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1. Introduction

The Schrédinger equation is a fundamental equation in quantum mechanics that governs the time evolution of quantum
states.

In this paper, we solve the one-dimensional time-dependent Schrddinger equation for a free particle subject to a Dirac
delta impulse at a specific position and time, using a Green’s function. This is analogous to a particle having an
instantaneous disturbance at a particular point and time (similar to dipping your finger into a still pond), but otherwise
being in free space at all other moments. The primary motivation is to develop an airtight solution to the differential
equation using two parallel derivations. The Green’s function propagator we derive is a standard textbook result, and the
contribution of our paper is expository and pedagogical.

(‘ theconvergencejournal.org Vol. 1, No. 4; December 2, 2025



The free-particle Green’s function in one spatial and one time dimension ( Convergence

AJournal for Young Researchers

There is existing literature on Green’s functions for the Schrédinger equation. However, most papers verifying the form of
Green'’s function for free particles often lack detailed deductions from basic principles. Some assume the form, often
treating it as a classical result. While these approaches might be valid, there is still a need for a full derivation. It is difficult
to find accessible full derivations that are not done from a perspective of verification. For example, although Fourier
transform solutions are common, the phase shift x — x' in is usually assumed and then verified afterwards to be true. In
order to create an airtight solution, we combine two distinct methods: one based on Fourier transforms and another using
the time-evolution operator and deducing the components of the Green’s function.

In the Fourier transform approach, we assume the phase to be x — x'. In the time-evolution approach, we make an
educated speculation that the Green’s function kernel K is proportional to the time-evolution operator. By demonstrating
that both methods converge to the same result, we have a more convincing bottom-up derivation that should enhance
understanding of this classic result.

This paper thus contributes a thorough, accessible derivation suitable for advanced students and researchers, filling a
niche in the pedagogical literature.

2. Methods

2 2
The Hamiltonian is quantized to form the free-particle Schrédinger equation ih%—‘f =— Zh—a—‘f
M 9x
For the homogeneous case, separation of variables yields plane-wave solutions

s

2m

P(x t) = Aexp(ikx — iwt) + Bexp(— ikx — iwt), with w =

The inhomogeneous case, incorporating a Dirac delta source §(x — x')8(t — t'), is solved using Green’s functions via two
complementary approaches. The first employs a Fourier transform in space, assuming a form

2
Glx,t;x,t)= 0(t — t’)f%exp(ik(x = x)g,(t = 1), leading to 9,(= exp(— i%‘t), an evaluation via Gaussian integration.

The second approach deduces the inclusion of the time-evolution operator U = exp(— iH(t — t")/h), thereby expressing G in
position representation by inserting momentum eigenstates and similarly evaluating the integral.

To address non-normalizability of the free-particle wave function, an infinite square well potential V(x) = 0 for0 < x < a
and infinite elsewhere is introduced. The time-independent Schrédinger equation is solved with boundary conditions

2 2.2
W(0)= ¥(a)= 0, yielding ¥ (x) = /%sin("%x) and discrete energies E_ = nmh

2ma

3. The Schrodinger Equation
The Schrddinger equation is an equation in quantum mechanics. It is defined as follows:

ihg W) = H|g). ©)

| W) is a state ket, representing a particle’s state and storing information about it such as its position, velocity, and sometimes
instant in time (Sakurai, 1967).
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2
p

2m’

According to classical mechanics, the Hamiltonian of a free particle is H = In quantum mechanics, the momentum

operator is
o
p =— lh?. 2)

To obtain the quantum free particle Hamiltonian, we can apply the momentum operator twice:

2 .y 9 2 9
= (- in-Z)(- ih-Z)=—n"ZL-. 3
p ( t ax)( t Bx) o’ ()
Therefore, the Hamiltonian is
s
H = 2m axz . (4)

Substituting into the Schrédinger equation, we get:

—n’ &

e ) = ) ©

)w) 0. ©)

We have a second-degree linear operator applied to a wave function that yields zero. First, we are interested in solving for the
wave function |¢) in this homogeneous case. Second, we are also interested in seeing the properties of this linear operator
applied to the Green’s function, constituting the inhomogeneous case.

