expected to lead
towards a generalization of a result of Wintenberger, are given.
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1 Introduction

In [5], Fontaine and Wintenberger developed the theory of norm fields to study
certain p-adic representations of local fields with perfect residue fields. In [3],
Scholl has extended the theory to more general local fields of characteristic
zero with imperfect residue fields; however, differing from Fontaine and Win-
tenberger, no appeal is made to higher ramification theory. In this paper, we
use the ramification theory of Abbes and Saito to initiate a study of Scholl’s the-
ory from Fontaine and Wintenberger’s viewpoint of “arithmetically profinite”
(APF) extensions, characterized in terms of ramification groups.

In the first part, we give an overview of Abbes and Saito’s definition of an
upper numbering ramification filtration of the absolute Galois group of a local
field with imperfect residue field. We illustrate the construction by computing
the ramification groups of a natural non-abelian generalization of cyclotomic
extensions (“Kummer towers”). We proceed to define the field of norms of so-
called “strictly deeply ramified” extensions of a local field of mixed characteristic
(0,p), under some mild assumptions on the residue field (namely, that it has
a finite p-basis). If L/K is such an extension, the field of norms X of L/K is
a complete, discretely valued field of characteristic p, and the study of finite
separable extensions of X amounts to the study of finite extensions of L.

In the second part, we determine the ramification properties of strictly deeply
ramified extensions, and study how these translate to norm fields. The motiva-
tion behind this is to show the following: M/L is an infinite extension, union
of finite extensions of L, then MK is strictly deeply ramified if an only if the
corresponding extension of norm fields Y/ X is strictly deeply ramified, in which
case the field of norms of M/K is isomorphic to the field of norms of Y/X.
This result is already known in the classical case ([5], Proposition 3.4.1). The
starting observation here is that strictly deeply ramified extensions are APF, for
the Abbes-Saito ramification filtration, and this allows us to translate the prob-
lem into a study of ramification properties of the extensions M/K and M/L.
We then define strictly deeply ramified extensions of norm fields (in lack of a
satisfactory definition in positive characteristic), and show how the ramification
filtrations of the corresponding Galois groups behave via the field of norms func-
tor. This allows us to conclude with a partial generalization of Wintenberger’s
result.

Notation

If K is a complete, discretely valued field, we denote by vy its normalized
discrete valuation, by Ok its ring of integers, by 7wk a uniformizer, and by
ky its residue field. We fix a separable closure K* of K, and denote by O
the integral closure of O in K*. All separable extensions L/K will implicitly
be assumed to lie inside K®, and any such gives rise to a unique valuation
extending vy, abusively denoted vy, and an absolute value |z|, = 6vr (@) where
0 is a real number such that 0 < 6 < 1, fixed throughout the paper. Let
a € Qso; we denote by D%, resp. DTI?(“), the closed n-dimensional polydisc



of radius one, resp. a, over K. When there is no possibility for confusion, we
drop subscripts and write 7 = 7, v = vk, | | = | - |k instead. Finally, for a
separable extension L/K, we denote by Q(L/K) the module of relative Kahler
differentials of O /Ok.

2 The main constructions

2.1 The ramification filtration of Abbés and Saito

Let L/K be a finite separable extension of complete, discretely valued fields,
and let Z = (z1,...,2,) be a system of generators of the Ok-algebra 0. The
kernel of the natural surjection Ok [X1,..., X,] = Op is finitely generated, say
by the polynomials f1, ..., f,,,. For a rational number a > 0, the set

Xz ={z € Di [ |fi(2)|x <|milf (i=1,...,m)}

is an affinoid subdomain of D%, and the set of connected components my(X%)
of its geometric points, X% (K *®), with respect to the weak or strong G-topology,
is finite and independent of the choice of Z ([1], Lemma 3.1).

