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ABSTRACT

Imagine detecting exoplanetary Saturn-like rings, invisible to telescopes, and
discovering their properties indirectly by observing transits over time. With the
abundance of observational data in various catalogs, we can access high-precision
transit light curves to analyze exoplanetary rings, which is valuable for getting a
better understanding of the principles of ring formation, stability and dynamics.
This paper focuses on modeling the light curves of transits by exoplanets with rings
to identify the presence of ring systems around them, their physical properties and
configurations. We hypothesize that it is possible to extract geometrical and
positional ring properties from a light curve by fitting modeled light curves to
observations. For modeling, a masking algorithm is used, which involves creating
pixel-based representations of the covered star, the transiting exoplanet and its
translucent elliptical ring and moving the mask of the ringed exoplanet along the
pixel grid of the star. We test our hypothesis by running sample simulations of an
exoplanet and its rings, and we use the model to detect a ring system around a
“super-puff” candidate (a planet, the inferred radius of which is too big for its
inferred mass), HIP 41378f, that has been viewed as a potentially ring-bearing
exoplanet. The results support our hypothesis, demonstrating that the presence of
rings around an exoplanet and their properties can strongly contribute to the
resulting light curve. Furthermore, the results of data-fitting point to the direction
of the presence of HIP 41378fs ring system. We also attempt to estimate its
parameters.

Key words: exoplanets, transit light curves, planetary systems, rings, photometric
techniques.
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1. Introduction

Transit photometry is an increasingly popular method of detecting and studying
exoplanets (planets outside the Solar System). When an exoplanet passes in front of
its host star, it blocks the light from it, producing a dip in brightness over time.
This dip is called a transit light curve (see Figure 1).
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Figure 1. The figure demonstrates how the transit photometry method works for
ringed exoplanets. Five positions of an exoplanet are marked throughout its
trajectory in front of the host star. For each marked position, a colored line links to
a respective point in the transit light curve below. For each of these points, the dip
in brightness is caused by the blocking of the star’s light by the exoplanet in the
selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the



logarithmic change in the star’s brightness, and the phases represent normalized
time values.

The discovery of exoplanetary rings using transit photometry has long been an
intriguing challenge in astrophysics. Even though the giant ring systems in our
Solar System have been thoroughly studied, it is highly challenging to detect
exoplanetary ring systems due to their marginal angular sizes and small
photometric signatures. This makes direct imaging (capturing directly resolved
images) difficult. Nevertheless, transit photometry is a powerful and promising
technique for identifying such ring systems indirectly. Recent studies (Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on detecting rings
through mathematical modeling or peculiar light curve features (e.g., asymmetrical
transit dips). Despite these efforts, no exoplanetary rings have been confirmed with
high certainty after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to
limitations of observational noise and uncertainty about false positives (Aizawa (3%
% 1E &) et al., 2017; Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings
may explain detected anomalous planetary properties, such as the inflated radii of
super-puff exoplanets (exoplanets with extremely low inferred densities or
extremely low inferred masses for their inferred radii). HIP 41378f (Santerne et al.,
2019), the ring system of which we investigate in this paper, is an example of this
type of planet. Also, detecting rings could help in identifying shepherd moons
(moons that gravitationally influence the ring particles and maintain the ring’s
structure), the study of which is highly valuable for understanding moon formation
(Tiscareno, 2013). However, current models often do not include some kinds of
factors, such as ring transparency or eccentricity (how elongated a ring is), which
leads to potential false negatives. So, improving these models could lead to
discoveries of exoplanetary ring systems in archival data from missions like Kepler
and TESS (Transiting Exoplanet Survey Satellite).

Our study investigates whether high-precision transit photometry, combined with
an advanced parameter-rich pixel-based masking algorithm, can reliably identify
and characterize exoplanetary ring systems by modeling their light curve
signatures. We propose that by creating a pixelated transit model that accounts for
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ring transparency, eccentricity, ring and exoplanet orbit orientation and
limb-darkening (darkening of the host star to its edges) effects, it is possible to
accurately recover ring parameters from high-precision light curves. Our approach
is different from analytical models (Heising et al., 2015) by using a numerical
masking algorithm that simulates the star, planet and ring as discrete pixel grids,
thereby improving parameter estimation (determining unknown parameter values
by fitting the model to the observed data). Our model also includes the parameters
of ring transparency, eccentricity, positional ring parameters and eccentric
exoplanet orbit parameters that are usually not taken into account. Being more
parameter-rich than other methods, our new approach also aims to handle ring
parameters that only slightly contribute towards the light curve and evaluate their
influence. Thus, the model aims to analyze existing data with limited precision and
future data with even higher precision.

In Section 2 (Methods), we describe our pixel-based masking algorithm with
emphasis on how the star matrix, exoplanet and ring masks are modeled, how the
ring position is calculated, how the orbital parameters of the exoplanet affect the
light curve and how limb-darkening is incorporated. In Section 3 (Parameter
Estimation), we describe how the best-fit ring properties should be estimated based
on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an
example. In Section 4 (Validation), we test our model by generating synthetic light
curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze
the observed light curve of HIP 41378f, attempting to detect its ring system. In
Section 5 (Conclusions), we summarize our results and talk about future prospects
of implementing our tool. This work aims to contribute to the growing field of
exoplanetary ring studies by helping develop a new model for comparative analysis
of archival and future observational data.

2. Methods

The transit light curve is modeled using an innovative pixelized modeling algorithm.
First, all the required properties of the planet, its rings, orbit and host star are
calculated from input parameters and converted to be used by the functions (e.g.,
for matrix representations, all length units should be in pixels) for computing the
grid representations of these objects. The representation of a star divides it into
small pixels and calculates their normalized intensities (quotients of any pixel’s


https://www.zotero.org/google-docs/?broken=nCJq6i

brightness to the one of the brightest pixel), taking the limb-darkening coefficients
from theoretical tables (either Diaz-Cordovés & Giménez, 1992, or Claret &
Gimeénez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its
rings also separate objects into pixels, creating a masking matrix. However, they
yield the optical depth (an exponential measurement of an object’s transparency) of
every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by
some of the previous models (specifically, ring eccentricity, optical depth and
argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes &
Fortney, 2004; Ohta et al., 2009) undermine the importance of some of them (for
these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are
computed during its runtime. They can be classified as input, intrinsic, output,
fixed, floating and calculated. Input parameters are passed to the model by the
user. Intrinsic parameters are calculated inside the program based on the input
parameters. Output parameters are yielded by running the program. Fixed
parameters are constant in an ongoing simulation. Floating parameters are the
values that can vary in a range set by the user or based on the values of calculated
parameters. Finally, calculated parameters are computed from other parameters
and can be either fixed or floating.

The full list of input parameters used for the simulation, their threshold values and
symbols (used in formulas) are given in Table 1.

value/range

parameter name symbol
min max

pixel size pX 10000 km

stellar radius Rg -
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stellar effective temperature T
logarithm of stellar.gravitational log(g)
acceleration
band/wavelength A
exoplanet orbital period P
exoplanet orbit eccentricity €p 0 1
exoplanet orbit inclination ) 0° 90°
longitude of ascending node Q 0° 360°
exoplanet argument of periapsis w 0° 360°
exoplanet radius R 2000 km | 350000 km
exoplanet mass M
ring eccentricity e 0.0 0.4
ring semi-major axis a li GRace
—e l+e
ring width w 0 Amax — @
ring obliquity o 0° 90°
ring azimuthal angle @ 0° 360°
ring argument of periapsis Y 0° 360°
ring density p PRoche
e eettient : 0 e

Table 1. The main input parameters of the model. Threshold values are listed only
for those parameters that do not depend on the system observed. For cells with no
values, the parameters are system-specific and are set to values from the existing
data (See Section 3).

2.2. Floating parameters and their limits
Floating parameters are the values that are used for building the model, the values
of which are previously not identified and can vary in a specific range. If their
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thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do
not depend on any other model parameters. The majority of floating parameters in
our model are independent, including both exoplanet parameters (orbital
eccentricity, inclination, longitude of ascending node, argument of periapsis and
radius) and ring parameters (ring eccentricity, obliquity, azimuthal angle and
argument of periapsis).

2.2.1. Ring proportions
The only two dependent parameters of our model are the ring’s semi-major axis
(half of the longer diameter of an ellipse) and its width. With high accuracy, the ring
is two-dimensional, with negligible depth. There are several key values for setting
the thresholds of the semi-major axis. The first of them is the exoplanet radius. It is
evident that the ring’s periapsis (closest point to the exoplanet) must be located
outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance
"» can be expressed as 7» = @(1 — €)_ Thus, the minimum possible value of the ring’s
semi-major axis is:

Amin = T2 (2.2.1)
Regarding the maximum possible value of the semi-major axis, typical planetary
rings usually exist inside the Roche radius of a body (Tiscareno et al., 2013), a
distance beyond which a moon held only by its own gravitation would be torn apart
due to tidal forces. This is how most ring systems are formed. The Roche radius is

given by:
1/3
dRoche = R (%) ~ 2.44R {/%
(2.2.2)

using the value of the dimensionless parameter ¥ = 0-85 (Chandrasekhar, 1969;
Murray & Dermott, 2012) to yield the greatest possible Roche limit (because 0.85 is
the smallest possible value of 7). Since we suppose that the ring is fully inside the
Roche radius, its apoapsis (a point of the ring, which is the furthest from the
exoplanet) distance "a = a(1 + €) must be less than or equal to the Roche radius:

. dH,oche
1+e

a max —

(2.2.3)
Although it is well-known that even in our Solar System, some objects, for example,
Quaoar (Morgado et al., 2023) and Jupiter (Tajeddine et al., 2017), have their rings
spanning outside the Roche radius, in this work, we aim to detect more common


https://www.codecogs.com/eqnedit.php?latex=r_p#0
https://www.codecogs.com/eqnedit.php?latex=r_p%3Da(1-e)#0
https://www.zotero.org/google-docs/?jKAWTW
https://www.codecogs.com/eqnedit.php?latex=%5Cgamma%3D0.85#0
https://www.codecogs.com/eqnedit.php?latex=0.85#0
https://www.codecogs.com/eqnedit.php?latex=%5Cgamma#0
https://www.codecogs.com/eqnedit.php?latex=r_a%3Da(1%2Be)#0
https://www.zotero.org/google-docs/?T2R4Yf
https://www.zotero.org/google-docs/?14jj16

types of rings. Thus, for simplicity and faster calculations, we only search for
exoplanetary rings inside the Roche limit.

Regarding the ring width, we do not limit its minimum value and set it t0 wWmin = 0.
As for the maximum value, we still expect the farthest ring particles to have a
semi-major axis less than or equal to the maximum possible value. Thu s, the
maximum ring width along the major axis must be equal to:

Wmax = Amax — @ (224)

2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument
of periapsis. The obliquity is the angle between the stellar equatorial plane and the
plane of the ring. The azimuthal angle is the angle between the line of sight and the
ascending node of the orbit in a plane, parallel to the plane of the stellar equator.
The argument of periapsis is the rotation of the ring in its own plane, the angle
between the ascending node and the ring’s periapsis. The ascending node is the
orbital point where an object crosses the stellar equatorial plane from south to
north. All of these parameters are allowed to freely float and take any possible
values. Lastly, as we are looking for more or less stable ring systems, we allow the
eccentricity to vary only between the values of 0.0 and 0.4 to include significantly
eccentric orbits that can still be quite common. See the visualization of them with
2D grid representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called
edge-on and face-on ring positions. The rings are considered to be edge-on when
their normal axis (the direction perpendicular to the plane of the rings) is
perpendicular to the observer’s line of sight (a straight line of the observer’s vision).
It makes rings appear as they are viewed from the side, rather than from above or
below, which makes them almost invisible. This condition is set by obliquity 6 = 0°
or azimuthal angle @ = 90°, The face-on rings, on the contrary, occur when their
own plane is perpendicular to the line of sight (6 = 90° or ¢ = 0°),
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Figure 2. Ring parameters and how they affect the 2D ring matrix projection of a
ring with optical depth 7 = 1.4. Ring transparency is not depicted to scale;
however, it represents the effect of 5¢C7 on the optical depth (see Section 2.4). Note

that the ring is not visible when it is edge-on (¢ = 0° or @ = 90%). Unless mentioned

otherwise above, the ring is drawn for parameter values of 6 = 30°, ¢ = 40° and
r{illll"‘ p {]O'

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet.
Technically, it can be obtained from transit least squares (TLS) fitting (Hippke &
Heller, 2019). However, the transit depth would be highly affected by the existence
of a ring and the TLS algorithm might return invalid exoplanet radii. Therefore,
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some studies attribute the phenomenon of exoplanetary super-puffs (planets with
extremely high radii for their determined masses) to incorrect radius
measurements because of the presence of ring systems (Piro & Vissapragada, 2020).
The only way to deal with this issue is to set the exoplanet radius floating. We
empirically selected the threshold values: Rmin = 2000km (for small rocky planets)
and Rmax = 350000km (higher than the radius value of the largest known exoplanet,
Quanz et al., 2015).

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis.
The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity is set to vary within the boundaries
0.0-0.9. In our model, we do not require circular orbits as other studies do (Aizawa
(&%) et al., 2017; Heising et al., 2015), allowing it to be set to high values, which
might make the model applicable to many more exoplanets (for instance, HD 20782,
see Jones et al., 2006). The orbital inclination is the angle between the stellar
equator plane and the orbital plane. In our case, we assume that the star is located
directly at the point of the autumnal equinox for simplicity, so the longitude of the
ascending node is the angle between line of sight and the ascending node of the
orbit. Finally, the argument of periapsis represents the rotation of the orbit in its
own plane, the angle between the ascending node and the orbit periapsis. These
three parameters are also not limited and can take all possible values. See the
visualization of these parameters with 2D matrix representations of the orbits in
Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is
set by inclination ¢ = 0° or longitude of ascending node 2 = 90°. A face-on orbit
occurs when its own plane is perpendicular to the line of sight (¢ = 90° or €2 = 0°).
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Figure 3. Exoplanet parameters and how they affect the 2D orbit matrix projection.
When no orbit is displayed, it symbolizes that the orbit lies edge-on. Unless
mentioned otherwise above, the orbit is drawn for parameter values of 7 = 30°,

Q2 =40° and w = 0°.

2.3. Fixed input parameters

In this work, we implement the MCMC algorithm (see Sections 3 and 4.3) to obtain
the posterior distribution (Gilks et al., 1995). Thus, it is necessary to minimize the
number of floating parameters to decrease the calculation time. Based on this
rationale, we selected the following parameters to be fixed in our model: stellar
radius, temperature and logarithm of acceleration due to gravity; exoplanet
orbital period and mass; ring specific absorption coefficient (light absorption by
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ring particles by a unit of density); wavelength /band and matrix pixel size. See
their default values in Table 1 and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius,
temperature and logarithm of gravitational acceleration are taken as fixed values.
These parameters play a vital role in the algorithm as they define the
limb-darkening coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret &
Giménez, 1992). Thus, by getting the limb-darkening coefficients from the physical
properties of a star, we aim to have fewer floating parameters than other models
that select the limb-darkening coefficients as model parameters instead of stellar
physical properties (Aizawa (;E{#1E %) et al., 2017; Heising et al., 2015). The radius is
essential for building a star matrix of a relevant size. The semi-major axis of the
exoplanet (critical for correct orbital mechanics implementation) is calculated as a
function of its period and stellar mass by the 2nd Kepler's Law of planetary motion:

A= 3 P2GMg :_’.,r‘PzgR%‘
- FEC 472

(2.3.1)

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period
and mass are considered known as they are based on the peak period (the amount
of time between two consecutive main minima in the light curve) and spectroscopic
features (Mayor et al., 2014), respectively. They are not noticeably influenced by the
presence of rings in the case of radius measurement errors (Libby-Roberts et al.,
2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption
coefficient:
T=hkp (2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis.
As density only affects the Roche radius and the optical depth of the ring, its effect
on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived
from its Roche radius, see Tiscareno et al., 2013) for a Roche lobe with uniform
density (v = 1.6, Porco et al., 2007):
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(2.3.3)
This approach is justifiable from two rationales. First of all, selecting the nearly
maximum possible density value (we apply 7 = 1.6 instead of ¥ = 0-85 to get a more
realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it
decreases the Roche radius (see formula 2.2.2). This simplification results in
decreasing the number of iteration steps for the semi-major axis parameter, which
is highly favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical
composition of the ring. The default value is selected for silicate grains (Boudet et
al., 2005) and is the most suitable for Hot Jupiters (Heising et al., 2015, p. 9). While
the optical depth of the ring was neglected by some studies (e.g., Heising et al.,
2015), others suggest that its impact on the optical depth is underrated, and it is
important to deal with absorption, particle sizes and forward scattering effects
(the deflection of rays by a small angle due to particle size and other factors, see
Barnes & Fortney, 2004b). Running the simulation can help us come to a realistic
conclusion about whether the parameter should be included or not (for our
findings, see Section 4.1.2).

Wavelength or band of the observations is also important to consider. It affects
both the limb-darkening coefficients and the specific absorption coefficient of the
ring dust particles. For obtaining the coefficients u1, u2 for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan,
1953) or Stromgren photometric system (Stromgren, 1956) must be selected: U, B, V
u, b or v. For applying the square root limb-darkening model (Diaz-Cordovés &
Gimeénez, 1992), the wavelength is used to select the most appropriate coefficients
u3, us - there are five available values for the wavelength:

3437A,4212A,4687A, 54754, 69754 Regarding the effect of wavelength on the
specific absorption coefficient, it is noticeable enough. For instance, for rings made
of silicate grains, the absorption is highly wavenumber-dependent (Boudet et al.,
2005).

Another unique parameter of our model is the matrix pixel size. It helps us convert
linear sizes of objects into measurements on a matrix grid:
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PX = - (2.3.4)

where [ is the linear size of an object and X is its size in pixels.
Its default value of 10000 km was manually selected as it does not spoil the high
precision of the transit light curve, sustaining minor matrix sizes.

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated
models of the star and the masking matrix of an exoplanet with its rings. In this
section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in
pixels and filling each pixel with its specific value.

The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of
two key components: the circular model of the exoplanet and the 2D projection of
its ring. These matrices are created independently, yielding the optical depth of
every pixel 7(Z.%), and then summed (putting the exoplanet at the focus of the ring)
in order to calculate the optical depth of every pixel in the masking matrix. To sum
two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a
smaller size allows for faster transit light curve calculations later (see Section 2.5)
and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size n (i.e., a square matrix of size n x n). As it is measured in pixels and
the coordinates of the matrix center should be integers for relevant exoplanet and
ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must
not exceed its apoapsis (as when the ring is rotated, this distance decreases). As the
ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

n =9 |i(ﬂ.+?1.-‘)(l+ﬁ)j| + 1

2px

(2.4.1)
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Next, the model identifies the matrix center coordinates c:
c= n—1
2

(2.4.2)

After setting the size of the matrix, the model creates a simple circular model of the
exoplanet. First, it fills the matrix with optical depth 7(z,%) = 0, Then, using the
equation of a circle, it fills all the points inside the exoplanetary radius in pixels

— R
XR = bx with optical depth 7(z,¥) — 50, We assume that the planet fully covers the
light from the star in this area and does not reflect any light, as we observe the
transit stage only, where its phase is really close to 0.

After creating the model of the exoplanet, the next step is projecting the ring
orientation in 2D. At first, the semi-major axes of ring borders @inner and Qouter (in
pixels) are calculated:

Xw

s — a4+ Xw 4 — o — Xw
Qinner = & + 55 , Gouter = & 2 (243)

b

where ® = px and X = px. Then, the rotation matrices (Weisstein, 2002) are
multiplied to get a combined rotation matrix:

R =Ry x Ry x Ry (2.4.4)
where Ro, B¢, and v are 3D rotation matrices of angles @ (ring obliquity), ¢ (ring
azimuthal angle), and ¥ (ring argument of periapsis) around the x, y, and z axes,
respectively. The rotation matrix R is a 3 x 3 matrix describing how the ring is
oriented in 3D space. Since the ring is flat, its projection mostly depends on how its
plane is tilted in x and y, we only need the top-left 2 x 2 part, which we call V.

To apply the rotation, it is necessary to find its determinant. For the case when the
ring is almost edge-on (det N — 0), the ring is not drawn, that is, 7(%,¥) = 0, Then,
all the possible coordinate pairs are created. For this, a 1D array L with all possible
x—c and ¥ — € values (where ¥ — € = Y — C) is created. It is linearly spaced from
—3 to 2 with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and
y coordinates, respectively:

Xij=Li Yij=1L, (2.4.5)
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To map the observed coordinates (x and y) in the ring’s plane (coordinates #» and ¥r

), we apply Euler's rotation theorem (Weisstein, 2002):
Mook — M2y —M T + M1y
DY = -
det NV det N

T, =

(2.4.6)
where i are the components of the matrix N. From this, we can extract the
orbital distance X for each point (using the Pythagorean theorem) and the true
anomaly Vr
X =i +y; (2.4.7)

vy = arctan 2(y,, x,) (2.4.8)
Using the ellipse equation in polar coordinates, the model constructs the inner and
outer borders Tinner and Touter Of the ring:

_ inner (1 _62 )

Tinner = 1 ccosp, (249)

Cguter (1 —e? )

Touter = i ccosu, (2.4.10)
We fill the ring by its optical depth, enhanced by a factor €€’ (because the ring is
2D), for all pixels outside the inner border and inside the outer border,
where 7 is the angle between the line of sight and the normal axis of the ring:

cosn = Ay - Aros, (2.4.11)
where AN, = Ri2 is the normal axis vector (the direction, perpendicular to the

plane of the rings) and Avos = Z is the line of sight (a straight line of the observer’s
vision) vector.

For getting the matrix array, the program sums the matrices of the exoplanet and
its ring.

The final preparation step before modeling the transit stages is creating the model

Rs
of the star. This is done simply by filling the matrix of a different size re =t LK} .

by normalized intensities that are yielded by one of two limb-darkening models.
The choice of a particular limb-darkening model depends on several factors:

1) Data availability. Our models take coefficients 1,42 from Claret & Giménez,
1992 that have parameter combinations from Table 2, and coefficients u3, 14
from Diaz-Cordoves & Giménez, the parameter combination availability is
shown in Table 2.
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2) The physical properties of a star. Generally, it is advised to use the quadratic
model for colder stars with lower 108(9) and the square root model for hot
stars with higher 102(9) values (Espinoza & Jordan, 2016).

3) Custom models. The users can download their own limb darkening models
with coefficients or even NumPy array representations (Harris et al., 2020)
for specific stars or needs.

For the model, the parameter ¥, the cosine of the angle between the emergent

radiation and the perpendicular to the stellar surface, is calculated for each pixel
by:

o= COS(%\/("B o C‘.)2 +(y — (_3)2) (2.4.12)
Then, it is converted to the normalized intensity map () using the coefficients
and the main formula of a selected model.

Quadratic model Square root model
174 available combinations 60 available possible combinations
T, K log(g) Band T, K log(g) A A
4000 2.00 u 5500 3.00 3437
2.50 b 4.00 4212
3.00 v 4687
3.50 U 5475
4.00 B 6975
\%
4500 2.00 u 6000 4.00 3437
2.50 b 4212
3.00 \Y% 4687
3.50 ] 5475
4.00 B 6975
450 \
4600 3.00 u 7000 4.00 3437
b 4212
\% 4687
U 5475
B 6975
\
4700 3.44 u 8000 3.00 3437
b 4.00 4212
\% 4687
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U 5475
B 6975
\%
5000 2.00 u 10000 3.00 3437
2.50 b 4.00 4212
3.00 v 4687
3.50 U 5475
4.00 B 6975
4.50 \%
5300 2.50 u 15000 3.00 3437
3.44 b 4.00 4212
v 4687
U 5475
B 6975
\%
5460 3.44 u 20000 3.00 3437
b 4.00 4212
v 4687
U 5475
B 6975
\%
5500 3.00 u
3.50 b
v
U
B
\%
5780 4.44 u
b
v
U
B
\%
6000 4.50 u
b
v
U
B
\%
6020 3.44

cC<og




B
\%
6300 3.44 u
b
v
U
B
\%
6730 4.50 u
b
v
U
B
\%

Table 2. All available parameter combinations for the quadratic model (Claret &
Gimeénez, 1992) compared to available combinations for the square root model
(Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for
temperatures are displayed, with the second and third columns demonstrating all
corresponding 10g(9) and band (quadratic model) / wavelength (square root)
values.

2.5. Transit model

In this section, the final and most important step of modeling is described. Now
that all the parameters are set and the matrices of the star, exoplanet and its rings
are computed, it is time to calculate the light curve, paying attention to the orbital
parameters of the exoplanet.

The first step to achieving this goal is to project the orbit of the planet in 3D to 2D
coordinates in the viewed plane. Similar to the projection of the rings, the rotation
matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

R, = Ro X Ri x Ry, (2.5.1)
where I, Rq, and R. are 3D rotation matrices of angles i (inclination), {2
(longitude of ascending node), and w (argument of periapsis) around the x, y, and z
axes, respectively.
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The next step is to calculate the initial star brightness o in units of the brightest
star pixel by summing the normalized intensity values of all pixels.
Then, the program calculates the coordinate ¢s of the central point of the star

matrix;
ng— 1

cs = "5 (2.5.2)

The maximum distance between the star matrix center and the masking matrix
center, where a transit is still possible, I' is expressed as:

I'=cg+cV2 (2.5.3)
Here, we assume that the masks align diagonally, so ¢s is the radius of the star in
pixels and ¢v2 is the half-diagonal of the masking matrix.

In order to detect the transit, we have to narrow down the search window. For this,
at first, we identify the true anomaly 7. (the angle between the orbit’s periapsis and
the current planet position) of the orbital point when the exoplanet is right in front
of the host star from spherical trigonometry:

v, = arctan 2(1,cositan Q) — w (2.5.4)
There are two possible solutions for V¢, so if the planet does not pass in front of the
star, we add 180° to Ve.
The true anomaly is then converted to the eccentric anomaly Lc - the angle
between the orbit’s periapsis and the position of the exoplanet projected to the
auxiliary circle of the elliptical orbit. The relationship between true anomaly and
eccentric anomaly can be seen in Figure 4.
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True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)
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Figure 4. Geometric relationship between true anomaly and eccentric anomaly in
elliptical orbits. The vertical projection of the exoplanet’s position on the auxiliary
circle (green dashed line) relates the eccentric anomaly to the true orbital position.
The major axis (black dashed line) spans the entire length of the ellipse through
both foci.

The eccentric anomaly is then converted to mean anomaly ¢ - the angle between
the orbit’s periapsis and the current planet position, calculated as if the planet is
moving at a constant speed on a circular orbit with the same focus location as the
ellipse. The mean anomaly is consequently converted to the orbital time % - the
time between the periapsis of the planet and its current position - using Kepler’s
equation:

E. = arctan2(v1 — e?sinv,, e, + cos 1,) (2.5.5)
m. = E. —e,sin E, (2.5.6)

m.P
©T on (2.5.7)

The search window’s half duration is defined as double the estimated transit
duration for safety and simplicity, where 2I" (twice the sum of star radius and mask
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2may,
diagonal) is the distance the planet has to cover,and P the average orbital
speed (in pixels per second), where @r is the planet's semi-major axis in pixels.
Thus, the half duration of the search window s is then defined as:
o 2PT

Ty | (2.5.8)

We set the number of orbital time steps to so = 400, This is the number of times the
orbital time is changed when finding the transit window. This value is not set as an
input parameter for the model for simplicity and is automatically set to this value to
allow detecting a transit quickly and accurately. We define the search window for
the transit as an array of orbital times, linearly spaced from ?c — ts to tc + s,
containing a total of 5, elements: [tc — ts: - -~ e + 1],

The next vital step is to calculate the orbital position of the exoplanet at every time
step. For this, our program numerically solves Kepler’s equation for an ellipse by:

1) Calculating the mean anomaly
2wt

m="p (2.5.9)
2) Using the Newton-Raphson method (Vera et al., 2019) to numerically get the
value of the eccentric anomaly:

m=F —e,sin & (2.5.10)

3) Finding the true anomaly:

. _ 1+e o B
tang = 4/ l—ej: X tan 5 2.5.11)

v = 2arctan2(/1 + e, tan % V1—ep) (2.5.12)

After getting the true anomaly for an orbital point, the program calculates its
position r (the distance between the star and the exoplanet) by applying the ellipse

equation in polar coordinates:
_AQ —c.f, )

T—ep cosv (2.5.13)
Since the orbit is 2D, the position vector is equal to:
rCosV
7= | rsinv

0 (2.5.14)
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By applying the rotation matrix, the position vector gets transformed to the
position in 3D (Weisstein, 2002):

Then, the program validates whether the transit is occurring in the selected time
step by checking the following conditions:
1) Pz = 0 - the planet is not behind the star as its depth is positive.

P2 +p2<T . . . .
2) Ty - the masking matrix covers the matrix of the star in the 2D
projection.

If the current point is the first in the array to fulfill the clauses above, the transit
start time fstart iS set to ¢. For the last point to fulfill these requirements, the transit
end time fend is set to ¢.
Therefore, transit duration is:

tag = tend — tstart (2.5.16)
Next, another preset parameter ¢ = 0.1 comes into play. This value defines the
quotient of the margin of transit duration to its recommended margin, as not to
miss any points before the transit start. So, the full transit time for the light curve %
is defined as:

ty = ta(1 + 2¢) (2.5.17)

Then, the light curve in the transit time span is calculated with more steps to
return a much better resolved light curve with more data points, defined by
variable s = 500.

For this, an array of time points, consisting of s elements, is created from

tstars (1 — €) to tena(l +€),

For each of these time steps, the exoplanet’s position is recalculated with formulas
2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of
the top-left corner of the masking array Zt, Yt, the horizontal and vertical
coordinate ranges for the masked star slice [£50, 25| and [¥s0> Ys] (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the
horizontal and vertical coordinate ranges for the covering matrix [Zo. '] and [%o, /]
(handling cases when the matrix extends outside the star matrix). These variables
are defined as:
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w=lc+p: % ve=[c+p % (2.5.18)

s, = max(0,2¢): ys, = max(0,yy) (2.5.19)
x's = min(ng, x¢ + n). Yo = min(ng, ys + n) (2.5.20)
xo = max(0, —x¢): yo = max(0, —yt) (2.5.21)
o' =n —max(0,r; +n —ng); ¥y =n — max(0,y; +n — ng) (2.5.22)

Then, the new blocked light by the covered star slice is calculated by:
Al(z,y) = I(p)(1 — e 7)) (2.5.23)
The total blocked brightness &1 (1) is given by the summation over all pixels of
Al(z,y), Finally, the normalized intensity curve (t) is converted to the light curve
Am(P) by:
1) Computing the normalized intensity curve:
I(t) = Io — AIL() (2.5.24)
2) Converting the brightness to magnitude change (the change in the star’s
visible brightness in logarithmic units):

Am(t) = 2.5log 75 (2.5.25)

3) Then, the light curve minimum point is found, and the light curve phase (a
normalized time value, measured from O to 1, where the transit minimum is
0.5) is centered on it, extending the part with less time before/after the
minimum.

4) Normalizing the time scale to get the phase:
P — ttstarette

tr (2.5.26)
The model must be thoroughly constructed as it serves as the primary tool for
analyzing data. The steps and the methods listed ensure that the model accurately
reflects the physical properties of the investigated systems. The following section
will demonstrate the practical application of this framework and the process of
parameter estimation through MCMC (Markov chain Monte Carlo).

3. Parameter Estimation

This section focuses on describing the algorithm of parameter estimation using
Bayesian techniques (methods that are based on Bayes’ theorem). It works through
processing observational data by running the model described in Section 2 with
different values of floating input parameters (see Section 2.2) within their ranges
and comparing the yielded Am(®) with the observed data.
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For this, the MCMC (also known as Markov Chain Monte Carlo) algorithm, which is
a computer-driven sampling method used to estimate the properties of complex
systems, is then applied. It works by taking a "random walk" through all possible
outcomes, where each new step depends randomly, but logically, on the previous
one. By collecting thousands of these samples, it can eventually build an accurate
picture of the entire system and find the best fit. The MCMC module uses
log-likelihood (a logarithmic function that measures how well the model fits the
observations) and log-prior (a function that informs the MCMC algorithm that the
selected parameter values are out of boundaries) functions to find the parameters
of the best-fit curve.

In this paper, we apply the proposed algorithm by searching for rings of a
super-puff candidate HIP 41378f (Pira & Vissapragada, 2020). A successful fit for this
exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide
the context about the investigated system and emphasize its relevance to our study.
The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne
et al., 2019) in the constellation of Cancer. It has an apparent magnitude of 8.9™ and
is located approximately 106 p¢ away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using
transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due
90E
to having an extremely low predicted density value of = m? (Santerne et al., 2019).
Some hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously inflated
inferred radius could be a result of a ring system, which would significantly affect
its inferred radius during a transit without adding significant mass. Thus, HIP 41378f
is a perfect example to test the model proposed in this paper.

For the data-fitting, we used combined and processed data from Berardo et al.,
2019, who presented the transit light curve in terms of hours from mid-transit vs.
relative flux (ratio of the star’s visible brightness to the brightness of the star when
no transit occurs). The data was originally taken from C5 (Campaign 5) and C18
(Campaign 18) of K2 (Kepler space telescope). We used the duration of observations
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presented in Berardo et al., 2019 to convert this to a phase-folded light curve in
terms of magnitude change (see Figure 5). It is important to note that by using data
that is combined from different observations, we risk encountering the effect of
ring and exoplanet precession (the slow movement of the axis of a rotating body
around another axis), meaning that its configuration might be misinterpreted
because of stacking the light curves with the ring in different configurations into
one graph. However, we assume that the precession periods of the ring’s nodes
(two points of the ring where the ring’s plane intersects with the equatorial plane of
the exoplanet), the exoplanet’s axis and the exoplanet’s orbit are minor compared to
the time span when the three combined curves were produced. This is reasonable
according to the equations and estimates on this issue from Heising et al., 2015.

Combined Observational Light Curve
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0003

Magnitude Changa

Phase

Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red
points and the green points represent the short and the long cadence observed
data from K2 Campaign 18, respectively, and the blue points represent data from K2
Campaign 5 (Vanderburg et al., 2016). All the graphs in the paper are plotted using
Matplotlib (Hunter, 2007).

First, for the model to perform calculations on real data, it is necessary to set fixed
model parameters to real values of the observed objects. For HIP 41378f and its host
star HIP 41378, these parameters are listed in Table 3.

Parameter Value Source




Star radius, s 1.28 R, Grouffal et al., 2022

Logarithm of stellar 4.3 detected by TICv8
surface gravity, 108(9 )
Exoplanet mass, M 12Mg, Berardo et al., 2019
Exoplanet orbital period, 542 days Santerne et al., 2019
P
Quadratic limb-darkening 0.0678,0.188 Grant & Wakeford, 2024

coefficients, U1, U2

Table 3. Fixed parameter values for the observations of HIP 41378f. The values of
these parameters are not affected by the presence or absence of a ring system
around the exoplanet.

Generally, using coefficients “1; U2 from theoretical tables for modeling
limb-darkening is a highly relevant approach for general cases. However, for the
particular case of HIP 41378f we use limb-darkening coefficients estimated in
another paper through another MCMC analysis (Grant & Wakeford, 2024) as it
provides more precise coefficient values, and there is no data for these specific

values of 7" and 108(9) in the theoretical tables our model uses (Diaz-Cordoves &

Gimeénez, 1992; Claret & Gimeénez, 1992). Thus, we replace the fixed values of 7" and

band with the parameters %1 and ¥2. It is not possible to get rid of accounting for
R2

9

log(9) as it is essential for calculating the mass of the star as g (G . Moreover,

it is necessary to derive the exoplanet’s semi-major axis from 10g(¢ ) using Equation
2.3.1, which givesus A = 1.377 AU.

Another essential step for a relevant MCMC simulation is setting initial parameter
guesses that should be as close to real properties as possible for the most accurate
best-fit result. See the values we set them to in Table 4.

Parameter Initial guess Source/rationale

Exoplanet orbit eccentricity, “r 0.004 Santerne et al., 2019
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Exoplanet orbit inclination, ¢ 89.971° Santerne et al., 2019
Exoplanet longitude of 90° Ensuring that the transit
ascending node, (2 occurs
Exoplanet argument of 0°
periapsis, w
Must be lower than in
Exoplanet radius, R TR Santerne et al., 2019 as we
include the ring
Ring eccentricity, e 0.2
Ring semi-major axis, a 14Rq, Close to Saturn’s proportions
It is better to start from
. . thinner rings for the MCMC
) 2R,
Ring width, w v to regulate in the right
direction
. o . Maximizing the ring’s optical
Ring obliquity, ¢ 0 depth (as it is almost

edge-on in this case) and

checking if there are any
. _ ,. . rings, because for the values

Ring azimuthal angle, ¢ 90 of 6 = 0° and ® = 90°, the

effect of the ring is absent

Ring argument of periapsis, ¥ 0°

Table 4. Initial guesses for the parameters that are to be fit using the MCMC
algorithm. For parameters with no listed source/rationale, there are no relevant
data or assumptions to make about the values of these parameters.

The next step is defining the log-likelihood function ¢ for the MCMC simulation. If
one of the parameters used in the simulation is outside of the boundaries set in
Section 2.1, the log-likelihood immediately returns ¢/ — —oo. Otherwise, the phases

of the points in observational data

®; by:

P

b = (D, — 0.5)

to
tt

+ 0.5

o; are converted to phase values for the model

: (3.1)
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where 7o is the time range of the source observational data (in the case of HIP
41378f, to = 80 hrs) and t: is the transit duration given by the model.
Then, the log-likelihood function is calculated as a normal distribution:

o by (B @) )

j : (3.2)
where Am(®) i the observed light curve, Am(®) js the predicted light curve and
o” is the variance in observational data points that are out of the transit.

Finally, the MCMC simulation is run with 11 dimensions (one for each model
parameter), 50 walkers and 10000 iterations, using the Python emcee module
(Foreman-Mackey et al., 2013) with no changes to its default settings. When it is
finished, the 500 initial values are discarded as a burn-in period (the first values
used in the MCMC that can be inadequately influenced by initial guess values). After
that, the data are thinned by keeping every 10th sample after burn-in. See the
results in Section 4.3.

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the
adequacy of parameter selection for the model by creating synthetic light curves
for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are
addressed correctly. In Section 4.2, we acknowledge the limitations of our model,
which need to be considered when reproducing the data analysis or applying our
model to other data. In Section 4.3, we intend to detect a ring system around HIP
41378f and identify its parameters through data-fitting to see how the model works
in practice.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in
our algorithm are different from those used in other models (e.g., Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the
model with different values of each parameter and generate synthetic transit light
curves in order to assess the validity of the chosen parameters and their effect on
the light curve.
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To demonstrate the impact of every parameter, the output light curve is modeled
by varying the values of any specific parameter, the effect of which we are
demonstrating, with other parameters (except for the varied one) set to the
following sample values:
A=0.1AU, & =045 ; —2° O =30° w=0° R= 176000 km,

R
M=19x10""Kkg ¢ =02 a=5R, = 2.6=230°¢=20° ¢=0°
k= 0.3 cm®/g Rg = 700000 km, T = 5500 K, log(g) = 3.00 pand: u.
The values of orbit eccentricity, exoplanet radius and ring eccentricity were
selected as the mean values of their ranges proposed in Table 1 to be more
representative for an average case. The value of the semi-major axis was set from
its minimum proposed in Table 1, because the effects of orbit rotation are much
more evident for less distant orbits. The values of rotation parameters of an orbit

and the exoring, the star temperature, 10g(9) and the band of the observations
were selected pseudo-randomly, representing a typical, non-specific case, ensuring
that the transit still occurs and is not central. For simplicity, the ring semi-major
axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s
specific absorption coefficient and the host star radius were set to their default
values from Section 2, with exoplanet mass being roughly equal to the mass of
Jupiter.

4.1.1. Exoplanet parameters
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Figure 6. Output transit light curves of the model for different values of exoplanet

parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.




The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit.
Apart from affecting the period of the exoplanet, it determines the impact
parameter (the projected distance between the center of the star and the center of
the planet's path). For an edge-on orbit (i = 0° or {2 = 90°), the semi-major axis
does not affect the shape or the depth of the transit. For any other positions, the
semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the
probability of its path being projected far from the center of the star, often
resulting in no transit occurring.