4. Homogeneous Case

We take ¢ to be a function of position and time, y(x, t). We first assume that { is separable into independent functions of
position and time, so Y (x,t) = ¢(x)t(t). Then, we get

(ih:—t + A ;; )q)(x)r(t) =0 %)

. d hz 32
PEIIh = t(0) + ()5 2 () = 0 ®)
ih r(lt) %T(t) =— % d)(lx) ::2 d(x) . )

Since the left side depends only on t and the right side depends only on x, both sides must equal some constant E. We can
then solve this as two ordinary differential equations:

L) = TLET() . (10)

We then find its solution:
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(t)=4A exp(_TiEt) . (11)
Next, we find the ODE in terms of x:
o1 9 _
- W b(x) 5)(2 ¢(x) =K (12)
w9
— S b() = EG() . (13)

Notice that this is the same as an eigenvalue equation with the Hamiltonian operator, Hp = E¢, so it can be said that the
constant E is an eigenvalue of energy. First, note that A'la'y = a'|a’) implies f(4)|a') = f(a")|a") for analytic f:

Flay = 3 L2047y, (14)
n=0
and applying 4 to |a') times yields
Fla) = 3 E8 @Y Na) = f@)la). (15)

Therefore, as the Hamiltonian is an analytic function of momentum:

HId) = o) = 2-1¢), (16)
further separated into
L) = 22 4(x) (a7)

Since this is a second-order linear ODE, there are potentially two solutions, each having the negative exponential argument
of the other. The argument is

+ 721Z1E ) (18)
h
and we set k = Z;“f . Quickly substituting E = -2— shows that k = £-and p = ik, so k is the wave vector. The solutions are
therefore
d(x) = Mexp(ikx) + N exp(— ikx). (19
We can finally combine our two functions:
Y t) = d()T(t) = A exp(ikx - f’Ec) (20)
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or

y(x,t)=B exp(— ikx — %Et) .

Using our definition for k, we can rearrange to state that

£ _ —
= =w.

As E = hw, w is the particle’s angular frequency. so

¢1(x, t) = d(x)T(t) = Aexp(ikx — iwt)

or

Lpz(x, t) = Bexp(— tkx — iwt) .

5. Inhomogeneous case and Green’s function

21

(22)

(23)

(24)

The Green’s function, in one spatial (x) and one temporal (t) dimension, for fixed x' and t' is

LG(x, tx' ,t') = 8(x - x )S(t —-t",
where the Dirac delta is the distribution defined as

8(X)= 0 for x#0 and singular at x = 0

such that

400
J 800dx = 1.

(25)

(26)

(27)

Lisa second-degree linear differential operator in terms of x and t with no cross-terms, p, q, u, v, w analytic, in the form

2 2
L=pxE+ gt )5 + ult )2 + v(x )2 + wix t). (28)
at at ox Ix
Notice that our previous linear operator can easily be cast into this form:
P v o
L= (lhw + o axz) . (29)

Applying it to our above case yields

2

(ih% + "Z)G = 8(x — x)8(t — t).

2m gy

(30)
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This is the inhomogeneous case, which is significant as (x',t") is the "source". It is the exact position and time at which the
system is disturbed. Imagine, for example, a lake that is peaceful until you suddenly poke your finger in it, exciting the
system. The Green’s function represents how the lake evolves in response to that instantaneous point source. Considering
our situation, it is fitting to use an outgoing Green’s function, meaning that G(x,t; x',t") = 0 when t < t'. There is no activity
before our instantaneous source impulse “excites” the system, so there is no energy prior to t'. Therefore, the Green’s
function propagator is O prior to t'.

In terms of space, we will assume an infinite domain from x€R, and that

l}m Gxt;x,t)=0, (31)

|x —00

as this inhomogeneous wave function should stay bounded at co.
5.1. First Solution

This solution makes an educated guess about the Fourier series’ small variable R = x — x'. The second solution does not make
this assumption; it instead makes a cautious deduction that the time-evolution operator is included in the Green’s function,
which this first solution rigorously derives. So, both solutions are missing something and fill each other’s gaps.

First, we observe that the Green’s function must include a step function as a factor, because we are working with the
outgoing Green'’s function. The step function would ensure that, firstly, the Green’s function is O prior to t', and that there is a
discontinuous “jump” at t'. Thus, we define the step function as

O =1, (32)
where I 4 is the indicator function for the set 4, such that
de(t—t) _ o
D = (e — ). (33)
Therefore, we write:
G(x t;x,t) = O(t — tYK(x, t; %', t") (34)
We make an educated guess that K is the Fourier transform of a function f. The Fourier transform is
F(r)= [ e"f(t)de. (35)
R

We will define our Fourier transform K in terms of the wave vector k, which is proportional to p by p = #ak. For brevity, we
will writeR = x — x'and t = t — t' from now on.