If L/ K is Galois, with Galois group G, then G acts on mo(X %) via the natural
surjection G — my(X %) obtained by sending o € G to the connected component
of the point o(Z) = (0(#1),...,0(2n)) € XZ(K?®). Let G* be the subgroup
of elements of G acting trivially on mo(X%). Clearly this is well-defined, i.e.
independent of the choice of Z. If b is a rational number > a, then the in-
clusion X% C X% induces an inclusion G® C G%, and the filtration (GY) >0,
extended by G° = G, is called the ramification filtration of G. It satisfies the
“Herbrand property”: if H is a subgroup of G, then (G/H)* = G*H/H (loc.cit.,
Proposition 2.1). Hence, we can define the ramification filtration of infinite Ga-
lois extensions M/K by setting Gal(M/K)* = lim Gal(L/K)“, the limit being
taken over the finite Galois extensions L of K contained in M. For G finite and
infinite, the ramification filtration of G' enjoys the following properties:

1. It is left continuous, with rational jumps: if we set Gt = UbeQ>a G?,

and G~ = (N,cq_, G°, then G~ = G if a is rational, and G~ = G*F
otherwise (loc.cit Theorem 3.8).

2. For 0 < a < 1, G* is the inertia subgroup of G, and G'* is the wild inertia
subgroup of G (loc.cit, Proposition 3.7).

3. It is exhaustive: |J,~,G* = {0} (loc.cit., Theorem 3.3).

4. Tt coincides, in the case where K has perfect residue field, with the classical

upper numbering ramification filtration ([4], Chapter 4), shifted by one
([1], Proposition 3.7).

Example 2.1. Let K be a local field of mixed characteristic (0,p), whose
residue field kx has a p-basis of cardinality d > 1 (cf. Section 2.2); for instance,
we could take K = Frac(Zp[z1,...,za](,). Let {t1,...,ta} C O be a lift of

such a basis. Let (€,)n>0 be a compatible system of primitive p™’th roots of



unity, and, for each o = 1,...,d, let (ta.n)n>0, be a compatible system of p™’th
roots of t,. Assume for simplicity that e1 ¢ K. Let Z, = (en,t1,n,---,tan) €
O", and set K, = K(Z,), and Ko = |JK,. We have G,, = Gal(K,,/K) =
(Z/p"Z)* w (Z/p"Z)* and G = Gal(Ks/K) = Z) x Z. A presentation
for Ok, is given by Ok, = Ox[X,Y1,...,Yal/(fu(X), 901 (Y1), ., 9n.a(Ya)),
where f,,(X) denotes the p™’th cyclotomic polynomial, and where g, o(Ya) =
YP —tn,q. Thus, for a € Qo, the affinoid variety X7 decomposes as a product

o
Ug x Vi, x ... x Vi, where

Up(K*) ={z € O |fu(z)| < |7|*}
Ve (KY) = {2 € O | |gna@)| < 7]}, (1 <a<a).
An easy computation shows that two primitive p™’th roots of unity, u; and us,
n—m+
belong to the same connected component of UZ(K*®) if and only if uf =

n—m-+1
ub , where m is the smallest integer > a. Similarly, for « = 1,...,d, two

p"’th roots of ¢4, vi and v, belong to the same connected component of
n—m-+1 n—m-+1
Ve, (K®) if and only if v} = vh , where m is the integer such that

m+1/(p—1) <a<m+p/(p—1). Hence, if we let G,,(i,5) = Gal(K,, /K (g;)) x
Gal(K, /K ({ta,;})), and G(i, ) = lim G, (4, ) = (1 +p'Zy) X (PPZ,), we have
Gl =Gpand G* =G, for0<a <1; G% = Gp(m,m—1) and G* = G(m, m—1)
form<a<m+1/(p—1)and m=1,...,n, resp. m > 1; G% = G, (m,m) and
G*=G(m,m) form+1/(p—1)<a<m+landm=1,...,n, resp. m > 1;
and G¢ = {1} for a > n+ 1.