Another crucial determinant of the transit light curve is the planet’s radius (see the
fifth column in Figure 6). The transit depth (fractional decrease in the star’s visible
brightness at the minimum point of the light curve) caused by the planet alone is

proportional to (R/Rs)’. For instance, a larger planet will block a greater fraction
of the star's light, leading to a deeper dip in the light curve. Another important
consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a
differently-shaped light curve and its features would then be mainly determined by
the rings, resulting in two distinctive minima from two different sides of the rings
passing in front of the star. Transits for ringed exoplanets with bigger radii look
much more like regular transit curves, where features from the rings are less
distinctive. It is again highly important to note that the radii inferred through fitting
without rings may be misleading, as the effect on the transit depth from the ring is
attributed to the planet instead, resulting in higher radius estimates. Moreover,
without finding distinguishable ring features in the light curve, it is not possible to
deduce whether the ring exists or not. This issue leads many researchers to the
hypothesis of attributing the low inferred densities of super-puff exoplanets to the
effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the
light curve and the transit depth. An elongated orbit can cause the planet's speed to
vary significantly throughout the orbit, being fastest at periapsis and slowest at
apoapsis. This alternation in speed affects the duration of the transit and the shape
of the light curve, especially the ingress and egress phases (the start and end of the
transit). Thus, on highly eccentric orbits, the planet may move faster or more slowly
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during the transit stage, affecting the observed transit duration. The orbit
eccentricity also affects the impact parameter, which also plays a role in
determining the transit depth. See these effects in the first column of Figure 6.

Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller
semi-major axes and define the projected trajectory of the planet as a whole. It can
take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling
transits for closer orbits. They also define how well the ring features, atypical to
regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the
argument of periapsis has a significant impact on both the transit depth and the
shape of the graph. Our results for it (see column 4 of Figure 6) suggest that it must
be addressed in future research on the detection of ringed exoplanets, although it
is disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro
& Vissapragada, 2020, Aizawa et al., 2017, Barnes & Fortney, 2004). However, for
bigger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and
longitude of ascending node. For big semi-major axes, the trajectory of the planet
essentially becomes a line as its curvature becomes not visible in smaller parts of
the orbit, so the orbit must be almost edge-on: 7 =~ 0° or (2 =~ 90°. For that reason,
for bigger orbits it is recommended to replace orbit rotation parameters with the
impact parameter, which would both allow more precision and faster calculations.

4.1.2. Ring parameters
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Figure 7. Output transit light curves of the model for different values of ring
parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.

As the optical depth of the ring is enhanced by the factor of S€C7 where 7 is the
angle between the ring’s normal axis and the line of sight, in the cases for rings that
are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et
al., 2015). However, for other cases, it is necessary to account for ring transparency,
especially when the ring is close to face-on. In our demonstration (see column 1 of
Figure 7), we compare the light curves with optically thin rings, letting through
more than 50% of the star’s light (first to third pictures in the column), with
optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly
affects the shape of the curve and makes a major difference in the magnitude
change (about 0.055™). However, if the ring is rotated away (e.g., 80° from the
observer), the viewing angle would make a difference. The ring that previously let
through 74% of light (the second image in the column) would now let through only
about 18% of light.

To support the analysis of the impact of latter parameters on the transit depth, here
we derive the projected area covered by wings:

So = maohy = ma; V1= _areaof an ellipse with semi-major axis @0, semi-minor
axis bo and eccentricity €o

The area of the rings is defined as the difference of the areas of its outer and inner
ellipses (see Section 2.4):

N 2 WA 2 _ :
S:W((L—F%) \/1—5{2—7?((.—2) V1—e6e2 =2rawVv]1 —e?

2
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From that, the projected area (the effective area that affects the transit depth) is:

Sproj = 2maw cos () V1 — €2 (4.1)

The ring eccentricity affects the light curve slightly compared to the previous
parameters. Nevertheless, its effect on the shape of the light curve is still evident.
When the eccentricity increases, the features of the ring become more noticeable:
due to the ring’s eccentricity, its shape gets less symmetrical from the focus point,
where the exoplanet lies, leading to asymmetries during ingress and egress stages
(see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

V1 — e? (see Equation 4.1), so its effect on the transit depth is almost negligible
(especially, knowing that the model looks for eccentricities e < 0.4). That is why the
magnitude change slightly climbs as the eccentricity rises (see column 2 of Figure
7). For that reason, it is highly possible that the MCMC simulation might not be able
to predict the best eccentricity value with good sampling results for fitting the real
data, as the current instrumentation precision is very limited, and noticing such
minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play
almost the same role in defining the transit depth (see the third and fourth columns
of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace
when these parameters have higher values (see the third and fourth columns of
Figure 7). Sometimes, the transit depth from the ring might get dominant, leading
to a wider, longer transit duration. This often leads to two distinct minima in the
curve, each for a different ring half - they may be asymmetrical if the ring is
eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the
radius of Saturn’s E ring (Juhasz & Horanyi, 2002) can be quite close to the Solar
radius). If this happens, the light curve would have three extremes: two from the
ring on each side of the planet and one from the planet itself (see the third column
of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring
rotation parameters. Unless mentioned otherwise above, all the graphs are built
from the sample values mentioned at the beginning of Section 4.1.

Apart from defining the angle 77 and, thus, influencing the optical depth of the ring
and the transit depth (see Equation 4.1), the obliquity and the azimuthal angle of the
ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect from ring eccentricity on the
ingress and egress stages, which is key for distinguishing a transit of a regular
planet from the transit of a ringed planet. The argument of periapsis does not
influence the angle 7, so it does not affect the ring transparency or the transit
depth. However, by rotating the ring in its own plane and moving its apoapsis and
periapsis points, this parameter determines at which moment of the transit the
effect of the ring’s ellipticity would be the most evident.

4.1.3. Star parameters
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Figure 9. Output transit light curves of the model for different values of star
parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.

The stellar radius is a parameter that is truly determinant for the transit light curve.
Its effect on the light curve looks like the reversed impact of exoplanet radius, ring
semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets
lower than the value of the ring’s semi-major axis, the shape of the transit



drastically changes as two or three minima occur, caused by the two sides of the
ring and the planet itself moving in front of the star.

Star temperature, logarithm of gravitational acceleration and observation band (or
wavelength) define the limb-darkening model of the star, providing the quadratic
(or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its
shape and transit depth for temperature values of 3500 K, 4500 K and 4600 K (see
the second column of Figure 9). Nevertheless, for hotter stars (5000 K and 5500 K),
the transit depth starts decreasing with temperature growing, and the effect of the
rings becomes less noticeable (see the second column of Figure 9). The effect of
10g(9) on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see
the second column of Figure 9). However, it is still very important to select more

physically plausible values of 108 (9), as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit.
The most important thing to consider for modeling the limb-darkening is the band
of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these
results for limb-darkening effects were provided by the quadratic model
(Diaz-Cordoveés & Giménez, 1992).

4.2. Model limitations

Although the proposed model is effective in predicting transit light curves, it has
several issues that should be addressed. In this section, the drawbacks of the model
are outlined, highlighting the areas for future improvement.

4.2.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical
parameters, one of its main issues is its numerical nature. While the pixel-based
algorithm allows for calculating the model with high precision, the quality is
dependent on the pixel size of the matrices. Higher precision requires smaller pixel
sizes for resolving the details of the exoplanet and its rings better on their grid
representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become


https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)#0
https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)#0
https://www.zotero.org/google-docs/?6JQkZw

computationally intensive as they require repeatedly recalculating and summing
matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to
determine the position of the exoplanet at every time step. While analytical
solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.

Furthermore, finding the transit window for more precise calculations of the light
curve is also a non-trivial task. We must analyze a wide range of data points in
order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the
initial window range. After that, the transit light curve is computed by iterating
through a narrowed window. This approach is essential, as the transit is very quick
compared to the whole orbital period of the exoplanet. Thus, a total of So + § = 900
model iterations are needed to evaluate the transit light curve. This is only
deteriorated by the number of steps for MCMC analysis (10000), requiring a total of
9000000 magnitude change calculations. At the same time, each magnitude change
calculation is a complex operation itself, which creates, masks and sums matrices
with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We
chose the pixel size value that is large enough to sustain fast calculations, but still
gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 1-2 seconds (depending on hardware and specific parameter
values), requiring 3-6 hours to complete the MCMC with 10000 steps.

The issue may be further addressed by favoring the impact parameter over the
orbit’s rotational parameters. This solution would eliminate the need for the search
for the transit window, iterate over it for narrowing it and the need to solve Kepler’s
equation. Instead, the model would make fewer iterations by just moving the
masking matrix along the star’s grid in a line set by the impact parameter. The
improvement would work better for planets distant from their host stars, as their
projected orbits during the transit stage would be very similar to straight lines.

4.2.2. Challenges with Data-fitting
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The model's effectiveness is heavily reliant on the parameter fitting process,
specifically the use of the Markov Chain Monte Carlo (MCMC) algorithm. However,
the method itself can pose issues.

First, it is important to note that the number of MCMC iterations (10000) is not
enough for high-precision results. This means that some of the model parameters
can be effectively determined, reaching a plateau in the MCMC chain, while others
can still stay in their burn-in stage, resulting in convergence issues. For instance, a
larger, more inclined ring system can produce a similar light curve to a smaller, less
inclined system. This challenge might be especially true for the ring’s eccentricity

because of its minor effect on the transit depth (V1 — €?). To distinguish these
scenarios and draw the most accurate conclusion, it is necessary to include more
MCMC iterations. This lack of convergence in a specific parameter space can
complicate the astrophysical interpretation of the results, as it becomes difficult to
straightforwardly state the physical properties of the ring system.

Another issue with data-fitting is related to the difficulty of defining whether the
transit is central or not for distant exoplanets. Transits of distant exoplanets mainly
occur when the orbits of these planets lie in almost edge-on orientations. This
means that a negligible change of inclination (i ~ 0°) or longitude of ascending
node (£2 =~ 90°) can result in making a central transit non-central or even invisible.
Thus, it is highly possible that the MCMC would not be able to distinguish the small
difference, favoring fully edge-on orientations and central transits as a result.
Similarly to computational complexity, this problem must be tackled by replacing
the orbit's rotational properties with the impact parameter.

4.2.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a
significant amount of noise due to various factors, including atmospheric
interference, instrument noise, and stellar variability. This high noise level can be
even more noticeable than the subtle photometric signatures of a ring system,
making it challenging for our model to correctly fit the light curve and accurately
constrain the parameters. Thus, much more precise data from next-generation
telescopes is required to confidently distinguish between the variation triggered by
noise and the true signature of a ring.
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As mentioned previously (see Section 3), stacking data combined from different
observational epochs introduces the risk of ignoring ring and exoplanet precession,
which might lead to significant errors in the determined parameter values.

4.3. Model application on real observational data for HIP 41378f

The results of the MCMC analysis for the super-puff planet HIP 41378f suggest that
the planet indeed has its ring system. The best fit curve suggests that it has the
following parameter values (see Table 5 and Figure 10). See Figure 11 to view the 2D
making matrix of the exoplanet and its ring (see Section 2 for more details on that).

Parameter name

Estimated value

Exoplanet orbit eccentricity

0.0007 0005

Exoplanet orbit inclination

80.929+0021°

Exoplanet longitude of ascending node

90°

Exoplanet argument of periapsis

—+0.097°
0.07670]

Exoplanet radius

~ 45000 km (0.050Rg)

Ring eccentricity

0.358 %0 001

Ring semi-major axis

~ 90000 km (0.101Rg)

Ring width

~ 10000 km (0.011Rg)

Ring obliquity

87.018+09%8°

Ring azimuthal angle

9+0.058°
0.0827 053

Ring argument of periapsis

+0.043°

Table 5. Values of ring and exoplanet properties from the MCMC simulation. The
values themselves represent the median points of the posterior distributions for
each parameter, and the upper and lower error limits of the parameter values
represent 1o confidence intervals. Fs is the radius of the host star.
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Figure 10. The corner plot from our 11-parameter MCMC analysis, representing the
full posterior distribution of the exoplanet and ring system parameters. The
diagonal panels show the one-dimensional posterior distribution for each
parameter, with the resulting best parameter values and 1o uncertainties quoted
above each histogram. The off-diagonal panels illustrate the two-dimensional joint
probability distributions for every pair of parameters, with the contours for 0.50,
1o and 20 confidence levels. The abbreviations in this plot are the following: Ex. -
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Exoplanet, L.A.N. - Longitude of Ascending Node, Arg. Periapsis - Argument of
Periapsis, S.-M.A. - Semi-major axis and Az. Ang. - Azimuthal angle.

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the
projection of the 3D configuration of the ring to the viewed plane. Black spots
represent pixels with optical depth 7 = 0, and the white spots represent pixels with
T — oo, with gray color depicting the optical depth of the ring.

The optical depth of the ring is derived from output parameters using Equations
2.3.2 and 2.3.3, and enhanced by S€¢€7] (Section 2.4), suggesting that the ring absorbs
about 90% the light from the star going through it
— 35;4‘-”1-1’. secn 999

1.6a?(1 +e)? (4.2)
This result was calculated for the maximum possible ring density PRoche, which
means that for lower density values, the ring would have let through even more
light. This finding highlights the importance of accounting for ring transparency in
future research, suggesting that rings in near face-on configurations can still be
detectable.
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The corner plot provided by the MCMC analysis (see Figure 10) demonstrates that
most parameters are well-constrained. However, at the same time, it is evident that
degeneracies occur, especially with ring eccentricity and the exoplanet's longitude
of the ascending node. The problems with the convergence of ring eccentricity
prove our findings from Sections 4.1 and 4.2 about the effect of ring eccentricity
being less noticeable while the eccentricity is further from its maximum value for
an ellipse. Regarding the issues with the longitude of the ascending node of the
exoplanet, they are mainly caused by the window of when the transit occurs being
too narrow. Because the semi-major axis of the exoplanet is much bigger than the
radius of the host star (see Table 5), the orbit’s orientation must be close to the
edge-on case. As the inclination of the orbit of HIP 41378f is very distant from its 0°
case, the longitude of the ascending node must be almost equal to 90° to
compensate for this in order for the transit to still occur.

Despite possible degeneracies, the estimated values lead to a highly accurate
best-fit light curve (see Figure 12). The best-fit model, which accounts for rings,
provides a good representation of the data. This is supported by a log-likelihood
value (Calculated using Equation 3.2) of ¢ = 2919.2372877495054, which is higher
than the value of ¢ = 1814.315195854178 for the model presented by Berardo et al.,
2019.

Thus, our results allow the presence of an exoring system around HIP 41378f (as
greater log-likelihood values represent more accurate fits), also providing the
predictions for the properties of this ring system and the new modeling algorithm
to use for comparative analysis. It can become a foundational work, leading to
further and more in-depth analysis of the HIP 41378f’s ring system. Likely, by
compounding on this research and taking it to another level, it might be possible to
verify the presence of rings around HIP 41378f with accurate statistical evidence,
which would then become the second known exoplanet to have rings after J1407b
(Kenworthy & Mamajek, 2015).

Furthermore, the best-fit simulation with the rings allows us to alleviate the
problem of HIP 31478f’s inflated radius, giving the bulk density value of:
M kg

~ 188—

D=
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=
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This density value is still much smaller than those in our solar system (about 3.65
times smaller than Saturn’s density), but is still much more physically realistic than
the previously suggested value of  m? (Santerne et al., 2019). Because of the small
number of MCMC iterations and the gigantic range of possible exoplanet radius
values, the resulting value of radius is very approximate. Nevertheless, our results
suggest that the “super-puff” phenomenon can be fully or partially explained by the
presence of rings for some exoplanets, which proves the hypothesis from Piro &
Vissapragada, 2020.

Best-Fit vs. Observed Light Curve

Observed Data
—— Best-Fit from Berardo et al., 2019 (without rings)
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Figure 12. The phase-folded observed light curve from Berardo et al., 2019, fit using
the proposed parameter values from the same work (green line, does not include
the ring system in its fitting) and using our model of the transit by a ringed
exoplanet (red line, see Section 2 for the model). Our model tends to fit the
observed data more accurately.

5. Conclusions

In this study, we have described the development, validation and application of a
novel model for detecting exoplanetary rings and obtaining their properties
through data fitting of transit photometry measurements. Our new pixel-based
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method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a
physically accurate characterization of the transit event. Also, the proposed model
aims to integrate the parameters that are often overlooked by other studies, such as
ring transparency, ring eccentricity and the full 3D orientation of the exoplanet
orbit and its ring.

The validity of our model was then tested through the generation of synthetic light
curves, which helped systematically explore the effect of each parameter on the
light curve. Finally, the model was tested in practice by analyzing the photometric
data for HIP 41378f, which is a super-puff candidate and a high-priority target for
searches of exoplanetary rings. Our data-fitting results show that the best-fit light
curve that is produced by our model, which accounts for the exoplanet’s rings, fits
the observed data with high precision and has a noticeably different curve shape
from the one produced using TLS (transit least squares) without accounting for
exorings. Additionally, the MCMC (Markov chain Monte Carlo) analysis has provided
the first quantitative measurements of the parameters of the HIP 41378f’s
hypothetical rings. Best-fit parameters suggest a large and optically thick (7 ~ 22.2
) ring, lying in an almost face-on orientation, with major sampling issues only for
ring eccentricity. This serves as a potential sign of a ring system around HIP 41378f,
suggesting that inflated radii of super-puff exoplanets might be observational
artifacts resulting from unseen rings. The results also demonstrate the importance
of obtaining higher-precision data for a full characterization. This generally
supports our hypothesis that it is possible to extract ring properties from a light
curve by fitting modeled light curves to observations.

Thus, in the future, our model can become a valuable tool for discovering and
confirming new exoplanetary ring systems, estimating their parameters, and
re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring
system, obtaining its general properties is essential, which can now be done by
implementing our tool.

As it is evident, even though the model is precise and takes into account many
parameters the effect of which on the transit light curve is minor, our model can be
improved by running an MCMC simulation with more iterations and handling ring
precession (Heising et al., 2015), light scattering by rings (Barnes & Fortney, 2004),
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Laplace plane (Heising et al., 2015) and effects of exomoons on ring stability. Other
prospects that this work introduces for the nearest future include: switching from
orbit rotation parameters to impact parameter for analyzing more real light curves
and detecting more ring systems; exploring irregular ring systems, where the rings
exist outside the Roche radius; studying HIP 41378f further, approving the existence
of its rings and examining if its inflated radius can be caused by any other effect.
Another important prospect is integrating the tool with other software, for
instance, TLS, for easier and more frequent analysis of exoplanetary ring systems.
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Exoplanetary Ring Systems: Identification and Parameter

Estimation from Transit Photometry Data
First name

ABSTRACT

Imagine detecting exoplanetary Saturn-like rings, invisible to telescopes, and
discovering their properties indirectly by observing transits over time. With the
abundance of observational data in various catalogs, we can access high-precision
transit light curves to analyze exoplanetary rings, which is valuable for getting a
better understanding of the principles of ring formation, stability and dynamics.
This paper focuses on modeling the light curves of transits by exoplanets with rings
to identify the presence of ring systems around them, their physical properties and
configurations. We hypothesize that it is possible to extract geometrical and
positional ring properties from a light curve by fitting modeled light curves to
observations. For modeling, a masking algorithm is used, which involves creating
pixel-based representations of the covered star, the transiting exoplanet and its
translucent elliptical ring and moving the mask of the ringed exoplanet along the
pixel grid of the star. We test our hypothesis by running sample simulations of an
exoplanet and its rings, and we use the model to detect a ring system around a
“super-puff” candidate (a planet, the inferred radius of which is too big for its
inferred mass), HIP 41378f, that has been viewed as a potentially ring-bearing
exoplanet. The results support our hypothesis, demonstrating that the presence of
rings around an exoplanet and their properties can strongly contribute to the
resulting light curve. Furthermore, the results of data-fitting point to the direction
of the presence of HIP 41378fs ring system. We also attempt to estimate its
parameters.

Key words: exoplanets, transit light curves, planetary systems, rings, photometric
techniques.
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1. Introduction

Transit photometry is an increasingly popular method of detecting and studying
exoplanets (planets outside the Solar System). When an exoplanet passes in front of
its host star, it blocks the light from it, producing a dip in brightness over time.
This dip is called a transit light curve (see Figure 1).
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Figure 1. The figure demonstrates how the transit photometry method works for
ringed exoplanets. Five positions of an exoplanet are marked throughout its
trajectory in front of the host star. For each marked position, a colored line links to
a respective point in the transit light curve below. For each of these points, the dip
in brightness is caused by the blocking of the star’s light by the exoplanet in the
selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the



logarithmic change in the star’s brightness, and the phases represent normalized
time values.

The discovery of exoplanetary rings using transit photometry has long been an
intriguing challenge in astrophysics. Even though the giant ring systems in our
Solar System have been thoroughly studied, it is highly challenging to detect
exoplanetary ring systems due to their marginal angular sizes and small
photometric signatures. This makes direct imaging (capturing directly resolved
images) difficult. Nevertheless, transit photometry is a powerful and promising
technique for identifying such ring systems indirectly. Recent studies (Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on detecting rings
through mathematical modeling or peculiar light curve features (e.g., asymmetrical
transit dips). Despite these efforts, no exoplanetary rings have been confirmed with
high certainty after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to
limitations of observational noise and uncertainty about false positives (Aizawa (3%
% 1E &) et al., 2017; Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings
may explain detected anomalous planetary properties, such as the inflated radii of
super-puff exoplanets (exoplanets with extremely low inferred densities or
extremely low inferred masses for their inferred radii). HIP 41378f (Santerne et al.,
2019), the ring system of which we investigate in this paper, is an example of this
type of planet. Also, detecting rings could help in identifying shepherd moons
(moons that gravitationally influence the ring particles and maintain the ring’s
structure), the study of which is highly valuable for understanding moon formation
(Tiscareno, 2013). However, current models often do not include some kinds of
factors, such as ring transparency or eccentricity (how elongated a ring is), which
leads to potential false negatives. So, improving these models could lead to
discoveries of exoplanetary ring systems in archival data from missions like Kepler
and TESS (Transiting Exoplanet Survey Satellite).

Our study investigates whether high-precision transit photometry, combined with
an advanced parameter-rich pixel-based masking algorithm, can reliably identify
and characterize exoplanetary ring systems by modeling their light curve
signatures. We propose that by creating a pixelated transit model that accounts for
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ring transparency, eccentricity, ring and exoplanet orbit orientation and
limb-darkening (darkening of the host star to its edges) effects, it is possible to
accurately recover ring parameters from high-precision light curves. Our approach
is different from analytical models (Heising et al., 2015) by using a numerical
masking algorithm that simulates the star, planet and ring as discrete pixel grids,
thereby improving parameter estimation (determining unknown parameter values
by fitting the model to the observed data). Our model also includes the parameters
of ring transparency, eccentricity, positional ring parameters and eccentric
exoplanet orbit parameters that are usually not taken into account. Being more
parameter-rich than other methods, our new approach also aims to handle ring
parameters that only slightly contribute towards the light curve and evaluate their
influence. Thus, the model aims to analyze existing data with limited precision and
future data with even higher precision.

In Section 2 (Methods), we describe our pixel-based masking algorithm with
emphasis on how the star matrix, exoplanet and ring masks are modeled, how the
ring position is calculated, how the orbital parameters of the exoplanet affect the
light curve and how limb-darkening is incorporated. In Section 3 (Parameter
Estimation), we describe how the best-fit ring properties should be estimated based
on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an
example. In Section 4 (Validation), we test our model by generating synthetic light
curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze
the observed light curve of HIP 41378f, attempting to detect its ring system. In
Section 5 (Conclusions), we summarize our results and talk about future prospects
of implementing our tool. This work aims to contribute to the growing field of
exoplanetary ring studies by helping develop a new model for comparative analysis
of archival and future observational data.

2. Methods

The transit light curve is modeled using an innovative pixelized modeling algorithm.
First, all the required properties of the planet, its rings, orbit and host star are
calculated from input parameters and converted to be used by the functions (e.g.,
for matrix representations, all length units should be in pixels) for computing the
grid representations of these objects. The representation of a star divides it into
small pixels and calculates their normalized intensities (quotients of any pixel’s
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brightness to the one of the brightest pixel), taking the limb-darkening coefficients
from theoretical tables (either Diaz-Cordovés & Giménez, 1992, or Claret &
Gimeénez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its
rings also separate objects into pixels, creating a masking matrix. However, they
yield the optical depth (an exponential measurement of an object’s transparency) of
every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by
some of the previous models (specifically, ring eccentricity, optical depth and
argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes &
Fortney, 2004; Ohta et al., 2009) undermine the importance of some of them (for
these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are
computed during its runtime. They can be classified as input, intrinsic, output,
fixed, floating and calculated. Input parameters are passed to the model by the
user. Intrinsic parameters are calculated inside the program based on the input
parameters. Output parameters are yielded by running the program. Fixed
parameters are constant in an ongoing simulation. Floating parameters are the
values that can vary in a range set by the user or based on the values of calculated
parameters. Finally, calculated parameters are computed from other parameters
and can be either fixed or floating.

The full list of input parameters used for the simulation, their threshold values and
symbols (used in formulas) are given in Table 1.

value/range

parameter name symbol
min max

pixel size pX 10000 km

stellar radius Rg -
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stellar effective temperature T
logarithm of stellar.gravitational log(g)
acceleration
band/wavelength A
exoplanet orbital period P
exoplanet orbit eccentricity €p 0 1
exoplanet orbit inclination ) 0° 90°
longitude of ascending node Q 0° 360°
exoplanet argument of periapsis w 0° 360°
exoplanet radius R 2000 km | 350000 km
exoplanet mass M
ring eccentricity e 0.0 0.4
ring semi-major axis a li GRace
—e l+e
ring width w 0 Amax — @
ring obliquity o 0° 90°
ring azimuthal angle @ 0° 360°
ring argument of periapsis Y 0° 360°
ring density p PRoche
e eettient : 0 e

Table 1. The main input parameters of the model. Threshold values are listed only
for those parameters that do not depend on the system observed. For cells with no
values, the parameters are system-specific and are set to values from the existing
data (See Section 3).

2.2. Floating parameters and their limits
Floating parameters are the values that are used for building the model, the values
of which are previously not identified and can vary in a specific range. If their
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thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do
not depend on any other model parameters. The majority of floating parameters in
our model are independent, including both exoplanet parameters (orbital
eccentricity, inclination, longitude of ascending node, argument of periapsis and
radius) and ring parameters (ring eccentricity, obliquity, azimuthal angle and
argument of periapsis).

2.2.1. Ring proportions
The only two dependent parameters of our model are the ring’s semi-major axis
(half of the longer diameter of an ellipse) and its width. With high accuracy, the ring
is two-dimensional, with negligible depth. There are several key values for setting
the thresholds of the semi-major axis. The first of them is the exoplanet radius. It is
evident that the ring’s periapsis (closest point to the exoplanet) must be located
outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance
"» can be expressed as 7» = @(1 — €)_ Thus, the minimum possible value of the ring’s
semi-major axis is:

Amin = T2 (2.2.1)
Regarding the maximum possible value of the semi-major axis, typical planetary
rings usually exist inside the Roche radius of a body (Tiscareno et al., 2013), a
distance beyond which a moon held only by its own gravitation would be torn apart
due to tidal forces. This is how most ring systems are formed. The Roche radius is

given by:
1/3
dRoche = R (%) ~ 2.44R {/%
(2.2.2)

using the value of the dimensionless parameter ¥ = 0-85 (Chandrasekhar, 1969;
Murray & Dermott, 2012) to yield the greatest possible Roche limit (because 0.85 is
the smallest possible value of 7). Since we suppose that the ring is fully inside the
Roche radius, its apoapsis (a point of the ring, which is the furthest from the
exoplanet) distance "a = a(1 + €) must be less than or equal to the Roche radius:

. dH,oche
1+e

a max —

(2.2.3)
Although it is well-known that even in our Solar System, some objects, for example,
Quaoar (Morgado et al., 2023) and Jupiter (Tajeddine et al., 2017), have their rings
spanning outside the Roche radius, in this work, we aim to detect more common
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types of rings. Thus, for simplicity and faster calculations, we only search for
exoplanetary rings inside the Roche limit.

Regarding the ring width, we do not limit its minimum value and set it t0 wWmin = 0.
As for the maximum value, we still expect the farthest ring particles to have a
semi-major axis less than or equal to the maximum possible value. Thu s, the
maximum ring width along the major axis must be equal to:

Wmax = Amax — @ (224)

2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument
of periapsis. The obliquity is the angle between the stellar equatorial plane and the
plane of the ring. The azimuthal angle is the angle between the line of sight and the
ascending node of the orbit in a plane, parallel to the plane of the stellar equator.
The argument of periapsis is the rotation of the ring in its own plane, the angle
between the ascending node and the ring’s periapsis. The ascending node is the
orbital point where an object crosses the stellar equatorial plane from south to
north. All of these parameters are allowed to freely float and take any possible
values. Lastly, as we are looking for more or less stable ring systems, we allow the
eccentricity to vary only between the values of 0.0 and 0.4 to include significantly
eccentric orbits that can still be quite common. See the visualization of them with
2D grid representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called
edge-on and face-on ring positions. The rings are considered to be edge-on when
their normal axis (the direction perpendicular to the plane of the rings) is
perpendicular to the observer’s line of sight (a straight line of the observer’s vision).
It makes rings appear as they are viewed from the side, rather than from above or
below, which makes them almost invisible. This condition is set by obliquity 6 = 0°
or azimuthal angle @ = 90°, The face-on rings, on the contrary, occur when their
own plane is perpendicular to the line of sight (6 = 90° or ¢ = 0°),


https://www.codecogs.com/eqnedit.php?latex=w_%5Ctext%7Bmin%7D%3D0#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctheta%3D0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cphi%3D90%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctheta%3D90%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cphi%3D0%5E%5Ccirc#0
Highlight
when explain these angles, it might also help with a figure that explain each one, such as figures that are present in Heising+2015.





Figure 2. Ring parameters and how they affect the 2D ring matrix projection of a
ring with optical depth = = 1.4. Ring transparency is not depicted to scale;
however, it represents the effect of 5¢C7 on the optical depth (see Section 2.4). Note

that the ring is not visible when it is edge-on (¢ = 0° or @ = 90%). Unless mentioned

otherwise above, the ring is drawn for parameter values of 6 = 30°, ¢ = 40° and
r{illll"‘ p {]O'

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet.
Technically, it can be obtained from transit least squares (TLS) fitting (Hippke &
Heller, 2019). However, the transit depth would be highly affected by the existence
of a ring and the TLS algorithm might return invalid exoplanet radii. Therefore,
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some studies attribute the phenomenon of exoplanetary super-puffs (planets with
extremely high radii for their determined masses) to incorrect radius
measurements because of the presence of ring systems (Piro & Vissapragada, 2020).
The only way to deal with this issue is to set the exoplanet radius floating. We
empirically selected the threshold values: Rmin = 2000km (for small rocky planets)
and Rmax = 350000km (higher than the radius value of the largest known exoplanet,
Quanz et al., 2015).

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis.
The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity is set to vary within the boundaries
0.0-0.9. In our model, we do not require circular orbits as other studies do (Aizawa
(&%) et al., 2017; Heising et al., 2015), allowing it to be set to high values, which
might make the model applicable to many more exoplanets (for instance, HD 20782,
see Jones et al., 2006). The orbital inclination is the angle between the stellar
equator plane and the orbital plane. In our case, we assume that the star is located
directly at the point of the autumnal equinox for simplicity, so the longitude of the
ascending node is the angle between line of sight and the ascending node of the
orbit. Finally, the argument of periapsis represents the rotation of the orbit in its
own plane, the angle between the ascending node and the orbit periapsis. These
three parameters are also not limited and can take all possible values. See the
visualization of these parameters with 2D matrix representations of the orbits in
Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is
set by inclination ¢ = 0° or longitude of ascending node 2 = 90°. A face-on orbit
occurs when its own plane is perpendicular to the line of sight (¢ = 90° or €2 = 0°).
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Figure 3. Exoplanet parameters and how they affect the 2D orbit matrix projection.
When no orbit is displayed, it symbolizes that the orbit lies edge-on. Unless
mentioned otherwise above, the orbit is drawn for parameter values of 7 = 30°,

Q2 =40° and w = 0°.

2.3. Fixed input parameters

In this work, we implement the MCMC algorithm (see Sections 3 and 4.3) to obtain
the posterior distribution (Gilks et al., 1995). Thus, it is necessary to minimize the
number of floating parameters to decrease the calculation time. Based on this
rationale, we selected the following parameters to be fixed in our model: stellar
radius, temperature and logarithm of acceleration due to gravity; exoplanet
orbital period and mass; ring specific absorption coefficient (light absorption by
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ring particles by a unit of density); wavelength /band and matrix pixel size. See
their default values in Table 1 and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius,
temperature and logarithm of gravitational acceleration are taken as fixed values.
These parameters play a vital role in the algorithm as they define the
limb-darkening coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret &
Giménez, 1992). Thus, by getting the limb-darkening coefficients from the physical
properties of a star, we aim to have fewer floating parameters than other models
that select the limb-darkening coefficients as model parameters instead of stellar
physical properties (Aizawa (;E{#1E %) et al., 2017; Heising et al., 2015). The radius is
essential for building a star matrix of a relevant size. The semi-major axis of the
exoplanet (critical for correct orbital mechanics implementation) is calculated as a
function of its period and stellar mass by the 2nd Kepler’s Law of planetary motion:

A= 3 P2GMg :_’.,r‘PzgR%‘
- FEC 472

(2.3.1)

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period
and mass are considered known as they are based on the peak period (the amount
of time between two consecutive main minima in the light curve) and spectroscopic
features (Mayor et al., 2014), respectively. They are not noticeably influenced by the
presence of rings in the case of radius measurement errors (Libby-Roberts et al.,
2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption
coefficient:
T=hkp (2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis.
As density only affects the Roche radius and the optical depth of the ring, its effect
on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived
from its Roche radius, see Tiscareno et al., 2013) for a Roche lobe with uniform
density (v = 1.6, Porco et al., 2007):
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(2.3.3)
This approach is justifiable from two rationales. First of all, selecting the nearly
maximum possible density value (we apply 7 = 1.6 instead of ¥ = 0-85 to get a more
realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it
decreases the Roche radius (see formula 2.2.2). This simplification results in
decreasing the number of iteration steps for the semi-major axis parameter, which
is highly favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical
composition of the ring. The default value is selected for silicate grains (Boudet et
al., 2005) and is the most suitable for Hot Jupiters (Heising et al., 2015, p. 9). While
the optical depth of the ring was neglected by some studies (e.g., Heising et al.,
2015), others suggest that its impact on the optical depth is underrated, and it is
important to deal with absorption, particle sizes and forward scattering effects
(the deflection of rays by a small angle due to particle size and other factors, see
Barnes & Fortney, 2004b). Running the simulation can help us come to a realistic
conclusion about whether the parameter should be included or not (for our
findings, see Section 4.1.2).

Wavelength or band of the observations is also important to consider. It affects
both the limb-darkening coefficients and the specific absorption coefficient of the
ring dust particles. For obtaining the coefficients u1, u2 for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan,
1953) or Stromgren photometric system (Stromgren, 1956) must be selected: U, B, V
u, b or v. For applying the square root limb-darkening model (Diaz-Cordovés &
Gimeénez, 1992), the wavelength is used to select the most appropriate coefficients
u3, us - there are five available values for the wavelength:

3437A,4212A,4687A, 54754, 69754 Regarding the effect of wavelength on the
specific absorption coefficient, it is noticeable enough. For instance, for rings made
of silicate grains, the absorption is highly wavenumber-dependent (Boudet et al.,
2005).

Another unique parameter of our model is the matrix pixel size. It helps us convert
linear sizes of objects into measurements on a matrix grid:
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PX = - (2.3.4)

where [ is the linear size of an object and X is its size in pixels.
Its default value of 10000 km was manually selected as it does not spoil the high
precision of the transit light curve, sustaining minor matrix sizes.

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated
models of the star and the masking matrix of an exoplanet with its rings. In this
section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in
pixels and filling each pixel with its specific value.

The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of
two key components: the circular model of the exoplanet and the 2D projection of
its ring. These matrices are created independently, yielding the optical depth of
every pixel 7(Z.%), and then summed (putting the exoplanet at the focus of the ring)
in order to calculate the optical depth of every pixel in the masking matrix. To sum
two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a
smaller size allows for faster transit light curve calculations later (see Section 2.5)
and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size n (i.e., a square matrix of size n x n). As it is measured in pixels and
the coordinates of the matrix center should be integers for relevant exoplanet and
ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must
not exceed its apoapsis (as when the ring is rotated, this distance decreases). As the
ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

n =9 |i(ﬂ.+?1.-‘)(l+ﬁ)j| + 1

2px

(2.4.1)
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Next, the model identifies the matrix center coordinates c:
c= n—1
2

(2.4.2)

After setting the size of the matrix, the model creates a simple circular model of the
exoplanet. First, it fills the matrix with optical depth 7(z,%) = 0, Then, using the
equation of a circle, it fills all the points inside the exoplanetary radius in pixels

— R
XR = bx with optical depth 7(z,¥) — 50, We assume that the planet fully covers the
light from the star in this area and does not reflect any light, as we observe the
transit stage only, where its phase is really close to 0.

After creating the model of the exoplanet, the next step is projecting the ring
orientation in 2D. At first, the semi-major axes of ring borders @inner and Qouter (in
pixels) are calculated:

Xw

s — a4+ Xw 4 — o — Xw
Qinner = & + 55 , Gouter = & 2 (243)

b

where ® = px and X = px. Then, the rotation matrices (Weisstein, 2002) are
multiplied to get a combined rotation matrix:

R =Ry x Ry x Ry (2.4.4)
where Ro, B¢, and v are 3D rotation matrices of angles @ (ring obliquity), ¢ (ring
azimuthal angle), and ¥ (ring argument of periapsis) around the x, y, and z axes,
respectively. The rotation matrix R is a 3 x 3 matrix describing how the ring is
oriented in 3D space. Since the ring is flat, its projection mostly depends on how its
plane is tilted in x and y, we only need the top-left 2 x 2 part, which we call V.

To apply the rotation, it is necessary to find its determinant. For the case when the
ring is almost edge-on (det N — 0), the ring is not drawn, that is, 7(%,¥) = 0, Then,
all the possible coordinate pairs are created. For this, a 1D array L with all possible
x—c and ¥ — € values (where ¥ — € = Y — C) is created. It is linearly spaced from
—3 to 2 with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and
y coordinates, respectively:

Xij=Li Yij=1L, (2.4.5)
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To map the observed coordinates (x and y) in the ring’s plane (coordinates #» and ¥r

), we apply Euler's rotation theorem (Weisstein, 2002):
Mook — M2y —M T + M1y
DY = -
det NV det N

T, =

(2.4.6)
where i are the components of the matrix N. From this, we can extract the
orbital distance X for each point (using the Pythagorean theorem) and the true
anomaly Vr
X =i +y; (2.4.7)

vy = arctan 2(y,, x,) (2.4.8)
Using the ellipse equation in polar coordinates, the model constructs the inner and
outer borders Tinner and Touter Of the ring:

_ inner (1 _62 )

Tinner = 1 ccosp, (249)

Cguter (1 —e? )

Touter = i ccosu, (2.4.10)
We fill the ring by its optical depth, enhanced by a factor €€’ (because the ring is
2D), for all pixels outside the inner border and inside the outer border,
where 7 is the angle between the line of sight and the normal axis of the ring:

cosn = Ay - Aros, (2.4.11)
where AN, = Ri2 is the normal axis vector (the direction, perpendicular to the

plane of the rings) and Avos = Z is the line of sight (a straight line of the observer’s
vision) vector.

For getting the matrix array, the program sums the matrices of the exoplanet and
its ring.

The final preparation step before modeling the transit stages is creating the model

Rs
of the star. This is done simply by filling the matrix of a different size re =t LK} .

by normalized intensities that are yielded by one of two limb-darkening models.
The choice of a particular limb-darkening model depends on several factors:

1) Data availability. Our models take coefficients 1,42 from Claret & Giménez,
1992 that have parameter combinations from Table 2, and coefficients u3, 14
from Diaz-Cordoves & Giménez, the parameter combination availability is
shown in Table 2.
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2) The physical properties of a star. Generally, it is advised to use the quadratic
model for colder stars with lower 108(9) and the square root model for hot
stars with higher 102(9) values (Espinoza & Jordan, 2016).

3) Custom models. The users can download their own limb darkening models
with coefficients or even NumPy array representations (Harris et al., 2020)
for specific stars or needs.