Vo dk__ikR
Ko t;x,t) = [5e" g (D) . (36)
R

g,(v) is a function of both k and t. Now, we want to extract this kernel, so we re-substitute this new expression for G back
into our differential equation:
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- :ZZ)G)(t — YK = 8(t — t)8(x — x) (37)

h8(OK + thO ()5 + %@(T K — (38)
The second derivative of K with respect to position is
xz = f de g (), (39)
where we can differentiate under the integral sign:
J 500, e = [ 49,00 e = I *g,(e"". (40)
Supposing T > 0, we get a homogeneous differential equation in terms of time:
h5; (f g, (0] + —( [ 30 L g, (e ) 0 1)
. dk kR 99,(D W o odk .2 ikR
ih [ fre = = S Sk g (e (42)
Because the Fourier transform is one-to-one, we equate the integrands:
ih%e“‘R$ = zh; kg (e (43)
Y - Sk g, (1) (44)
The solution is
g, (0= exp( = ‘r) . (45)
Notably, it is the time-evolution operator:
exp( —21'212:2 ‘r) = exp( ;Z; T) = exp(i‘t) (46)
Finally, we would like to solve for K, which now is
K(x, t;x',t") = f%exp(ikR) exp( _Zlh ‘r) 47)
R
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dk [ =i dk . —ht (,2  2mR
= é;exp(L( m T+ Rk)) = IR;exp(l ZmT (k - ;"—Tk)) (48)

We can use the scaled Gaussian for this:

Jedx =~/ (49)
R
for aeC.
Completing the square in K yields
) dk . —ht mR |2 mR \?
- Pronli{i - 2 - (2]
R
2 . 2
= f%exp(— il = ) +§(";’j )) (51)
R
. 2 2
= exp(%%)%f exp(— izh—;(k - ’;l’f) )dk. (52)
R

For © # 0, we can shift the integral to the right by ";—f soa = ‘;‘—7; and the integral is equal to

VreAE 3
2m

Finally,

' g . mR’
K(x t;x',t") = 2T:"?exp(t ':hr). (54)

Therefore, our principal solution is

Dl N m ' . m(x—x')2
Go(x, t;x,t) = ﬁm@(t -t exp(l 2h(—t) ), (55)
and with homogeneous solutions added,
Glxt;x',t) = Allll(x, t)+ Blsz(x, t) + Go(x, t;x,t") (56)

= Aexp(ikx — iwt) + Bexp(— ikx — iwt) (57)

2
m o . m(x—x")
+\ T 0 — 1) exp(l 2n(t—1) ) : (58)

K is the path integral kernel. This result can be obtained with Feynman’s path integral formulation, according to Sakurai’s
Advanced Quantum Mechanics.
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5.2. Second Approach

First, we will rewrite the Hamiltonian as H instead of the differential operator, so that our eventual solution includes the
Hamiltonian:

.y ' '
(lh?— H)G = §(x — x)8(t — t) (59)
Our first observation is that we can construct an outgoing Green's function by having a step function as a factor. So where K
is a function of possibly, but not certainly, x and ¢,
Glot;x, )= Ot — thK(x t; %, t") . (60)

Rearranging HG to the right and substituting our new definition of G,

20t — tOK(x ;X)) = H(O(t — tYK(x t;x,t)) + 8(x — x)8(t — t') = ih(S(t — K@t x, ) + Ot — t')";—’f) (61)

ih
= HO(t — tYK + 8(x — x)8(t — t'). (62)
We are inclined to match the terms with @ and the terms with 8. If they did not correspond, then
8(t — t)K = HO(t — tYK (63)
8(t —th=HO(t — t), (64)
which is a contradiction. Hence, the following must be true:
ihs(t — tYK(x t; %', t") = 8(x — x)8(t — t') (65)
he(t — t)2 = He(t - t)K. (66)
The first is 0 on both sides for ¢t # t', but does not imply directly that
ihK(x, t;x,t) = 8(x — ) 67)
for t = t'. It may just happen that there are time-dependent components of K that are equal to 1 whent = t".

However, even if the entirety of K is not equal to §(x — x'), we can deduce that specifically the position-dependent
component of K is equal to §(x — x') = (x|x'), so K is proportional to (x|x'):

Koc8(x — x') = (x|x'). (68)
Additionally, at least for t > t',

.+ 0K
ll’lT = HK, (69)

which resembles the time-evolution Schrodinger equation:
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in2-= HU. (70)
This also allows us to speculate that
KoU, (71)
and as our Hamiltonian is time-independent (¢t = t', of course), our time-evolution operator is
u(t) = exp(— LH@ - t')) . (72)
We have displaced the time origin by ¢'; this does not change any of our following operations, and we will find that this choice

of origin corresponds with our final solution. With these two statements of proportionality, we can set up such that U is
applied to (x|x'). From this equation from earlier,

ih8(t — tYK(x t;x,t) = 8(x — x)8(t — t'). (73)
It is clear that the constant coefficient of K is — i/h. So, we have, with an educated deduction, that
K = <-Ux|x). (74)
Now, we know that for p,
ih-(xla) = (xlpla), (75)
so there are two forms of the momentum operator: one applied to the entire position wave, which is a differential operator,
and the other applied to the ket, which is a matrix operator. Right now, our time-evolution operator U is an analytic function

of H, which is an analytic function of p. This means that U is an analytic function of p. Next, and to further determine
properties of U, we can substitute K back into the differential equation:

= ih(&(t — YK Xt + Ot — t')%—l:) = HO(t — t)K + 8(x — x)8(t — t) (76)

= 8(t — )HUIx) + Ot — ) (x|Ulx) = HO(t — ) x|UIX) + 8(x — X)8(t — t'). (77)

Given that the 8(t - t') terms are equal to each other, we can integrate them both over all time:

8(t — ) x|UIx'y = 8(x — x)8(t — t7) (78)
}o dt8(t — tY{x|U)|x') = ofo dts(x — x)8(t — t')= 8(x — x'). (79)

(x| and |x') are independent of time, so
(xl(}0 dt d(t — t')U(t))lx') = 8(x — x) (80)
(‘ theconvergencejournal.org Vol. 1, No. 4; December 2, 2025
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FU@)[x') = (x|x') . (81)
Therefore, U(t") must equal 1, so

u(t) = exp(— LhH - t’)). (82)

Finally, to obtain actual values and not mere operators, we sandwich a complete set of momentum eigenkets to the right of U.
This is because the momentum and time-evolution operator commute, as time evolution is an analytic function of
momentum, so momentum eigenkets are simultaneous eigenkets of both momentum and time evolution (for a free particle
with constant Hamiltonian).

K=—%aw@mwmm%w=—%#mMMWWMW' (83)
=—~féem{—”§4§?6-—tﬁ)mﬁﬁﬂxﬁdﬁ- (84)
Finding the form of (x),
(X Iploy =— ih==(@'la). (85)
If we set [p") = o),
KIplp) = pIp) =— i [p). (86)

We can suppose p' is fixed, and that V(x") = (x'|p'). Then, we get an easy ODE:

pV(x) == ih—=V(x) (87)
VE) = (¢Ip) = Nexp (5p'x) . (88)
Nis
S(x" — x) = 5=[exp (i(x" — x)k) dk = (x"|x) = [ dp'(x"|p'Xp'|x), (89)
R R
and setting
k =p/h, (90)
we find that N* = ﬁ Back to K:
K =- %g‘:(zfm)exr)(— o (A t‘)) exp(5p'(x — %)) dp', 1)
(‘ theconvergencejournal.org Vol. 1, No. 4; December 2, 2025
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'

which simplifies to, wheret =t — t'andR = x — ',

i 1 it ' mR 2 imR2 i
K == ?-ﬂi(ﬁ) exp(— 2mh (p e ) + 2ht )dp (92)
. P . 2
=— 2111h exp( ”zr;i )f exp(— %(p' - "lR) )dp’ . (93)
R

By the same Gaussian integral formula, we get

i1 imR’

_ N 2mmh
K == h 2mh "Xp( 2ht ) it (94)

_ m imR’ _ m im(x—x')2
=\ Znine exp( 2ht )_ \ Z2min(e—t) exp( 2h(t—t) )' (95)

which confirms our original solution.
6. Discussion

Previous derivations and verifications of this Green’s function solution often feel incomplete, as if one has to know the result
beforehand to make these derivations. For example, the lecture notes for Physics 221B at UC Berkeley state a solution (x|U|x'},
then verify the solution works afterwards (Littlejohn, 2020). Our derivation is more robust. Even though the individual
solutions involve guesses—the Fourier transform approach guesses R = x — x' and the time-evolution approach guesses that
the time-evolution operator is included based on some proportionality conditions—the combination of both fills in each
other’s gaps. Additionally, the Fourier transform solution always assumes that the solution is continuous, so having the
alternative solution further makes the derivation airtight.

This result is a foundational part of quantum mechanics and is mostly used as a concept in teaching. Therefore, it’s often
accepted to take this solution as a known result. However, it’s also important to have a complete derivation to ensure people’s
foundational quantum mechanics knowledge is robust.

Beyond this, it is possible to investigate the free particle in higher spatial dimensions (which is mostly similar to this), and
even potential systems, where we add a potential term V (x) to the Hamiltonian. For example, we could investigate the infinite
square well with a Green’s function, by including the Dirac delta impulse, and other things like quantum tunnelling, by
defining a potential region with V(x) = 0, and another with V(x) = 1.
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