2.2 The field of norms functor of Scholl

Fix a prime p and an integer d > 0. Let K be a d-big local field of mixed
characteristic (0,p). Recall that this means that K is complete with respect to
a discrete valuation, and that the residue field ki has a p-basis of cardinality
d. Let K¢ = (K C K1 C ... C Kio = |JK,) be a tower of finite extensions
of d-big local fields satisfying the following condition: there exists an integer
ng > 0 and an ideal £ C OKno containing p such that

For all n > ng, [Kn11: K,] = p?*!, and there exists a (%)
surjection Q(K,11/Ky) —» (OKn+1/f)d+1-

Such a tower is said to be strictly deeply ramified. [In order to specify an integer
no and an ideal £ satisfying (x), we refer to the triple (K,, ng, &) as being strictly
deeply ramified.] For n > ng, we have e(K,11/K,) = p, kan+1 = kg, , and
the Frobenius endomorphism of Ok, ,,/§ induces a surjection f : Ok, /& —
Ok, /¢ ([3], Proposition 1.2.1). The inverse limit

X, = lim (Ok, /&, ),

n>ngo

is a complete discrete valuation ring of characteristic p, with residue field k' =

&nnzno (kk,, f) and uniformizer Il = (7g, mod &), >n,, for a suitable choice of



uniformizers 7y, of the fields K,, (loc.cit., Theorem 1.3.2). It does not depend
on the choice of pair (£, ng) satisfying (x), and if K is a tower equivalent to K,
(i.e. if there exists r € Z such that K,, = K, , . for all n sufficiently large), then
K is also strictly deeply ramified, and X +. o~ X;g‘. Thus, denoting by K the
equivalence class of K,, we put X ,'C" = @X}_, the limit being taken over all
equivalent towers Ko € K, and all pairs (£, ng) satisfying (), and the transition
maps being isomorphisms X;g. o~ X;g‘, K,, K, € K (for an explicit description
of these, see the proof of loc.cit.). The fraction field

Xy = Frac X,Jg

is the field of norms of K. In case d = 0, i.e. when K has perfect residue field,
this coincides with the field of norms of the extension Ko /K, as defined by
Fontaine and Wintenberger ([5], Remark 2.2.3.3).

If L is a finite extension of K., let Ly be a finite extension of K such
that Lo = KooLg. Let L, = K, Lo, and let £ denote the equivalence class of
the tower Lo (this class depends only on L). If K is strictly deeply ramified,
then so is £ ([3], Theorem 1.3.3), and X is a finite separable extension of X
(loc.cit., Theorem 1.3.4). In this case, if L’_ is another finite extension of K,
and if £’ denotes the corresponding equivalence class of towers, then a K-
homomorphism 7 : Ly, — L. induces an injection XZ' — XZ'/, and Xp /Xp
is a separable extension of degree [L., : TLo] (loc.cit., Theorem 1.3.4). The
corresponding functor

Lo = X[,v

denoted Xx(—), in fact defines an equivalence between the category of finite
extensions of K, and the category of finite separable extensions of Xy (loc.cit.,
Theorem 1.3.5). In particular, if Lo,/K is Galois, then so is X,/ Xk, and we
have an isomorphism Gal(Le/K~) ~ Gal(X 2/ Xxk).

3 Ramification theory for higher norm fields

3.1 Strictly deeply ramified extensions

Let K be a complete, discretely valued field. Following Fontaine and Winten-
berger [5], we say that a separable extension L/K is arithmetically profinite, for
short APF, if, for any rational a > 0, the group G% Gy, is open in G, where
(G%)a>0 denotes the ramification filtration of Gk defined in Section 2.1. If K is
a d-big local field of characteristic zero, for some integer d > 0, then a separable
extension L/K is said to be strictly deeply ramified if it has a refinement by
atower K C K1 C ... C Ko = |JK, which is strictly deeply ramified (cf.
Section 2.2).

For a separable extension L of K, let ¢(L/K) denote the conductor of L/ K,
i.e. the rational ¢ > 0 such that G5.G /G # G?’GL/GL = {1}.

Lemma 3.1. Suppose that K is a d-big local field of characteristic zero, for
some integer d > 0. If L/K is strictly deeply ramified, then it is APF.