For the model, the parameter ¥, the cosine of the angle between the emergent

radiation and the perpendicular to the stellar surface, is calculated for each pixel
by:

o= COS(%\/("B o C‘.)2 +(y — (_3)2) (2.4.12)
Then, it is converted to the normalized intensity map () using the coefficients
and the main formula of a selected model.

Quadratic model Square root model
174 available combinations 60 available possible combinations
T, K log(g) Band T, K log(g) A A
4000 2.00 u 5500 3.00 3437
2.50 b 4.00 4212
3.00 v 4687
3.50 U 5475
4.00 B 6975
\%
4500 2.00 u 6000 4.00 3437
2.50 b 4212
3.00 \Y% 4687
3.50 ] 5475
4.00 B 6975
450 \
4600 3.00 u 7000 4.00 3437
b 4212
\% 4687
U 5475
B 6975
\
4700 3.44 u 8000 3.00 3437
b 4.00 4212
\% 4687
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U 5475
B 6975
\%
5000 2.00 u 10000 3.00 3437
2.50 b 4.00 4212
3.00 v 4687
3.50 U 5475
4.00 B 6975
4.50 \%
5300 2.50 u 15000 3.00 3437
3.44 b 4.00 4212
v 4687
U 5475
B 6975
\%
5460 3.44 u 20000 3.00 3437
b 4.00 4212
v 4687
U 5475
B 6975
\%
5500 3.00 u
3.50 b
v
U
B
\%
5780 4.44 u
b
v
U
B
\%
6000 4.50 u
b
v
U
B
\%
6020 3.44

cC<og




B
\%
6300 3.44 u
b
v
U
B
\%
6730 4.50 u
b
v
U
B
\%

Table 2. All available parameter combinations for the quadratic model (Claret &
Gimeénez, 1992) compared to available combinations for the square root model
(Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for
temperatures are displayed, with the second and third columns demonstrating all
corresponding 10g(9) and band (quadratic model) / wavelength (square root)
values.

2.5. Transit model

In this section, the final and most important step of modeling is described. Now
that all the parameters are set and the matrices of the star, exoplanet and its rings
are computed, it is time to calculate the light curve, paying attention to the orbital
parameters of the exoplanet.

The first step to achieving this goal is to project the orbit of the planet in 3D to 2D
coordinates in the viewed plane. Similar to the projection of the rings, the rotation
matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

R, = Ro X Ri x Ry, (2.5.1)
where I, Rq, and R. are 3D rotation matrices of angles i (inclination), {2
(longitude of ascending node), and w (argument of periapsis) around the x, y, and z
axes, respectively.
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The next step is to calculate the initial star brightness o in units of the brightest
star pixel by summing the normalized intensity values of all pixels.
Then, the program calculates the coordinate ¢s of the central point of the star

matrix;
ng— 1

cs = "5 (2.5.2)

The maximum distance between the star matrix center and the masking matrix
center, where a transit is still possible, I' is expressed as:

I'=cg+cV2 (2.5.3)
Here, we assume that the masks align diagonally, so ¢s is the radius of the star in
pixels and ¢v2 is the half-diagonal of the masking matrix.

In order to detect the transit, we have to narrow down the search window. For this,
at first, we identify the true anomaly 7. (the angle between the orbit’s periapsis and
the current planet position) of the orbital point when the exoplanet is right in front
of the host star from spherical trigonometry:

v, = arctan 2(1,cositan Q) — w (2.5.4)
There are two possible solutions for V¢, so if the planet does not pass in front of the
star, we add 180° to Ve.
The true anomaly is then converted to the eccentric anomaly Lc - the angle
between the orbit’s periapsis and the position of the exoplanet projected to the
auxiliary circle of the elliptical orbit. The relationship between true anomaly and
eccentric anomaly can be seen in Figure 4.
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True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)
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Figure 4. Geometric relationship between true anomaly and eccentric anomaly in
elliptical orbits. The vertical projection of the exoplanet’s position on the auxiliary
circle (green dashed line) relates the eccentric anomaly to the true orbital position.
The major axis (black dashed line) spans the entire length of the ellipse through
both foci.

The eccentric anomaly is then converted to mean anomaly ¢ - the angle between
the orbit’s periapsis and the current planet position, calculated as if the planet is
moving at a constant speed on a circular orbit with the same focus location as the
ellipse. The mean anomaly is consequently converted to the orbital time % - the
time between the periapsis of the planet and its current position - using Kepler’s
equation:

E. = arctan2(v1 — e?sinv,, e, + cos 1,) (2.5.5)
m. = E. —e,sin E, (2.5.6)

m.P
©T on (2.5.7)

The search window’s half duration is defined as double the estimated transit
duration for safety and simplicity, where 2I" (twice the sum of star radius and mask


https://www.codecogs.com/eqnedit.php?latex=m_c#0
https://www.codecogs.com/eqnedit.php?latex=t_c#0
https://www.codecogs.com/eqnedit.php?latex=E_c%3D%5Carctan2(%5Csqrt%7B1-e%5E2%7D%5Csin%5Cnu_c%2C%20e_p%2B%5Ccos%5Cnu_c)#0
https://www.codecogs.com/eqnedit.php?latex=m_c%3DE_c-e_p%5Csin%7BE_c%7D#0
https://www.codecogs.com/eqnedit.php?latex=t_c%3D%5Cfrac%7Bm_cP%7D%7B2%5Cpi%7D#0
https://www.codecogs.com/eqnedit.php?latex=2%5CGamma#0

2may,
diagonal) is the distance the planet has to cover,and P the average orbital
speed (in pixels per second), where @r is the planet's semi-major axis in pixels.
Thus, the half duration of the search window s is then defined as:
o 2PT

Ty | (2.5.8)

We set the number of orbital time steps to so = 400, This is the number of times the
orbital time is changed when finding the transit window. This value is not set as an
input parameter for the model for simplicity and is automatically set to this value to
allow detecting a transit quickly and accurately. We define the search window for
the transit as an array of orbital times, linearly spaced from ?c — ts to tc + s,
containing a total of 5, elements: [tc — ts: - -~ e + 1],

The next vital step is to calculate the orbital position of the exoplanet at every time
step. For this, our program numerically solves Kepler’s equation for an ellipse by:

1) Calculating the mean anomaly
2wt

m="p (2.5.9)
2) Using the Newton-Raphson method (Vera et al., 2019) to numerically get the
value of the eccentric anomaly:

m=F —e,sin & (2.5.10)

3) Finding the true anomaly:

. _ 1+e o B
tang = 4/ l—ej: X tan 5 2.5.11)

v = 2arctan2(/1 + e, tan % V1—ep) (2.5.12)

After getting the true anomaly for an orbital point, the program calculates its
position r (the distance between the star and the exoplanet) by applying the ellipse

equation in polar coordinates:
_AQ —c.f, )

T—ep cosv (2.5.13)
Since the orbit is 2D, the position vector is equal to:
rCosV
7= | rsinv

0 (2.5.14)
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By applying the rotation matrix, the position vector gets transformed to the
position in 3D (Weisstein, 2002):

Then, the program validates whether the transit is occurring in the selected time
step by checking the following conditions:
1) Pz = 0 - the planet is not behind the star as its depth is positive.

P2 +p2<T . . . .
2) Ty - the masking matrix covers the matrix of the star in the 2D
projection.

If the current point is the first in the array to fulfill the clauses above, the transit
start time fstart iS set to ¢. For the last point to fulfill these requirements, the transit
end time fend is set to ¢.
Therefore, transit duration is:

tag = tend — tstart (2.5.16)
Next, another preset parameter ¢ = 0.1 comes into play. This value defines the
quotient of the margin of transit duration to its recommended margin, as not to
miss any points before the transit start. So, the full transit time for the light curve %
is defined as:

ty = ta(1 + 2¢) (2.5.17)

Then, the light curve in the transit time span is calculated with more steps to
return a much better resolved light curve with more data points, defined by
variable s = 500.

For this, an array of time points, consisting of s elements, is created from

tstars (1 — €) to tena(l +€),

For each of these time steps, the exoplanet’s position is recalculated with formulas
2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of
the top-left corner of the masking array Zt, Yt, the horizontal and vertical
coordinate ranges for the masked star slice [£50, 25| and [¥s0> Ys] (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the
horizontal and vertical coordinate ranges for the covering matrix [Zo. '] and [%o, /]
(handling cases when the matrix extends outside the star matrix). These variables
are defined as:
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w=lc+p: % ve=[c+p % (2.5.18)

s, = max(0,2¢): ys, = max(0,yy) (2.5.19)
x's = min(ng, x¢ + n). Yo = min(ng, ys + n) (2.5.20)
xo = max(0, —x¢): yo = max(0, —yt) (2.5.21)
o' =n —max(0,r; +n —ng); ¥y =n — max(0,y; +n — ng) (2.5.22)

Then, the new blocked light by the covered star slice is calculated by:
Al(z,y) = I(p)(1 — e 7)) (2.5.23)
The total blocked brightness &1 (1) is given by the summation over all pixels of
Al(z,y), Finally, the normalized intensity curve (t) is converted to the light curve
Am(P) by:
1) Computing the normalized intensity curve:
I(t) = Io — AIL() (2.5.24)
2) Converting the brightness to magnitude change (the change in the star’s
visible brightness in logarithmic units):

Am(t) = 2.5log 75 (2.5.25)

3) Then, the light curve minimum point is found, and the light curve phase (a
normalized time value, measured from O to 1, where the transit minimum is
0.5) is centered on it, extending the part with less time before/after the
minimum.

4) Normalizing the time scale to get the phase:
P — ttstarette

tr (2.5.26)
The model must be thoroughly constructed as it serves as the primary tool for
analyzing data. The steps and the methods listed ensure that the model accurately
reflects the physical properties of the investigated systems. The following section
will demonstrate the practical application of this framework and the process of
parameter estimation through MCMC (Markov chain Monte Carlo).

3. Parameter Estimation

This section focuses on describing the algorithm of parameter estimation using
Bayesian techniques (methods that are based on Bayes’ theorem). It works through
processing observational data by running the model described in Section 2 with
different values of floating input parameters (see Section 2.2) within their ranges
and comparing the yielded Am(®) with the observed data.
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For this, the MCMC (also known as Markov Chain Monte Carlo) algorithm, which is
a computer-driven sampling method used to estimate the properties of complex
systems, is then applied. It works by taking a "random walk" through all possible
outcomes, where each new step depends randomly, but logically, on the previous
one. By collecting thousands of these samples, it can eventually build an accurate
picture of the entire system and find the best fit. The MCMC module uses
log-likelihood (a logarithmic function that measures how well the model fits the
observations) and log-prior (a function that informs the MCMC algorithm that the
selected parameter values are out of boundaries) functions to find the parameters
of the best-fit curve.

In this paper, we apply the proposed algorithm by searching for rings of a
super-puff candidate HIP 41378f (Pira & Vissapragada, 2020). A successful fit for this
exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide
the context about the investigated system and emphasize its relevance to our study.
The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne
et al., 2019) in the constellation of Cancer. It has an apparent magnitude of 8.9™ and
is located approximately 106 p¢ away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using
transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due
90E
to having an extremely low predicted density value of = m? (Santerne et al., 2019).
Some hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously inflated
inferred radius could be a result of a ring system, which would significantly affect
its inferred radius during a transit without adding significant mass. Thus, HIP 41378f
is a perfect example to test the model proposed in this paper.

For the data-fitting, we used combined and processed data from Berardo et al.,
2019, who presented the transit light curve in terms of hours from mid-transit vs.
relative flux (ratio of the star’s visible brightness to the brightness of the star when
no transit occurs). The data was originally taken from C5 (Campaign 5) and C18
(Campaign 18) of K2 (Kepler space telescope). We used the duration of observations
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presented in Berardo et al., 2019 to convert this to a phase-folded light curve in
terms of magnitude change (see Figure 5). It is important to note that by using data
that is combined from different observations, we risk encountering the effect of
ring and exoplanet precession (the slow movement of the axis of a rotating body
around another axis), meaning that its configuration might be misinterpreted
because of stacking the light curves with the ring in different configurations into
one graph. However, we assume that the precession periods of the ring’s nodes
(two points of the ring where the ring’s plane intersects with the equatorial plane of
the exoplanet), the exoplanet’s axis and the exoplanet’s orbit are minor compared to
the time span when the three combined curves were produced. This is reasonable
according to the equations and estimates on this issue from Heising et al., 2015.

Combined Observational Light Curve

- EEReERl reeRe

0003

Magnitude Changa

Phase

Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red
points and the green points represent the short and the long cadence observed
data from K2 Campaign 18, respectively, and the blue points represent data from K2
Campaign 5 (Vanderburg et al., 2016). All the graphs in the paper are plotted using
Matplotlib (Hunter, 2007).

First, for the model to perform calculations on real data, it is necessary to set fixed
model parameters to real values of the observed objects. For HIP 41378f and its host
star HIP 41378, these parameters are listed in Table 3.

Parameter Value Source




Star radius, s 1.28 R, Grouffal et al., 2022

Logarithm of stellar 4.3 detected by TICv8
surface gravity, 108(9 )
Exoplanet mass, M 12Mg, Berardo et al., 2019
Exoplanet orbital period, 542 days Santerne et al., 2019
P
Quadratic limb-darkening 0.0678,0.188 Grant & Wakeford, 2024

coefficients, U1, U2

Table 3. Fixed parameter values for the observations of HIP 41378f. The values of
these parameters are not affected by the presence or absence of a ring system
around the exoplanet.

Generally, using coefficients “1; U2 from theoretical tables for modeling
limb-darkening is a highly relevant approach for general cases. However, for the
particular case of HIP 41378f we use limb-darkening coefficients estimated in
another paper through another MCMC analysis (Grant & Wakeford, 2024) as it
provides more precise coefficient values, and there is no data for these specific

values of 7" and 108(9) in the theoretical tables our model uses (Diaz-Cordoves &

Gimeénez, 1992; Claret & Gimeénez, 1992). Thus, we replace the fixed values of 7" and

band with the parameters %1 and ¥2. It is not possible to get rid of accounting for
R2

9

log(9) as it is essential for calculating the mass of the star as g (G . Moreover,

it is necessary to derive the exoplanet’s semi-major axis from 10g(¢ ) using Equation
2.3.1, which givesus A = 1.377 AU.

Another essential step for a relevant MCMC simulation is setting initial parameter
guesses that should be as close to real properties as possible for the most accurate
best-fit result. See the values we set them to in Table 4.

Parameter Initial guess Source/rationale

Exoplanet orbit eccentricity, “r 0.004 Santerne et al., 2019
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Exoplanet orbit inclination, ¢ 89.971° Santerne et al., 2019
Exoplanet longitude of 90° Ensuring that the transit
ascending node, (2 occurs
Exoplanet argument of 0°
periapsis, w
Must be lower than in
Exoplanet radius, R TR Santerne et al., 2019 as we
include the ring
Ring eccentricity, e 0.2
Ring semi-major axis, a 14Rq, Close to Saturn’s proportions
It is better to start from
. . thinner rings for the MCMC
) 2R,
Ring width, w v to regulate in the right
direction
. o . Maximizing the ring’s optical
Ring obliquity, ¢ 0 depth (as it is almost

edge-on in this case) and

checking if there are any
. _ ,. . rings, because for the values

Ring azimuthal angle, ¢ 90 of 6 = 0° and ® = 90°, the

effect of the ring is absent

Ring argument of periapsis, ¥ 0°

Table 4. Initial guesses for the parameters that are to be fit using the MCMC
algorithm. For parameters with no listed source/rationale, there are no relevant
data or assumptions to make about the values of these parameters.

The next step is defining the log-likelihood function ¢ for the MCMC simulation. If
one of the parameters used in the simulation is outside of the boundaries set in
Section 2.1, the log-likelihood immediately returns ¢/ — —oo. Otherwise, the phases

of the points in observational data

®; by:

P

b = (D, — 0.5)

to
tt

+ 0.5

o; are converted to phase values for the model

: (3.1)
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where 7o is the time range of the source observational data (in the case of HIP
41378f, to = 80 hrs) and t: is the transit duration given by the model.
Then, the log-likelihood function is calculated as a normal distribution:

o by (B @) )

j : (3.2)
where Am(®) i the observed light curve, Am(®) js the predicted light curve and
o” is the variance in observational data points that are out of the transit.

Finally, the MCMC simulation is run with 11 dimensions (one for each model
parameter), 50 walkers and 10000 iterations, using the Python emcee module
(Foreman-Mackey et al., 2013) with no changes to its default settings. When it is
finished, the 500 initial values are discarded as a burn-in period (the first values
used in the MCMC that can be inadequately influenced by initial guess values). After
that, the data are thinned by keeping every 10th sample after burn-in. See the
results in Section 4.3.

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the
adequacy of parameter selection for the model by creating synthetic light curves
for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are
addressed correctly. In Section 4.2, we acknowledge the limitations of our model,
which need to be considered when reproducing the data analysis or applying our
model to other data. In Section 4.3, we intend to detect a ring system around HIP
41378f and identify its parameters through data-fitting to see how the model works
in practice.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in
our algorithm are different from those used in other models (e.g., Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the
model with different values of each parameter and generate synthetic transit light
curves in order to assess the validity of the chosen parameters and their effect on
the light curve.
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To demonstrate the impact of every parameter, the output light curve is modeled
by varying the values of any specific parameter, the effect of which we are
demonstrating, with other parameters (except for the varied one) set to the
following sample values:
A=0.1AU, & =045 ; —2° O =30° w=0° R= 176000 km,

R
M=19x10""Kkg ¢ =02 a=5R, = 2.6=230°¢=20° ¢=0°
k= 0.3 cm®/g Rg = 700000 km, T = 5500 K, log(g) = 3.00 pand: u.
The values of orbit eccentricity, exoplanet radius and ring eccentricity were
selected as the mean values of their ranges proposed in Table 1 to be more
representative for an average case. The value of the semi-major axis was set from
its minimum proposed in Table 1, because the effects of orbit rotation are much
more evident for less distant orbits. The values of rotation parameters of an orbit

and the exoring, the star temperature, 10g(9) and the band of the observations
were selected pseudo-randomly, representing a typical, non-specific case, ensuring
that the transit still occurs and is not central. For simplicity, the ring semi-major
axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s
specific absorption coefficient and the host star radius were set to their default
values from Section 2, with exoplanet mass being roughly equal to the mass of
Jupiter.

4.1.1. Exoplanet parameters
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Figure 6. Output transit light curves of the model for different values of exoplanet
parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.
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The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit.
Apart from affecting the period of the exoplanet, it determines the impact
parameter (the projected distance between the center of the star and the center of
the planet's path). For an edge-on orbit (i = 0° or {2 = 90°), the semi-major axis
does not affect the shape or the depth of the transit. For any other positions, the
semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the
probability of its path being projected far from the center of the star, often
resulting in no transit occurring.

Another crucial determinant of the transit light curve is the planet’s radius (see the
fifth column in Figure 6). The transit depth (fractional decrease in the star’s visible
brightness at the minimum point of the light curve) caused by the planet alone is

proportional to (R/Rs)’. For instance, a larger planet will block a greater fraction
of the star's light, leading to a deeper dip in the light curve. Another important
consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a
differently-shaped light curve and its features would then be mainly determined by
the rings, resulting in two distinctive minima from two different sides of the rings
passing in front of the star. Transits for ringed exoplanets with bigger radii look
much more like regular transit curves, where features from the rings are less
distinctive. It is again highly important to note that the radii inferred through fitting
without rings may be misleading, as the effect on the transit depth from the ring is
attributed to the planet instead, resulting in higher radius estimates. Moreover,
without finding distinguishable ring features in the light curve, it is not possible to
deduce whether the ring exists or not. This issue leads many researchers to the
hypothesis of attributing the low inferred densities of super-puff exoplanets to the
effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the
light curve and the transit depth. An elongated orbit can cause the planet's speed to
vary significantly throughout the orbit, being fastest at periapsis and slowest at
apoapsis. This alternation in speed affects the duration of the transit and the shape
of the light curve, especially the ingress and egress phases (the start and end of the
transit). Thus, on highly eccentric orbits, the planet may move faster or more slowly
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during the transit stage, affecting the observed transit duration. The orbit
eccentricity also affects the impact parameter, which also plays a role in
determining the transit depth. See these effects in the first column of Figure 6.

Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller
semi-major axes and define the projected trajectory of the planet as a whole. It can
take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling
transits for closer orbits. They also define how well the ring features, atypical to
regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the
argument of periapsis has a significant impact on both the transit depth and the
shape of the graph. Our results for it (see column 4 of Figure 6) suggest that it must
be addressed in future research on the detection of ringed exoplanets, although it
is disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro
& Vissapragada, 2020, Aizawa et al., 2017, Barnes & Fortney, 2004). However, for
bigger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and
longitude of ascending node. For big semi-major axes, the trajectory of the planet
essentially becomes a line as its curvature becomes not visible in smaller parts of
the orbit, so the orbit must be almost edge-on: 7 =~ 0° or (2 =~ 90°. For that reason,
for bigger orbits it is recommended to replace orbit rotation parameters with the
impact parameter, which would both allow more precision and faster calculations.

4.1.2. Ring parameters
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Figure 7. Output transit light curves of the model for different values of ring
parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.

As the optical depth of the ring is enhanced by the factor of S€C7 where 7 is the
angle between the ring’s normal axis and the line of sight, in the cases for rings that
are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et
al., 2015). However, for other cases, it is necessary to account for ring transparency,
especially when the ring is close to face-on. In our demonstration (see column 1 of
Figure 7), we compare the light curves with optically thin rings, letting through
more than 50% of the star’s light (first to third pictures in the column), with
optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly
affects the shape of the curve and makes a major difference in the magnitude
change (about 0.055™). However, if the ring is rotated away (e.g., 80° from the
observer), the viewing angle would make a difference. The ring that previously let
through 74% of light (the second image in the column) would now let through only
about 18% of light.

To support the analysis of the impact of latter parameters on the transit depth, here
we derive the projected area covered by wings:

So = maohy = ma; V1= _areaof an ellipse with semi-major axis @0, semi-minor
axis bo and eccentricity €o

The area of the rings is defined as the difference of the areas of its outer and inner
ellipses (see Section 2.4):
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From that, the projected area (the effective area that affects the transit depth) is:

Sproj = 2maw cos () V1 — €2 (4.1)

The ring eccentricity affects the light curve slightly compared to the previous
parameters. Nevertheless, its effect on the shape of the light curve is still evident.
When the eccentricity increases, the features of the ring become more noticeable:
due to the ring’s eccentricity, its shape gets less symmetrical from the focus point,
where the exoplanet lies, leading to asymmetries during ingress and egress stages
(see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

V1 — e? (see Equation 4.1), so its effect on the transit depth is almost negligible
(especially, knowing that the model looks for eccentricities e < 0.4). That is why the
magnitude change slightly climbs as the eccentricity rises (see column 2 of Figure
7). For that reason, it is highly possible that the MCMC simulation might not be able
to predict the best eccentricity value with good sampling results for fitting the real
data, as the current instrumentation precision is very limited, and noticing such
minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play
almost the same role in defining the transit depth (see the third and fourth columns
of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace
when these parameters have higher values (see the third and fourth columns of
Figure 7). Sometimes, the transit depth from the ring might get dominant, leading
to a wider, longer transit duration. This often leads to two distinct minima in the
curve, each for a different ring half - they may be asymmetrical if the ring is
eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the
radius of Saturn’s E ring (Juhasz & Horanyi, 2002) can be quite close to the Solar
radius). If this happens, the light curve would have three extremes: two from the
ring on each side of the planet and one from the planet itself (see the third column
of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring
rotation parameters. Unless mentioned otherwise above, all the graphs are built
from the sample values mentioned at the beginning of Section 4.1.

Apart from defining the angle 77 and, thus, influencing the optical depth of the ring
and the transit depth (see Equation 4.1), the obliquity and the azimuthal angle of the
ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect from ring eccentricity on the
ingress and egress stages, which is key for distinguishing a transit of a regular
planet from the transit of a ringed planet. The argument of periapsis does not
influence the angle 7, so it does not affect the ring transparency or the transit
depth. However, by rotating the ring in its own plane and moving its apoapsis and
periapsis points, this parameter determines at which moment of the transit the
effect of the ring’s ellipticity would be the most evident.

4.1.3. Star parameters
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Figure 9. Output transit light curves of the model for different values of star
parameters. Unless mentioned otherwise above, all the graphs are built from the
sample values mentioned at the beginning of Section 4.1.

The stellar radius is a parameter that is truly determinant for the transit light curve.
Its effect on the light curve looks like the reversed impact of exoplanet radius, ring
semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets
lower than the value of the ring’s semi-major axis, the shape of the transit



drastically changes as two or three minima occur, caused by the two sides of the
ring and the planet itself moving in front of the star.

Star temperature, logarithm of gravitational acceleration and observation band (or
wavelength) define the limb-darkening model of the star, providing the quadratic
(or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its
shape and transit depth for temperature values of 3500 K, 4500 K and 4600 K (see
the second column of Figure 9). Nevertheless, for hotter stars (5000 K and 5500 K),
the transit depth starts decreasing with temperature growing, and the effect of the
rings becomes less noticeable (see the second column of Figure 9). The effect of
10g(9) on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see
the second column of Figure 9). However, it is still very important to select more

physically plausible values of 108 (9), as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit.
The most important thing to consider for modeling the limb-darkening is the band
of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these
results for limb-darkening effects were provided by the quadratic model
(Diaz-Cordoveés & Giménez, 1992).

4.2. Model limitations

Although the proposed model is effective in predicting transit light curves, it has
several issues that should be addressed. In this section, the drawbacks of the model
are outlined, highlighting the areas for future improvement.

4.2.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical
parameters, one of its main issues is its numerical nature. While the pixel-based
algorithm allows for calculating the model with high precision, the quality is
dependent on the pixel size of the matrices. Higher precision requires smaller pixel
sizes for resolving the details of the exoplanet and its rings better on their grid
representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become
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computationally intensive as they require repeatedly recalculating and summing
matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to
determine the position of the exoplanet at every time step. While analytical
solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.

Furthermore, finding the transit window for more precise calculations of the light
curve is also a non-trivial task. We must analyze a wide range of data points in
order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the
initial window range. After that, the transit light curve is computed by iterating
through a narrowed window. This approach is essential, as the transit is very quick
compared to the whole orbital period of the exoplanet. Thus, a total of So + § = 900
model iterations are needed to evaluate the transit light curve. This is only
deteriorated by the number of steps for MCMC analysis (10000), requiring a total of
9000000 magnitude change calculations. At the same time, each magnitude change
calculation is a complex operation itself, which creates, masks and sums matrices
with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We
chose the pixel size value that is large enough to sustain fast calculations, but still
gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 1-2 seconds (depending on hardware and specific parameter
values), requiring 3-6 hours to complete the MCMC with 10000 steps.

The issue may be further addressed by favoring the impact parameter over the
orbit’s rotational parameters. This solution would eliminate the need for the search
for the transit window, iterate over it for narrowing it and the need to solve Kepler’s
equation. Instead, the model would make fewer iterations by just moving the
masking matrix along the star’s grid in a line set by the impact parameter. The
improvement would work better for planets distant from their host stars, as their
projected orbits during the transit stage would be very similar to straight lines.

4.2.2. Challenges with Data-fitting


https://www.codecogs.com/eqnedit.php?latex=s_o%2Bs%3D900#0
https://www.codecogs.com/eqnedit.php?latex=9000000#0
Highlight
10,000 (and everywhere else that have numbers higher than 1,000. will need commas)


The model's effectiveness is heavily reliant on the parameter fitting process,
specifically the use of the Markov Chain Monte Carlo (MCMC) algorithm. However,
the method itself can pose issues.

First, it is important to note that the number of MCMC iterations (10000) is not
enough for high-precision results. This means that some of the model parameters
can be effectively determined, reaching a plateau in the MCMC chain, while others
can still stay in their burn-in stage, resulting in convergence issues. For instance, a
larger, more inclined ring system can produce a similar light curve to a smaller, less
inclined system. This challenge might be especially true for the ring’s eccentricity

because of its minor effect on the transit depth (V1 — €?). To distinguish these
scenarios and draw the most accurate conclusion, it is necessary to include more
MCMC iterations. This lack of convergence in a specific parameter space can
complicate the astrophysical interpretation of the results, as it becomes difficult to
straightforwardly state the physical properties of the ring system.

Another issue with data-fitting is related to the difficulty of defining whether the
transit is central or not for distant exoplanets. Transits of distant exoplanets mainly
occur when the orbits of these planets lie in almost edge-on orientations. This
means that a negligible change of inclination (i ~ 0°) or longitude of ascending
node (£2 =~ 90°) can result in making a central transit non-central or even invisible.
Thus, it is highly possible that the MCMC would not be able to distinguish the small
difference, favoring fully edge-on orientations and central transits as a result.
Similarly to computational complexity, this problem must be tackled by replacing
the orbit's rotational properties with the impact parameter.

4.2.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a
significant amount of noise due to various factors, including atmospheric
interference, instrument noise, and stellar variability. This high noise level can be
even more noticeable than the subtle photometric signatures of a ring system,
making it challenging for our model to correctly fit the light curve and accurately
constrain the parameters. Thus, much more precise data from next-generation
telescopes is required to confidently distinguish between the variation triggered by
noise and the true signature of a ring.
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As mentioned previously (see Section 3), stacking data combined from different
observational epochs introduces the risk of ignoring ring and exoplanet precession,
which might lead to significant errors in the determined parameter values.

4.3. Model application on real observational data for HIP 41378f

The results of the MCMC analysis for the super-puff planet HIP 41378f suggest that
the planet indeed has its ring system. The best fit curve suggests that it has the
following parameter values (see Table 5 and Figure 10). See Figure 11 to view the 2D
making matrix of the exoplanet and its ring (see Section 2 for more details on that).

Parameter name

Estimated value

Exoplanet orbit eccentricity

0.0007 0005

Exoplanet orbit inclination

80.929+0021°

Exoplanet longitude of ascending node

90°

Exoplanet argument of periapsis

—+0.097°
0.07670]

Exoplanet radius

~ 45000 km (0.050Rg)

Ring eccentricity

0.358 %0 001

Ring semi-major axis

~ 90000 km (0.101Rg)

Ring width

~ 10000 km (0.011Rg)

Ring obliquity

87.018+09%8°

Ring azimuthal angle

9+0.058°
0.0827 053

Ring argument of periapsis

+0.043°

Table 5. Values of ring and exoplanet properties from the MCMC simulation. The
values themselves represent the median points of the posterior distributions for
each parameter, and the upper and lower error limits of the parameter values
represent 1o confidence intervals. Fs is the radius of the host star.
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Figure 10. The corner plot from our 11-parameter MCMC analysis, representing the
full posterior distribution of the exoplanet and ring system parameters. The
diagonal panels show the one-dimensional posterior distribution for each
parameter, with the resulting best parameter values and 1o uncertainties quoted
above each histogram. The off-diagonal panels illustrate the two-dimensional joint
probability distributions for every pair of parameters, with the contours for 0.50,
1o and 20 confidence levels. The abbreviations in this plot are the following: Ex. -
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Exoplanet, L.A.N. - Longitude of Ascending Node, Arg. Periapsis - Argument of
Periapsis, S.-M.A. - Semi-major axis and Az. Ang. - Azimuthal angle.

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the
projection of the 3D configuration of the ring to the viewed plane. Black spots
represent pixels with optical depth 7 = 0, and the white spots represent pixels with
T — oo, with gray color depicting the optical depth of the ring.

The optical depth of the ring is derived from output parameters using Equations
2.3.2 and 2.3.3, and enhanced by S€¢€7] (Section 2.4), suggesting that the ring absorbs
about 90% the light from the star going through it
— 35;4‘-”1-1’. secn 999

1.6a?(1 +e)? (4.2)
This result was calculated for the maximum possible ring density PRoche, which
means that for lower density values, the ring would have let through even more
light. This finding highlights the importance of accounting for ring transparency in
future research, suggesting that rings in near face-on configurations can still be
detectable.
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The corner plot provided by the MCMC analysis (see Figure 10) demonstrates that
most parameters are well-constrained. However, at the same time, it is evident that
degeneracies occur, especially with ring eccentricity and the exoplanet's longitude
of the ascending node. The problems with the convergence of ring eccentricity
prove our findings from Sections 4.1 and 4.2 about the effect of ring eccentricity
being less noticeable while the eccentricity is further from its maximum value for
an ellipse. Regarding the issues with the longitude of the ascending node of the
exoplanet, they are mainly caused by the window of when the transit occurs being
too narrow. Because the semi-major axis of the exoplanet is much bigger than the
radius of the host star (see Table 5), the orbit’s orientation must be close to the
edge-on case. As the inclination of the orbit of HIP 41378f is very distant from its 0°
case, the longitude of the ascending node must be almost equal to 90° to
compensate for this in order for the transit to still occur.

Despite possible degeneracies, the estimated values lead to a highly accurate
best-fit light curve (see Figure 12). The best-fit model, which accounts for rings,
provides a good representation of the data. This is supported by a log-likelihood
value (Calculated using Equation 3.2) of £ = 2919.2372877495054, which is higher
than the value of ¢ = 1814.315195854178 for the model presented by Berardo et al.,
2019.

Thus, our results allow the presence of an exoring system around HIP 41378f (as
greater log-likelihood values represent more accurate fits), also providing the
predictions for the properties of this ring system and the new modeling algorithm
to use for comparative analysis. It can become a foundational work, leading to
further and more in-depth analysis of the HIP 41378f’s ring system. Likely, by
compounding on this research and taking it to another level, it might be possible to
verify the presence of rings around HIP 41378f with accurate statistical evidence,
which would then become the second known exoplanet to have rings after J1407b
(Kenworthy & Mamajek, 2015).

Furthermore, the best-fit simulation with the rings allows us to alleviate the
problem of HIP 31478f’s inflated radius, giving the bulk density value of:
M kg
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This density value is still much smaller than those in our solar system (about 3.65
times smaller than Saturn’s density), but is still much more physically realistic than
the previously suggested value of  m? (Santerne et al., 2019). Because of the small
number of MCMC iterations and the gigantic range of possible exoplanet radius
values, the resulting value of radius is very approximate. Nevertheless, our results
suggest that the “super-puff” phenomenon can be fully or partially explained by the
presence of rings for some exoplanets, which proves the hypothesis from Piro &
Vissapragada, 2020.

Best-Fit vs. Observed Light Curve
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Figure 12. The phase-folded observed light curve from Berardo et al., 2019, fit using
the proposed parameter values from the same work (green line, does not include
the ring system in its fitting) and using our model of the transit by a ringed
exoplanet (red line, see Section 2 for the model). Our model tends to fit the
observed data more accurately.

5. Conclusions

In this study, we have described the development, validation and application of a
novel model for detecting exoplanetary rings and obtaining their properties
through data fitting of transit photometry measurements. Our new pixel-based
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method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a
physically accurate characterization of the transit event. Also, the proposed model
aims to integrate the parameters that are often overlooked by other studies, such as
ring transparency, ring eccentricity and the full 3D orientation of the exoplanet
orbit and its ring.

The validity of our model was then tested through the generation of synthetic light
curves, which helped systematically explore the effect of each parameter on the
light curve. Finally, the model was tested in practice by analyzing the photometric
data for HIP 41378f, which is a super-puff candidate and a high-priority target for
searches of exoplanetary rings. Our data-fitting results show that the best-fit light
curve that is produced by our model, which accounts for the exoplanet’s rings, fits
the observed data with high precision and has a noticeably different curve shape
from the one produced using TLS (transit least squares) without accounting for
exorings. Additionally, the MCMC (Markov chain Monte Carlo) analysis has provided
the first quantitative measurements of the parameters of the HIP 41378f’s
hypothetical rings. Best-fit parameters suggest a large and optically thick (7 ~ 22.2
) ring, lying in an almost face-on orientation, with major sampling issues only for
ring eccentricity. This serves as a potential sign of a ring system around HIP 41378f,
suggesting that inflated radii of super-puff exoplanets might be observational
artifacts resulting from unseen rings. The results also demonstrate the importance
of obtaining higher-precision data for a full characterization. This generally
supports our hypothesis that it is possible to extract ring properties from a light
curve by fitting modeled light curves to observations.

Thus, in the future, our model can become a valuable tool for discovering and
confirming new exoplanetary ring systems, estimating their parameters, and
re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring
system, obtaining its general properties is essential, which can now be done by
implementing our tool.

As it is evident, even though the model is precise and takes into account many
parameters the effect of which on the transit light curve is minor, our model can be
improved by running an MCMC simulation with more iterations and handling ring
precession (Heising et al., 2015), light scattering by rings (Barnes & Fortney, 2004),
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Laplace plane (Heising et al., 2015) and effects of exomoons on ring stability. Other
prospects that this work introduces for the nearest future include: switching from
orbit rotation parameters to impact parameter for analyzing more real light curves
and detecting more ring systems; exploring irregular ring systems, where the rings
exist outside the Roche radius; studying HIP 41378f further, approving the existence
of its rings and examining if its inflated radius can be caused by any other effect.
Another important prospect is integrating the tool with other software, for
instance, TLS, for easier and more frequent analysis of exoplanetary ring systems.
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Exoplanetary Ring Systems: Identification and Parameter
Estimation from Transit Photometry Data

ABSTRACT

Imagine detecting exoplanetary Saturn-like rings, invisible to telescopes, and
discovering their properties indirectly by observing transits over time. With the
abundance of observational data in various catalogs, we can access high-precision
transit light curves to analyze exoplanetary rings, which is valuable for getting a
better understanding of the principles of ring formation, stability and dynamics.
This paper focuses on modeling the light curves of transits by exoplanets with rings
to identify the presence of ring systems around them, their physical properties and
configurations. We hypothesize that it is possible to extract geometrical and
positional ring properties from a light curve by fitting modeled light curves to
observations. For modeling, a masking algorithm is used, which involves creating
pixel-based representations of the covered star, the transiting exoplanet and its
translucent elliptical ring and moving the mask of the ringed exoplanet along the
pixel grid of the star. We test our hypothesis by running sample simulations of an
exoplanet and its rings, and we use the model to detect a ring system around a
“super-puff” candidate (a planet, the inferred radius of which is too big for its
inferred mass), HIP 41378f, that has been viewed as a potentially ring-bearing
exoplanet. The results support our hypothesis, demonstrating that the presence of
rings around an exoplanet and their properties can strongly contribute to the
resulting light curve. Furthermore, the results of data-fitting point to the direction
of the presence of HIP 41378fs ring system. We also attempt to estimate its
parameters.

Key words: exoplanets, transit light curves, planetary systems, rings, photometric
techniques.

Link to project GitHub:
https: //anonymous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.
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1. Introduction

Transit photometry is an increasingly popular method of detecting and studying
exoplanets (planets outside the Solar System). When an exoplanet passes in front of
its host star, it blocks the light from it, producing a dip in brightness over time.
This dip is called a transit light curve (see Figure 1).
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Figure 1. The figure demonstrates how the transit photometry method works for
ringed exoplanets. Five positions of an exoplanet are marked throughout its
trajectory in front of the host star. For each marked position, a colored line links to
a respective point in the transit light curve below. For each of these points, the dip
in brightness is caused by the blocking of the star’s light by the exoplanet in the



selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the
logarithmic change in the star’s brightness, and the phases represent normalized
time values. The figure illustrates that the spatial configuration of the ringed
exoplanet has a direct impact on specific features in the photometric light curve,
which is more complex and yields different results compared to a simple spherical
planet transit.