Proof. In view of the Herbrand property for (G*)y>0, and since L = |J K,,
it suffices to show that, for any a > 0, there exists an integer N > 0 such
that G% Gk, /Gky is non-trivial. Thus it must be shown that the conduc-
tor ¢(K,/K) becomes arbitrarily large as n — oo. Possibly after replac-
ing K by one of the finite extensions K,,, we may assume that the tower
K, satisfies (x) for ng = 0. By hypothesis, and by the sequence below, the
Ok, -module Q(K,/K), n > 1, is then generated by d + 1 elements; write
WK, /K)= 69?:0 Ok, /7" Ok, . By [1], Proposition 7.3, we have ¢(K, /K) >
ani/e(Kn/K) = ag,;/p™ for all 4, and by induction on n using the conormal
sequence for differentials

OKn+1 Qok, Q(Kvn/K—) - Q(KnJrl/K) - Q(KnJrl/Kn) — 0,
we get a;, ; > np”, and hence ¢(K,,/K) > n. O

A separable extension M/N is said to be elementary if G%M/N)GM/GN =
Gy, e if (G4Gu/GN)a>0 has a single jump. In the theory of Fontaine-
Wintenberger (perfect residue field), such extensions arise as the fixed fields
of two successive ramification groups: if L/K is APF, if (b,),>0 denotes the
ordered set of jumps of (G%Gr/GL)a>0 (ie. Gl;ngL/GL = G%GL/GL #
G}}?'FGL/GL = G%“GL/GL), and if x,, denotes the fixed field of G}I'?GL/GL,
then Kp41/kKn is elementary, for all n > 0. This follows directly from the
fact that k,/K is finite, and that, for a fixed n, the ramification filtration
(G¢ Gr/GL)a>o is induced by the ramification filtration (G} Gr/GL)a>0 (al-
though after renumbering). In the general case, the Abbes-Saito ramification
filtration does not behave well with respect to subgroups, and the latter fact
cannot be expected to be true; for a counterexample, see [2], Example p. 24.
However, if L/K is strictly deeply ramified, we have the following:

Proposition 3.2. Let K be as in Lemma 3.1, and let Ko be a strictly deeply
ramified tower satisfying condition (x) for ng = 0. Suppose furthermore that
K is Galois over K, and let G = Gal(K«/K). Let H be an open subgroup of
G, and let L = K then for each a € Q>0, G* N H = H, where e denotes
the ramification indezx of L/ K.

Proof. Since H is open in G, there exists an integer m > 0 such that K,, 2
L; we may assume that K,,/K is Galois, with Galois group G,,; let H,, =
Gal(K,,/L). By the Herbrand property, L is the fixed field of G%,. Since
k%wl = kk,,, we fix a compatible system of lifts ({{a.n}1<a<d)n of p-bases of
the fields kk.,,, i.e. satisfying to nt1 = ta,n (mod 7g, ), fora =1,...,d. We have
Ok,, = Ok [Tk, {ta,m}1<a<dl, for some uniformizer 7g,, of K,, ([3], (1.2.3));
furthermore, O, = Ok [7k,, {ta,jtacr jes], With0 <i<m, I C{1,...,d},J C
{0,...,m}. For each o = 1,...,d, to,m satisfies a fake Eisenstein polynomial

m m—1 . .
over Ok, i.e. a polynomial of the form ¢ + Zle a;t" +ta,0, with mg|a;. If L
contains the element ¢, ;, for some j = 0,...,m, and no element t ;/, for j* > j,

m m—1 .
then t, ., satisfies the fake Eisenstein polynomial ¥ —|—Zf:1 a;t'+tq 0 over Op.



Note that K(tq,;)/K is a totally fiercely ramified extension ([3], Section 1.1), so
in particular the ramification index is one. Using a similar argument for mg,
(which satisfies an Eisenstein polynomial over O and over Op), we deduce
that, if Z,,, resp. Zr, is a system of generators of Ok, , over Ok, resp. Op,
then mo (X% ) = mo(X%;). Hence Gy, N Hy, = Hy?. The claim follows by
passing to the limit. O

Corollary 3.3. Let K be as in Lemma 3.1, and let Ko be a strictly deeply
ramified tower. Set Koo = |JK,, and denote by (by)n>0 the ordered set of
Jumps of the ramification filtration (G% Gk /GKk.. )a>0, and, for each n, let Kk,
be the fized field of Gl}g Gk, /Gk., . Then, for n sufficiently large, Kny1/kn 1
elementary.