The discovery of exoplanetary rings using transit photometry has long been an
intriguing challenge in astrophysics. Even though the ring systems in our Solar
System have been thoroughly studied, it is highly challenging to detect
exoplanetary ring systems due to their marginal angular sizes and small
photometric signatures. This makes direct imaging (capturing directly resolved
images) difficult. Nevertheless, transit photometry is a powerful and promising
technique for identifying such ring systems indirectly. Recent studies (Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on detecting rings
through mathematical modeling or peculiar light curve features (e.g., asymmetrical
transit dips). Despite these efforts, no exoplanetary rings have been confirmed with
high certainty after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to
limitations of observational noise and uncertainty about false positives (Aizawa (i&
% 1E &) et al., 2017; Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings
may explain detected anomalous planetary properties, such as the inflated radii of
super-puffs (exoplanets with extremely low inferred densities or low masses for
their inferred radii). HIP 41378f (Santerne et al., 2019), the ring system of which we
investigate in this paper, is an example of this type of planet. Also, detecting rings
could help in identifying shepherd moons (moons that gravitationally influence the
ring particles and maintain the ring’s structure), the study of which is highly
valuable for understanding moon formation (Tiscareno, 2013). However, current
models of ringed exoplanets often do not include some kinds of factors, such as
ring transparency or eccentricity (how elongated a ring is), which leads to
potential false negatives. So, improving these models could lead to discoveries of
exoplanetary ring systems in archival data from missions like Kepler and TESS
(Transiting Exoplanet Survey Satellite).


https://www.zotero.org/google-docs/?vYLi4d
https://www.zotero.org/google-docs/?vYLi4d
https://www.zotero.org/google-docs/?XcpEwa
https://www.zotero.org/google-docs/?y87Wk2
https://www.zotero.org/google-docs/?y87Wk2
https://www.zotero.org/google-docs/?broken=7BRQLm
https://www.zotero.org/google-docs/?broken=7riCgw

Our study investigates whether high-precision transit photometry, combined with
an advanced parameter-rich pixel-based masking algorithm, can reliably identify
and characterize exoplanetary ring systems by modeling their light curve
signatures. We propose that by creating a pixelated transit model that accounts for
ring transparency, eccentricity, ring and exoplanet orbit orientation and
limb-darkening (darkening of the host star to its edges) effects, it is possible to
accurately recover ring parameters from high-precision light curves. Our approach
is different from analytical models (Heising et al., 2015) by using a numerical,
pixel-based masking framework. We describe our model as 'pixel-based' because it
represents the host star, exoplanet and ring as discrete 2D pixel grids (images),
where each individual cell (pixel) corresponds to a localized intensity or opacity
value.

Unlike analytical methods that rely on geometric equations to calculate the covered
area of the stellar disk, which often necessitate simplifying assumptions like
circular rings or uniform stellar brightness, our pixel-based approach performs a
direct numerical integration (summation of pixel-by-pixel operations). By moving
the planetary and ring 'masks' across the stellar pixel grid and applying a
pixel-by-pixel opacity transformation, we can precisely model highly complex
configurations. This includes features such as eccentric, inclined and rotated rings,
and oblate planetary shapes that are mathematically difficult to describe with
traditional analytical geometry. This numerical flexibility enables a more
parameter-rich analysis, allowing us to account for more subtle ring properties and
orientation angles that are frequently neglected in existing literature.

In Section 2 (Methods), we describe our pixel-based masking algorithm with
emphasis on how the star matrix, exoplanet and ring masks are modeled, how the
ring position is calculated, how the orbital parameters of the exoplanet affect the
light curve and how limb-darkening is incorporated. In Section 3 (Parameter
Estimation), we describe how the best-fit ring properties should be estimated based
on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an
example. In Section 4 (Validation), we test our model by generating synthetic light
curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze
the observed light curve of HIP 41378f, attempting to detect its ring system. In
Section 5 (Conclusions), we summarize our results and talk about future prospects
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of implementing our tool. This work aims to contribute to the growing field of
exoplanetary ring studies by helping develop a new model for comparative analysis
of archival and future observational data.

2. Methods

The transit light curve is modeled using the innovative pixelized modeling
algorithm. First, all the required properties of the planet, its rings, orbit and host
star are calculated from input parameters and converted to be used by the
functions (e.g., for matrix representations, all length units should be in pixels) for
computing the grid representations of these objects. The representation of a star
divides it into small pixels and calculates their normalized intensities (quotients of
any pixel’s brightness to the one of the brightest pixel), taking the limb-darkening
coefficients from theoretical tables (either Diaz-Cordovés & Gimeénez, 1992, or
Claret & Giménez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its
rings also separate objects into pixels, creating a masking matrix. However, they
yield the optical depth (an exponential measurement of an object’s transparency) of
every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by
some of the previous models (specifically, ring eccentricity, optical depth and
argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes &
Fortney, 2004; Ohta et al., 2009) undermine the importance of some of them (for
these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are
computed during its runtime. They can be classified as input, intrinsic, output,
fixed, floating and calculated. Input parameters are passed to the model by the
user. Fixed input parameters are kept constant when working with the same
observational data. They are passed to the model but are not estimated during the
data fitting process (Sections 3, 4.2 and 4.3). Instead, they are unchanged in the
data-fitting stage. Finally, floating input parameters are the values that can vary
within a range set by the user. Also, the floating parameters are those parameters,
the values of which are estimated during the data-fitting (Sections 3, 4.2 and 4.3).
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Therefore, the floating parameters carry the most crucial information about the
model. The boundaries of these parameters and their justifications may be viewed
in Table 3 (the main model), Table 6 (ringless model), Table 7 (oblate planet model),
Table 9 (observational noise) and Table 10 (starspots/faculae model).

2.2. Floating parameters and their limits

Floating parameters are the values that are used for building the model, the values
of which are previously not identified and can vary in a specific range. If their
thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do
not depend on any other model parameters. The majority of floating parameters in
our model are independent, including both exoplanet parameters (orbital
eccentricity, inclination, longitude of ascending node, argument of periapsis and
radius) and ring parameters (ring eccentricity, obliquity, azimuthal angle and
argument of periapsis).

2.2.1. Ring proportions
The only two dependent parameters of our model are the ring’s semi-major axis
(half of the longer diameter of an ellipse) and its width. With high accuracy, the ring
is two-dimensional, with negligible depth. There are several key values for setting
the thresholds of the semi-major axis. The first of them is the exoplanet radius. It is
evident that the ring’s periapsis (closest point to the exoplanet) must be located
outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance
"» can be expressed as 7» = @(1 — €)_ Thus, the minimum possible value of the ring’s
semi-major axis is:

Amin = T2 (2.2.1)
Regarding the maximum possible value of the semi-major axis, typical planetary
rings usually exist inside the Roche radius of a body (Tiscareno et al., 2013), a
distance beyond which a moon held only by its own gravitation would be torn apart
due to tidal forces (differential gravitational pulls exerted on different parts of this
moon by the host body). This is how most ring systems are formed. The Roche

radius is given by:
) 1/3
dRoche =R (_ir;?) ~ 2.44R €/§

(2.2.2)
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using the value of the dimensionless parameter 7 = 0.85 (Chandrasekhar, 1969;
Murray & Dermott, 2012) to yield the greatest possible Roche limit (because 0.85 is
the smallest possible value of 7). Since we suppose that the ring is fully inside the
Roche radius, its apoapsis (a point of the ring, which is the furthest from the
exoplanet) distance 7a = @(1 + €) must be less than or equal to the Roche radius:

dH,oche
1+e

a max —

(2.2.3)
Although it is well-known that even in our Solar System, some objects, for example,
Quaoar (Morgado et al., 2023) and Jupiter (Tajeddine et al., 2017), have their rings
spanning outside the Roche radius, in this work, we aim to detect more common
types of rings. Thus, for simplicity and faster calculations, we only search for
exoplanetary rings inside the Roche limit.
Regarding the ring width, we do not limit its minimum value and set it to @Wmin = 0.
As for the maximum value, we still expect the farthest ring particles to have a
semi-major axis less than or equal to the maximum possible value. Thus, the
maximum ring width along the major axis must be equal to:

Wmax = Amax — @ (224)

2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument
of periapsis. The obliquity (¢) is the angle between the stellar equatorial plane and
the plane of the ring. The azimuthal angle (?) is the angle between the line of sight
and the ascending node of the ring in a plane, parallel to the stellar equator. The
argument of periapsis () is the rotation of the ring in its own plane, the angle
between its ascending node and the ring’s periapsis. The ascending node is the
orbital point where an object crosses the stellar equatorial plane from south to
north. Another ring parameter is its eccentricity (¢), a quantity determining how
elongated it is, measured from O (circular) to 1 (elongated). See the visualization of
these parameters with 2D grid representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called
edge-on and face-on ring positions. The rings are considered to be edge-on when
their normal axis (the direction perpendicular to the plane of the rings) is
perpendicular to the observer’s line of sight (a straight line of the observer’s vision).
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It makes rings appear as they are viewed from the side, rather than from above or
below, which makes them almost invisible. This condition is set by obliquity 6 = 0°
or azimuthal angle ¢ = 90°, The face-on rings, on the contrary, occur when their

own plane is perpendicular to the line of sight (# = 90° or ¢ = 0°),
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Figure 2. Ring parameters and how they affect the 2D ring matrix projection of a
ring with optical depth 7 = 1.4. The first column shows the 2D projection for
different obliquity values, the second column - for values of azimuthal angle, the
third column - for values of argument of periapsis, and the last column - for various
eccentricity values. Ring transparency is not depicted to scale; however, it
represents the effect of S¢C7 on the optical depth (see Section 2.4). Note that the
ring is not visible when it is edge-on (8 = 0° or @ = 90°). Unless mentioned

otherwise above, the ring is depicted for parameter values of § = 30°, ¢ = 40°,

¥ =0° and e = 0.2; exoplanetary radius of 20 pixels and ring semi-major axis of
100 pixels. This figure serves as a visual definition of the rotational properties of the
exoplanetary ring and its eccentricity, showing how the four parameters alter the
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ring’s projected area and shape on the pixel grid. The pixel-based model
successfully translates the 3D ring geometry to a 2D Cartesian plane, allowing for
numerical integration of any ring configuration.

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet.
Technically, it can be obtained from transit least squares (TLS) fitting (Hippke &
Heller, 2019). However, the transit depth would be highly affected by the existence
of a ring and the TLS algorithm might return invalid exoplanet radii. Therefore,
some studies attribute the phenomenon of exoplanetary super-puffs to incorrect
radius measurements because of the presence of ring systems (Piro & Vissapragada,
2020). The only way to deal with this issue is to set the exoplanet radius floating.

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis.
The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity (¢») is also set to vary. In our
model, we do not require circular orbits as other studies do (Aizawa (&% 1E %) et
al., 2017; Heising et al., 2015), allowing it to be set to high values, which might make
the model applicable to many more exoplanets (for instance, HD 20782, see Jones et
al., 2006). The orbital inclination (7) is the angle between the stellar equator plane
and the orbital plane. In our case, we assume that the star is located directly at the
point of the autumnal equinox for simplicity, so the longitude of the ascending
node (£2) is the angle between the line of sight and the ascending node of the orbit
in the plane of the stellar equator. Finally, the argument of periapsis (w) represents
the rotation of the orbit in its own plane, the angle between its ascending node and
the orbit’s periapsis. These three parameters are also not limited and can take all
possible values. See the visualization of these parameters with 2D matrix
representations of the orbits in Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is
set by inclination ¢ = 0° or longitude of ascending node 2 = 90°. A face-on orbit
occurs when its own plane is perpendicular to the line of sight (¢ = 90° or €2 = 0°).
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Figure 3. Exoplanet parameters and how they affect the 2D orbit matrix projection.
The first column shows the 2D projection for different inclination values, the
second column - for values of longitude of ascending node, the third column - for
values of argument of periapsis, and the last column - for various eccentricity
values. When no orbit is displayed, it symbolizes that the orbit lies edge-on. Unless
mentioned otherwise above, the orbit is drawn for parameter values of ¢ = 30°,

Q) = 40°, w = 0° and € = 0-2; stellar radius of 20 pixels and exoplanetary
semi-major axis of 100 pixels. This figure illustrates how the orbital parameters
affect the exoplanetary transit trajectory across the stellar disk, which defines the
transit duration and light curve features. Transit length and occurrence are heavily
reliant on the rotational orientation of the ring and its eccentricity.
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2.3. Fixed input parameters

In this work, we implement the nested sampling algorithm (see Sections 3 and
4.2-4.4) to obtain the posterior distribution (Gilks et al., 1995). Thus, it is necessary
to minimize the number of floating parameters to decrease the calculation time.
Based on this rationale, we selected the following parameters to be fixed in our
model: stellar radius (/ls), temperature (7') and logarithm of acceleration due to
gravity (10g(g )); exoplanet orbital period (/°) and mass (1), ring specific
absorption coefficient (x, light absorption by ring particles by a unit of density);
wavelength (1)) / band and matrix pixel size (PX). See their default values in Table 1
and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius,
temperature and logarithm of gravitational acceleration are taken as fixed values.
These parameters play a vital role in the algorithm as they define the
limb-darkening coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret &
Giménez, 1992). Thus, by getting the limb-darkening coefficients from the physical
properties of a star, we aim to have fewer floating parameters than other models
that select the limb-darkening coefficients as model parameters instead of stellar
physical properties (Aizawa (% 1E) et al., 2017; Heising et al., 2015). The radius is
essential for building a star matrix of a relevant size. The semi-major axis of the
exoplanet (critical for correct orbital mechanics implementation) is calculated as a
function of its period and stellar mass by the 3rd Kepler’s Law of planetary motion:

A= 3 P:GMg 3/ P?gR%
o dms 42

(2.3.1)

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period
and mass are considered known as they are based on the peak period (the amount
of time between two consecutive main minima in the light curve) and spectroscopic
features (Mayor et al., 2014), respectively. They are not noticeably influenced by the
presence of rings in the case of radius measurement errors (Libby-Roberts et al.,
2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption
coefficient:
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T=Fp (2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis.
As density only affects the Roche radius and the optical depth of the ring, its effect
on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived
from its Roche radius, see Tiscareno et al., 2013) for a Roche lobe with uniform
density (v = 1.6, Porco et al., 2007):
PRoche = 7—04%

(2.3.3)
This approach is justifiable from two rationales. First of all, selecting the nearly
maximum possible density value (we apply 7 = 1.6 instead of ¥ = 0.85 to get a more
realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it
decreases the Roche radius (see formula 2.2.2). This simplification results in
decreasing the number of iteration steps for the semi-major axis parameter, which
is highly favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical
composition of the ring. While the optical depth of the ring was neglected by some
studies (e.g., Heising et al., 2015), others suggest that its impact on the optical depth
is underrated, and it is important to deal with absorption, particle sizes and
forward scattering effects (the deflection of rays by a small angle due to particle
size and other factors, see Barnes & Fortney, 2004b). Running the simulation can
help us come to a realistic conclusion about whether the parameter should be
included or not (for our findings, see Section 4.1.2).

Wavelength or band of the observations is also important to consider. It affects
both the limb-darkening coefficients and the specific absorption coefficient of the
ring dust particles. For obtaining the coefficients u1, u2 for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan,
1953) or Stromgren photometric system (Stromgren, 1956) must be selected: U, B, V
u, b or v. For applying the square root limb-darkening model (Diaz-Cordoves &
Giménez, 1992), the wavelength is used to select the most appropriate coefficients
us,us - there are five available values for the wavelength:

3,437A;4,212A;4,687A; 5,475A;6,975A, Regarding the effect of wavelength on the
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specific absorption coefficient, it is noticeable enough. For instance, for rings made
of silicate grains, the absorption is highly wavenumber-dependent (Boudet et al.,
2005; Utry et al., 2014).

Another unique parameter of our model is the matrix pixel size. It is a “scale factor”
that helps us convert linear sizes of objects into measurements on a matrix grid, a
physical length represented by a single pixel in the model:

[
px = (2.3.4)

X
where [ is the physical length of any object in the observed system and X is its size
in pixels in the matrix grid.
It is a constant used to scale real-world measurements, converting them to lengths
in pixels for the computer model.

See the values fixed parameters were set to during data-fitting in Table 2.

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated
models of the star and the masking matrix of an exoplanet with its rings. In this
section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in
pixels and filling each pixel with its specific value.

The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of
two key components: the circular model of the exoplanet and the 2D projection of
its ring. These matrices are created independently, yielding the optical depth of
every pixel 7(Z; ¥), and then summed (putting the exoplanet at the focus of the ring)
in order to calculate the optical depth of every pixel in the masking matrix. To sum
two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a
smaller size allows for faster transit light curve calculations later (see Section 2.5)
and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size n (i.e., a square matrix of size n x n). As it is measured in pixels and
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the coordinates of the matrix center should be integers for relevant exoplanet and
ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must
not exceed its apoapsis (as when the ring is rotated, this distance decreases). As the
ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

n =2 {W} +1

2px
(2.4.1)
Next, the model identifies the matrix center coordinate c:
c= 15
(2.4.2)

After setting the size of the matrix, the model creates a simple circular model of the
exoplanet. First, it fills the matrix with optical depth 7(.%) =0, Then, using the
equation of a circle, it fills all the points inside the exoplanetary radius in pixels

_ R
XR = px with optical depth 7(.¥) — 5, We assume that the planet fully covers the
light from the star in this area and does not reflect any light, as we observe the
transit stage only, where its phase is really close to 0.

After creating the model of the exoplanet, the next step is projecting the ring
orientation in 2D for stacking the combined 2D matrix of the planet and its rings on
top of the pixel-grid star representation. At first, the semi-major axes of ring
borders @inner and @outer (in pixels) are calculated:

Xw

" — Xw o — o — Xw
QYinner = ¢ + 2 R Qouter — ¥ 2 (243)

b

w

a L w
px and Xv = Dx,

where ¢ =

The physical orientation of the exoplanetary ring in 3D space is defined by three
Euler angles (three specific angles used to describe the orientation of a body in 3D
space by a sequence of three rotations around different axes): # (ring obliquity), ¢
(ring azimuthal angle), and ¥ (ring argument of periapsis).
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Each angle represents the rotation about one specific axis in the Cartesian space (
, ¥, or z). These rotations can be described using rotation matrices (Weisstein,
2002), linear transformations that sustain the length of vectors and the coordinate
system's handedness.

To obtain the final, combined 3D orientation, we apply Euler's Rotation Theorem
(Euler, 1776), which states that any rotation in 3D space can be represented by a
single rotation about a fixed axis. In matrix algebra, the composition of successive
rotations is achieved by multiplying the individual rotation matrices (Donchev et al.,
2015) to get a combined rotation matrix (R):

R =Ry x Rg X Ry, (2.4.4)
where R, fo and I'v are 3D rotation matrices of angles 6 (ring obliquity), ¢ (ring
azimuthal angle), and ¥ (ring argument of periapsis) around the z, ¥, and z axes,
respectively. The rotation matrix R is a 3 x 3 matrix describing how the ring is
oriented in 3D space. Since the ring is flat, its projection mostly depends on how its
plane is tilted in z and ¥, we only need the top-left 2 x 2 part, which we call N.

The calculation of the matrix determinant is necessary at this stage to establish a
mathematical guardrail against a singular projection. The determinant (det ') is in
the denominator of the inverse transformation formula (equation 2.4.6), meaning
the matrix N must be invertible (det N # 0), If the ring is viewed almost edge-on (
det N — 0), the transformation becomes unstable, and the ring is skipped, that is,
7(2,y) = 0, This check prevents division by zero and handles the physically
singular case where the ring collapses toward a line.

To map the observed coordinates (z and ¥) in the ring’s plane (coordinates r and
Ur), we apply the inverse transformation which is equivalent to applying Euler's
(Euler, 1776) rotation theorem in reverse, using the inverse matrix (Weisstein, 2002).

Then, all the possible coordinate pairs are created. For this, a 1D array L with all
possible = — ¢ and ¥ — € values (where © — € = ¥ — €) is created. It is linearly
spaced from ~ 2 to 2 with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and
y coordinates, respectively:

Xij=1Li Yij=Lj (2.4.5)
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The coordinates (#r¥r) in the ring's plane are obtained by multiplying the observed

coordinates (7.Y) by the inverse matrix N~'. The component form of this inverse
transformation, derived directly from the general formula for the inverse of a 2 x 2
matrix N~ (Weisstein, 2002), is:
Moa® — M2y M +mny

det N T det N 1 (2.4.6)
where "%j are the components of the matrix N. From this, we can extract the
orbital distance X for each point (using the Pythagorean theorem) and the true
anomaly r

Ty =

X = Vi +y; (2.4.7)

vy = arctan 2(y,, x,) (2.4.8)

Using the ellipse equation in polar coordinates, the model constructs the inner and
outer borders 7inner and Touter Of the ring:

. . ainnm'(l 762)

mner =  ]4ecos vy (249)
, . f-‘?uul.cr{-l _(52)
Touter = "1 ¢cosn (2410)

We fill the ring by its optical depth, enhanced by a factor s’ (because the ring is
2D), for all pixels outside the inner border and inside the outer border,

where 7 is the angle between the line of sight and the normal axis of the ring in the
plane in which the two lines lie within:

cosT = AN . ALOS, (2411)
where A~ = Ri2 is the unit normal axis vector (the direction, perpendicular to

the plane of the rings) and Aros = % is the unit line of sight vector (a straight line
of the observer’s vision). This is derived directly from the definition of a dot product

of two vectors: |l An|l[|Aros| cosn = Ay - Ar,os, where |An||[[ALos|| = 1 ag An

and AvLos are both unit vectors.

For getting the matrix array, the program sums the matrices of the exoplanet and
its ring.

The final preparation step before modeling the transit stages is creating the model

Rs
of the star. This is done simply by filling the matrix of a different size "* LK} "
by normalized intensities that are yielded by one of two limb-darkening models.
The choice of a particular limb-darkening model depends on several factors:
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1) Data availability. Our models take coefficients 1,42 from Claret & Giménez,
1992 that have parameter combinations from Table 1, and coefficients u3, 14
from Diaz-Cordoves & Giménez, the parameter combination availability is
shown in Table 1.

2) The physical properties of a star. Generally, it is advised to use the quadratic
model for colder stars with lower 108(9) and the square root model for hot
stars with higher 108(9) values (Espinoza & Jordan, 2016).

3) Custom models. The users can download their own limb darkening models
with coefficients or even NumPy array representations (Harris et al., 2020)
for specific stars or needs.

In the analysis of HIP 41378f, the quadratic limb-darkening is used due to the high
10g(9) value for the host star HIP 41378 (log (9) = 4.3, detected by TICv8). As prior
analysis of the HIP 41378'’s planetary system was made and the values of
limb-darkening coefficients were verified across several planets in the system, we
assume that the limb-darkening coefficients of the star do not need further fitting
and are fixed to 0.0678 and 0.188 (Grant & Wakeford, 2024).

For the model, the parameter X, the cosine of the angle between the emergent

radiation and the perpendicular to the stellar surface, is calculated for each pixel
by:

p=cos(Z\/(x —c)? + (y — ¢)?) (2.4.12)
Then, it is converted to the normalized intensity map /() using the coefficients
and the main formula of a selected model.

Quadratic model Square root model
174 available combinations 60 available possible combinations
T, K log(g) Band T, K log(g) A\ A
4,000 2.00 u 5,500 3.00 3,437
2.50 b 4.00 4,212
3.00 \Y% 4,687
3.50 U 5,475
4.00 B 6,975
\Y%
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4,500 2.00 u 6,000 4.00 3,437
2.50 b 4,212
3.00 v 4,687
3.50 U 5,475
4.00 B 6,975
4.50 \%
4,600 3.00 u 7,000 4.00 3,437
b 4,212
v 4,687
U 5,475
B 6,975
\%
4,700 3.44 u 8,000 3.00 3,437
b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,000 2.00 u 10,000 3.00 3,437
2.50 b 4.00 4,212
3.00 v 4,687
3.50 U 5,475
4.00 B 6,975
4.50 \%
5,300 2.50 u 15,000 3.00 3,437
3.44 b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,460 3.44 u 20,000 3.00 3,437
b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,500 3.00 u
3.50 b
v
U
B
\%
5,780 4.44 u
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6,000 4.50

<wWC< oT¢g

6,020 3.44

<wWC< oT¢ge

6,300 3.44

<wWC< oT¢ge

6,730 4.50

<wC< oTgc

Table 1. All available parameter combinations for the quadratic model (Claret &
Gimeénez, 1992) compared to available combinations for the square root model
(Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for
temperatures are displayed, with the second and third columns demonstrating all
corresponding 10g(9) and band (quadratic model) / wavelength (square root)
values.

2.5. Transit model

In this section, the final and most important step of modeling is described. Now
that all the parameters are set and the matrices of the star, exoplanet and its rings
are computed, it is time to calculate the light curve, paying attention to the orbital
parameters of the exoplanet.
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The first step to achieving this goal is to project the orbit of the planet in 3D to 2D
coordinates in the viewed plane. Similar to the projection of the rings, the rotation
matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

R, = Ro X Ri X Ry, (2.5.1)
where Ri, Ro, and R. are 3D rotation matrices of angles i (inclination), ©
(longitude of ascending node), and w (argument of periapsis) around the x, y, and z
axes, respectively.

The next step is to calculate the initial star brightness o in units of the brightest
star pixel by summing the normalized intensity values of all pixels.
Then, the program calculates the coordinate ¢s of the central point of the star

matrix;
g — 1

cs = "% (2.5.2)

The maximum distance between the star matrix center and the masking matrix
center, where a transit is still possible, I' is expressed as:

I'=cg+cV2 (2.5.3)
Here, we assume that the masks align diagonally, so ¢s is the radius of the star in
pixels and ¢v'2 is the half-diagonal of the masking matrix.

In order to detect the transit, we have to narrow down the search window. For this,
at first, we identify the true anomaly ”c (the angle between the orbit’s periapsis and
the current planet position) of the orbital point when the exoplanet is right in front
of the host star from spherical trigonometry:

v, = arctan 2(1, cositan Q) — w (2.5.4)
There are two possible solutions for Ve, so if the planet does not pass in front of the
star, we add 180° to Ve.
The true anomaly is then converted to the eccentric anomaly Lc - the angle
between the orbit’s periapsis and the position of the exoplanet projected to the
auxiliary circle of the elliptical orbit. The relationship between true anomaly and
eccentric anomaly can be seen in Figure 4.
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True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)
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Figure 4. Geometric relationship between true anomaly () and eccentric anomaly (
E) in elliptical orbits. The vertical projection of the exoplanet’s position on the
auxiliary circle (green dashed line) relates the eccentric anomaly to the true orbital
position. The major axis (black dashed line) spans the entire length of the ellipse
through both foci. The figure was created for an eccentric orbit with the
eccentricity of 0.8 in the face-on orientation. The figure confirms the mathematical
relationship used by the model to calculate planet positions and velocity at any
given time step.

The eccentric anomaly is then converted to mean anomaly "¢ - the angle between
the orbit’s periapsis and the current planet position, calculated as if the planet is
moving at a constant speed on a circular orbit with the same focus location as the
ellipse. The mean anomaly is consequently converted to the orbital time . - the
time between the periapsis of the planet and its current position - using Kepler’s

equation:
E. = arctan2(V'1 — e?sinv,, e, + cos 1..) (2.5.5)
m. = E. — e,sin E, (2.5.6)
m.P

te
* = Ton (2.5.7)
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The search window’s half duration is defined as double the estimated transit
duration for safety and simplicity, where 2I' (twice the sum of star radius and mask
2may,
diagonal) is the distance the planet has to cover,and P the average orbital
speed (in pixels per second), where @r is the planet's semi-major axis in pixels.
Thus, the half duration of the search window s is then defined as:
; 2PT

Tay | (2.5.8)

We set the number of orbital time steps to so = 400, This is the number of times the
orbital time is changed when finding the transit window (a period of time when the
transit is observable). This value is not set as an input parameter for the model for
simplicity and is automatically set to this value to allow detecting a transit quickly
and accurately. We define the search window for the transit as an array of orbital
times, linearly spaced from . — ts to ?. + s, containing a total of S, elements:

[te —tgy... te+1,)

The next vital step is to calculate the orbital position of the exoplanet at every time
step. For this, our program numerically solves Kepler’s equation for an ellipse by:

1) Calculating the mean anomaly
2mt

m="p (2.5.9)
2) Using the Newton-Raphson method (Vera et al., 2019) to numerically get the
value of the eccentric anomaly:

m=FE—e,sink (2.5.10)
3) Finding the true anomaly:

tan ¥ = \fﬂ x tan £
2 1—ep 2 (2.5.11)

v = 2arctan2(,/1 + e, tan g Vv1—ep) (2.5.12)

After getting the true anomaly for an orbital point, the program calculates its
position r (the distance between the star and the exoplanet) by applying the ellipse
equation in polar coordinates:

_ ;'l(l—cf,)

~ l—epcosv (2513)
Since the orbit is 2D, the position vector is equal to:
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T COS V
=\ rsinv
0 (2.5.14)
By applying the rotation matrix, the position vector gets transformed to the
position in 3D (Weisstein, 2002):
pP=RoxT (2.5.15)

Then, the program validates whether the transit is occurring in the selected time
step by checking the following conditions:
1) p= = 0 - the planet is not behind the star as its depth is positive.

P2 +p2<T . . . .
2) Ty - the masking matrix covers the matrix of the star in the 2D
projection.

If the current point is the first in the array to fulfill the clauses above, the transit
start time fstart iS set to ¢. For the last point to fulfill these requirements, the transit
end time fend is set to ¢.
Therefore, transit duration is:

tag = tend — tstart (2.5.16)
Next, another preset parameter € = 0.1 comes into play. This value defines the
quotient of the margin of transit duration to its recommended margin, as not to
miss any points before the transit start. So, the full transit time for the light curve
is defined as:

te = tq(1 + 2e) (2.5.17)

Then, the light curve in the transit time span is calculated with more steps to
return a much better resolved light curve with more data points, defined by
variable s = 500.

For this, an array of time points, consisting of s elements, is created from

tstari (1 — €) to fena(l +€),

For each of these time steps, the exoplanet’s position is recalculated with formulas
2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of
the top-left corner of the masking array Zt, ¥t, the horizontal and vertical
coordinate ranges for the masked star slice [£50, 25| and [¥s0> Ys] (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the
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horizontal and vertical coordinate ranges for the covering matrix [%0. 2 and [v0,¥]
(handling cases when the matrix extends outside the star matrix). These variables
are defined as:

ze=[c+pe— %]y = [c+py— 5] (2.5.18)
zg, = max(0, ) ys, = max(0,y) (2.5.19)
z's = min(ng, x4 + n); Y = min(ng, ys + n) (2.5.20)
xp = max(0, —:s::,-_); yo = max (0, —y;) (2.5.21)
o' =n —max(0,r; +n —ng); ¥y =n — max(0,y; +n — ng) (2.5.22)

Then, the new blocked light by the covered star slice is calculated by:
Al(z,y) = I(u)(1 - e 7)) (2.5.23)
The total blocked brightness 2/(?) is given by the summation over all pixels of

Al(z,y), Finally, the normalized intensity curve (%) is converted to the light curve
Am(P) by:
1) Computing the normalized intensity curve:
I(t) = Ip — AI(t) (2.5.24)
2) Converting the brightness to magnitude change (the change in the star’s
visible brightness in logarithmic units):

Am(t) = 2.51og 7 (2.5.25)

3) Then, the light curve minimum point is found, and the light curve phase (a
normalized time value, measured from O to 1, where the transit minimum is
0.5) is centered on it, extending the part with less time before/after the
minimum.

4) Normalizing the time scale to get the phase:
P — Itstaritie

t (2.5.26)
The model must be thoroughly constructed as it serves as the primary tool for
analyzing data. The steps and the methods listed ensure that the model accurately
reflects the physical properties of the investigated systems. The following section
will demonstrate the practical application of this framework and the process of
parameter estimation through nested sampling.

3. Parameter Estimation
This section focuses on describing the algorithm of parameter estimation using
Bayesian techniques (methods that are based on Bayes’ theorem). It works through
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processing observational data by running the model described in Section 2 with
different values of floating input parameters (see Section 2.2) within their ranges

and comparing the yielded 2Am(®) with the observed data.

For this, the dynamic nested sampling (Skilling, 2004; Skilling, 2006; Higson et al.,
2019; Feroz et al., 2009) algorithm, which is a computer-driven sampling method
used to estimate the properties of complex systems, is then applied. It works by
taking a "random walk" through all possible outcomes, where each new step
depends randomly, but logically, on the previous one. By collecting thousands of
these samples, it can eventually build an accurate picture of the entire system and
find the best fit. The nested sampling module uses log-likelihood (a logarithmic
function that measures how well the model fits the observations) and log-prior (a
function representing the initial assumption of parameter distribution density)
functions to find the parameters of the best-fit curve.

3.1. Exoplanetary transit of HIP 41378f

In this paper, we apply the proposed algorithm by searching for rings of a
super-puff candidate HIP 41378f (Pira & Vissapragada, 2020). A successful fit for this
exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide
the context about the investigated system and emphasize its relevance to our study.
The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne
et al., 2019) in the constellation of Cancer. It has an apparent magnitude of 8.9™ and
is located approximately 106 P¢ away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using
transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due

to having an extremely low predicted density value of 90 kg m~ (Santerne et al.,
2019). Some hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously
inflated inferred radius could be a result of a ring system, which would significantly
affect its inferred radius during a transit without adding significant mass. Thus, HIP
41378f is a perfect example to test the model proposed in this paper.

For the data-fitting, we used combined and processed data from Berardo et al.,
2019, who presented the transit light curve in terms of hours from mid-transit vs.
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relative flux (ratio of the star’s visible brightness to the brightness of the star when
no transit occurs). The data was originally taken from C5 (Campaign 5) and C18
(Campaign 18) of K2 (Kepler space telescope). We used the duration of observations
presented in Berardo et al., 2019 to convert this to a phase-folded light curve in
terms of magnitude change (see Figure 5). It is important to note that by using data
that is combined from different observations, we risk encountering the effect of
ring and exoplanet precession (the slow movement of the axis of a rotating body
around another axis), meaning that its configuration might be misinterpreted
because of stacking the light curves with the ring in different configurations into
one graph. However, we assume that the precession periods of the ring’s nodes
(two points of the ring where the ring’s plane intersects with the equatorial plane of
the exoplanet), the exoplanet’s axis and the exoplanet’s orbit are minor compared to
the time span when the three combined curves were produced. This is reasonable
according to the equations and estimates on this issue from Heising et al., 2015.

Combined Observational Light Curve

o
=1
=1

0.003

Magnilude Change

0.004

0.005

«  C18 short cadence
= (18 long cadance

Phase

Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red
points and the green squares represent the short and the long cadence observed
data from K2 Campaign 18, respectively, and the blue triangles represent data from
K2 Campaign 5 (Vanderburg et al., 2016). All graphs in the paper are plotted using
Matplotlib (Hunter, 2007). This graph shows the data that is to be fit with the model
presented in this paper and distinguishes it between three sources of observed
data.



3.2. Model parameter values and boundaries

First, for the model to perform calculations on real data, it is necessary to set fixed
model parameters to real values of the observed objects. For HIP 41378f, its host
star HIP 41378, ring material and the masking matrix these parameters are listed in
Table 2.

Parameter Value Source/Rationale

Pixel size, PX 10,000 km | Selected manually to avoid spoiling
the high precision of the transit light
curve, sustaining minor matrix sizes

Star radius, s 1.28R Grouffal et al., 2022
Logarithm of stellar 4.3 detected by TICv8
surface gravity, 108(9 )
Exoplanet mass, M 12M,, Berardo et al., 2019
Exoplanet orbital period, 542 days Santerne et al., 2019
P
Quadratic limb-darkening | 0.0678, 0.188 Grant & Wakeford, 2024

coefficients, U1, U2

,m? | Utry et al., 2014 (for quartz particles

Ring specific absorption 93 % 10~

coefficient, ' g | asthey are dominant in silicate dust,
which is applicable for planets that

are not too distant from the host star,

like HIP 41378f)

Table 2. Fixed parameter values for the observations of HIP 41378f. The values of
these parameters are not affected by the presence or absence of a ring system
around the exoplanet.

Generally, using coefficients “1; U2 from theoretical tables for modeling
limb-darkening is a highly relevant approach for general cases. However, for the
particular case of HIP 41378f, we use limb-darkening coefficients estimated in
another paper through MCMC (another sampling method, Foreman-Mackey et al.,
2013) analysis (Grant & Wakeford, 2024) as it provides more precise coefficient
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values, and there is no data for these specific values of 7" and log(9) in the
theoretical tables our model uses (Diaz-Cordovés & Giménez, 1992; Claret &
Gimeénez, 1992). Thus, we replace the fixed values of 7" and band with the

parameters %1 and U2. It is not possible to get rid of accounting for log(9) asit is
R2
v =

essential for calculating the mass of the star as - G . Moreover, it is necessary

to derive the exoplanet’s semi-major axis from 108(¢ ) using Equation 2.3.1, which
givesus A = 1.377 AU.

Another essential step for an effective nested sampling simulation is setting prior
distributions (probability distributions that represent the initial belief about the
system) for floating parameters (those to be fit) that should be carefully constrained
to avoid degeneracies. In our nested sampling, we used uniform (a probability
distribution where all possible outcomes within given boundaries are equally likely
to occur) prior distributions that are broad (expressing a high degree of initial
uncertainty in the parameter values). This approach was chosen to ensure that the
posterior estimates were driven primarily by the experimental data rather than by
initial constraints. Despite the use of uniform priors, the majority of resulting
posterior distributions exhibited Gaussian characteristics with high shrinkage
values (see Section 4.2).

Furthermore, the boundaries for two parameters (ring semi-major axis and ring
width) were selected to be dynamic, i.e., recalculated every time the model is called
based on values of other parameters, using formulas 2.2.1-2.2.4. See all prior
distribution boundaries in Table 3.

Prior Boundaries Type Rationale

Must not be too close to € = 1
0.0 to 0.9 static to avoid huge matrix sizes that
can slow down calculations

Exoplanet orbit
eccentricity (¢»)

Exoplanet orbit Other values of 7 and w would

T : 0 to 90° static
inclination () result in configurations that are
ical
Exoplanet longitude of | 90 — 5 x 107%° S'yn‘lmetrlca to those alre'ad'y
plane gituae o RIR static existing and, thus, return similar
ascending node ((2) to light curve results. The selected
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90 +5 x 107%° range for () ensures geometric
transit for a large semi-major

Exoplanet argument of 0 to 180° static axis (A = 1.377 AU)
periapsis (w)
2,000 km ¢ Must be lower than in Santerne
Exoplanet radius (R) ’ 99R © | static |etal,2019 as we include the ring,
e /,:_B

which increases transit depth

Must not be too close to € = 1
Ring eccentricity (¢) 0.0 to 0.9 static to avoid huge matrix sizes that
can slow down calculations

R/(1—¢)to See Section 2.2.1 and formulas

Ring semi-major axis (a) dioene/ (14 €) dynamic 991293
Ring width (w) 0 to @max —a | dynamic | See Section 2.2.1 and formula 2.2.4
Ring obliquity () 0 to 90° static | Other values of these parameters
would result in configurations
Ring azimuthal angle (¥) 0 to 180° static that are symmetrical to those

already existing and, thus, return
Ring argument of similar light curve results

L 0 to 180° static
periapsis (V)

Table 3. Prior distribution boundaries and their classification as static or dynamic
for the parameters that are to be fit using the nested sampling algorithm. All prior
distributions are uniform.

3.3. Nested sampling run

The next step is defining the log-likelihood function ¢ for the nested sampling
simulation. If one of the dynamic parameters used in the simulation is outside the
boundaries set in Section 2.1, the log-likelihood immediately returns ¢ — —oco.

®o, are converted to

Otherwise, the phases of the points in observational data
phase values for the model ®; by:

B, = (B, ~05)% +05 61

where 7o is the time range of the source observational data (in the case of HIP
41378f, to = 80 hrs) and t: is the transit duration given by the model.
Then, the log-likelihood function is calculated for a normal distribution:
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j ' : (3.2)
where A7(P) is the observed light curve, Am(?P) is the predicted light curve and
o? is the variance in observational data points that are out of the transit.

Finally, the nested sampling simulation is run with Naim = 11 dimensions (one for
each model parameter), Nive = 500 live points (pointers in the parameter space),
using the Python dynesty module (Speagle, 2020; Koposov et al., 2024) with no
changes to its default settings (including the stopping function). See the results in
Section 4.2.

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the
adequacy of parameter selection for the model by creating synthetic light curves
for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are
addressed correctly. In Section 4.2, we intend to detect a ring system around HIP
41378f and identify its parameters through data-fitting to see how the model works
in practice. In Section 4.3, the model is compared against alternative hypotheses
explaining the transit light curve asymmetries. In Section 4.4, we acknowledge the
limitations of our model, which need to be considered when reproducing the data
analysis or applying our model to other data.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in
our algorithm are different from those used in other models (e.g., Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the
model with different values of each parameter and generate synthetic transit light
curves in order to assess the validity of the chosen parameters and their effect on
the light curve.