Proof. Since we are only concerned with the asymptotic behaviour of x,, and
since k, /K is finite by Lemma 3.1, we may assume, possibly after truncating K,
that K, satisfies (%) for ng = 0. The claim now follows from Proposition 3.2. O

Remark 3.4. If K, is strictly deeply ramified, it is convenient to define a
function Yk : Q>0 — Q>0 by

Vi k(a) =e(Lq/K)a,

where L, denotes the fixed field of G4 Gk_ /Gk.. in Koo; it is well-defined by
Lemma 3.1. In view of Proposition 3.2, it generalizes the Herbrand t-function
(as defined in [4], Chapter 4) for strictly deeply ramified towers.

Suppose that L/K is APF, and let (k,)n>0 be the tower of fixed fields of
the ramification groups G4 Gr/Gr, a € Q>9. We say that L/K is strictly APF
if there exists a real number ¢ > 0 such that, for all n,

c(Knt1/kn)
e(fint1/K)

This generalizes the definition of [5], Section 1.4.1, since in the perfect residue
field case, the extensions ky4+1/kn, n > 2, are totally ramified.

> c.

Corollary 3.5. If L/K is strictly deeply ramified, then it is strictly APF.

Proof. Since the filtration (G4 Gr/GL)a>0 is exhaustive, for each integer n > 0
there exists an integer m > 0 such that x, D K,,. The claim follows from
Proposition 3.2 together with the lower bound of ¢(K,,/K) > n determined in
the proof of Lemma 3.1. O

Remark 3.6. The group G?GL/GL is pro-p, and hence if L/K is APF, the
extensions Kny1/kn, n > 2, are p-extensions. We therefore expect a converse
of Corollary 3.5 to be true as well, under some assumptions (for instance, kr,
must be the perfect closure of k., , for n sufficiently large). If kg is perfect,
this is already the case: assuming kp41/kn, is Galois, we have Gal(kp41/Kkn) ~
(Z/pZ)», for some d,, > 1 ([4], Chapter IV, Corollary 3 to Proposition 7). For



i=0,...,dy,, letting K, ; denote the subfield of x,,11 fixed by (Z/pZ)3=~*, the
Hilbert formula (loc.cit., Proposition 4) gives the equality v,(Dg, .., /k,.) =
c(Kn,iv1/Kni)-(p—1)/ex [Kniv1 2 K], where Dg, .. /K, , denotes the different
of the extension K, ;+1/Ky,; (the annihilator of Q(K, ;y+1/K,;)). Using the
strict APF condition, it follows that L/K is strictly deeply ramified.

3.2 Extensions of norm fields

In this section, we assume that K is a d-big local field of characteristic zero, for
some integer d > 0. Let Ko = (K C K1 C ... C Koo = JK,) be a strictly
deeply ramified tower, and denote by K its equivalence class (cf. Section 2.2).
Let X = Xx be the field of norms of . Recall that to a finite separable
extension Y/X there is a unique finite extension Lo, of Ko with Xi(Leo) =Y.
Let Xo = (X € X7 C ... C Xo = UX,) be a tower of finite separable
extensions of X. For each m > 0, let L ,, be the separable extension of
K such that Xx(Leo,m) = X, and, for some finite extension Ly, of K, let
Le m = (KnLom)n>0 be the corresponding strictly deeply ramified tower. Let
My =U,,, Loo,m, and note that if M., /K is Galois, we have an isomorphism
Gal(Moo/Koo) =~ Gal(Xoo/X). We say that X, is strictly deeply ramified if
there exists integers ng, mo > 0 and ideals { C Ok, and ¢’ C O, =~ such that
(Ke,n0,§) and (Lp,,e,mo,&’) are strictly deeply ramified. This is well-defined,
since the property holds independently of the choice of Ly ;, and since for any
n > ng, (Ln,e,mo,&’) is also strictly deeply ramified. [We refer to the tuple
(X, 10, mo, &, &) as being strictly deeply ramified.] Clearly, for M sufficiently
large, the truncated and renumbered tower ((X,+ a1 )m>0, R0, My, &, &) is strictly
deeply ramified with mg = 0, so that in fact ¢’ is an ideal Ok, .