To demonstrate the impact of every parameter, the output light curve is modeled
by varying the values of any specific parameter, the effect of which we are
demonstrating, with other parameters (except for the varied one) set to the
following sample values:
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Parameter Value

Exoplanet semi-major axis (A) 0.1 AU
Exoplanet orbit eccentricity (¢») 0.45
Exoplanet orbit inclination (1) 2°
Exoplanet longitude of ascending node (€2) 30°
Exoplanet argument of periapsis (w) 0°
Exoplanet radius (R) 176,000 km
Exoplanet mass (M) 1.9 x 10*" kg
Ring eccentricity (¢) 0.2
Ring semi-major axis (a) SR
Ring width (w) R

2
Ring obliquity () 30°
Ring azimuthal angle (%) 20°
Ring argument of periapsis (¥) 0°
Ring optical depth (7) 1.4
Host star radius (1%s) 700,000 km
Host star temperature (7°) 5,500 K
Host star logarithm of surface gravity (108(9)) 3.0
Observation band u
Pixel size (PX) 10,000 km

Table 4. Default parameter values for building synthetic light curves.

The values of orbit eccentricity, exoplanet radius and ring eccentricity were
selected as the mean values of their ranges proposed in Table 1 to be more
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representative for an average case. The value of the semi-major axis was set from
its minimum proposed in Table 1, because the effects of orbit rotation are much
more evident for less distant orbits. The values of rotation parameters of an orbit
and the exoring, the star temperature, 10g(9) and the band of the observations
were selected pseudo-randomly, representing a typical, non-specific case, ensuring
that the transit still occurs and is not central. For simplicity, the ring semi-major
axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s
specific absorption coefficient and the host star radius were set to their default
values from Section 2, with exoplanet mass being roughly equal to the mass of
Jupiter.

4.1.1. Exoplanet parameters
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Figure 6. Output transit light curves of the model for different values of exoplanet
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the orbit inclination is
varied, its longitude of the ascending node is set to 90°. The other - non-varied or
non-specified parameters for the column - are set to their default values from
Table 4. The series of transit light curves shows that each of the orbital parameters,
excluding orbital inclination in the case of an edge-on orbit, has a significant
impact on both the asymmetries and the depth of the ringed exoplanet transits.
Therefore, it is as important to account for the exoplanetary orbital properties as it
is for the ring parameters, as dismissing orbital parameters of the exoplanet may

lead to false ring positives.

The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit.
Apart from affecting the period of the exoplanet, it determines the impact
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parameter (the projected distance between the center of the star and the center of
the planet's path). For an edge-on orbit (i = 0° or {2 = 90°), the semi-major axis
does not affect the shape or the depth of the transit. For any other positions, the
semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the
probability of its path being projected far from the center of the star, often
resulting in no transit occurring.

Another crucial determinant of the transit light curve is the planet’s radius (see the
fifth column in Figure 6). The transit depth (fractional decrease in the star’s visible
brightness at the minimum point of the light curve) caused by the planet alone is

proportional to (R/Rs)*. For instance, a larger planet will block a greater fraction
of the star's light, leading to a deeper dip in the light curve. Another important
consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a
differently-shaped light curve and its features would then be mainly determined by
the rings, resulting in two distinctive minima from two different sides of the rings
passing in front of the star. Transits for ringed exoplanets with bigger radii look
much more like regular transit curves, where features from the rings are less
distinctive. It is again highly important to note that the radii inferred through fitting
without rings may be misleading, as the effect on the transit depth from the ring is
attributed to the planet instead, resulting in higher radius estimates. Moreover,
without finding distinguishable ring features in the light curve, it is not possible to
deduce whether the ring exists or not. This issue leads many researchers to the
hypothesis of attributing the low inferred densities of super-puff exoplanets to the
effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the
light curve and the transit depth. An elongated orbit can cause the planet's speed to
vary significantly throughout the orbit, being fastest at periapsis and slowest at
apoapsis. This alternation in speed affects the duration of the transit and the shape
of the light curve, especially the ingress and egress phases (the start and end of the
transit). Thus, on highly eccentric orbits, the planet may move faster or more slowly
during the transit stage, affecting the observed transit duration. The orbit
eccentricity also affects the impact parameter, which also plays a role in
determining the transit depth. See these effects in the first column of Figure 6.


https://www.codecogs.com/eqnedit.php?latex=i%3D0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5COmega%3D90%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=(R%2FR_S)%5E2#0

Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller
semi-major axes and define the projected trajectory of the planet as a whole. It can
take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling
transits for closer orbits. They also define how well the ring features, atypical to
regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the
argument of periapsis has a significant impact on both the transit depth and the
shape of the graph. Our results for it (see column 4 of Figure 6) suggest that it must
be addressed in future research on the detection of ringed exoplanets, although it
is disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro
& Vissapragada, 2020; Aizawa et al., 2017; Barnes & Fortney, 2004). However, for
larger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and
longitude of ascending node. For big semi-major axes, the trajectory of the planet
essentially becomes a line as its curvature becomes not visible in smaller parts of
the orbit, so the orbit must be almost edge-on: 7 =~ 0° or (2 =~ 90°. For that reason,
for larger orbits, it is recommended to replace orbit rotation parameters with the
impact parameter, which would both allow more precision and faster calculations.

4.1.2. Ring parameters
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Figure 7. Output transit light curves of the model for different values of ring
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the ring optical depth is
varied, its obliquity is set to 90°_and azimuthal angle is set to 0°. The other -
non-varied or non-specified parameters for the column - are set to their default
values from Table 4. The series of synthetic graphs shows that larger and more
opaque rings leave stronger signatures on the transit light curves.

As the optical depth of the ring is enhanced by the factor of S€C7 where 7 is the
angle between the ring’s normal axis and the line of sight, in the cases for rings that
are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et
al., 2015). However, for other cases, it is necessary to account for ring transparency,
especially when the ring is close to face-on. In our demonstration (see column 1 of
Figure 7), we compare the light curves with optically thin rings, letting through
more than 50% of the star’s light (first to third pictures in the column), with
optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly
affects the shape of the curve and makes a major difference in the magnitude
change (about 0.055™). However, if the ring is rotated away (e. g., 80° from the
observer), the viewing angle would make a difference. The ring that previously let
through 74% of light (the second image in the column) would now let through only
about 18% of light.

To support the analysis of the impact of latter parameters on the transit depth, here
we derive the projected area covered by wings:

Sy = maghy = Tat\/1 — e : . L : .
0 070 v U - area of an ellipse with semi-major axis %, semi-minor

axis Do and eccentricity €
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The area of the rings is defined as the difference between the areas of its outer and
inner ellipses (see Section 2.4):

wh 2 - wH 2 - -
S=m ((l- + 5) 1—e?—m (a. — 5) V1-—e?=2mawv1— e?

From that, the projected area (the effective area that affects the transit depth) is:

Sproj = 2maw cos () V1 — €2 (4.1)

The ring eccentricity affects the light curve slightly compared to the previous
parameters. Nevertheless, its effect on the shape of the light curve is still evident.
When the eccentricity increases, the features of the ring become more noticeable:
due to the ring’s eccentricity, its shape gets less symmetrical from the focus point,
where the exoplanet lies, leading to asymmetries during ingress and egress stages
(see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

V1 — ¢? (see Equation 4.1), so its effect on the transit depth is almost negligible
(especially, knowing that the model looks for eccentricities e < 0.4). That is why the
magnitude change slightly climbs as the eccentricity rises (see column 2 of Figure
7). For that reason, it is highly possible that the nested sampling simulation might
not be able to predict the best eccentricity value with good sampling results for
fitting the real data, as the current instrumentation precision is very limited, and
noticing such minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play
almost the same role in defining the transit depth (see the third and fourth columns
of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace
when these parameters have higher values (see the third and fourth columns of
Figure 7). Sometimes, the transit depth caused by the ring might get dominant,
leading to a wider, longer transit duration. This often leads to two distinct minima
in the curve, each for a different ring half - they may be asymmetrical if the ring is
eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the
radius of Saturn’s E ring (Juhasz & Horanyi, 2002) can be quite close to the Solar
radius). If this happens, the light curve would have three extremes: two from the
ring on each side of the planet and one from the planet itself (see the third column
of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring
rotation parameters. For every table column, the varied parameter is specified in
the graph title along with its unique value for the specific row. The other
(non-varied) parameters for the column are set to their default values from Table 4.
The series of graphs proves that the ring’s orientational properties leave unique
asymmetries on the transit light curve.

Apart from defining the angle 77 and, thus, influencing the optical depth of the ring
and the transit depth (see Equation 4.1), the obliquity and the azimuthal angle of the
ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect of ring eccentricity on the
ingress and egress stages, which is key for distinguishing a transit of a regular
planet from the transit of a ringed planet. The argument of periapsis does not
influence the angle 7/, so it does not affect the ring transparency or the transit
depth. However, by rotating the ring in its own plane and moving its apoapsis and
periapsis points, this parameter determines at which moment of the transit the
effect of the ring’s ellipticity would be the most evident.

4.1.3. Star parameters



https://www.codecogs.com/eqnedit.php?latex=%5Ceta#0
https://www.codecogs.com/eqnedit.php?latex=%5Ceta#0

1y [A_S=700000 0 kmi

Tanak Ight curve [T=A600 ¥, lagigl=3.00}

Trans® light curva llogigh=3.0, T=4500 k|

Tiansit light curvs (San v, T=4500 &, legigh=3.00]

Tramt light curv [T=5000 K, lagig)=3.00}

Trass® light curva fieglgl=25, T=4500 K|

Trasst ight curva

{Band: LL T=4500 K, logigh=2 001

T ==
;3
..... \
Base
¥
T
5 1
3w 1
H |
|
1
LY
Wansit gt cursa (R_S=BTS000 0 km}
L
- 1
Fam ] f
B |
3 | /
au |
|
I
] ™
Tras® Aght curvs [R_S=1080000.0 kel
\
o
¥
Bene |
Fem
— mani
Tras® Aght curvs [R_S=1315000.0 kel
i
|
g |
i

b

Trzast igh

t curva [Band: B, T=A500 &, fagigi=300)

nas

g |
g |
s |
i | | b
o 1
| .
| il |
| |
! \
| v
— mant — b
Trasst Ight curva llogigt=A.5, T=4500 K| Tras® bght curvs [Band: ¥, T=4500 K, tpigi=300|
f
|
\ |
\ f
3 | | /
g f \ |
8 1 i 1 |
3 O | |
2 | | | /
i S | /

Figure 9. Output transit light curves of the model for different values of star
parameters. For every table column, the varied parameter is specified in the graph

title along with its unique value for the specific row. When the star log(9) or the

observation band is varied, the stellar surface temperature is set to 4,500 K The

other - non-varied or non-specified parameters for the column - are set to their
default values from Table 4. The graph series shows that the stellar radius
determines the transit depth, and with increasing stellar radius, the ring signature

becomes less evident until it ultimately becomes undetectable.
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The stellar radius is a parameter that is truly determinant for the transit light curve.
Its effect on the light curve looks like the reversed impact of exoplanet radius, ring
semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets
lower than the value of the ring’s semi-major axis, the shape of the transit
drastically changes as two or three minima occur, caused by the two sides of the
ring and the planet itself moving in front of the star. Stellar surface temperature

10g(9) and the observational band also contribute to the transit light curve shape
and transit depth, which is attributed to their effect on the stellar limb-darkening.

Star temperature, logarithm of gravitational acceleration and observation band (or
wavelength) define the limb-darkening model of the star, providing the quadratic
(or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its
shape and transit depth for temperature values of 3,500 K; 4,500 K and 4,600 K (see
the second column of Figure 9). Nevertheless, for hotter stars (5,000 K and 5,500
K), the transit depth starts decreasing with temperature growing, and the effect of
the rings becomes less noticeable (see the second column of Figure 9). The effect of
10g(9) on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see
the second column of Figure 9). However, it is still very important to select more

physically plausible values of 108(¢ ), as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit.
The most important thing to consider for modeling the limb-darkening is the band
of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these
results for limb-darkening effects were provided by the quadratic model
(Diaz-Cordoves & Giménez, 1992).

4.2. Model application on real observational data for HIP 41378f

The results of the nested sampling analysis for the super-puff planet HIP 41378f
suggest that the planet indeed has a ring system that is almost edge-on, immense,
eccentric and partially transparent.
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According to its default stopping function, the nested sampling has converged fully
after Nean = 39,597 calls of the main model, providing the maximum log-likelihood
of £ =12,366.89 (most favorable scenario, see Section 3.3) and log-evidence of
InZ = 12,801.47 + 0.25 (3 global measure of a fit model that accounts for both the
quality of the light curve fit and the complexity of the parameter space generated
by this model).

The best fit curve suggests that it has the following parameter values (see Table 5
and Figure 10). See Figure 11 to view the 2D making matrix of the exoplanet and its
ring (see Section 2 for more details on that).

The shrinkage values (defined from O to 1) in Table 5 represent the degree to which
the experimental data have constrained the model parameters relative to our initial
assumptions (Section 3.2). High shrinkage values (closer to 1) indicate that the
posterior distribution is driven more by the observational data than by the priors,
effectively measuring the 'information gain' provided by the transit light curve. As
non-informative priors were initially selected, low shrinkage values can indicate
major issues in parameter space exploration, suggesting that the number of nested
sampling iterations or the number of live points is insufficient.

In this work, shrinkage S (Savic & Karlsson, 2009) was calculated as:
§=1- Tt

Oprior 4.2)
where 9vost is the standard deviation of the posterior distribution and Pprior is the
standard deviation of the prior distribution.

Parameter name Estimated value Shrinkage
Exoplanet orbit eccentricity (¢») 0.0030:000 0.9983
Exoplanet orbit inclination (1) 84.58310-139° 0.9865
Exoplanet longitude of 90.00015-500° 0.4303

ascending node (2)

Exoplanet argument of periapsis 0.781F5:034° 0.9991

(w)
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Exoplanet radius (R) 46,1747 45,° km 0.8999
Ring eccentricity (¢e) 0.41870002 0.9884

Ring semi-major axis () 2,6983152%:%3 km 0.9946
Ring width (w) 3743242*3:523 km 0.9964

Ring obliquity (6) 0.96970 008 0.9997

Ring azimuthal angle (%) 56.448F0-211° 0.9931
Ring argument of periapsis (V) 42.77371359° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling
simulation. The values themselves represent the median points of the posterior
distributions for each parameter, and the upper and lower error limits of the
parameter values represent lo confidence intervals.
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Figure 10. The corner plot generated by our 11-parameter nested sampling analysis
with Naim = 11 dimensions and Mive = 500 live points that has converged after
Nean = 39,597 function calls. The diagonal panels display the one-dimensional
posterior distributions (black histograms) compared against the uniform prior
distributions (horizontal blue lines), illustrating the parameter shrinkage and
information gain. The best-fit parameter values and 1o uncertainties are quoted
above each histogram. The off-diagonal panels illustrate the two-dimensional joint

probability distributions with contours representing the 1o, 20, and 30 confidence
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levels. The prior boundaries are recorded in Table 3. The diagonal panels
demonstrate significant parameter shrinkage, which is also numerically evaluated in
Table 5, indicating significant information gain constrained by the data regardless
of initial broad priors. Although not every posterior distribution is normal (with
some even being bimodal), the clearly identified peaks support the hypothesis that
HIP 41378f possesses a ring system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude
of Ascending Node), Arg. Periapsis (Argument of Periapsis), S.-M.A. (Semi-Major
Axis), and Az. Ang. (Azimuthal Angle).

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the
projection of the 3D configuration of the ring to the viewed plane produced using
the best-fit parameter values identified via nested sampling with Naim = 11,

Niive = 500 and Nean = 39,597 | Black areas represent pixels with optical depth

7 = (, and the white spots represent pixels with = — oo, with gray color depicting
the optical depth of the ring. The results are consistent with a large ring model that
has an almost edge-on orientation, which physically resolves the “super-puff”

paradox, suggesting that the density of HIP 41378f was previously overestimated.
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The figure also confirms that the masking algorithm can accurately represent the
rings even in extreme configurations (close to edge-on).

The optical depth of the ring is derived from output parameters using Equations
2.3.2 and 2.3.3, and enhanced by sec” = 107 % 1 (Section 2.4), suggesting that the

ring absorbs about 45% the light from the star going through it:
3kM secr
e 1.6a3(1 + e})"-‘ = 0.593 %501 4.3)
This result was calculated for the maximum possible ring density PRoche, which
means that for lower density values, the ring would have let through even more
light, even though it lies in an almost edge-on configuration. This finding highlights
the role of the S€C7] factor and the importance of accounting for ring transparency
in general in future research, as it has been neglected in several recent papers (e.g.,

Heising et al., 2015; Piro & Vissapragada, 2020; Lu et al., 2025).

The inferred optical depth values of 7 = 0.006 (face-on) and 7 = 0.593 (edge-on)
are physically reasonable, falling into the category of tenuous, dusty rings similar to
those around ice giants. The face-on optical depth of 7 = 0.006 is very similar to
that of Neptune’s Le Verrier ring (7 ~ 0.006, Tiscareno & Murray, 2018) and is
significantly more substantial than that of Saturn’s diffuse rings G and E (7 =~ 107,
Cuzzi et al., 2018). The dramatic increase in the edge-on optical depth occurs as the
line of sight passes through more ring particles when the ring is edge-on. The rings
that are so faint can be detected only thanks to this effect. This combination of
parameters is consistent with a ring composed primarily of micron-sized dust that
could form thanks to the debris from the collisions of tiny space rocks and nearby
moons (e.g., this applies to Saturn’s E ring, Hedman et al., 2011).

The corner plot provided by the nested sampling analysis (see Figure 10)
demonstrates that most parameters are well-constrained. While some parameters
like orbital and ring eccentricities and arguments of periapsis, ring semi-major axis,
and ring width are distributed almost normally, other parameters exhibit more
complex structures. The orbit inclination and the argument of periapsis, for
example, display a bimodal distribution, with a secondary peak at a lower value than
the best fit. This feature is related to the degeneracy between these two
parameters and highlights that there are two distinct scenarios that result in the
same impact parameter value (see more on that in Section 4.4.4). The exoplanet
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radius is notably left-skewed, suggesting that while the data strongly favors a
specific size, there is a probability tail toward smaller radii that are compensated
for by adjustments in ring parameters that affect the transit depth. Conversely, ring
obliquity and azimuthal angle are right-skewed. This asymmetry indicates that the
model is more certain about the maximum inclination required to produce the
observed dip but allows for a broader range of edge-on configurations that still fit
the light curve’s shape, which is also supported by our findings in Section 4.4.4.

Despite possible degeneracies (Section 4.4.4), the estimated values lead to a highly
accurate best-fit light curve (see Figure 13). The best-fit model, which accounts for
rings, provides a good representation of the data. This is supported by a high
log-likelihood value (calculated using Equation 3.2) of the best-fit model:

¢ =12,866.89.

Furthermore, a posterior predictive check (PPC) was implemented in order to
confirm that the nested sampling has converged and found a local log-likelihood
maximum (see Figure 12). The posterior predictive check involved plotting the
model light curves for 100 random samples for parameters sets within the
uncertainty limit of the best-fit parameters (model lightcurves for the points in the
parameter space near the local maximum). The tight grouping of the models and
the comparison of the best-fit light curve to the average of near-maximum
simulations show that the model has indeed converged and found an existing local
log-likelihood maximum, successfully narrowing down the possible system
configurations and effectively fitting the transit light curve shape in addition to the
transit depth.
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Figure 12. Posterior Predictive Check (PPC) showing the reliability of the ringed
exoplanet model. The solid black line represents the best-fit model identified by the
nested sampling analysis. The light blue lines represent 100 separate simulations
created using random samples within the 20 confidence interval for each
parameter; their narrow spread indicates high confidence in the model. The dashed
orange line shows the average of these simulations. The fact that the blue spread of
lines tightly follows the black line and the black line almost corresponds with the
dashed orange line demonstrates that the nested sampling has converged on a
physically consistent solution that accurately reproduces the observed light curve
features.
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Best-Fit Model vs. Observed Data
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Figure 13. The phase-folded observed light curve from Berardo et al., 2019 (blue
data points), fit using our model of the transit by a ringed exoplanet (black line, see
Section 2 for the model) according to the best-fit parameter values yielded by the
11-parameter nested sampling algorithm with Niive = 500 and Nean = 39,597 The
red data points represent the residuals (the difference between actual and
predicted magnitude change values). The fit shows excellent agreement with data,
effectively capturing the ingress and egress features and modeling the midtransit as
an asymmetric curve that lies perfectly in the middle of the noisy data (see the
residuals). The resulting features are unique to the ringed model, which is
well-demonstrated by the asymmetrical nature of the fit. The fit suggests that the
“super-puff” nature of HIP 41378f can be explained with a ringed exoplanet model,
decreasing its inferred bulk density thanks to the additional transit depth
generated by the rings. The slightly twisted behavior of the best-fit curve also


https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Blive%7D%3D500#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bcall%7D%3D39%7B%2C%7D597#0

demonstrates an advantage of the pixel-based modeling algorithm, as analytical
models usually create less complicated fits.

Thus, our results are consistent with an exoring system around HIP 41378f (as
greater log-likelihood values represent more accurate fits), also providing the
predictions for the properties of this ring system and the new modeling algorithm
to use for comparative analysis. It can become a foundational work, leading to
further and more in-depth analysis of the HIP 41378f’s ring system.

Although the estimated value of the ring semi-major axis (@ = 2.698,152 km ~ 0.018 AU)
may seem irrelevantly overestimated if compared to ice and gas giants within the
solar system, its value is physically acceptable and even rather conservative in
comparison with J1407b, the other popular candidate for exoplanetary rings, with

a = 0.6 AU (Kenworthy & Mamajek, 2015).

Furthermore, the ring is kept fully inside the exoplanet’s Roche limit by the dynamic
boundaries of the nested sampling algorithm. This constraint ensures that the
resulting ring parameters align with a stable structure that can survive tidal forces,
which supports the physical plausibility of our super-puff explanation. The tidal
forces from HIP 41378f prevent the ring particles from clumping together to form
moons. For the ring to exist inside the Roche limit at such a significant distance
from the host planet, it has to sustain low volume-averaged (bulk) density - not
exceeding the Roche critical density (Tiscareno et al., 2013), see equation 2.3.3.
Thus, it would probably exist as a diffuse cloud of independent dust particles, which
is supported by its low inferred face-on optical depth (7 = 0.006) that suggests that
the concentration of particles is tenuous. In this configuration, if dust grains are
pulled together to form a proto-satellite, they would be torn apart before they can
bond due to HIP 41378f tidal forces.

Moreover, the ring system remains dynamically bound to the planet as its aposapsis
is well within the planet’s Hill radius (the distance at which the gravity of HIP 41378f
can hold on to the particles despite the pull from the host star). This ensures that
the ring particles are gravitationally bound to HIP 41378f rather than being stripped
away due to the tidal influence of the host star (Tiscareno, 2013).
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As the ring is inferred to be tenuous, it would most probably be almost collisionless
due to significant distances between particles. Therefore, collisional spreading
(expansion of the rings or formation of moons due to particle collisions) would be
almost non-existent.

If the estimated ring eccentricity (0.418) is not an artefact of the degeneracy
between the ring eccentricity and its semi-major axis (Section 4.4.4), the ring is
either newly formed and is going to circularize in thousands or millions of years
due to differential precession (different precession periods of the inner and the
outer parts of the ring that can occur if the planet is even slightly oblate;
Schlichting & Chang, 2011) or the Poynting-Robertson drag (loss of angular
momentum by ring particles due to absorption and re-emission of stellar radiation,
Goldreich & Tremaine, 1978; Schlichting & Chang, 2011), or the ring’s eccentricity is
maintained by undiscovered shepherd moons or gravitational influence of other
nearby planets in the HIP 41378 system.

As we assume that the rings are made out of silicate grain dust (Table 2), the rings
are predicted to be much more resilient to radiation pressure, sputtering (erosion
by stellar wind) and sublimation (evaporation due to stellar heat) than ice particles
(Juhasz & Horanyi, 2002). This makes the ring much more durable in
high-temperature environments, which suits the location of HIP 41378f (

A = 1.377 AU, close to its host star) well.

Furthermore, the best-fit simulation with the rings allows us to alleviate the

problem of HIP 31478f’s inflated radius, giving the bulk density value of:
M o a4 kg
- = 173700 —
1 (44)

%ﬁR-‘
This density value is still much smaller than those in our solar system (about 3.96
times smaller than Saturn’s density), suggesting that its bloated atmosphere may be

mostly made out of light elements, such as hydrogen and helium. This estimate is
3

D:

much more physically realistic than the previously suggested value of 90 kg m™
(Santerne et al., 2019).

The inferred 1@ = 46,174 km places HIP 41378f between Uranus and Saturn in terms
of its radius. Due to its low density value, HIP 41378f can be classified as a puffy gas
giant, smaller and more lightweight than Saturn. The inferred density value does
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not allow the exoplanet to be an ice giant, as they are typically composed of heavier
materials (e.g., water, ammonia and methane).

Because of the possible degeneracy in the ring’s semi-major axis, the resulting value
of radius may be approximate. Nevertheless, our results suggest that the
“super-puff” phenomenon can be fully or partially explained by the presence of
rings for some exoplanets, which supports the hypothesis from Piro &
Vissapragada, 2020.

4.3. Alternative explanations for transit asymmetry

To provide statistical confirmation of our ringed exoplanet model, we evaluate the
necessity and the complexity of the exoplanetary ring hypothesis by comparing our
model to the alternative explanations of the asymmetrical transit shape. While our
11-parameter ring model provides a visually and mathematically suitable fit, it must
be weighed against simpler alternative explanations using the Bayesian evidence
(the likelihood of observed data being represented by a specific model). By
calculating the difference in the natural logarithm of the evidence (A In Z') between
our primary model and several competing scenarios, we can quantify the Bayes
factor (a quantity representing the evidence of one hypothesis over another) to
determine if the additional complexity is supported by the data.

The following subsections will detail how alternative models are constructed and fit
(Sections 4.3.1-4.3.4), the effects can be modeled for other systems but are
irrelevant to HIP 41378f (Sections 4.3.6-4.3.6), and the model comparison results
(4.3.7).

4.3.1. Ringless model

Although the HIP 41378f transit data have been already fit multiple times using
models that do not include the assumption of it having a ring system (e.g.,
Vanderburg et al., 2016; Berardo et al., 2019; Grouffal et al., 2022; Grouffal et al.,
2025), it is needed to construct our own fit of the transit light curve to get a value
of In Z describing the model evidence for the specific sampler and used data.

The transit model is handled similarly to the ringed exoplanet transit model
(Section 2) but without creating and applying the ring mask. Thus, it incorporates
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only 5 parameters to be fit: orbital eccentricity (), inclination (7), longitude of
ascending node (£2), argument of periapsis (w) and exoplanet radius (1?).

Also, the priors are different for the ringless model, as the exoplanet radius can now
be greater than one in the ringed exoplanet fit because, without rings, it becomes
the only factor affecting the transit depth (Table 6). All model parameters have
static boundaries, as the evaluation against the Roche limit for the rings is not

needed.

periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 t0 0.9 Must not be too close to ¢ = 1 to avoid huge
eccentricity (°r) ' ' matrix sizes that can slow down calculations
Exoplangt Ol’]?lt 0 to 90° | .
inclination (i) Other values of i and w would result in
_ g0 configurations that are symmetrical to those
. 90 —5 x 10" s o .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node (12) 00+ 5 x 10-5°| curve results. The selected range for () ensures
- ' geometric transit for a large semi-major axis
A =1.377 AU
Exoplanet argument of 0 to 180° ( )

Exoplanet radius (1?)

46,170 km ¢
20 R

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit
(Section 2)

Table 6. Prior distribution boundaries for the parameters of the ringless
exoplanetary transit model that are to be fit using the nested sampling algorithm.
The boundaries for each ringless model parameter are static. All prior distributions

are uniform.

For this model, the nested sampling algorithm was run with the parameters of

Naim = 5 and Nive = 500 , All other nested sampling settings were set similarly to

our run in Section 3.

4.3.2. Oblate planet model
The oblate planet (a planet that is not perfectly spherical but is instead flattened at
the poles and bulged at the equator due to its rapid rotation) model is handled
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similarly to the ringless model (Section 4.3.1). However, the masking exoplanet
matrix is created differently.

The main quantity describing how oblate a planet is its flattening factor, or
oblateness (f ). It is defined as:

fo R, — Rp‘

' Re 4.5)
where Ee and flp are the planet’s equatorial and polar radii, respectively.

After the pixel grid of the planet is initialized similarly to Section 2.4 and every
matrix is filled with optical depth 7(¢,¥) = 0, the parameter of the planet’s
projection rotation angle () is introduced. It describes the rotation of the oblate
planets in the projection plane. When 5 = 0°, the projected equator of the planet is
parallel to the stellar equator, and when 8 = 90°, the projected axis of the planet is
parallel to the stellar equator. Hence, the projection rotation is the angle between
the stellar equator and the planetary equator projection measured in the projection
plane.

Using the projection rotation angle, the centered coordinates are transformed to
represent the rotated mask:
Trot = T COS 3+ ysinB; Yoy = ycos f — xsin 3 (4.6)

where (Z,¥) are centered coordinates and (Zrot; Urot) are the coordinates in the
rotated mask.

Then, the polar radius is calculated from the equatorial radius as:
R, = R.(1— f) (47)

After that, the boundaries of the planet are evaluated, and the optical depth is set to

7(2,y) = © inside the planet’s border using the ellipse equation:

2

2
xTr
rot + yrot < 1

R R? ~ (4.8)

[

The prior distribution bounds are set similarly to those for a ringless fit (Section
4.3.1) with the addition of two new parameters: exoplanet obliquity and projection
rotation angle (see Table 7).


https://www.codecogs.com/eqnedit.php?latex=f#0
https://www.codecogs.com/eqnedit.php?latex=f%3D%5Cfrac%7BR_e-R_p%7D%7BR_e%7D%2C#0
https://www.codecogs.com/eqnedit.php?latex=R_e#0
https://www.codecogs.com/eqnedit.php?latex=R_p#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctau(x%2Cy)%3D0#0
https://www.codecogs.com/eqnedit.php?latex=%5Cbeta#0
https://www.codecogs.com/eqnedit.php?latex=%5Cbeta%3D0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cbeta%3D90%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=x_%5Ctext%7Brot%7D%3Dx%5Ccos%5Cbeta%20%2B%20y%5Csin%5Cbeta#0
https://www.codecogs.com/eqnedit.php?latex=y_%5Ctext%7Brot%7D%3Dy%5Ccos%5Cbeta-x%5Csin%5Cbeta#0
https://www.codecogs.com/eqnedit.php?latex=(x%2C%20y)#0
https://www.codecogs.com/eqnedit.php?latex=(x_%5Ctext%7Brot%7D%2C%20y_%5Ctext%7Brot%7D)#0
https://www.codecogs.com/eqnedit.php?latex=R_p%3DR_e(1-f)#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctau(x%2C%20y)%5Cto%5Cinfty#0
https://www.codecogs.com/eqnedit.php?latex=%5Cfrac%7Bx_%5Ctext%7Brot%7D%5E2%7D%7BR_p%5E2%7D%2B%5Cfrac%7By_%5Ctext%7Brot%7D%5E2%7D%7BR_e%5E2%7D%5Cleq1%2C#0

periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 to 0.9 Must not be too close to ¢ = 1 to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations
Exoplan§t orblt 0 to 90° | .
inclination () Other values of i and w would result in
_ 80 configurations that are symmetrical to those
. 90 — 5 x 107° . . .. .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node () 90+ 5 x 10-%° curve results. The selected range for {2 ensures
e ' geometric transit for a large semi-major axis
A=1.377 AU
Exoplanet argument of 0 to 180° ( )

Exoplanet equatorial

46,170 km to

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit

f

rotation angle (.3)

radius (Fe 20,
(<) ® (Section 2)
Exoplanet oblateness (/) | 0.0 to 0.9 MUSt. nOF be too close to / to avoid }}uge
matrix sizes that can slow down calculations
Exoplanet projection 0 to 180° Other values would result in symmetrical cases,

thus, return similar light curve results.

Table 7. Prior distribution boundaries for the parameters of the oblate exoplanet
transit model that are to be fit using the nested sampling algorithm. The boundaries
for each oblate planet model parameter are static. All prior distributions are

uniform.

For this model, the nested sampling algorithm was run with the parameters of

Naim = 5 and Nive = 500 , All other nested sampling settings were set similarly to

our run in Section 3.

4.3.3. Observational noise model
The model of the instrumental systematics takes the transit light curve directly
from the ringless transit model (Section 4.3.1) and applies random noise to it.

For that, the light curve is first converted from magnitude change (Am) to relative

flux (I):
F((I)) — 10 0.4Am(P)

(4.9)
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To represent noise, the model uses two parameters: noise scale (7») and noise
magnitude (v). For simplicity, we assume that noise values follow a Gaussian
distribution centered on zero with a standard deviation of 7». The random noise

relative flux values F» are taken from the normal distribution £V (0: o 3) are then
multiplied by v, which sets the final noise amplitude:
F, ~uN(0,02) (4.10)

Finally, the random noise is added to the relative flux at each data point and the
light curve is converted back to magnitude, resulting in the noisy light curve (
Ay, (P)y.

Am,(®) = —2.51log(F(®) + F, (D)) 4.11)

To ensure that the model returns identical light curves for the same sets of
parameter values, random seeds (numbers that initialize the sequence of
pseudorandom numbers) are stored for each unique combination of parameters.

Then, for the nested sampling, the boundaries of noise scale and noise magnitude
priors are estimated from transit data. For the estimation, the global standard

deviation (Palobal) in £ (?) is first calculated across the full time series for each
observational light curve (C5, short cadence C18 and long cadence C18; see the data
from specific Campaigns in Figure 5). After that, localized standard deviations are
computed for centered windows with 10 samples each. The maximum of the
localized standard deviations (9max) is then found. See the results of this analysis in
Table 8. The other prior distribution bounds are set similarly to those for a ringless
fit (Section 4.3.1) with the addition of v and 7« (see Table 9).

Campaign C5 C18 short cadence | C18 long cadence
Oglobal 0.002085 0.002162 0.002298
Omax 0.002250 0.002281 0.002363

Table 8. Summary of photometric noise statistics for the HIP 41378f observation
sets. The data in the columns of the table represents the analysis results for K2
Campaign 5, K2 Campaign 18 short cadence observations and K2 Campaign 18 long
cadence observations (Vanderburg et al., 2016), respectively. The first data row
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contains the global standard deviation values for each observed light curve, and the
second row contains maximum localized standard deviations for each light curve.
This data is used to determine the prior boundaries for nested sampling analysis of
the observational noise model in Table 9.

periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 to 0.9 Must not be too close to ¢» = 1 to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations
Exoplan?t orblt 0 to 90° | .
inclination (i) Other values of i and w would result in
_ g0 configurations that are symmetrical to those
. 90 — 5 x 107" . . .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node (£2) 0045 x 10-5°| curve results. The selected range for 2 ensures
- ' geometric transit for a large semi-major axis
A =1.377T AU
Exoplanet argument of 0 to 180° ( )

Exoplanet radius (?)

46,170 km to

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit

20R.
’ (Section 2)
Noi 0.000000 to The upper boundaries are 30max and 27global
oise scale (9n) .
0.007088 respectively, where both Omax and Pglobal are
taken from C18 long cadence data, because it has
0.000000 to stronger noise overall (see Table 8). This allows
Noise magnitude (v) 0.004595 noise three times as strong as the noise in the

observed data with twice its amplitude.

Table 9. Prior distribution boundaries for the parameters of the observational noise
transit model that are to be fit using the nested sampling algorithm. The boundaries
for each observational noise model parameter are static. All prior distributions are

uniform.

Also, it is important to mention that this model accounts only for random (white)
noise. It does not represent any deterministic instrumental effects, such as cadence
smearing (an effect that arises from integration of received flux over a finite
exposure time). However, following the findings from Berardo et al., 2019, modeling
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cadence smearing is unnecessary, as for short cadence data (1-minute exposure),
the effect of smearing was well below the intrinsic scatter of data. While cadence
smearing can affect the long cadence (30-minute) data, our model stacks short and
long cadence data (Figure 5), the high resolution of the former ensures that the
estimated ring properties are not biased by this effect.

4.3.4. Starspot/facula model
To investigate whether the light curve asymmetries could be caused by stellar
activity rather than a ring system, we create a dynamic stellar feature model.

The starspots (cooler regions of a star with lower brightness than its surface) /
faculae (hotter regions of a star with greater brightness than its surface) model is
handled similarly to the ringless model (Section 4.3.1). However, the host star matrix
is created differently and changes its state over time.

For simplicity, it is assumed that only one starspot/facula is present on the stellar
equator so that its axis is perpendicular to the line of sight. Although the rotational
period of the star can be orders of magnitude greater than the exoplanetary transit
duration, it is necessary to account for the spot dynamics due to limb-darkening
effects, as the effect on the light curve shape is minor for both the ring and the
starspot/facula hypotheses.

For that reason, the longitude Aspot of the spot /facula on the stellar matrix gets
recalculated on every iteration of the starspot/facula as:

Aspot(t) = Ao + wst, (4.12)
where Ao is the initial spot/facula longitude (the angle from the zero meridian on
the star and the spot/facula calculated counter-clockwise, where 90° means that
the spot/facula is exactly in the center of the stellar disk), Ws is the stellar angular
velocity (that can be positive or negative depending on the rotation direction) and ¢
is the time from the transit start.

The coordinates (Zc: ¥e) of the spot/facula center are later computed as:

Te =N+ Ncos A,

Ye =N, (4.13)
where n is the matrix size (stellar radius in pixels).
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To account for the horizontal compression of the spot/facula projection near
stellar limb due to perspective distortion, we use the factor of |sin Al and the
spot/facula is, thus, applied to all pixels matching the following condition, derived
from the equation of a circle compressed to an ellipse:

|iII — ;Ccl . 2 Tspot 2
y— 1) < :
(ma.}{(| SitiAgpet |5 0:1) =) < Rs ) (4.14)

where "spot is the spot radius and max(| sin A|, 0.1) js used to prevent division by
zero and ensure that the spot is always visible while it is on the closest hemisphere
of the host star.

For the pixels that satisfy this condition, the brightness map ! (#,9) is recalculated,
using the spot/facula brightness parameter B (spot/facula intensity in stellar
intensities; O stands for completely dark spots, and 2 is used as the maximum for
bright faculae):

I(z,y) = I(n)B, (4.15)
where (1) is the normalized intensity profile given by the quadratic
limb-darkening model (Section 2.4). The prior stellar grid creation is similar to
Section 2.4.

The prior distribution bounds are displayed in Table 10 and set similarly to those for
a ringless fit (Section 4.3.1) with the addition of four new parameters: stellar angular
velocity (Ws), initial spot longitude (o), spot radius ("spot) and spot brightness (B).

Prior Boundaries Rationale

Exoplanet orbit 0.0 t0 0.9 Must not be too close to ¢ = ! to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations

Exoplanet orbit 0 to 90°

inclination (7) Other values of i and w would result in
configurations that are symmetrical to those

=4 8
Exoplanet longitude of 20 dt: 10 already existing and, thus, return similar light
ascending node (12) 9045 x 10~ curve results. The selected range for €2 ensures

geometric transit for a large semi-major axis

A =1.377 AU
Exoplan(?t argument of 0 to 180° ( )
periapsis (w)
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. 2,000 km to | May vary significantly depending on spot/facula
Exoplanet radius () 20Rg size and brightness

Stellar aneular velocity | —2.5°/h to Derived from the lower limit of the stellar
(%u ) Y 2.5° /h rotational period (Grouffal et al., 2025), may be in
’ ) both directions

Initial spot/facula

longitude (A) 0° to 360 Takes all possible values
Spot radius ("spot) 0 to Rs Takes all possible values
Spot brightness (B) 0 to 2 The upper boundary is overestimated to guarantee

that bright faculae are considered

Table 10. Prior distribution boundaries for the parameters of the observational
noise transit model that are to be fit using the nested sampling algorithm. The
boundaries for each observational noise model parameter are static. All prior
distributions are uniform.

4.3.5. Third-light dilution inapplicability

Third-light dilution is a photometric effect that occurs when the measured
brightness of the host star is contaminated by an additional flux of an unintended
light source from the same observational window. This phenomenon can be
potentially triggered by background stars, gravitationally bound companions or
reflected light from the exoplanets around the observed object.

This effect is important to consider, as it may artificially augment the change in
magnitude, as it directly influences the magnitude of the initial flux, thus leading to
irrelevant transit depth estimations and possibly hindering ring detection.

However, we do not consider third-light dilution applicable as an alternative
explanation to the asymmetries in the transit light curve of HIP 41378f, as there are
no light sources that can produce it.

As it is mentioned in Section 4.1 of Grouffal et al., 2025, the host star HIP 41378 is
most probably single (has no gravitationally bound stars) due to a high value of
Renormalised Unit Weight Error in HIP 41378 analysis. This rules out the possibility
of third-light dilution due to location in a binary system.
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To investigate whether third-light dilution may be present due to a background
star, an examination for nearby stars was conducted in the European Space
Agency's (ESA) Gaia telescope catalog (Gaia Collaboration et al., 2023) and in the
International Variable Star Index (VSX, Watson et al., 2006). The resolution of the

K2 data is 3-98”/px (Caldwell et al., 2010). Therefore, when searching for nearby
stars that may induce third-light dilution, we looked for stars within 10” from HIP
41378f to ensure that HIP 41378f and the detected stars may also be located in the
opposite corners of one pixel. Ultimately, no stars brighter than 20.8™ were
detected in the selected area. Since the apparent magnitude of HIP 41378f is

approximately 8.93™ (Grouffal et al., 2025) and even a 20™ star is

10%4207899) ~ 26,800 times less bright than HIP 41378, it is evident that even if

third-light dilution from a faint background star exists, its effect on the transit
depth and light curve shape is negligible.

To estimate the maximum possible contribution of third-light caused by a planet,
the reflected luminosity (power of radiation) of the exoplanet must be
approximated.
At first, the illuminance (total flux per unit of area) of the background exoplanet (
E3) by HIP 41378 is expressed as:

, Lg
k3 = R
where Ls is the stellar luminosity and @3 is the distance of the exoplanet from HIP
41378.
Then, the total flux covering the exoplanet (F3) is calculated as:
F3 = E:.%?TRE,
where 13 is the radius of the exoplanet.
Finally, the reflected luminosity of the exoplanet (L3) is expressed as:
LS - EﬂAS@Sa
where A3 is the exoplanetary albedo (reflective efficiency) and P is the phase of
the exoplanet (the fraction expressing the illuminated portion of the planet visible
from the Earth).
Therefore, the ratio of the brightnesses of the exoplanet (B3) and HIP 41378 (Bs)
can be expressed as:


https://www.codecogs.com/eqnedit.php?latex=3.98%22%2F%5Ctext%7Bpx%7D#0
https://www.codecogs.com/eqnedit.php?latex=10%22#0
https://www.codecogs.com/eqnedit.php?latex=20.8%5Em#0
https://www.codecogs.com/eqnedit.php?latex=8.93%5Em#0
https://www.codecogs.com/eqnedit.php?latex=20%5Em#0
https://www.codecogs.com/eqnedit.php?latex=10%5E%7B0.4(20-8.93)%7D%5Capprox26%7B%2C%7D800#0
https://www.codecogs.com/eqnedit.php?latex=E_3#0
https://www.codecogs.com/eqnedit.php?latex=E_3%3D%5Cfrac%7BL_S%7D%7B4%5Cpi%20d_3%5E2%7D%2C#0
https://www.codecogs.com/eqnedit.php?latex=L_S#0
https://www.codecogs.com/eqnedit.php?latex=d_3#0
https://www.codecogs.com/eqnedit.php?latex=F_3#0
https://www.codecogs.com/eqnedit.php?latex=F_3%3DE_3%5Cpi%20R_3%5E2%2C#0
https://www.codecogs.com/eqnedit.php?latex=R_3#0
https://www.codecogs.com/eqnedit.php?latex=L_3#0
https://www.codecogs.com/eqnedit.php?latex=L_3%3DF_3A_3%5CPhi_3%2C#0
https://www.codecogs.com/eqnedit.php?latex=A_3#0
https://www.codecogs.com/eqnedit.php?latex=%5CPhi_3#0
https://www.codecogs.com/eqnedit.php?latex=B_3#0
https://www.codecogs.com/eqnedit.php?latex=B_S#0

By L3 R3A;Ps

Bs Ls  4dj (4.16)

For the exoplanet to be as bright as possible, the light from the star must be fully (

Az = 1) reflected towards Earth (®s = 1). To maximize the R3/d; ratio, the
exoplanetary radius was maximized and the distance from HIP 41378 was
minimized, with them being empirically set 90.000 km and 0.1 AU, so the
brightness ratio results in a minor value of:

B;  Rj

. 2 (O
Bs  Ad2

Thus, based on knowledge about HIP 41378 being a single star, catalog searches of
nearby background stars and effect magnitude estimations for the exoplanet
hypothesis, it is safe to assume that the third-light cannot contribute to the overall
transit depth and light curve shape. Nevertheless, this effect may be important to
consider for other systems.

4.3.6. Gravity darkening inapplicability

Gravity darkening of a star is a phenomenon that occurs due to the star’s rapid
rotation, which makes the stellar equator cooler and dimmer than its polar regions
(e.g., Barnes, 2009; Dholakia et al., 2022). This effect was initially predicted by von
Zeipel (von Zeipel, 1924). It occurs when a rapidly rotating star becomes oblate due
to centrifugal forces, which, in turn, reduces the effective temperature of the stellar
equator. Thus, it significantly alters the intensity distribution of the star, which
contributes to the transit light curve shape, especially its ingress and egress stages.

Various estimates show that the rotational period of HIP 41378 lies between 6 and 9

days (Grouffal et al., 2025), which results in its angular velocity of 1.67°/h to
2.50°/h

Combining formulas 3.13 and 3.14 from Costa, 2019, the critical stellar angular
velocity Werit (the angular velocity at which the centrifugal force at the stellar
equator becomes equal to the gravitational force) can be estimated as:
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%C 3‘5 = iﬂg ~ 97.59° /h,
27R%, 27Rs (4.17)

fo1 . —
Werit —

where Ms, Rs and 9 are stellar mass, radius and surface gravity, respectively.

From the calculations above, we get the predicted values of ws/Warit from 0.017 to
0.026. At the same time, for stars rotating well below Ws [Werit, ~ 0.6 the
photometric impact of gravity darkening is negligible (Costa, 2019). As ws [Werit for
HIP 41378 is an order of magnitude less than 0.6, the brightness distribution of the
star can be estimated with high accuracy by the standard quadratic limb-darkening
model (see Section 2.4).

Moreover, gravity darkening insignificancy is supported by its low estimated value
1 QN e 6 ° —1 . .
of VeqSilig = 6.3 km s (apparent sky-projected stellar rotation, Grouffal et al.,

2025), compared to fast rotators like WASP-33 with Veq S 75 =~ 86.5 km s~
(Dholakia et al., 2022). The late F type of HIP 41378 (Grouffal et al., 2025) also implies
the small effect of the gravity darkening signature compared to hotter and more
radiative A-type stars (von Zeipel, 1924).

4.3.7. Model comparison

To evaluate the robustness of the hypothesis of a ring system around HIP 41378f, we
performed a comparative analysis against four alternative models, created in
Sections 4.3.1-4.3.4: a standard spherical planet, an oblate planet, a model
accounting for observational noise and a model incorporating spherical activity
(starspots/faculae). The statistical plausibility of the primary model is assessed
through visual inspection of residuals (Figure 15), comparison of Bayesian evidence
values (Table 11) and the stability of posterior parameter estimates (Table 12).
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Best-Fil Model vs, Observed Data
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Figure 15. Best-fit light curves and residuals for the primary (ringed model) and four
alternative ringless models that take into account various minor effects (ringless,
oblate planet, observational noise and starspots/faculae). The upper panel displays
the observational data (gray circles) overlaid with the best-fit light curves for each
of the alternative models: ringed (main) model (red wide solid line), ringless model



(vellow dashed line), oblate planet model (green dash-dot line), observational noise
model (blue dotted line) and starspots/faculae model (purple solid line). Their
respective residuals are represented by unique markers: red circles (ringed), yellow
upward triangles (ringless), green squares (oblate planet), blue diamonds
(observational noise) and purple downward triangles (starspots/faculae). According
to the residuals, the ringed model fit is the best fit of the observed data, along with
the oblate planet model yielding the second-best fits and other models yielding
fairly similar fits that are a worse representation of the data.

. . i 1
AlnZ Ringed Ringless Oblate planet Observationa Starspots/
noise faculae

Ringed 0.00 +7.530.53 + 1.35 | +5.247.99 + 3.41 | +8,148.69 + 3.41| +8.,153.08 + 3.43
Ringless —7,530.53 + 1.35 0.00 —2,282.54 £ 4.26 | +618.16 4 4.26 | +622.55 + 4.28
Oblate planet —5,247.99 4+ 3.41| +2,282.54 + 4.26 0.00 +2,900.70 £ 6.32| +2.905.09 + 6.34

Observational o . o ) - o - .y
h —8,148.69 + 3.41| _618.16 + 4.26 | —2.900.70 + 6.32 0.00 +4.39 £ 6.34

noise
Starspots/ —8,153.08 £ 3.43| 622,55+ 4.98 | —2,905.00+6.34 | —4.39 + 6.34 0.00
faculae

Table 11. The matrix of relative values of Bayesian log-evidences (A In Z) for the
primary (ringed model) and four alternative ringless models that take into account
various minor effects (ringless, oblate planet, observational noise and
starspots/faculae). The values in the table represent the difference between the
log-evidences of models indicated in the row and the column

(AlnZ =1InZ;ow — In Zeolumn) calculated via nested sampling based on Bayesian
evidence weights of each model. Positive values indicate a statistical preference of
the model in the respective row over the model in the selected column. The
superiority of the primary (ringed) model over all alternative model fits

(AlnZ > 5,240) confirms that the ring hypothesis is the most consistent with data.
The abnormally large values of Aln Z indicate that errors in evidence weights
calculations might have occurred during the nested sampling algorithm.
Nevertheless, combined with residual analysis, this table indicates the statistical
favorability of the ringed hypothesis.
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Table 12. Values of best-fit model parameters from the nested sampling simulation
compared for the primary (ringed) model and four alternative hypotheses (ringless,
oblate planet, observational noise, starspots/faculae). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3 (ringed), Table 6 (ringless),
Table 7 (oblate planet), Table 9 (observational noise) and Table 10
(starspots/faculae). The table uses the following parameter notation: €» - orbit
eccentricity, ¢ - orbital inclination, €2 - orbital longitude of ascending node, w -
orbital argument of periapsis, R - exoplanetary radius, ¢ - ring eccentricity, a -
ring semi-major axis, w - ring width, # - ring obliquity, ¢ - ring azimuthal angle, ¥’
- ring argument of periapsis, 7. - equatorial exoplanetary radius, [ - exoplanet
oblateness, B - oblate planet projection rotation angle, @» - noise scale, v - noise
magnitude, Ws - stellar angular rotation velocity, Ao - initial starspot/facula
longitude, " - starspot/facula radius, B - ratio of starspot/facula brightness to
stellar brightness.
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As it is evident from Figure 15, the ring model exhibits the most precise alignment
with the observed data, particularly in the ingress, midtransit and egress stages,
with residuals centered closely around zero, where other models result in much
more scattered residuals. Conversely, the ringless model partially captures the
ingress and the egress stages but fails to precisely align with the midtransit; the
oblate planet model manages to capture the midtransit with better precision but
faces strong misalignment with data at both the ingress and the egress stages, and
the two other models fail to fit all three of these stages. This suggests that each of
the four alternative models fails to capture all light curve features alone.

The statistical superiority of the ring hypothesis is also quantitatively confirmed by
the matrix of Bayesian log-evidence differences (Table 11). In every comparison to
other models, the ringed model is overwhelmingly preferred (A 1n Z > 5,240),
rejecting other hypotheses. Among ringless alternatives, the oblate planet model is
the most successful, outperforming the spherical ringless model by

AlnZ ~ 2,282.54  This suggests that the spherical ringless alternatives are not
complex enough to reproduce the geometric asymmetries in the light curve. Both
the noise and the stellar activity models are outperformed by the simple spherical
model with Aln Z ~ 618.16 and AIn Z ~ 622.55, respectively, although they
create fits with almost similar log-likelihood values. Thus, the favorability of the
simple model over the noise and spots/faculae alternatives can be simply explained
by their unneeded complexity. Similarly, the noise model is slightly preferred over
the spots/facula hypothesis (A In Z =~ 4.39), as the latter introduces two more
parameters that lead to an unneeded increase in complexity, while not leading to
better fits (the starspots/faculae can add extra features to the light curve, but they
are too local compared to the ringed alternative).

However, it is important to acknowledge the abnormal magnitudes of the inferred
Aln Z values. Differences in log-evidences of this scale are anomalous in
exoplanetary analysis, where Aln Z > 5 is already considered strong evidence of
one model over another. These extreme values may arise from numerical
instabilities in the nested sampling algorithm, its precision limits,
high-dimensionality and multimodality. Nevertheless, combined with the clear
visual evidence from the residuals in Figure 15, these results do not leave doubt
about the statistical preference of the ringed model against other hypotheses.
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The primary model’s validity is further suggested by the posterior distributions
summarized in Table 12. For the ring model, the parameters are tightly constrained

o 44,078 1 Lo, +0.149°
and have minute uncertainties (e.g,, @ = 2:698,1522735; km 5 q @ = 84.58377 355,

On the contrary, the uncertainties in alternative model estimates allow for much

) PR ~+31.002° S
broader intervals (e.g., ? = 46-287 730256 ). This indicates the convergence of the

main model on a physically plausible and precise solution.

Therefore, of all suggested transit asymmetry hypotheses, the observed data is
most consistent with the ringed model.

4.4. Model limitations

Although the proposed model is effective in predicting transit light curves, it has
several issues that should be addressed. In this section, the drawbacks of the model
are outlined, highlighting the areas for future improvement.

4.4.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical
parameters, one of its main issues is its numerical nature. While the pixel-based
algorithm allows for calculating the model with high precision, the quality is
dependent on the pixel size of the matrices. Higher precision requires smaller pixel
sizes for resolving the details of the exoplanet and its rings better on their grid
representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become
computationally intensive as they require repeatedly recalculating and summing
matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to
determine the position of the exoplanet at every time step. While analytical
solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.

Furthermore, finding the transit window for more precise calculations of the light
curve is also a non-trivial task. We must analyze a wide range of data points in
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order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the
initial window range. After that, the transit light curve is computed by iterating
through a narrowed window. This approach is essential, as the transit is very quick
compared to the whole orbital period of the exoplanet. Thus, a total of So + § = 900
masking iterations is needed to evaluate the transit light curve. This is only
deteriorated by the selection of priors that are very broad (Section 3.2), as it leads
to an increase in the number of nested sampling iterations required to converge
due to prior sensitivity of the model. Thus, for Nean = 39,597 (see Section 4.2), a
total of 39,637,300 magnitude change calculations is required. At the same time,
each magnitude change calculation is a complex operation itself, which creates,
masks and sums matrices with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We
chose the pixel size value that is large enough to sustain fast calculations, but still
gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 2-3 seconds (depending on hardware and specific parameter
values), requiring 20 to 40 hours to complete the nested sampling with

Nean = 39,597,

The issue may be further addressed by favoring the impact parameter over the
orbit’s rotational parameters. This solution would eliminate the need for the search
for the transit window, iterate over it for narrowing it and the need to solve Kepler’s
equation. Instead, the model would make fewer iterations by just moving the
masking matrix along the star’s grid in a line set by the impact parameter. The
improvement would work better for planets distant from their host stars, as their
projected orbits during the transit stage would be very similar to straight lines.

4.4.2. Challenges with Data-fitting
The model's effectiveness is heavily reliant on the parameter fitting process,
specifically on the choice of the data fitting algorithm.

At first, we used MCMC (Markov Chain Monte Carlo, Foreman-Mackey et al., 2013)
with 10,000 iterations, which was not enough for high-precision results. This
means that some of the model parameters could be effectively determined,
reaching a plateau in the MCMC chain, while others could still stay in their burn-in
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stage (the first values used in the MCMC that can be inadequately influenced by
initial guess values), resulting in convergence issues. Another issue posed by using
the MCMC was the local likelihood maxima traps. The MCMC would stop after
finding one local log-likelihood maximum that was closest to the initially guessed
values, ignoring the necessity of exploring the full parameter space in order to draw
more specific conclusions.

To distinguish these scenarios and draw the most accurate conclusion, the
data-fitting algorithm was switched to nested sampling. Unlike MCMC, nested
sampling was able to converge fully in Vean = 39,597 steps within the accuracy of
the stopping function. Moreover, it has explored the entire parameter space,
yielding several local maxima and bypassing the issues related to burn-in.

The high shrinkage (S) values observed across most model parameters indicate
that the final posterior distributions are primarily driven by the observational data,
not by the initial prior assumptions (Section 3.2). However, a notably lower
shrinkage value for one parameter: the longitude of the ascending node.

S = 0.4303 occurred due to its exceptionally narrow prior bounds, which were
strictly constrained to ensure a geometric transit occurred given the planet's large
semi-major axis. This further indicates that the parameter space was explored fully
and resulted in adequate posterior distributions for each parameter.

Nevertheless, the high-dimensionality of our model remains a challenge. In
particular, the evidence calculation and the resolution of small likelihood peaks are
heavily reliant on the number of live points Nive used. While Nean = 39,597
indicates convergence, a higher density of live points may still be required to fully
resolve more local maxima the subtle degeneracies between a large, translucent
ring and a smaller, opaque one.

The high dimensionality of the model and the insufficient amount of live points may
also be the main causes of the challenge in the calculation of log-evidence, which
exhibits an unexpectedly high difference between fits of different models. The
extreme In Z differences highlighted in Table 11 may suggest that the nested
sampling algorithm has encountered numerical divergence. This may occur due to
the mathematical inability of alternative models to provide near-perfect geometric
fits similar to that the ringed model, making both log-likelihoods and log-evidences
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significantly diverge between different scenarios. Therefore, although the ringed
model is statistically preferred over the alternatives, the A In Z magnitudes may be
overestimated due to precision limits.

Another issue with data-fitting is related to the difficulty of defining whether the
transit is central or not for distant exoplanets. Transits of distant exoplanets mainly
occur when the orbits of these planets lie in almost edge-on orientations. This
means that a negligible change of inclination (¢ ~ 0°) or longitude of ascending
node ({2 ~ 90°) can result in making a central transit non-central or even invisible.
Thus, it is highly possible that the nested sampling would not be able to distinguish
the small difference, favoring fully edge-on orientations and central transits as a
result. Similar to computational complexity, this problem must be tackled by
replacing the orbit's rotational properties with the impact parameter.

4.4.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a
significant amount of noise due to various factors, including atmospheric
interference, instrument noise, and stellar variability. This high noise level can be
even more noticeable than the subtle photometric signatures of a ring system,
making it challenging for our model to correctly fit the light curve and accurately
constrain the parameters. In these conditions, the model may be attempting to fit
observational noise instead of the ring features. Thus, much more precise data from
next-generation telescopes is required to confidently distinguish between the
variation triggered by noise and the true signature of a ring.

As mentioned previously (see Section 3), stacking data combined from different

observational epochs introduces the risk of ignoring ring and exoplanet precession,
which might lead to significant errors in the determined parameter values.

4.4.4. Parameter correlations and degeneracies
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For detecting possible parameter correlations and degeneracies, a correlation
heatmap was constructed based on the parameter sets and their corresponding
resulting log-likelihood values (see Figure 14).

Parameter Correlation Matrix
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Figure 14. The parameter correlation matrix derived from the posterior samples of
the 11-parameter nested sampling analysis. The color scale represents the Pearson
correlation coefficient for every pair of 11 parameters used in nested sampling,
ranging from -1 (perfect negative correlation, dark blue) to +1 (perfect positive
correlation, dark red). The correlation heatmap was produced using the data of
every function call in the nested sampling. This matrix highlights the significant
degeneracies that occur in the ringed exoplanet model, particularly between orbital
dynamics (orbital eccentricity vs. orbital argument of periapsis, and orbital
inclination vs. orbital argument of periapsis) and ring geometry (eccentricity vs.
semi-major axis, and obliquity vs. azimuthal angle).



The values of the Pearson correlation coefficient (PCC) - the statistical measure
that quantifies the linear relationship between two variables, ranging from -1 to +1 -
in the correlation heatmap (Figure 14) reveal several critical degeneracies.

One of the main possible causes of the degeneracies in the exoplanet’s orbital
parameters is that different sets of orbital parameter values can yield similar
trajectories of the exoplanet’s transit. Thus, for improving the understanding of the
parameter correlations, the impact parameter (b) must be derived in terms of the fit
orbital parameters, as it is the main quantity representing the transit trajectory for
long-period planets (because their trajectories can be approximated as straight
lines).

From the geometry of projecting the trajectory on the stellar surface:

b — Ttra

Rs
where Ttra is the distance between the star and the planet at the time of transit.

coS 7,

Using the ellipse equation in polar coordinates (formula 2.5.13):
A(l—e2)

Ttra =

e, Cos I

When the projection of the planet is the closest to the center of the star, the true
anomaly (») can be expressed as:

v=90°—w
Therefore:

A 1 —e?
b= —cosi| —F—

Rg 1+e,sinw (4.5)
One of the most striking degeneracies detected is quantified by the near-perfect
negative correlation (PCC = —1.00) between the orbit eccentricity (¢r) and the

exoplanet’s argument of periapsis (w). This correlation occurs mainly because, for
long-period exoplanets, any change in the orbital eccentricity can be compensated
by a respective change in the planetary argument of periapsis. It can be further
confirmed by equation 4.5, as it has a product of ¢» and w as a term in its

- 2
denominator. Additionally, the effect of L — €, in the numerator is minor, resulting
in an almost perfect negative correlation.
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Another noticeable degeneracy in the orbital parameter of the exoplanet can occur
due to a noticeable negative correlation (”C'C' = —0.60) between the orbital
inclination (7) and the exoplanet’s argument of periapsis (w). This, again, highlights
that different sets of orbital parameters can result in very similar transit
trajectories for long-period planets. More importantly, the orbital inclination plays
a minor role in determining the exoplanet’s transit trajectory, as the orbit has to be
close to edge-on to ensure that the transit occurs. This can be also confirmed by
equation 4.5, as it has cos? and sinw in the opposite sides of the fraction, with ¢
and w both occurring only once in the equation, which results in the identified
negative degeneracy. This degeneracy is also supported by the bimodality of the
posterior distributions of ¢ and w (see Section 4.2 and Figure 10).

Thus, similarly to other limitations, the degeneracies between the exoplanet’s
orbital parameters can be addressed by switching from the parameters of orbital
eccentricity, inclination, longitude of ascending node and argument of periapsis to
the impact parameter. Although this solution can prove itself physically ineffective
for short-period planets (e.g., Hot Jupiters), it would be effective for long-period
exoplanets like HIP 41378f

The most powerful degeneracy within the identified ring properties would most
probably be related to the high negative correlation (PCC = —0.93) between the
ring eccentricity (e) and its semi-major axis (a). This strong correlation clearly
demonstrates that the quality of the fit data is insufficient for the model to clearly
identify whether the ring is eccentric or circular. Due to that, a more eccentric
compact ring may produce a similar log-likelihood to a less eccentric but bigger
ring, as they both affect the transit depth, leaving different traces in graph
asymmetries only (Section 4.1), which require higher data precision to be resolved.

The effect of the eccentricity on the transit depth is minor (V'1 — €2, see equation
4.1). Therefore, it is reasonable to remove the eccentricity parameter (and,
consequently, the parameter of argument of periapsis, as it has no effect for zero
eccentricity), switching to a circular ring model instead in order to avoid the
degeneracy in the ring’s semi-major axis.

Another significant correlation is between the ring obliquity (#) and azimuthal

angle (?). This correlation is highly predictable for the near edge-on configuration
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that the rings are hypothesized to exhibit. For small ring obliquity values, the mask
of the rings is very similar for various azimuthal angle values, resulting in both
similar transit depths and similar light curve shapes. As there is no simple way of
distinguishing different azimuthal angle values for near edge-on configurations, the
results for # and ¢ must be treated as an indicator of the almost edge-on case
rather than a physically reliable exact orientation of rings.

4.4.5. Model predictivity and handling data with gaps

To validate the predictive improvement of the model (the quantified increase in the
model’s ability to explain the observed data as more initial information is provided
to the fit), the k-fold cross-validation (a method of repetitive data-fitting that uses
different portions of the observations as input data sets).

To implement the k-fold evaluation algorithm, the data set was initially split into

k =5 equal temporal portions of data that represent five key transit stages: Fold O
- ingress, Fold 1 - pre-midtransit, Fold 2 - midtransit, Fold 3 - post-midtransit and
Fold 4 - egress (see the folds in Figure 16). Each of the resulting portions of data was
then removed one by one in rotation, passing the other four parts as an input for
the main nested sampling algorithm, which is described in Section 3. The best-fits
generated by every k-fold test are displayed in Figure 16.

The selected approach helps validate if the ring signatures detected by the main
run (Section 4.2) are a coherent global feature or a localized anomaly, assisting with
confirmation of the model’s generalizability and ensuring that the model is not
overfitting local noise or instrumental artifacts.

This approach is especially necessary for long-period transits like HIP 41378f, where
data gaps might occur due to instrumental specifics or other observational
limitations (e.g., an unexpected bright radiation source in the foreground), which
must not bias parameter recovery because the model relies too heavily on specific
parts of the transit light curve.

The best-fit light curves with stacked residuals for each iteration of k-fold
cross-validation are displayed in Figure 16. The comparison of resulting
log-evidences and inferred values of system parameters is displayed in Table 13 and
Table 14, respectively.
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Best-Fit Light Curves for K-Fold Cross-Validation
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Figure 16. Best-fit light curves and residuals for the five k-fold cross-validation
iterations (Fold 0 — ingress removed, Fold 1 — pre-midtransit removed, Fold 2 —
midtransit removed, Fold 3 — post-midtransit removed, Fold 4 — egress removed).
The upper panel displays the observational data separated into five folds (they are



highlighted by different colors and marker styles) overlaid with the best-fit light
curves for each k-fold iteration: Fold O (red wide solid line), Fold 1 (orange dashed
line), Fold 2 (green dash-dot line), Fold 3 (blue dotted line), and Fold 4 (purple solid
line). Observational data and their respective residuals are represented by unique
markers: circles (Fold 0), upward triangles (Fold 1), squares (Fold 2), diamonds (Fold
3), and downward triangles (Fold 4). According to the residuals for the removed
parts of the graph for each k-fold, the fit quality deteriorates when less data is
input, which indicates the predictive improvement of the model. Despite the
exclusion of the critical phases, all five models converge onto a notably similar
transit profile, which confirms the stability of ring detection and advocates against
overfitting of local noise.

Aln 7 Main model Fold O Fold 1 Fold 2 Fold 3 Fold 4
(Full data) (Ingress) | (Pre-Mid) | (Midtransit) | (Post-mid) (Egress)
Main model 0.00 497375 4+ 0.43 | +1.065.68 £0.41| +1,002.16 £ 0.71 | +1.043.94 £0.45 | +-864.95 4 0.43
Fold 0 —973.75 + 0.43 0.00 £91.93 +0.34 | +28.41 +0.64| +70.19 + 0.38 [ —108.8 + 0.36
Fold 1 —1,065.68 + 0.41| —91.93 +0.34 0.00 —63.52 £ 0.62 | —21.74 £ 0.36 | —200.73 £ 0.34
Fold 2 —1,002.16 £ 0.71| —28.41 4 0.64 | +63.52 + 0.62 0.00 £41.78 4+ 0.66 | —137.21 + 0.64
Fold 3 —1,043.94 £ 045 | —70.19 + 0.38 | +21.74 + 0.36 | —41.78 + 0.66 0.00 178.99 & 0.38
Fold 4 —864.95 + 0.43 | +108.8 + 0.36 | +200.73 4+ 0.34 | +137.21 + 0.64 | +178.99 + 0.38 0.00

Table 13. The matrix of relative values of Bayesian log-evidences (A In Z) for the

primary model and five iterations of k-fold cross-validation (Fold O - ingress

removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed, Fold 3 -
post-midtransit removed, Fold 4 - egress removed). The values in the table
represent the difference between the log-evidences of models indicated in the row

and the column (AInZ = In Z,oy — In Zeotumn) calculated via nested sampling
based on Bayesian evidence weights of each model. Positive values indicate a
statistical preference of the model in the respective row over the model in the
selected column. The superiority of the main (full data) model over all iterations of
cross-validation (A In Z > 860) confirms that the information signal is spread over
the entire transit light curve and is not caused by local anomalies, so full data is
required for best parameter estimation, which confirms the predictive
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improvement of the model. The high statistical stability of the results for light
curves with various excluded transit phases verifies the reliability of ring detection.

The comparison of fit shapes and In Z values for different folds is highly important
to evaluate the predictive improvement of the model, but insufficient to draw a
definitive conclusion about the model’s ability to fit data with gaps. For that reason,

we also compare the estimated parameter values and their uncertainty ranges (see

Table 14).
Estimated Main model Fold O Fold 1 Fold 2 Fold 3 Fold 4
parameter name | (Full data) (Ingress) | (Pre-Mid) | (Midtransit) | (Post-mid) | (Egress)
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Table 14. Values of ring and exoplanet properties from the nested sampling
simulation compared for the main model and each of the five k-folds (Fold O -
ingress removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed,
Fold 3 - post-midtransit removed, Fold 4 - egress removed). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3.

Based on Table 1, it can be confirmed that each phase of the exoplanetary transit
(ingress, egress and midtransit) carries critically important information. This is
verified by the abnormally large values of relative Bayesian log-evidence (A In 2)
between the main model and each of the k-fold fits (~ 860 to 1,060) with

Aln Z > 5 already considered strong evidence of one model over another in
Bayesian statistics. This difference is especially strong when comparing the main
model with Fold 1 (pre-midtransit removed, & In Z ~ 1,066) and Fold 3
(post-midtransit removed, & In Z & 1,044), The positive values of A ln Z for all
comparisons of k-folds against the main model confirm that adding new data
improves model predictivity, which is a characteristic of a real signal.

Nevertheless, the k-fold cross-validation results also confirm that the model does
not overfit local noise and show stable ring detection across all fits. Table 13 and
Figure 16 show that removing data at any of the main transit stages catastrophically
deteriorates both the log-evidence result and the residuals, which would not be the
case when the model fits noise instead of real light curve features. This is also
confirmed by the relatively small difference between In Z amongst the k-folds (e.g.,
Aln Z ~ 22 between Fold 1 and Fold 3) compared to the drastic In Z change
between the model and the k-folds, which suggests that the signal is distributed
fairly uniformly along the light curve and there are no local anomalies that fully
determine the statistical plausibility.

The consistency of ring detection and the reproducibility of positive results are also
supported by the k-fold best-fit parameters yielded by nested sampling in Table 14.
For instance, the k-fold radius estimates are relatively consistent (47,654 km to
58,344 km) and less than 9-2Rg (Santerne et al., 2019), which can be classified as a
stable partial explanation of the “super-puff” phenomenon through the ring
hypothesis when taking into account that 20% of the data are removed for each fit.
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The ring parameters (semi-major axis, width, eccentricity and obliquity) possess
physically plausible values for every fold, always suggesting a large and eccentric
ring system in a configuration close to edge-on. Fold 2 suggests the most similar
values to the main model compared to other k-folds, showing that the inferred
values are mainly determined by the asymmetries in the transit ingress and egress,
and not by random error in the observations.

The physical plausibility of the fit can also be confirmed by the high sensitivity of
inferred orbital inclination values to the input data (Table 14). This effect is
especially evident for Fold O (¢ = 57.9°, different by 20.2° from the main fit). It
occurs because the ingress transit stage stores the key signatures caused by orbital
inclination. This proves that the model honestly shows the uncertainty when the
parts of the data are removed. The model fidelity is also evident from the residuals
in Figure 16, where the model fits the incomplete input data well but fails to fit the
removed data with high accuracy in Fold 0 and Fold 4.

Therefore, the model passes the k-fold cross-validation: the results disapprove
noise overfitting, are resilient to data loss, statistically robust and physically
plausible. This confirms that the model is consistent with rings. However, for the
best results, it is essential to use observations without time gaps.

4.4.6. Theoretical boundaries of the ring search

Another notable limitation of the current modeling framework is that the search
window for ring systems is strictly constrained to the Roche limit concerning the
semi-major axis of the rings. While it narrows the prior distribution, which is
important for more effective data fitting, and targets the algorithm on the most
stable and common ring configurations, it neglects potential rings that may exist at
greater distances. To broaden the possible range of values of the ring’s semi-major
axis, it would be necessary to incorporate a more complex approach to modeling
ring dynamics. Specifically, the model must incorporate the Hill radius (Heising et
al., 2015) - the region where the planet's gravity dominates over the star's tidal pull
- and the orientation of the Laplace plane (Heising et al., 2015), which affects the
precession and stability of the rings. Without these considerations, extending the
search boundary could lead to physically irrelevant ring configurations.
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5. Conclusions

In this study, we have described the development, validation and application of a
novel model for detecting exoplanetary rings and obtaining their properties
through data fitting of transit photometry measurements. Our new pixel-based
method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a
physically accurate characterization of the transit event. Also, the proposed model
aims to integrate the parameters that are often overlooked by other studies, such as
ring transparency, ring eccentricity and the full 3D orientation of the exoplanet
orbit and its ring.

The validity of our model was then tested through the generation of synthetic light
curves, which helped systematically explore the effect of each parameter on the
light curve. Finally, the model was implemented in practice by analyzing the
photometric data for HIP 41378f, which is a super-puff candidate and a
high-priority target for searches of exoplanetary rings. Our data-fitting results
show that the best-fit light curve that is produced by our model, which accounts
for the exoplanet’s rings, fits the observed data with higher precision compared to
four alternative models (spherical ringless planet, oblate planet, observational noise
and stellar activity). The reliability of the model was also confirmed via a posterior
predicted check, k-fold cross-validation and analysis of parameter correlations.

Additionally, the nested sampling analysis has provided the first quantitative
measurements of the parameters of the HIP 41378f’s hypothetical rings. Best-fit
parameters suggest a large (a = 0.018 AU), eccentric (e = 0.418) and tenuous

(7 = 0.006) ring, lying in an almost edge-on orientation, with parameter correlation
analysis suggesting only several possible degeneracies: exoplanetary orbit
eccentricity vs. exoplanet’s argument of periapsis, orbital inclination vs. exoplanet’s
argument of periapsis, ring eccentricity vs. its semi-major axis, and ring obliquity
vs. azimuthal angle. This serves as a potential sign of a ring system around HIP
41378f, yielding a planet bulk density estimate of 173.7 kg 111_3, suggesting that
inflated radii of super-puff exoplanets might be observational artifacts resulting
from unseen rings. The results also demonstrate the importance of obtaining
higher-precision data for a full characterization. This generally supports our
hypothesis that it is possible to extract ring properties from a light curve by fitting
modeled light curves to observations.
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Thus, in the future, our model can become a valuable tool for discovering and
confirming new exoplanetary ring systems, estimating their parameters, and
re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring
system, obtaining its general properties is essential, which can now be done by
implementing our tool.

As it is evident, even though the model is precise and takes into account many
parameters the effect of which on the transit light curve is minor, our model can be
improved by running a nested sampling simulation with more live points and
handling ring precession (Heising et al., 2015), light scattering by rings (Barnes &
Fortney, 2004), Laplace plane (Heising et al., 2015) and effects of exomoons on ring
stability. For decreasing the possible degeneracies and reducing computational
intensity, it is favorable to decrease the number of model parameters, switching
from the full 3D exoplanetary orbit orientation to impact parameter and potentially
favoring circular rings for avoiding the degeneracy between a and e. Other
prospects that this work introduces for the nearest future include:
injection-recovery analysis for quantifying detection efficiency and sensitivity
limits, specifically by injecting synthetic ringed exoplanet transits of various optical
depths and geometries into HIP 41378f residual observational data, determining the
minimum signal-to-noise ratio required to distinguish between super-puff planets
and ring candidates; analyzing more real light curves and detecting more ring
systems; exploring irregular ring systems, where the rings exist outside the Roche
radius; studying HIP 41378f further, approving the existence of its rings and
examining if its inflated radius can be caused by any other effect. Another
important prospect is integrating the tool with other software, for instance, TLS,
for easier and more frequent analysis of exoplanetary ring systems.
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Exoplanetary Ring Systems: Identification and Parameter
Estimation from Transit Photometry Data

ABSTRACT

Imagine detecting exoplanetary Saturn-like rings, invisible to telescopes, and
discovering their properties indirectly by observing transits over time. With the
abundance of observational data in various catalogs, we can access high-precision
transit light curves to analyze exoplanetary rings, which is valuable for getting a
better understanding of the principles of ring formation, stability and dynamics.
This paper focuses on modeling the light curves of transits by exoplanets with rings
to identify the presence of ring systems around them, their physical properties and
configurations. We hypothesize that it is possible to extract geometrical and
positional ring properties from a light curve by fitting modeled light curves to
observations. For modeling, a masking algorithm is used, which involves creating
pixel-based representations of the covered star, the transiting exoplanet and its
translucent elliptical ring and moving the mask of the ringed exoplanet along the
pixel grid of the star. We test our hypothesis by running sample simulations of an
exoplanet and its rings, and we use the model to detect a ring system around a
“super-puff” candidate (a planet, the inferred radius of which is too big for its
inferred mass), HIP 41378f, that has been viewed as a potentially ring-bearing
exoplanet. The results support our hypothesis, demonstrating that the presence of
rings around an exoplanet and their properties can strongly contribute to the



resulting light curve. Furthermore, the results of data-fitting point to the direction
of the presence of HIP 41378f’s ring system. We also attempt to estimate its
parameters.

Key words: exoplanets, transit light curves, planetary systems, rings, photometric
techniques.

Link to project GitHub:
https: //anonvmous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.

1. Introduction

Transit photometry is an increasingly popular method of detecting and studying
exoplanets (planets outside the Solar System). When an exoplanet passes in front of
its host star, it blocks the light from it, producing a dip in brightness over time.
This dip is called a transit light curve (see Figure 1).
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Figure 1. The figure demonstrates how the transit photometry method works for
ringed exoplanets. Five positions of an exoplanet are marked throughout its
trajectory in front of the host star. For each marked position, a colored line links to
a respective point in the transit light curve below. For each of these points, the dip
in brightness is caused by the blocking of the star’s light by the exoplanet in the
selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the
logarithmic change in the star’s brightness, and the phases represent normalized
time values. The figure illustrates that the spatial configuration of the ringed
exoplanet has a direct impact on specific features in the photometric light curve,
which is more complex and yields different results compared to a simple spherical

planet transit.



The discovery of exoplanetary rings using transit photometry has long been an
intriguing challenge in astrophysics. Even though the - ring systems in our
Solar System have been thoroughly studied, it is highly challenging to detect
exoplanetary ring systems due to their marginal angular sizes and small
photometric signatures. This makes direct imaging (capturing directly resolved
images) difficult. Nevertheless, transit photometry is a powerful and promising
technique for identifying such ring systems indirectly. Recent studies (Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on detecting rings
through mathematical modeling or peculiar light curve features (e.g., asymmetrical
transit dips). Despite these efforts, no exoplanetary rings have been confirmed with
high certainty after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to
limitations of observational noise and uncertainty about false positives (Aizawa (&
% 1E &) et al., 2017; Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings
may explain detected anomalous planetary properties, such as the inflated radii of
super-puffs _ (exoplanets with extremely low inferred densities or
_ low - masses for their inferred radii). HIP 41378f (Santerne et al.,
2019), the ring system of which we investigate in this paper, is an example of this
type of planet. Also, detecting rings could help in identifying shepherd moons
(moons that gravitationally influence the ring particles and maintain the ring’s
structure), the study of which is highly valuable for understanding moon formation
(Tiscareno, 2013). However, current models of ringed exoplanets often do not
include some kinds of factors, such as ring transparency or eccentricity (how
elongated a ring is), which leads to potential false negatives. So, improving these
models could lead to discoveries of exoplanetary ring systems in archival data from
missions like Kepler and TESS (Transiting Exoplanet Survey Satellite).