Theorem 3.7. Suppose that M /K is Galois, and that (Xe,no,mo, &, &) is
strictly deeply ramified, with ng = mo = 0 and £ = &'. Set G = Gal(M«/K),
H=Gal(Myx/Kx), and H = Gal(Xo /X). Equip H with the filtration induced
by the the ramification filtration of H wvia the isomorphism H ~ H. Then, for
alla € Q>o, G*NH = HYKoo/x(a)

Proof. Let b = ¢k _ /i (a), and let 0 € H. We must show that o € H? if and
only if 0 € G°. Since X, /X is Galois, we may assume that X,/ X is Galois, for
all i > 0; set Hy; = Gal(Ly i/ Ky), Hy, = Gal(Lp, 0o/ Kr), Gn = Gal(Lp,0/K),
and H; = Gal(X;/X). By Proposition 3.2, and by the Herbrand property, we
have G2 N H,, = Hz Since G* = @GZ, and H,, ~ H, the claim follows from
the following lemma.

Lemma 3.8. For alln > 0, the isomorphisms Xy (—) : Hyn,; — H; preserve the
ramification filtration, i.e. Xx(Hy, ;) = Hf, for all a € Qxo.

Proof. Fix a set of generators Z, ; for the Ok, -algebra Oy, ,, and, for a fixed a,
let X7, = X7  be the corresponding affinoid subdomain of DdK‘il, as defined in
Section 2.1. Let (2 )n>0 and (Yn)n>0 be a system of points x,,, y, € O guch
that, for all n, x,, and y, belong to Xy ;, and such that a:fH_l = x, (mod &),
and y? | =y, (mod &).



Claim. Ifz¢ and yo belong to the same connected component of X ,, then xm,
and Yy, belong to the same connected of Xy, ;, for all m > 0.

Proof. Let I, denote the kernel of the natural surjection Ok, [X1,..., X4+1] —
Or, i defined by Z,, ;; in fact we can assume that I,, = (fn,1,..., fn,a+1), since
Or, i is a complete intersection over Ok, ([1], Lemma 7.1). Let f2 : D?{tl —
D}i(tyl be the map defined by the polynomials fy 1,..., fn,d+1, and let ¢f :

X4 = Dthl’(a) be the induced map. Since e(K,+1/K,) = p, Frobenius

d+1,(a) d+1,(a) _ d+1,(pa
Kni1 - DKn - DKn+1

since ¢ (2P) = @& 1 (x)? (mod &). O

induces a surjection D ), and the result follows

The Lemma now follows by taking o € Hf, xg = Zp,; and yo = o(z0); this also
completes the proof of the Theorem. O

Corollary 3.9. Let M /Ko be an infinite extension, union of finite extensions
Leon of Koo, and let Xpq/X be the corresponding extension of norm fields. If
Moo /K is strictly deeply ramified, then X/ X is strictly APF. Conversely, if
Xm/X is strictly deeply ramified, then My /K is strictly APF.

Proof. Possibly after truncating towers, we may throughout assume that strictly
deeply ramified conditions are satisfied at ng = 0. Let M. be a Galois ex-
tension of K such that M/ /My is finite, and set G = Gal(M. /K), H =
Gal(M. /Kw), H = Gal(M/,/M). By Theorem 3.7, if (H%)y>0 is the filtra-
tion induced by the ramification filtration of Gal(X y(/X), then, for all a € Q>o,
GYN H = HY%/x(@ and hence [G : H'G] = [G : HG®|[H : HY%o/x(@) ).
The first part follows from Lemma 3.1, since K /K and My /K are strictly
deeply ramified, hence APF. For the second part, it suffices to show that X (/X
is APF, which is immediate from the isomorphism Gal(X /X)) ~ Gal(LJ°/K)
preserving the ramification filtration (cf. the proof of Theorem 3.7) and the fact
that M§°/K is strictly deeply ramified, hence strictly APF. O

Remark 3.10. Since kg __ is perfect, we may assume, possibly after truncation
of the tower X,, that kp; = kx__, the perfect closure of kg, , for n sufficiently
large. Hence, as remarked in 3.6, we could expect that M., /K is strictly deeply
ramified if and only if X /X is strictly deeply ramified, and that the field of
norms of M., /K is identified with the field of norms of X /X, for a suitable
definition of the latter, an obvious candidate for this being the projective limit
of the field of norms of the towers L, .
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