Our study investigates whether high-precision transit photometry, combined with
an advanced parameter-rich pixel-based masking algorithm, can reliably identify
and characterize exoplanetary ring systems by modeling their light curve
signatures. We propose that by creating a pixelated transit model that accounts for
ring transparency, eccentricity, ring and exoplanet orbit orientation and
limb-darkening (darkening of the host star to its edges) effects, it is possible to
accurately recover ring parameters from high-precision light curves. Our approach
is different from analytical models (Heising et al., 2015) by using a numerical,
pixel-based masking framework. We describe our model as 'pixel-based’ because it


https://www.zotero.org/google-docs/?vYLi4d
https://www.zotero.org/google-docs/?vYLi4d
https://www.zotero.org/google-docs/?XcpEwa
https://www.zotero.org/google-docs/?y87Wk2
https://www.zotero.org/google-docs/?y87Wk2
https://www.zotero.org/google-docs/?broken=7BRQLm
https://www.zotero.org/google-docs/?broken=7riCgw
https://www.zotero.org/google-docs/?broken=nCJq6i

—
D
o
=
9
wn
)
=]
(g
9]
-t
=
¢}
=
o
»n
(s
wn
(v
job]
=
)
=
o
=
o
=]
[
(s
o
=}
o,
=
=}
aQ
o
9]
(=N
(=
(72}
2]
=]
[¢]
-+
(¢
N
O
o
3
E]
[¢)
ot
%
i
(=N
wn
_
3
s8]
[0)°)
¢
2]
i

b

In Section 2 (Methods), we describe our pixel-based masking algorithm with
emphasis on how the star matrix, exoplanet and ring masks are modeled, how the
ring position is calculated, how the orbital parameters of the exoplanet affect the
light curve and how limb-darkening is incorporated. In Section 3 (Parameter
Estimation), we describe how the best-fit ring properties should be estimated based
on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an
example. In Section 4 (Validation), we test our model by generating synthetic light
curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze
the observed light curve of HIP 41378f, attempting to detect its ring system. In
Section 5 (Conclusions), we summarize our results and talk about future prospects
of implementing our tool. This work aims to contribute to the growing field of
exoplanetary ring studies by helping develop a new model for comparative analysis
of archival and future observational data.

2. Methods

The transit light curve is modeled using the innovative pixelized modeling
algorithm. First, all the required properties of the planet, its rings, orbit and host
star are calculated from input parameters and converted to be used by the
functions (e.g., for matrix representations, all length units should be in pixels) for



computing the grid representations of these objects. The representation of a star
divides it into small pixels and calculates their normalized intensities (quotients of
any pixel’s brightness to the one of the brightest pixel), taking the limb-darkening
coefficients from theoretical tables (either Diaz-Cordovés & Giménez, 1992, or
Claret & Giménez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its
rings also separate objects into pixels, creating a masking matrix. However, they
yield the optical depth (an exponential measurement of an object’s transparency) of
every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by
some of the previous models (specifically, ring eccentricity, optical depth and
argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes &
Fortney, 2004; Ohta et al., 2009) undermine the importance of some of them (for
these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are
computed during its runtime. They can be classified as input, intrinsic, output,
fixed, floating and calculated. Input parameters are passed to the model by the

uscr. Intrinsie parameters-are-coleulated inside the program based-on the input
parameters-Output parameters-ore yielded by running-the-program: Fixed input

parameters are kept constant when working with the same observational data.

Finally, input floating parameters are the values that can vary within a range set by
the user GEbASCHOR e valIcs O calculated parameters. Also, the floating

eomputed-from-other parameters-andcan-be-either fixed-or floating- | he

boundaries of these parameters and their justifications may be viewed in Table 3
(the main model), Table 6 (ringless model), Table 7 (oblate planet model), Table 9
(observational noise) and Table 10 (starspots/faculae model).
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2.2. Floating parameters and their limits

Floating parameters are the values that are used for building the model, the values
of which are previously not identified and can vary in a specific range. If their
thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do
not depend on any other model parameters. The majority of floating parameters in
our model are independent, including both exoplanet parameters (orbital
eccentricity, inclination, longitude of ascending node, argument of periapsis and
radius) and ring parameters (ring eccentricity, obliquity, azimuthal angle and
argument of periapsis).

2.2.1. Ring proportions
The only two dependent parameters of our model are the ring’s semi-major axis
(half of the longer diameter of an ellipse) and its width. With high accuracy, the ring
is two-dimensional, with negligible depth. There are several key values for setting
the thresholds of the semi-major axis. The first of them is the exoplanet radius. It is
evident that the ring’s periapsis (closest point to the exoplanet) must be located
outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance
"» can be expressed as 7» = @(1 =€) Thus, the minimum possible value of the ring’s
semi-major axis is:

Amin = T (2.2.1)
Regarding the maximum possible value of the semi-major axis, typical planetary
rings usually exist inside the Roche radius of a body (Tiscareno et al., 2013), a
distance beyond which a moon held only by its own gravitation would be torn apart
due to tidal forces (differential gravitational pulls exerted on different parts of this
moon by the host body). This is how most ring systems are formed. The Roche
radius is given by:
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dRroche = R (4;7;?)1/3 ~ 2.44R g/%
(2.2.2)

using the value of the dimensionless parameter 7 = 0-85 (Chandrasekhar, 1969;
Murray & Dermott, 2012) to yield the greatest possible Roche limit (because 0.85 is
the smallest possible value of 7). Since we suppose that the ring is fully inside the
Roche radius, its apoapsis (a point of the ring, which is the furthest from the
exoplanet) distance 7« = @(1 + €) must be less than or equal to the Roche radius:

dH,oche
1+e

a max —

(2.2.3)
Although it is well-known that even in our Solar System, some objects, for example,
Quaoar (Morgado et al., 2023) and Jupiter (Tajeddine et al., 2017), have their rings
spanning outside the Roche radius, in this work, we aim to detect more common
types of rings. Thus, for simplicity and faster calculations, we only search for
exoplanetary rings inside the Roche limit.
Regarding the ring width, we do not limit its minimum value and set it to wmin = 0.
As for the maximum value, we still expect the farthest ring particles to have a
semi-major axis less than or equal to the maximum possible value. Thus, the
maximum ring width along the major axis must be equal to:

Wmax = Amax — @ (224)

2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument
of periapsis. The obliquity (#) is the angle between the stellar equatorial plane and
the plane of the ring. The azimuthal angle () is the angle between the line of sight
and the ascending node of the ring in a plane, parallel to IR he stellar
equator. The argument of periapsis (¥) is the rotation of the ring in its own plane,
the angle between its ascending node and the ring’s periapsis. The ascending node
is the orbital point where an object crosses the stellar equatorial plane from south
to north. Alk-ef these-parameters-are-aowed-to-freely-float and-take any possible
- Another ring parameter is its eccentricity (¢), a quantity determining how
elongated it is, measured from 0 (circular) to 1 (elongated). IS CIOORTE
formore-or-less-stable ring systems,we allow-the-eceentrieity (¢ to-vary-only
between the valtes-of 6-0-and-0-+ to-inelude signifieantly-eceentrie-orbits thatean
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B e oons Sce the visualization of these parameters with 2D grid

representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called
edge-on and face-on ring positions. The rings are considered to be edge-on when
their normal axis (the direction perpendicular to the plane of the rings) is
perpendicular to the observer’s line of sight (a straight line of the observer’s vision).
It makes rings appear as they are viewed from the side, rather than from above or
below, which makes them almost invisible. This condition is set by obliquity 6 = 0°
or azimuthal angle @ = 90°, The face-on rings, on the contrary, occur when their

|

own plane is perpendicular to the line of sight (6 = 90° or ¢ = 0°),
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Figure 2. Ring parameters and how they affect the 2D ring matrix projection of a
ring with optical depth 7 = 1.4. The first column shows the 2D projection for
different obliquity values, the second column - for values of azimuthal angle, the
third column - for values of argument of periapsis, and the last column - for various
eccentricity values! Ring transparency is not depicted to scale; however, it
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represents the effect of S¢C7 on the optical depth (see Section 2.4). Note that the
ring is not visible when it is edge-on (8 = 0° or @ = 90°), Unless mentioned
otherwise above, the ring is depicted for parameter values of # = 30°, ¢ = 40°,

¢ =0" and e = 0.2; exoplanetary radius of 20 pixels and ring semi-major axis of
100 pixels. This figure serves as a visual definition of the rotational properties of the
exoplanetary ring and its eccentricity, showing how the four parameters alter the
ring’s projected area and shape on the pixel grid. The pixel-based model
successfully translates the 3D ring geometry to a 2D Cartesian plane, allowing for
numerical integration of any ring configuration.

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet.
Technically, it can be obtained from transit least squares (TLS) fitting (Hippke &
Heller, 2019). However, the transit depth would be highly affected by the existence
of a ring and the TLS algorithm might return invalid exoplanet radii. Therefore,
some studies attribute the phenomenon of exoplanetary super-puffs [t
R enemaaaes) 0 incorrect radius
measurements because of the presence of ring systems (Piro & Vissapragada, 2020).
The only way to deal with this issue is to set the exoplanet radius floating. -

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis.
The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity[(€2) is also set to vary [N
_. In our model, we do not require circular orbits as other studies
do (Aizawa (E1% [F i) et al., 2017; Heising et al., 2015), allowing it to be set to high
values, which might make the model applicable to many more exoplanets (for
instance, HD 20782, see Jones et al., 2006). The orbital inclination (%) is the angle
between the stellar equator plane and the orbital plane. In our case, we assume that
the star is located directly at the point of the autumnal equinox for simplicity, so
the longitude of the ascending node (£2) is the angle between the line of sight and
the ascending node of the orbit in the plane of the stellar equator. Finally, the
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argument of periapsis (@) represents the rotation of the orbit in its own plane, the
angle between its ascending node and the orbit’s periapsis. These three parameters
are also not limited and can take all possible values. See the visualization of these
parameters with 2D matrix representations of the orbits in Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is
set by inclination 7 = 0° or longitude of ascending node €2 = 90°. A face-on orbit
occurs when its own plane is perpendicular to the line of sight (i = 90° or 2 = 0°).
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Figure 3. Exoplanet parameters and how they affect the 2D orbit matrix projection.
The first column shows the 2D projection for different inclination values, the
second - for values of longitude of ascending node, the third - for values of
argument of periapsis, and the last column - for various eccentricity values. When
no orbit is displayed, it symbolizes that the orbit lies edge-on. Unless mentioned




otherwise above, the orbit is drawn for parameter values of ¢ = 30°, €2 = 40°,

w = 0% and ©» = 0-2; stellar radius of 20 pixels and exoplanetary semi-major axis of
100 pixels. This figure illustrates how the orbital parameters affect the exoplanetary
transit trajectory across the stellar disk, which defines the transit duration and light
curve features. Transit length and occurrence are heavily reliant on the rotational
orientation of the ring and its eccentricity.

2.3. Fixed input parameters

In this work, we implement the nested sampling algorithm (see Sections 3 and
4.2-4.4) to obtain the posterior distribution (Gilks et al., 1995). Thus, it is necessary
to minimize the number of floating parameters to decrease the calculation time.
Based on this rationale, we selected the following parameters to be fixed in our
model: stellar radius (/s), temperature (7) and logarithm of acceleration due to
gravity (108 (9 )); exoplanet orbital period (/°) and mass ()/); ring specific
absorption coefficient (x, light absorption by ring particles by a unit of density);
wavelength (1) / band and matrix pixel size (PX). See their default values in Table 1
and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius,
temperature and logarithm of gravitational acceleration are taken as fixed values.
These parameters play a vital role in the algorithm as they define the
limb-darkening coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret &
Giménez, 1992). Thus, by getting the limb-darkening coefficients from the physical
properties of a star, we aim to have fewer floating parameters than other models
that select the limb-darkening coefficients as model parameters instead of stellar
physical properties (Aizawa (;E{%1E %) et al., 2017; Heising et al., 2015). The radius is
essential for building a star matrix of a relevant size. The semi-major axis of the
exoplanet (critical for correct orbital mechanics implementation) is calculated as a
function of its period and stellar mass by the 3rd Kepler’s Law of planetary motion:

A= 3/P*GMs _ 3 P2gR
472 472

(2.3.1)

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period
and mass are considered known as they are based on the peak period (the amount
of time between two consecutive main minima in the light curve) and spectroscopic
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features (Mayor et al., 2014), respectively. They are not noticeably influenced by the
presence of rings in the case of radius measurement errors (Libby-Roberts et al.,
2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption
coefficient:
T =Kp (2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis.
As density only affects the Roche radius and the optical depth of the ring, its effect
on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived
from its Roche radius, see Tiscareno et al., 2013) for a Roche lobe with uniform
density (v = 1.6, Porco et al., 2007):
_ _3M
PRoche = ~53(1 )3

(2.3.3)
This approach is justifiable from two rationales. First of all, selecting the nearly
maximum possible density value (we apply 7 = 1.6 instead of ¥ = 0-85 to get a more
realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it
decreases the Roche radius (see formula 2.2.2). This simplification results in
decreasing the number of iteration steps for the semi-major axis parameter, which

is highly favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical

composition of the ring. SIS SO SRS O CSa]
ak-2005) and-is-the-mest suitable-for-Hot Jupiters(Heising-et-al-—2015-p-9): While
the optical depth of the ring was neglected by some studies (e.g., Heising et al.,
2015), others suggest that its impact on the optical depth is underrated, and it is
important to deal with absorption, particle sizes and forward scattering effects
(the deflection of rays by a small angle due to particle size and other factors, see
Barnes & Fortney, 2004b). Running the simulation can help us come to a realistic
conclusion about whether the parameter should be included or not (for our
findings, see Section 4.1.2).
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Wavelength or band of the observations is also important to consider. It affects
both the limb-darkening coefficients and the specific absorption coefficient of the
ring dust particles. For obtaining the coefficients u1, u2 for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan,
1953) or Stromgren photometric system (Stromgren, 1956) must be selected: U, B, V
u, b or v. For applying the square root limb-darkening model (Diaz-Cordoves &
Gimeénez, 1992), the wavelength is used to select the most appropriate coefficients
u3z,us - there are five available values for the wavelength:

Regarding the effect of wavelength on the
specific absorption coefficient, it is noticeable enough. For instance, for rings made
of silicate grains, the absorption is highly wavenumber-dependent (Boudet et al.,
2005; Utry et al., 2014).

Another unique parameter of our model is the matrix pixel size. It i§ a “scale factor’
that helps us convert linear sizes of objects into measurements on a matrix grid, 8

|

px = (2.3.4)

where [ is the linear size of - object and X is its size in pixels _

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated
models of the star and the masking matrix of an exoplanet with its rings. In this
section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in
pixels and filling each pixel with its specific value.
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The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of
two key components: the circular model of the exoplanet and the 2D projection of
its ring. These matrices are created independently, yielding the optical depth of
every pixel 7(#,%), and then summed (putting the exoplanet at the focus of the ring)
in order to calculate the optical depth of every pixel in the masking matrix. To sum
two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a
smaller size allows for faster transit light curve calculations later (see Section 2.5)
and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size n (i.e., a square matrix of size n x n). As it is measured in pixels and
the coordinates of the matrix center should be integers for relevant exoplanet and
ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must
not exceed its apoapsis (as when the ring is rotated, this distance decreases). As the
ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

n =2 {W} +1

2px
(2.4.1)
Next, the model identifies the matrix center coordinatel c:
c= 15
(2.4.2)

After setting the size of the matrix, the model creates a simple circular model of the
exoplanet. First, it fills the matrix with optical depth 7(.%) =0, Then, using the
equation of a circle, it fills all the points inside the exoplanetary radius in pixels

— R
XR = px with optical depth 7(.¥) — 5, We assume that the planet fully covers the
light from the star in this area and does not reflect any light, as we observe the
transit stage only, where its phase is really close to 0.

After creating the model of the exoplanet, the next step is projecting the ring
orientation in 2D for stacking the combined 2D matrix of the planet and its rings on
top of the pixel-grid star representation. At first, the semi-major axes of ring
borders @inner and @outer (in pixels) are calculated:
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— a —w
where ¢ = px and Xv = px.

R= Ry x Ry x Ry, (2.4.4)

where Ro, 8¢, and ¢ are 3D rotation matrices of angles @ (ring obliquity), ¢ (ring
azimuthal angle), and ¥ (ring argument of periapsis) around the z, ¥, and = axes,
respectively. The rotation matrix R is a 3 x 3 matrix describing how the ring is
oriented in 3D space. Since the ring is flat, its projection mostly depends on how its
plane is tilted in = and ¥, we only need the top-left 2 x 2 part, which we call N.
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Then, all the possible coordinate pairs are created. For this, a 1D array L with all
possible z — ¢ and ¥ — ¢ values (where © — € = ¥ — €) is created. It is linearly

spaced from —2 to 2 with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and
y coordinates, respectively:

Xij=1Li Yij=Lj (2.4.5)

v = Moa® — muy; Yy = —ma & + muy’
det N det N (2.4.6)
where "j are the components of the matrix N. From this, we can extract the
orbital distance X for each point (using the Pythagorean theorem) and the true
anomaly Vr

X =Vai+y; (2.4.7)
vy = arctan 2(y,, z,) (2.4.8)
Using the ellipse equation in polar coordinates, the model constructs the inner and

outer borders Tinner and Touter Of the I"il'lg:
— ainncr!1_62!

Tinner = 1+ecos v, (249)

r . aouter£1_62!
outer — T recosy, (2410)

We fill the ring by its optical depth, enhanced by a factor S¢¢’(because the ring is
2D), for all pixels outside the inner border and inside the outer border,
where 7 is the angle between the line of sight and the normal axis of the ring in

cosn = Ay - Avos, @.a1)
where -is the - normal axis vector (the direction, perpendicular to

the plane of the rings) and -is the - line of sight - (a straight line

of the observer’s vision).
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For getting the matrix array, the program sums the matrices of the exoplanet and
its ring.

The final preparation step before modeling the transit stages is creating the model

of the star. This is done simply by filling the matrix of a different size re = {fx] .
by normalized intensities that are yielded by one of two limb-darkening models.
The choice of a particular limb-darkening model depends on several factors:

1) Data availability. Our models take coefficients u1.u2 from Claret & Giménez,
1992 that have parameter combinations from Table 1, and coefficients ua, ua
from Diaz-Cordovés & Giménez, the parameter combination availability is
shown in Table 1.

2) The physical properties of a star. Generally, it is advised to use the quadratic

model for colder stars with lower 108(9) and the square root model for hot
stars with higher 102(9) values (Espinoza & Jordan, 2016).

3) Custom models. The users can download their own limb darkening models
with coefficients or even NumPy array representations (Harris et al., 2020)
for specific stars or needs.

For the model, the parameter ¥, the cosine of the angle between the emergent
radiation and the perpendicular to the stellar surface, is calculated for each pixel

y:

o

p=cos(F/(z—c)* +(y—c)?) (2.4.12)
Then, it is converted to the normalized intensity map ! () using the coefficients
and the main formula of a selected model.
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Quadratic model

Square root model

174 available combinations

60 available possible combinations

T, K log(g) Band T, K log(g) A\ A
4,000 2.00 u 5,500 3.00
2.50 b 4.00
3.00 v
3.50 U
4.00 B
\%
4,500 2.00 u 6,000 4.00
2.50 b
3.00 v
3.50 U
4.00 B
4.50 \%
4,600 3.00 u 7,000 4.00
b
v
U
B
\%
4,700 3.44 u 8,000 3.00
b 4.00
\%
U
B
\%
5,000 2.00 u 10,000 3.00
2.50 b 4.00
3.00 v
3.50 U
4.00 B
4.50 \%
5,300 2.50 u 15,000 3.00
3.44 b 4.00
\%
U
B
\%
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3.00
4.00

SO0 > DA

S0 >DMmp>

S0 >DMmp>

SO0 >DMm>

SO0 >DmMm>

SO0 >DmMm>

SO0 >DmMm>

3.44

3.00
3.50

4.44

4.50

3.44

3.44

4.50




Table 1. All available parameter combinations for the quadratic model (Claret &
Gimeénez, 1992) compared to available combinations for the square root model
(Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for
temperatures are displayed, with the second and third columns demonstrating all
corresponding log(9) and band (quadratic model) / wavelength (square root)
values.

2.5. Transit model

In this section, the final and most important step of modeling is described. Now
that all the parameters are set and the matrices of the star, exoplanet and its rings
are computed, it is time to calculate the light curve, paying attention to the orbital
parameters of the exoplanet.

The first step to achieving this goal is to project the orbit of the planet in 3D to 2D
coordinates in the viewed plane. Similar to the projection of the rings, the rotation
matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

R, = Ra X R; X Ry, (2.5.1)
where I, Ro, and R are 3D rotation matrices of angles i (inclination), {2
(longitude of ascending node), and w (argument of periapsis) around the x, y, and z
axes, respectively.

The next step is to calculate the initial star brightness o in units of the brightest
star pixel by summing the normalized intensity values of all pixels.

Then, the program calculates the coordinate ¢s of the central point of the star
matrix:

‘nr-,'—].

cs = 5= (2.5.2)

The maximum distance between the star matrix center and the masking matrix
center, where a transit is still possible, I' is expressed as:

I =cg+cV2 (2.5.3)
Here, we assume that the masks align diagonally, so ¢s is the radius of the star in
pixels and ¢v'2 is the half-diagonal of the masking matrix.
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In order to detect the transit, we have to narrow down the search window. For this,
at first, we identify the true anomaly V. (the angle between the orbit’s periapsis and
the current planet position) of the orbital point when the exoplanet is right in front
of the host star from spherical trigonometry:

v, = arctan 2(1,cositan)) — w (2.5.4)
There are two possible solutions for Ve, so if the planet does not pass in front of the
star, we add 180° to Ve.
The true anomaly is then converted to the eccentric anomaly Ec - the angle
between the orbit’s periapsis and the position of the exoplanet projected to the
auxiliary circle of the elliptical orbit. The relationship between true anomaly and
eccentric anomaly can be seen in Figure 4.

True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)

Auxiliary circle
projection

Exoplanet’gosition

[ Elliptical orbit
T777 Auxiliary circle

Major axis

Pasition on arbit

Position on auxiliary circle

Primary focus

secondary focus

Center of ellipse

Xoeee

Figure 4. Geometric relationship between true anomaly () and eccentric anomaly (
E) in elliptical orbits. The vertical projection of the exoplanet’s position on the
auxiliary circle (green dashed line) relates the eccentric anomaly to the true orbital
position. The major axis (black dashed line) spans the entire length of the ellipse
through both foci. The figure was created for an eccentric orbit with the
eccentricity of 0.8 in the face-on orientation. The figure confirms the mathematical
relationship used by the model to calculate planet positions and velocity at any
given time step.
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The eccentric anomaly is then converted to mean anomaly 77t - the angle between
the orbit’s periapsis and the current planet position, calculated as if the planet is
moving at a constant speed on a circular orbit with the same focus location as the
ellipse. The mean anomaly is consequently converted to the orbital time ?c - the
time between the periapsis of the planet and its current position - using Kepler’s
equation:

E. = arctan2(v1 — e?sinv,, e, + cos,) (2.5.5)
m. = E. —e,sin E, (2.5.6)

;= m.P
: o (2.5.7)

The search window’s half duration is defined as double the estimated transit

duration for safety and simplicity, where 2I" (twice the sum of star radius and mask

diagonal) is the distance the planet has to cover,and P the average orbital
speed (in pixels per second), where @r is the planet's semi-major axis in pixels.

Thus, the half duration of the search window s is then defined as:
o 2PT

Ty | (2.5.8)

We set the number of orbital time steps to s» = 400, This is the number of times the
orbital time is changed when finding the transit window|(a period of time when the
transit is observable). This value is not set as an input parameter for the model for
simplicity and is automatically set to this value to allow detecting a transit quickly
and accurately. We define the search window for the transit as an array of orbital
times, linearly spaced from ?. — %5 to ?c + %5, containing a total of S, elements:

[te —to ... te+1,]

The next vital step is to calculate the orbital position of the exoplanet at every time
step. For this, our program numerically solves Kepler’s equation for an ellipse by:

1) Calculating the mean anomaly
2wt

m= (2.5.9)
2) Using the Newton-Raphson method (Vera et al., 2019) to numerically get the

value of the eccentric anomaly:
m=F —e,sin & (2.5.10)
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3) Finding the true anomaly:

Itep an £
T—e, X tan 3

an ¥ —
tdIIQ—

(2.5.11)
v = 2arctan2(,/1 + e, tan % V1—éep) (2.5.12)

After getting the true anomaly for an orbital point, the program calculates its
position r (the distance between the star and the exoplanet) by applying the ellipse

equation in polar coordinates:
_ ;'l(l—cf,)

1—e, cosv (2.5.13)
Since the orbit is 2D, the position vector is equal to:
rcosvr
r=|rsinv
0 (2.5.14)

By applying the rotation matrix, the position vector gets transformed to the
position in 3D (Weisstein, 2002):

Then, the program validates whether the transit is occurring in the selected time
step by checking the following conditions:
1) p= = 0 - the planet is not behind the star as its depth is positive.

2 2
2) V petpy <D the masking matrix covers the matrix of the star in the 2D
projection.

If the current point is the first in the array to fulfill the clauses above, the transit
start time fstart iS set to ¢. For the last point to fulfill these requirements, the transit
end time fend is set to ¢.
Therefore, transit duration is:

ti = tend — tstart (2.5.16)
Next, another preset parameter ¢ = 0.1 comes into play. This value defines the
quotient of the margin of transit duration to its recommended margin, as not to
miss any points before the transit start. So, the full transit time for the light curve
is defined as:

ty = ta(1 + 2¢) (2.5.17)
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Then, the light curve in the transit time span is calculated with more steps to
return a much better resolved light curve with more data points, defined by
variable s = 500.

For this, an array of time points, consisting of s elements, is created from

tstars (1 — €) to tena(l +€),

For each of these time steps, the exoplanet’s position is recalculated with formulas
2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of
the top-left corner of the masking array ¥, ¥t, the horizontal and vertical
coordinate ranges for the masked star slice [£50, 25| and [¥s0: Ys] (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the
horizontal and vertical coordinate ranges for the covering matrix [zo. '] and [%o, /]
(handling cases when the matrix extends outside the star matrix). These variables
are defined as:

o= [e+pe— 5|y = [c+py— 5] (2.5.18)
rg, = max(0, ) ys, = max(0,y) (2.5.19)
x's = min(ng, z¢ +n). ys = min(ng, y: +n) (2.5.20)
xp = max(0, —:s::,-_); yo = max (0, —y;) (2.5.21)
' =n—max(0,z; +n — ns); y =n—max(0,y; +n — ng) (2.5.22)

Then, the new blocked light by the covered star slice is calculated by:
Al(z,y) = I(p)(1 — e (=) (2.5.23)
The total blocked brightness AI(t) is given by the summation over all pixels of
Al(x,y), Finally, the normalized intensity curve (%) is converted to the light curve
Am(P) by:
1) Computing the normalized intensity curve:
I(t) = Io — AI(t) (2.5.24)
2) Converting the brightness to magnitude change (the change in the star’s
visible brightness in logarithmic units):

Am(t) = 2.5log 7% (2.5.25)

3) Then, the light curve minimum point is found, and the light curve phase (a
normalized time value, measured from O to 1, where the transit minimum is
0.5) is centered on it, extending the part with less time before/after the
minimum.
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4) Normalizing the time scale to get the phase:
P — Itstaritie

t (2.5.26)
The model must be thoroughly constructed as it serves as the primary tool for
analyzing data. The steps and the methods listed ensure that the model accurately
reflects the physical properties of the investigated systems. The following section
will demonstrate the practical application of this framework and the process of

parameter estimation through nested sampling [ ROTEH O],

3. Parameter Estimation

This section focuses on describing the algorithm of parameter estimation using
Bayesian techniques (methods that are based on Bayes’ theorem). It works through
processing observational data by running the model described in Section 2 with
different values of floating input parameters (see Section 2.2) within their ranges
and comparing the yielded Am(®) with the observed data.

For this, the dynamic nested sampling (Skilling, 2004; Skilling, 2006; Higson et al.,
2019; Feroz et al., 2009) algorithm, which is a computer-driven sampling method
used to estimate the properties of complex systems, is then applied. It works by
taking a "random walk" through all possible outcomes, where each new step
depends randomly, but logically, on the previous one. By collecting thousands of
these samples, it can eventually build an accurate picture of the entire system and
find the best fit. The nested sampling module uses log-likelihood (a logarithmic
function that measures how well the model fits the observations) and log-prior (a
function representing the initial assumption of parameter distribution density)
functions to find the parameters of the best-fit curve.

3.1. Exoplanetary transit of HIP 41378f

In this paper, we apply the proposed algorithm by searching for rings of a
super-puff candidate HIP 41378f (Pira & Vissapragada, 2020). A successful fit for this
exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide
the context about the investigated system and emphasize its relevance to our study.
The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne
et al., 2019) in the constellation of Cancer. It has an apparent magnitude of 8.9™ and
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is located approximately 106 Pc away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using
transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due

to having an extremely low predicted density value of 90 kg m (Santerne et al.,
2019). Some hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously
inflated inferred radius could be a result of a ring system, which would significantly
affect its inferred radius during a transit without adding significant mass. Thus, HIP
41378f is a perfect example to test the model proposed in this paper.

For the data-fitting, we used combined and processed data from Berardo et al.,
2019, who presented the transit light curve in terms of hours from mid-transit vs.
relative flux (ratio of the star’s visible brightness to the brightness of the star when
no transit occurs). The data was originally taken from C5 (Campaign 5) and C18
(Campaign 18) of K2 (Kepler space telescope). We used the duration of observations
presented in Berardo et al., 2019 to convert this to a phase-folded light curve in
terms of magnitude change (see Figure 5). It is important to note that by using data
that is combined from different observations, we risk encountering the effect of
ring and exoplanet precession (the slow movement of the axis of a rotating body
around another axis), meaning that its configuration might be misinterpreted
because of stacking the light curves with the ring in different configurations into
one graph. However, we assume that the precession periods of the ring’s nodes
(two points of the ring where the ring’s plane intersects with the equatorial plane of
the exoplanet), the exoplanet’s axis and the exoplanet’s orbit are minor compared to
the time span when the three combined curves were produced. This is reasonable
according to the equations and estimates on this issue from Heising et al., 2015.
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Combined Observational Light Curve
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Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red
points and the green squares represent the short and the long cadence observed
data from K2 Campaign 18, respectively, and the blue triangles represent data from
K2 Campaign 5 (Vanderburg et al., 2016). All - graphs in the paper are plotted
using Matplotlib (Hunter, 2007). This graph shows the data that is to be fit with the
model presented in this paper and distinguishes it between three sources of
observed data.

3.2. Model parameter values and boundaries

First, for the model to perform calculations on real data, it is necessary to set fixed
model parameters to real values of the observed objects. For HIP 41378f, Bl its
host star HIP 41378, ring material and the masking matrix these parameters are
listed in Table 2.

Parameter Value Source/Rationale

Star radius, s 1.28R Grouffal et al., 2022

Logarithm of stellar 4.3 detected by TICv8
surface gravity, log(g)
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Exoplanet mass, M 12M,, Berardo et al., 2019

Exoplanet orbital period, 542 days Santerne et al., 2019
P
Quadratic limb-darkening | 0.0678, 0.188 Grant & Wakeford, 2024

coefficients, U1, U2

Ring specific absorption ‘ _sm Utry et al., 2014 (for quartz particles
. i 2.3 x 107 . .
coefficient, k g | asthey are dominant in silicate dust,
which is applicable for planets that
are not too distant from the host star,

like HIP 41378f)

Table 2. Fixed parameter values for the observations of HIP 41378f. The values of
these parameters are not affected by the presence or absence of a ring system
around the exoplanet.

Generally, using coefficients “1; U2 from theoretical tables for modeling
limb-darkening is a highly relevant approach for general cases. However, for the
particular case of HIP 41378f, we use limb-darkening coefficients estimated in
another paper through MCMC (another sampling method, Foreman-Mackey et al.,
2013) analysis (Grant & Wakeford, 2024) as it provides more precise coefficient

values, and there is no data for these specific values of 7" and log(9) in the
theoretical tables our model uses (Diaz-Cordovés & Giménez, 1992; Claret &
Gimeénez, 1992). Thus, we replace the fixed values of 7" and band with the

parameters %1 and U2. It is not possible to get rid of accounting for log(9) as it is
R?
M = g

essential for calculating the mass of the star as - G . Moreover, it is necessary

to derive the exoplanet’s semi-major axis from 10g(¢ ) using Equation 2.3.1, which
givesus A = 1.377 AU.

Another essential step for an effective nested sampling simulation is setting prior
distributions (probability distributions that represent the initial belief about the
system) for floating parameters (those to be fit) that should be carefully constrained
to avoid degeneracies. In our nested sampling, we used uniform (a probability
distribution where all possible outcomes within given boundaries are equally likely
to occur) prior distributions that are broad (expressing a high degree of initial
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Ring obliquity () 0 to 90° static | Other values of these parameters
would result in configurations
Ring azimuthal angle (¥) 0 to 180° static that are symmetrical to those
already existing and, thus, return
similar light curve results

Ring argument of

0 to 180° i
periapsis (1?) to static

Table 3. Prior distribution boundaries and their classification as static or dynamic
for the parameters that are to be fit using the nested sampling algorithm. All prior
distributions are uniform.

3.3. Nested sampling run
The next step is defining the log-likelihood function ¢ for the nested sampling
simulation. If one of the dynamic parameters used in the simulation is outside the

boundaries set in Section 2.1, the log-likelihood immediately returns ¢ — —oc.

®o, are converted to

Otherwise, the phases of the points in observational data
phase values for the model ®i by:

®;j = (P, —0.5)3 +0.5 (3.1)
where 7o is the time range of the source observational data (in the case of HIP
41378f, to = 80 hrs) and t: is the transit duration given by the model.
Then, the log-likelihood function is calculated for a normal distribution:

(= _1 Z ((ATTI-G(‘I’:J) — Am(®,))? n ]0g(27r02))

2
25 7 , (3.2)
where A7(P) is the observed light curve, Am(?P) is the predicted light curve and

o? is the variance in observational data points that are out of the transit.

Finally, the nested sampling simulation is run with Naim = 11 dimensions (one for
each model parameter), Mive = 900 live points (pointers in the parameter space)

_, using the Python dynesty module (Speagle, 2020; Koposov
et al., 2024) with no changes to its default settings (including the stopping function).

See the results in Section 4.2.


https://www.codecogs.com/eqnedit.php?latex=%5Ctheta#0
https://www.codecogs.com/eqnedit.php?latex=0#0
https://www.codecogs.com/eqnedit.php?latex=90%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cvarphi#0
https://www.codecogs.com/eqnedit.php?latex=0#0
https://www.codecogs.com/eqnedit.php?latex=180%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cpsi#0
https://www.codecogs.com/eqnedit.php?latex=0#0
https://www.codecogs.com/eqnedit.php?latex=180%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Cell#0
https://www.codecogs.com/eqnedit.php?latex=%5Cell%5Cto-%5Cinfty#0
https://www.codecogs.com/eqnedit.php?latex=%5CPhi_%7Bo_j%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5CPhi_j#0
https://www.codecogs.com/eqnedit.php?latex=%5CPhi_j%3D(%5CPhi_%7Bo_j%7D-0.5)%5Cfrac%7Bt_o%7D%7Bt_t%7D%2B0.5#0
https://www.codecogs.com/eqnedit.php?latex=t_o#0
https://www.codecogs.com/eqnedit.php?latex=t_o%3D80%5Ctext%7B%20hrs%7D#0
https://www.codecogs.com/eqnedit.php?latex=t_t#0
https://www.codecogs.com/eqnedit.php?latex=%5Cell%3D-%5Cfrac%7B1%7D%7B2%7D%5Csum_j%5Cleft(%5Cfrac%7B(%5CDelta%20m_o(%5CPhi_j)-%5CDelta%20m(%5CPhi_j))%5E2%7D%7B%5Csigma%5E2%7D%2B%5Clog(2%5Cpi%5Csigma%5E2)%5Cright)#0
https://www.codecogs.com/eqnedit.php?latex=%5CDelta%20m_o(%5CPhi)#0
https://www.codecogs.com/eqnedit.php?latex=%5CDelta%20m(%5CPhi)#0
https://www.codecogs.com/eqnedit.php?latex=%5Csigma%5E2#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bdim%7D%3D11#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Blive%7D%3D500#0

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the
adequacy of parameter selection for the model by creating synthetic light curves
for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are
addressed correctly. In Section 4.2, we intend to detect a ring system around HIP
41378f and identify its parameters through data-fitting to see how the model works
in practice. In Section 4.3, the model is compared against alternative hypotheses
explaining the transit light curve asymmetries. In Section 4.4, we acknowledge the
limitations of our model, which need to be considered when reproducing the data
analysis or applying our model to other data.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in
our algorithm are different from those used in other models (e.g., Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the
model with different values of each parameter and generate synthetic transit light
curves in order to assess the validity of the chosen parameters and their effect on
the light curve.

To demonstrate the impact of every parameter, the output light curve is modeled
by varying the values of any specific parameter, the effect of which we are
demonstrating, with other parameters (except for the varied one) set to the
following sample values:

Parameter Value
Exoplanet semi-major axis (A) 0.1 AU
Exoplanet orbit eccentricity (¢») 0.45
Exoplanet orbit inclination (1) 2°
Exoplanet longitude of ascending node (2) 30°
Exoplanet argument of periapsis (w) 0°
Exoplanet radius (1) 176,000 km
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Exoplanet mass (M) 1.9 x 10" kg
Ring eccentricity (e) 0.2
Ring semi-major axis (a) SR
Ring width (w) R

2
Ring obliquity () 30°
Ring azimuthal angle () 20°
Ring argument of periapsis (¥) 0°
Ring optical depth (7) 1.4
Host star radius (1s) 700,000 km
Host star temperature (7°) 5,500 K
Host star logarithm of surface gravity (108(9)) 3.0
Observation band u
Pixel size (PX) 10,000 km

Table 4. Default parameter values for building synthetic light curves.

The values of orbit eccentricity, exoplanet radius and ring eccentricity were
selected as the mean values of their ranges proposed in Table 1 to be more
representative for an average case. The value of the semi-major axis was set from
its minimum proposed in Table 1, because the effects of orbit rotation are much
more evident for less distant orbits. The values of rotation parameters of an orbit

and the exoring, the star temperature, 102(g ) and the band of the observations
were selected pseudo-randomly, representing a typical, non-specific case, ensuring
that the transit still occurs and is not central. For simplicity, the ring semi-major
axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s
specific absorption coefficient and the host star radius were set to their default
values from Section 2, with exoplanet mass being roughly equal to the mass of
Jupiter.
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4.1.1. Exoplanet parameters
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Figure 6. Output transit light curves of the model for different values of exoplanet
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the orbit inclination is
varied, its longitude of the ascending node is set to 90°. The other - non-varied or
non-specified parameters for the column - are set to their default values from
Table 4. The series of transit light curves shows that each of the orbital parameters,
excluding orbital inclination in the case of an edge-on orbit, has a significant
impact on both the asymmetries and the depth of the ringed exoplanet transits.
Therefore, it is as important to account for the exoplanetary orbital properties as it
is for the ring parameters, as dismissing orbital parameters of the exoplanet may
lead to false ring positives.

The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit.
Apart from affecting the period of the exoplanet, it determines the impact
parameter (the projected distance between the center of the star and the center of
the planet's path). For an edge-on orbit (¢ = 0° or €2 = 90°), the semi-major axis
does not affect the shape or the depth of the transit. For any other positions, the
semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the
probability of its path being projected far from the center of the star, often
resulting in no transit occurring,.

Another crucial determinant of the transit light curve is the planet’s radius (see the
fiftth column in Figure 6). The transit depth (fractional decrease in the star’s visible
brightness at the minimum point of the light curve) caused by the planet alone is
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proportional to (1/ RS)Q. For instance, a larger planet will block a greater fraction
of the star's light, leading to a deeper dip in the light curve. Another important
consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a
differently-shaped light curve and its features would then be mainly determined by
the rings, resulting in two distinctive minima from two different sides of the rings
passing in front of the star. Transits for ringed exoplanets with bigger radii look
much more like regular transit curves, where features from the rings are less
distinctive. It is again highly important to note that the radii inferred through fitting
without rings may be misleading, as the effect on the transit depth from the ring is
attributed to the planet instead, resulting in higher radius estimates. Moreover,
without finding distinguishable ring features in the light curve, it is not possible to
deduce whether the ring exists or not. This issue leads many researchers to the
hypothesis of attributing the low inferred densities of super-puff exoplanets to the
effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the
light curve and the transit depth. An elongated orbit can cause the planet's speed to
vary significantly throughout the orbit, being fastest at periapsis and slowest at
apoapsis. This alternation in speed affects the duration of the transit and the shape
of the light curve, especially the ingress and egress phases (the start and end of the
transit). Thus, on highly eccentric orbits, the planet may move faster or more slowly
during the transit stage, affecting the observed transit duration. The orbit
eccentricity also affects the impact parameter, which also plays a role in
determining the transit depth. See these effects in the first column of Figure 6.

Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller
semi-major axes and define the projected trajectory of the planet as a whole. It can
take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling
transits for closer orbits. They also define how well the ring features, atypical to
regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the
argument of periapsis has a significant impact on both the transit depth and the
shape of the graph. Our results for it (see column 4 of Figure 6) suggest that it must
be addressed in future research on the detection of ringed exoplanets, although it
is disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro
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& Vissapragada, 2020; Aizawa et al., 2017; Barnes & Fortney, 2004). However, for
larger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and
longitude of ascending node. For big semi-major axes, the trajectory of the planet
essentially becomes a line as its curvature becomes not visible in smaller parts of
the orbit, so the orbit must be almost edge-on: ¢ =~ 0° or €2 =~ 90°. For that reason,
for larger orbits, it is recommended to replace orbit rotation parameters with the
impact parameter, which would both allow more precision and faster calculations.

4.1.2. Ring parameters

Trans# fight curve (1=0.0, #=90°, g=0°} T light 0.0 Trarmit fight curve (a=352000.0 km} Transit light curve {w=0.4 km]
5\ i I=—x _ [T / ~\
.
/ '
...... \ e / \
0 \ \ J 0 /
\ 00304 \ [ | | \ /
| | 1 { | |
¥ \ | \ |
| | E00E, \ | | | |
& \ | |
& \ \ J 1
| . e \ / \ f |
\ I e e \ .- 1 | \ |
\ | ¥ \ / \ \ |
i | | % | I \ | H |
| 5 h { \ | \
1 \ | \ |
\ | \ | \ / \
\ \ \
\ | \ \ \ |
) \ !
\ —r] " ] L
..... namod ot e
o . -
Trans# fight curve (1=0.3, B=00", g=0°} Transit light curve (e=0.07) Transit light curve (3=580665.66607 km) Trarusit ligiht curve (w=H8000.0 km)
[ _ ang{ = - — amo| — —
/ N
L % .
4 3
. 0 \
% \ \
L = o % | oo A /
0 \ \ f
a i x \ \ {
£ | s | £ y \ /
4 \ | \ / R 1 | f
! | e \ H ! /
E i [ i \ £ \ |
H | X \ £ | i \
125 \ | | | oz \
\ ¥ \ | \
Lo L \ | | \
/ g k L}
\
z . am | ; ! - / i LW
- T I (o =} . » : ; e J .
v
e e G e
Tranusil light curve [1=0.81, 8=90°, g=0°} Tramsit light curve |e=0.13} Transit light curve (a=221331, 13313 km) Transit light curue |w=178000.0 km)
om0 — o X
\ y
\ |
b |
| \ \ |
...... \ A
i \ f
£ 0 | \ |
g" ~ ) 1 \ |
1 \ |
/
En \ { T o \ \ I
£ \ / B F | \ {
| / \ |
/ 1
o \ |
1 / \ l'l |
5 i 154 ausg | 20 Y
\ / | \
aikii LY ! /
— S M edu - — o~ b S
L = + . n " L 1= + . n " " CL el



https://www.zotero.org/google-docs/?vYLi4d
https://www.codecogs.com/eqnedit.php?latex=i%5Capprox0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5COmega%5Capprox90%5E%5Ccirc#0

Transi light curve {1=0.51, 8=80", p=0°) Transit light curve je=0.2| Transk light curve {s=1056000.0 kmi Transit light curve jw=264000.0 km)

ana [ [ an
anz (153 oo s
Lo amo amo o
g"“ﬂ gnn:s gnnm g‘m
fns i i @
g i o
£ = = £z
Lo L1t
w1z (£
e T
o LS
s sire | — wedid
w0 [ a [ (] 1 X
pen

— moet — matel
s ) [ [Y] [ aa 1 e
an 0z s s on in ” an 0z aa s on to
e
e e
Transit light curve (=121, B=90°, g=10*| Tramsit light curve le=0,27} Transit light curve kmi Trarsit light cuirve (w=352000.0 kmi
[ r [ [ g
s ooz noan
1
amo T e
g g o E E 82
§ s .g § oo E
£ £ cune £ A
Foum 4 Fotor ?
z z z
Lie]
s Bar &
st
atm L
a3
— e apm | — wedid — e
— meddl
w [ ] [ (] 10 w [ [ [ (] 10 w [ ] [ (] 10 +
o o o o a1 o o s 15
hane
Transit light curve (=151, B=090¢, y=0°| Tramsit light curve (e=0.33} Transi light curve {a=1525133.33133 km| Transit light curve (w=440000.0 kmj
[ [ an g
s s ooy 0l
amo amo Ly o2
¢ ¢ oo E
£ o £ o a1
&
i i g g i
Eoine £ £ 5 @
x x £
o s a5
w1z
ais atm -
e
PS aarg { T e — ot ]
Yy [ a4 an ad Lo B [ a an ad n b
hpen g i az - o e b s a1 o [ o 18
e e
Transit light curve [1=182, B=90¢, y=0°| it i fm=0.4) Trans light curve {a=1760000.0 km} Transit light curve (we=528000.0 km|
[ [ an —\ g
oo s wox
oz
[ e an
. £ 1
i i i Eas
e §oum § ) g
: : i B
e
wan P g
o
o150 o
o
217 { — wedid — e
e DA == madvl — meded
) [ ] [ (] 10 w [ [ [ (] 10
hpen g i az - o e b s a1 o [ o 18
e e

Figure 7. Output transit light curves of the model for different values of ring
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the ring optical depth is

varied, its obliquity is set to 90°_and azimuthal angle is set to 0°. _
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As the optical depth of the ring is enhanced by the factor of S€C7, where 7 is the
angle between the ring’s normal axis and the line of sight, in the cases for rings that
are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et
al., 2015). However, for other cases, it is necessary to account for ring transparency,
especially when the ring is close to face-on. In our demonstration (see column 1 of
Figure 7), we compare the light curves with optically thin rings, letting through
more than 50% of the star’s light (first to third pictures in the column), with
optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly
affects the shape of the curve and makes a major difference in the magnitude
change (about 0.055™). However, if the ring is rotated away (e. g., 80° from the
observer), the viewing angle would make a difference. The ring that previously let
through 74% of light (the second image in the column) would now let through only
about 18% of light.

To support the analysis of the impact of latter parameters on the transit depth, here
we derive the projected area covered by wings:

So = magho = mag V1= € area of an ellipse with semi-major axis @0, semi-minor
axis bo and eccentricity €o

The area of the rings is defined as the difference between the areas of its outer and
inner ellipses (see Section 2.4):

N 2 WA 2 _
S=m (a. + %) VvV1i—e?2—17 (a.. — %) V1 —e?2=2mawVv1 — e?

From that, the projected area (the effective area that affects the transit depth) is:

Sproj = 2maw cos () V1 — €2 (4.1)

The ring eccentricity affects the light curve slightly compared to the previous
parameters. Nevertheless, its effect on the shape of the light curve is still evident.
When the eccentricity increases, the features of the ring become more noticeable:
due to the ring’s eccentricity, its shape gets less symmetrical from the focus point,
where the exoplanet lies, leading to asymmetries during ingress and egress stages
(see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

V1 — e? (see Equation 4.1), so its effect on the transit depth is almost negligible
(especially, knowing that the model looks for eccentricities e < 0.4). That is why the
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magnitude change slightly climbs as the eccentricity rises (see column 2 of Figure
7). For that reason, it is highly possible that the nested sampling simulation might
not be able to predict the best eccentricity value with good sampling results for
fitting the real data, as the current instrumentation precision is very limited, and
noticing such minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play
almost the same role in defining the transit depth (see the third and fourth columns
of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace
when these parameters have higher values (see the third and fourth columns of
Figure 7). Sometimes, the transit depth caused by the ring might get dominant,
leading to a wider, longer transit duration. This often leads to two distinct minima
in the curve, each for a different ring half - they may be asymmetrical if the ring is
eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the
radius of Saturn’s E ring (Juhasz & Horanyi, 2002) can be quite close to the Solar
radius). If this happens, the light curve would have three extremes: two from the
ring on each side of the planet and one from the planet itself (see the third column
of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring

rotation parameters. For every table column, the varied parameter s specified in

Apart from defining the angle 77 and, thus, influencing the optical depth of the ring
and the transit depth (see Equation 4.1), the obliquity and the azimuthal angle of the


https://www.codecogs.com/eqnedit.php?latex=%5Ceta#0

ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect of ring eccentricity on the
ingress and egress stages, which is key for distinguishing a transit of a regular
planet from the transit of a ringed planet. The argument of periapsis does not
influence the angle 7, so it does not affect the ring transparency or the transit
depth. However, by rotating the ring in its own plane and moving its apoapsis and
periapsis points, this parameter determines at which moment of the transit the
effect of the ring’s ellipticity would be the most evident.

4.1.3. Star parameters
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Figure 9. Output transit light curves of the model for different values of star
parameters. For every table column, the varied parameter is specified in the graph

title along with its unique value for the specific row. When the star log(9) or the

observation band is varied, the stellar surface temperature is set to 4,500 K -
default values from Table 4. The graph series shows that the stellar radius

determines the transit depth, and with increasing stellar radius, the ring signature
becomes less evident until it ultimately becomes undetectable.

The stellar radius is a parameter that is truly determinant for the transit light curve.
Its effect on the light curve looks like the reversed impact of exoplanet radius, ring
semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets
lower than the value of the ring’s semi-major axis, the shape of the transit
drastically changes as two or three minima occur, caused by the two sides of the
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ring and the planet itself moving in front of the star. Stellar surface temperature

10g(9) and the observational band also contribute to the transit light curve shape
and transit depth, which is attributed to their effect on the stellar limb-darkening.

Star temperature, logarithm of gravitational acceleration and observation band (or
wavelength) define the limb-darkening model of the star, providing the quadratic
(or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its
shape and transit depth for temperature values of 3,500 K; 4,500 K and 4,600 K (see
the second column of Figure 9). Nevertheless, for hotter stars (5,000 K and 5,500
K), the transit depth starts decreasing with temperature growing, and the effect of
the rings becomes less noticeable (see the second column of Figure 9). The effect of
10g(9) on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see
the second column of Figure 9). However, it is still very important to select more
physically plausible values of 10&(g ), as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit.
The most important thing to consider for modeling the limb-darkening is the band
of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these
results for limb-darkening effects were provided by the quadratic model
(Diaz-Cordoves & Giménez, 1992).

4.2. Model application on real observational data for HIP 41378f [Section 4.2

and Section 4.4 (previously Section 4.3) were swapped for better logical flow,
and Section 4.3 was added between them]

The results of the nested sampling analysis for the super-puff planet HIP 41378f
suggest that the planet indeed has a ring system that is almost edge-on, immense,
eccentric and partially transparent.

According to its default stopping function, the nested sampling has converged fully
after Nean = 39,597 calls of the main model, providing the maximum log-likelihood
of £ = 12,866.89 (most favorable scenario, see Section 3.3) and log-evidence of

InZ =12,801.47 + 0.25 (a global measure of a fit model that accounts for both the
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quality of the light curve fit and the complexity of the parameter space generated
by this model).

The best fit curve suggests that it has the following parameter values (see Table 5
and Figure 10). See Figure 11 to view the 2D making matrix of the exoplanet and its
ring (see Section 2 for more details on that).

The shrinkage values (defined from O to 1) in Table 5 represent the degree to which
the experimental data have constrained the model parameters relative to our initial
assumptions (Section 3.2). High shrinkage values (closer to 1) indicate that the
posterior distribution is driven more by the observational data than by the priors,
effectively measuring the 'information gain' provided by the transit light curve. As
non-informative priors were initially selected, low shrinkage values can indicate
major issues in parameter space exploration, suggesting that the number of nested
sampling iterations or the number of live points is insufficient.

In this work, shrinkage S (Savic & Karlsson, 2009) was calculated as:
§=1— Tt

Oprior (42)
where post is the standard deviation of the posterior distribution and prier is the
standard deviation of the prior distribution.

Parameter name Estimated value Shrinkage

Exoplanet orbit eccentricity (¢») 0.0030:00 0.9983

Exoplanet orbit inclination (7) 84.58310-149° 0.9865

Exoplanet longitude of 90.00079:90° 0.4303
ascending node (£2)

Exoplanet argument of periapsis 0.78110:934° 0.9991

(w)
Exoplanet radius (R) 46,174752” km 0.8999

Ring eccentricity (€) 0.41810-002 0.9884
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Ring semi-major axis (a) _ 0.9946

Ring width (w) _ 0.9964

Ring obliquity (¢) 0.96970:003° 0.9997
Ring azimuthal angle () 56.44815-211° 0.9931
Ring argument of periapsis (?/)) 42.77317-336° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling
simulation. The values themselves represent the median points of the posterior
distributions for each parameter, and the upper and lower error limits of the

parameter values represent lo confidence intervals. _
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Figure 10. The corner plot generated by our 11-parameter nested sampling analysis
with Naim = 11 dimensions and Mive = 500 live points that has converged after
Nean = 39,597 function calls. The diagonal panels display the one-dimensional
posterior distributions (black histograms) compared against the uniform prior
distributions (horizontal blue lines), illustrating the parameter shrinkage and
information gain. The best-fit parameter values and 1o uncertainties are quoted
above each histogram. The off-diagonal panels illustrate the two-dimensional joint

probability distributions [EETCEPO P ith the contours for 10 and
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20 gl confidence levels, The prior boundaries are recorded in Table 3. The
diagonal panels demonstrate significant parameter shrinkage, which is also
numerically evaluated in Table 5, indicating significant information gain constrained
by the data regardless of initial broad priors. Although not every posterior
distribution is normal (with some even being bimodal), the clearly identified peaks
support the hypothesis that HIP 41378f possesses a ring system. Abbreviations: Ex.
(Exoplanet), L.A.N. (Longitude of Ascending Node), Arg. Periapsis (Argument of
Periapsis), S.-M.A. (Semi-Major Axis), and Az. Ang. (Azimuthal Angle).

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the
projection of the 3D configuration of the ring to the viewed plane produced using
the best-fit parameter values identified via nested sampling with NVaim = 11,

Niive = 500 and Nean = 39,597 | Black areas represent pixels with optical depth

7 = 0, and the white spots represent pixels with = — oo, with gray color depicting
the optical depth of the ring. The results are consistent with a large ring model that
has an almost edge-on orientation, which physically resolves the “super-puff”
paradox, suggesting that the density of HIP 41378f was previously overestimated.
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The figure also confirms that the masking algorithm can accurately represent the
rings even in extreme configurations (close to edge-on).

The optical depth of the ring is derived from output parameters using Equations
2.3.2 and 2.3.3, and enhanced by $€€# = 1071 Section 2.4), suggesting that the
ring absorbs about 45% the light from the star going through it:
_ 3kMsecn 40.012

T T 16a3(1+e)3 0-593 0011 (4.3)
This result was calculated for the maximum possible ring density PRoche, which
means that for lower density values, the ring would have let through even more
light, even though it lies in an almost edge-on configuration. This finding highlights
the role of the S€C€7) factor and the importance of accounting for ring transparency
in general in future research, as it has been neglected in several recent papers (e.g.,
Heising et al., 2015; Piro & Vissapragada, 2020; Lu et al., 2025).

The inferred optical depth values of 7 = 0.006 (face-on) and 7 = 0.593 (edge-on)
are physically reasonable, falling into the category of tenuous, dusty rings similar to
those around ice giants. The face-on optical depth of 7 = 0.006 is very similar to
that of Neptune’s Le Verrier ring (7 =~ 0.006, Tiscareno & Murray, 2018) and is
significantly more substantial than that of Saturn’s diffuse rings G and E (7 ~ 107°,
Cuzzi et al., 2018). The dramatic increase in the edge-on optical depth occurs as the
line of sight passes through more ring particles when the ring is edge-on. The rings
that are so faint can be detected only thanks to this effect. This combination of
parameters is consistent with a ring composed primarily of micron-sized dust that
could form thanks to the debris from the collisions of tiny space rocks and nearby
moons (e.g., this applies to Saturn’s E ring, Hedman et al., 2011).

The corner plot provided by the nested sampling analysis (see Figure 10)
demonstrates that most parameters are well-constrained. While some parameters
like orbital and ring eccentricities and arguments of periapsis, ring semi-major axis,
and ring width are distributed almost normally, other parameters exhibit more
complex structures. The orbit inclination and the argument of periapsis, for
example, display a bimodal distribution, with a secondary peak at a lower value than
the best fit. This feature is related to the degeneracy between these two
parameters and highlights that there are two distinct scenarios that result in the
same impact parameter value (see more on that in Section 4.4.4). The exoplanet
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Despite possible degeneracies _, the estimated values lead to a highly
accurate best-fit light curve (see Figure 13). The best-fit model, which accounts for
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behavior of the best-fit curve also demonstrates an advantage of the pixel-based
modeling algorithm, as analytical models usually create less complicated fits.

Thus, our results are consistent with an exoring system around HIP 41378 [@§

oo ree o eREee) 21s0 providing the

predictions for the properties of this ring system and the new modeling algorithm
to use for comparative analysis. It can become a foundational work, leading to
further and more in-depth analysis of the HIP 41378f's ring system. [RCIREY

Although the estimated value of the ring semi-major axis (¢ = 2,698,152 km =~ 0.018 AU)
may seem irrelevantly overestimated if compared to ice and gas giants within the
solar system, its value is physically acceptable and even rather conservative in
comparison with J1407b, the other popular candidate for exoplanetary rings, with

a = 0.6 AU (Kenworthy & Mamajek, 2015).

Furthermore, the ring is kept fully inside the exoplanet’s Roche limit by the dynamic
boundaries of the nested sampling algorithm. This constraint ensures that the
resulting ring parameters align with a stable structure that can survive tidal forces,
which supports the physical plausibility of our super-puff explanation. The tidal
forces from HIP 41378f prevent the ring particles from clumping together to form
moons. For the ring to exist inside the Roche limit at such a significant distance
from the host planet, it has to sustain low volume-averaged (bulk) density - not
exceeding the Roche critical density (Tiscareno et al., 2013), see equation 2.3.3.
Thus, it would probably exist as a diffuse cloud of independent dust particles, which
is supported by its low inferred face-on optical depth (7 = 0.006) that suggests that
the concentration of particles is tenuous. In this configuration, if dust grains are
pulled together to form a proto-satellite, they would be torn apart before they can
bond due to HIP 41378f tidal forces.

Moreover, the ring system remains dynamically bound to the planet as its aposapsis
is well within the planet’s Hill radius (the distance at which the gravity of HIP 41378f
can hold on to the particles despite the pull from the host star). This ensures that
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mostly made out of light elements, such as hydrogen and helium. This estimate is

much more physically realistic than the previously suggested value of 90 kg m

Santerne et al., 2019).

—~~
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The inferred 12 = 46,174 km places HIP 41378f between Uranus and Saturn in terms
of its radius. Due to its low density value, HIP 41378f can be classified as a puffy gas
giant, smaller and more lightweight than Saturn. The inferred density value does
not allow the exoplanet to be an ice giant, as they are typically composed of heavier
materials (e.g., water, ammonia and methane).

Because of the possible degeneracy in the ring’s semi-major axis, the resulting value
of radius may be approximate. Nevertheless, our results suggest that the
“super-puff” phenomenon can be fully or partially explained by the presence of
rings for some exoplanets, which supports the hypothesis from Piro &
Vissapragada, 2020.

4.3. Alternative explanations for transit asymmetry

To provide statistical confirmation of our ringed exoplanet model, we evaluate the
necessity and the complexity of the exoplanetary ring hypothesis by comparing our
model to the alternative explanations of the asymmetrical transit shape. While our
11-parameter ring model provides a visually and mathematically suitable fit, it must
be weighed against simpler alternative explanations using the Bayesian evidence
(the likelihood of observed data being represented by a specific model). By
calculating the difference in the natural logarithm of the evidence (A In Z) between
our primary model and several competing scenarios, we can quantify the Bayes
factor (a quantity representing the evidence of one hypothesis over another) to
determine if the additional complexity is supported by the data.

The following subsections will detail how alternative models are constructed and fit
(Sections 4.3.1-4.3.4), the effects can be modeled for other systems but are
irrelevant to HIP 41378f (Sections 4.3.6-4.3.6), and the model comparison results
(4.3.7).

4.3.1. Ringless model

Although the HIP 41378f transit data have been already fit multiple times using
models that do not include the assumption of it having a ring system (e.g.,
Vanderburg et al., 2016; Berardo et al., 2019; Grouffal et al., 2022; Grouffal et al.,
2025), it is needed to construct our own fit of the transit light curve to get a value
of In 7 describing the model evidence for the specific sampler and used data.
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Ringed Ringless Oblate planet | Observationalnoise | Starspots/faculae
Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate
€p 0.00375:500 €p 0.00073000 €p 0.13470 14 €p 0.1317) 150 €p 0.1367) a0
1,° 84.58310149 e 38300730747 e 46287131002 e 44,650+ 30240 e 4570922780
Q,° 90.0007 000 ) €2, ° 90.0001000 1 () ° 90.0001000 1 () ° 90.0001000 1 () ° 90.0009:0%
W, ° Ol | P 16837128 w,° 362192721 (W, ° 3511143188 )y © 37.108+27.58
R,km [ 4617a732°| R, km | 5946374 | R km | 8158080 2, km | 609006755 | R, km | 52230733
€ 0.41875663 f 0.588*0337]  On 00045555 | ws 0.00150000
a,km | 269815240 8 o | sseari v 0.00209%1 Ao 185,671+ 117508
w, km | 374242730 Topot, Fg | 0.47933332
6,° | 09691000 B 0.99570433
q&., o 56.4481 021
w’ o ANy

Table 12. Values of best-fit model parameters from the nested sampling simulation
compared for the primary (ringed) model and four alternative hypotheses (ringless,
oblate planet, observational noise, starspots/faculae). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3 (ringed), Table 6 (ringless),
Table 7 (oblate planet), Table 9 (observational noise) and Table 10
(starspots/faculae). The table uses the following parameter notation: €» - orbit
eccentricity, ¢ - orbital inclination, () - orbital longitude of ascending node, w -
orbital argument of periapsis, R - exoplanetary radius, e - ring eccentricity, a -
ring semi-major axis, w - ring width, # - ring obliquity, ¢ - ring azimuthal angle, ¥’
- ring argument of periapsis, 7. - equatorial exoplanetary radius, / - exoplanet
oblateness, U - oblate planet projection rotation angle, o» - noise scale, v - noise
magnitude, Ws - stellar angular rotation velocity, Ao - initial starspot/facula
longitude, 7= - starspot/facula radius, B - ratio of starspot/facula brightness to
stellar brightness.
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As it is evident from Figure 15, the ring model exhibits the most precise alignment
with the observed data, particularly in the ingress, midtransit and egress stages,
with residuals centered closely around zero, where other models result in much
more scattered residuals. Conversely, the ringless model partially captures the
ingress and the egress stages but fails to precisely align with the midtransit; the
oblate planet model manages to capture the midtransit with better precision but
faces strong misalignment with data at both the ingress and the egress stages, and
the two other models fail to fit all three of these stages. This suggests that each of
the four alternative models fails to capture all light curve features alone.

The statistical superiority of the ring hypothesis is also quantitatively confirmed by
the matrix of Bayesian log-evidence differences (Table 11). In every comparison to
other models, the ringed model is overwhelmingly preferred (A 1n Z > 5,240),
rejecting other hypotheses. Among ringless alternatives, the oblate planet model is
the most successful, outperforming the spherical ringless model by

AlnZ ~ 2,282.54 This suggests that the spherical ringless alternatives are not
complex enough to reproduce the geometric asymmetries in the light curve. Both
the noise and the stellar activity models are outperformed by the simple spherical
model with AIn Z ~ 618.16 and A In Z ~ 622.55, respectively, although they
create fits with almost similar log-likelihood values. Thus, the favorability of the
simple model over the noise and spots/faculae alternatives can be simply explained
by their unneeded complexity. Similarly, the noise model is slightly preferred over
the spots/facula hypothesis (A In Z =~ 4.39), as the latter introduces two more
parameters that lead to an unneeded increase in complexity, while not leading to
better fits (the starspots/faculae can add extra features to the light curve, but they
are too local compared to the ringed alternative).

However, it is important to acknowledge the abnormal magnitudes of the inferred
Aln Z values. Differences in log-evidences of this scale are anomalous in
exoplanetary analysis, where Aln Z > 5 is already considered strong evidence of
one model over another. These extreme values may arise from numerical
instabilities in the nested sampling algorithm, its precision limits,
high-dimensionality and multimodality. Nevertheless, combined with the clear
visual evidence from the residuals in Figure 15, these results do not leave doubt
about the statistical preference of the ringed model against other hypotheses.
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The primary model’s validity is further suggested by the posterior distributions
summarized in Table 12. For the ring model, the parameters are tightly constrained

= 2,698,152 1515 km 4 i = 84.583+0149°)

and have minute uncertainties (e.g., ¢ 0.325 )

On the contrary, the uncertainties in alternative model estimates allow for much

broader intervals (e.g., * = 46.287% 3595 )- This indicates the convergence of the

main model on a physically plausible and precise solution.

Therefore, of all suggested transit asymmetry hypotheses, the observed data is
most consistent with the ringed model.

4.4. Model limitations [Section 4.2 and Section 4.4 (previously Section 4.3)

were swapped for better logical flow, and Section 4.3 was added between them]
Although the proposed model is effective in predicting transit light curves, it has
several issues that should be addressed. In this section, the drawbacks of the model
are outlined, highlighting the areas for future improvement.

4.4.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical
parameters, one of its main issues is its numerical nature. While the pixel-based
algorithm allows for calculating the model with high precision, the quality is
dependent on the pixel size of the matrices. Higher precision requires smaller pixel
sizes for resolving the details of the exoplanet and its rings better on their grid
representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become
computationally intensive as they require repeatedly recalculating and summing
matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to
determine the position of the exoplanet at every time step. While analytical
solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.
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Furthermore, finding the transit window for more precise calculations of the light
curve is also a non-trivial task. We must analyze a wide range of data points in
order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the
initial window range. After that, the transit light curve is computed by iterating
through a narrowed window. This approach is essential, as the transit is very quick
compared to the whole orbital period of the exoplanet. Thus, a total of So +§ = 900
masking iterations is needed to evaluate the transit light curve. This is only

deteriorated by the selection of priors that are very broad (Section 3.2), s it leads

t the same time,
each magnitude change calculation is a complex operation itself, which creates,
masks and sums matrices with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We
chose the pixel size value that is large enough to sustain fast calculations, but still
gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 2-3 seconds (depending on hardware and specific parameter

values), requiring 20 €0 40 hours to complete the/nested sampling with

4.4.2. Challenges with Data-fitting
The model's effectiveness is heavily reliant on the parameter fitting process,

specifically on the choice of the data fitting algorithm.


https://www.codecogs.com/eqnedit.php?latex=s_o%2Bs%3D900#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bcall%7D%3D39%7B%2C%7D597#0
https://www.codecogs.com/eqnedit.php?latex=35%7B%2C%7D637%7B%2C%7D300#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bcall%7D%3D39%7B%2C%7D597#0



https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bcall%7D%3D39%7B%2C%7D597#0
https://www.codecogs.com/eqnedit.php?latex=%5Ccal%20S#0
https://www.codecogs.com/eqnedit.php?latex=%7B%5Ccal%20S%7D%3D0.4303#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Blive%7D#0
https://www.codecogs.com/eqnedit.php?latex=N_%5Ctext%7Bcall%7D%3D39%7B%2C%7D597#0
https://www.codecogs.com/eqnedit.php?latex=%5Cln%20Z#0

the mathematical inability of alternative models to provide near-perfect geometric
fits similar to that of the ringed model, making both log-likelihoods and
log-evidences significantly diverge between different scenarios. Therefore,
although the ringed model is statistically preferred over the alternatives, the A In 7
magnitudes may be overestimated due to precision limits.

Another issue with data-fitting is related to the difficulty of defining whether the
transit is central or not for distant exoplanets. Transits of distant exoplanets mainly
occur when the orbits of these planets lie in almost edge-on orientations. This
means that a negligible change of inclination (¢ ~ 0°) or longitude of ascending
node (€2 =~ 90°) can result in making a central transit non-central or even invisible.
Thus, it is highly possible that the nested sampling would not be able to distinguish
the small difference, favoring fully edge-on orientations and central transits as a
result. Similar to computational complexity, this problem must be tackled by
replacing the orbit's rotational properties with the impact parameter.

4.4.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a
significant amount of noise due to various factors, including atmospheric
interference, instrument noise, and stellar variability. This high noise level can be
even more noticeable than the subtle photometric signatures of a ring system,
making it challenging for our model to correctly fit the light curve and accurately
constrain the parameters. In these conditions, the model may be attempting to fit
observational noise instead of the ring features. Thus, much more precise data from
next-generation telescopes is required to confidently distinguish between the
variation triggered by noise and the true signature of a ring.

As mentioned previously (see Section 3), stacking data combined from different

observational epochs introduces the risk of ignoring ring and exoplanet precession,
which might lead to significant errors in the determined parameter values.

4.4.4. Parameter correlations and degeneracies
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highlighted by different colors and marker styles) overlaid with the best-fit light
curves for each k-fold iteration: Fold O (red wide solid line), Fold 1 (orange dashed
line), Fold 2 (green dash-dot line), Fold 3 (blue dotted line), and Fold 4 (purple solid
line). Observational data and their respective residuals are represented by unique
markers: circles (Fold 0), upward triangles (Fold 1), squares (Fold 2), diamonds (Fold
3), and downward triangles (Fold 4). According to the residuals for the removed
parts of the graph for each k-fold, the fit quality deteriorates when less data is
input, which indicates the predictive improvement of the model. Despite the
exclusion of the critical phases, all five models converge onto a notably similar
transit profile, which confirms the stability of ring detection and advocates against
overfitting of local noise.

Aln 7 Main model Fold O Fold 1 Fold 2 Fold 3 Fold 4
(Full data) (Ingress) | (Pre-Mid) | (Midtransit) | (Post-mid) | (Egress)
Main model 0.00 4+973.75 + 0.43 | +1,065.68 £0.41 | +1,002.16 +0.71| +1,043.94 +0.45 | 1+864.95 + 0.43
Fold 0 —973.75 £ 0.43 0.00 +91.93 +0.34 | +28.41 £ 0.64 [ +70.19 + 0.38 | —108.8 +0.36
Fold 1 —1,065.68 +0.41| —091.03 + 0.34 0.00 —63.52 +0.62 | —21.74 + 0.36 | —200.73 +0.34
Fold 2 —1,002.16 + 0.71| —28.41 + 0.64 | +63.52 + 0.62 0.00 +41.78 + 0.66 | —137.21 % 0.64
Fold 3 —1,043.94 £ 0.45| —70.19 + 0.38 | +21.74 + 0.36 | —41.78 + 0.66 0.00 —178.99 & 0.38
Fold 4 —864.95 + 0.43 | +108.8 + 0.36 | +200.73 4 0.34 | +137.21 & 0.64 | +178.99 + 0.38 0.00

Table 13. The matrix of relative values of Bayesian log-evidences (A In Z) for the

primary model and five iterations of k-fold cross-validation (Fold O - ingress

removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed, Fold 3 -
post-midtransit removed, Fold 4 - egress removed). The values in the table
represent the difference between the log-evidences of models indicated in the row

and the column (AInZ = In Z,oy — In Zeo1umn) calculated via nested sampling
based on Bayesian evidence weights of each model. Positive values indicate a
statistical preference of the model in the respective row over the model in the
selected column. The superiority of the main (full data) model over all iterations of
cross-validation (A In Z > 860) confirms that the information signal is spread over
the entire transit light curve and is not caused by local anomalies, so full data is
required for best parameter estimation, which confirms the predictive



https://www.codecogs.com/eqnedit.php?latex=%5CDelta%5Cln%7BZ%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=%2B973.75%5Cpm0.43#0
https://www.codecogs.com/eqnedit.php?latex=%2B1%7B%2C%7D065.68%5Cpm0.41#0
https://www.codecogs.com/eqnedit.php?latex=%2B1%7B%2C%7D002.16%5Cpm0.71#0
https://www.codecogs.com/eqnedit.php?latex=%2B1%7B%2C%7D043.94%5Cpm0.45#0
https://www.codecogs.com/eqnedit.php?latex=%2B864.95%5Cpm0.43#0
https://www.codecogs.com/eqnedit.php?latex=-973.75%5Cpm0.43#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=%2B91.93%5Cpm0.34#0
https://www.codecogs.com/eqnedit.php?latex=%2B28.41%5Cpm0.64#0
https://www.codecogs.com/eqnedit.php?latex=%2B70.19%5Cpm0.38#0
https://www.codecogs.com/eqnedit.php?latex=-108.8%5Cpm0.36#0
https://www.codecogs.com/eqnedit.php?latex=-1%7B%2C%7D065.68%5Cpm0.41#0
https://www.codecogs.com/eqnedit.php?latex=-91.93%5Cpm0.34#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=-63.52%5Cpm0.62#0
https://www.codecogs.com/eqnedit.php?latex=-21.74%5Cpm0.36#0
https://www.codecogs.com/eqnedit.php?latex=-200.73%5Cpm0.34#0
https://www.codecogs.com/eqnedit.php?latex=-1%7B%2C%7D002.16%5Cpm0.71#0
https://www.codecogs.com/eqnedit.php?latex=-28.41%5Cpm0.64#0
https://www.codecogs.com/eqnedit.php?latex=%2B63.52%5Cpm0.62#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=%2B41.78%5Cpm0.66#0
https://www.codecogs.com/eqnedit.php?latex=-137.21%5Cpm0.64#0
https://www.codecogs.com/eqnedit.php?latex=-1%7B%2C%7D043.94%5Cpm0.45#0
https://www.codecogs.com/eqnedit.php?latex=-70.19%5Cpm0.38#0
https://www.codecogs.com/eqnedit.php?latex=%2B21.74%5Cpm0.36#0
https://www.codecogs.com/eqnedit.php?latex=-41.78%5Cpm0.66#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=-178.99%5Cpm0.38#0
https://www.codecogs.com/eqnedit.php?latex=-864.95%5Cpm0.43#0
https://www.codecogs.com/eqnedit.php?latex=%2B108.8%5Cpm0.36#0
https://www.codecogs.com/eqnedit.php?latex=%2B200.73%5Cpm0.34#0
https://www.codecogs.com/eqnedit.php?latex=%2B137.21%5Cpm0.64#0
https://www.codecogs.com/eqnedit.php?latex=%2B178.99%5Cpm0.38#0
https://www.codecogs.com/eqnedit.php?latex=0.00#0
https://www.codecogs.com/eqnedit.php?latex=%5CDelta%5Cln%7BZ%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5CDelta%20%5Cln%20Z%3D%5Cln%20Z_%5Ctext%7Brow%7D-%5Cln%20Z_%5Ctext%7Bcolumn%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5CDelta%5Cln%20Z%3E860#0



https://www.codecogs.com/eqnedit.php?latex=%5Cln%7BZ%7D#0
https://www.codecogs.com/eqnedit.php?latex=e_p#0
https://www.codecogs.com/eqnedit.php?latex=0.003%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.014%5E%7B%2B0.000%7D_%7B-0.005%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.000%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.002%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.000%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.003%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=%7B84.583%5E%7B%2B0.149%7D_%7B-0.325%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=57.976%5E%7B%2B0.035%7D_%7B-20.222%7D#0
https://www.codecogs.com/eqnedit.php?latex=72.106%5E%7B%2B0.014%7D_%7B-0.019%7D#0
https://www.codecogs.com/eqnedit.php?latex=77.315%5E%7B%2B0.017%7D_%7B-0.030%7D#0
https://www.codecogs.com/eqnedit.php?latex=88.190%5E%7B%2B0.127%7D_%7B-0.356%7D#0
https://www.codecogs.com/eqnedit.php?latex=86.610%5E%7B%2B0.054%7D_%7B-0.129%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5COmega#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%7B90.000%5E%7B%2B0.000%7D_%7B-0.000%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=%7B0.781%5E%7B%2B0.034%7D_%7B-0.028%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=17.723%5E%7B%2B0.005%7D_%7B-5.398%7D#0
https://www.codecogs.com/eqnedit.php?latex=4.048%5E%7B%2B0.008%7D_%7B-0.005%7D#0
https://www.codecogs.com/eqnedit.php?latex=9.057%5E%7B%2B0.129%7D_%7B-0.020%7D#0
https://www.codecogs.com/eqnedit.php?latex=R#0
https://www.codecogs.com/eqnedit.php?latex=46%7B%2C%7D174%5E%7B%2B1%7B%2C%7D295%7D_%7B-923%7D#0
https://www.codecogs.com/eqnedit.php?latex=56%7B%2C%7D736%5E%7B%2B1%7B%2C%7D805%7D_%7B-17%7D#0
https://www.codecogs.com/eqnedit.php?latex=58%7B%2C%7D344%5E%7B%2B14%7D_%7B-11%7D#0
https://www.codecogs.com/eqnedit.php?latex=47%7B%2C%7D654%5E%7B%2B1%7B%2C%7D583%7D_%7B-1%7B%2C%7D734%7D#0
https://www.codecogs.com/eqnedit.php?latex=48%7B%2C%7D687%5E%7B%2B37%7D_%7B-166%7D#0
https://www.codecogs.com/eqnedit.php?latex=55%7B%2C%7D871%5E%7B%2B59%7D_%7B-31%7D#0
https://www.codecogs.com/eqnedit.php?latex=e#0
https://www.codecogs.com/eqnedit.php?latex=0.418%5E%7B%2B0.002%7D_%7B-0.002%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.734%5E%7B%2B0.067%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.544%5E%7B%2B0.000%7D_%7B-0.000%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.435%5E%7B%2B0.003%7D_%7B-0.002%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.800%5E%7B%2B0.005%7D_%7B-0.005%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.619%5E%7B%2B0.001%7D_%7B-0.005%7D#0
https://www.codecogs.com/eqnedit.php?latex=a#0
https://www.codecogs.com/eqnedit.php?latex=2%7B%2C%7D698%7B%2C%7D152%5E%7B%2B4%7B%2C%7D078%7D_%7B-4%7B%2C%7D352%7D#0
https://www.codecogs.com/eqnedit.php?latex=3%7B%2C%7D983%7B%2C%7D986%5E%7B%2B1%7B%2C%7D242%7D_%7B-505%7B%2C%7D353%7D#0
https://www.codecogs.com/eqnedit.php?latex=3%7B%2C%7D472%7B%2C%7D184%5E%7B%2B1%7B%2C%7D303%7D_%7B-1%7B%2C%7D235%7D#0
https://www.codecogs.com/eqnedit.php?latex=2%7B%2C%7D451%7B%2C%7D302%5E%7B%2B4%7B%2C%7D245%7D_%7B-6%7B%2C%7D250%7D#0
https://www.codecogs.com/eqnedit.php?latex=1%7B%2C%7D870%7B%2C%7D866%5E%7B%2B10%7B%2C%7D773%7D_%7B-4%7B%2C%7D847%7D#0
https://www.codecogs.com/eqnedit.php?latex=3%7B%2C%7D397%7B%2C%7D380%5E%7B%2B25%7B%2C%7D476%7D_%7B-4%7B%2C%7D563%7D#0
https://www.codecogs.com/eqnedit.php?latex=w#0
https://www.codecogs.com/eqnedit.php?latex=374%7B%2C%7D242%5E%7B%2B2%7B%2C%7D763%7D_%7B-2%7B%2C%7D960%7D#0
https://www.codecogs.com/eqnedit.php?latex=602%7B%2C%7D047%5E%7B%2B982%7D_%7B-514%7B%2C%7D116%7D#0
https://www.codecogs.com/eqnedit.php?latex=73%7B%2C%7D836%5E%7B%2B291%7D_%7B-310%7D#0
https://www.codecogs.com/eqnedit.php?latex=263%7B%2C%7D718%5E%7B%2B1%7B%2C%7D305%7D_%7B-1%7B%2C%7D294%7D#0
https://www.codecogs.com/eqnedit.php?latex=184%7B%2C%7D039%5E%7B%2B1%7B%2C%7D982%7D_%7B-7%7B%2C%7D824%7D#0
https://www.codecogs.com/eqnedit.php?latex=480%7B%2C%7D256%5E%7B%2B1%7B%2C%7D460%7D_%7B-4%7B%2C%7D222%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctheta#0
https://www.codecogs.com/eqnedit.php?latex=%7B0.969%5E%7B%2B0.003%7D_%7B-0.006%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=0.561%5E%7B%2B0.144%7D_%7B-0.003%7D#0
https://www.codecogs.com/eqnedit.php?latex=1.536%5E%7B%2B0.017%7D_%7B-0.007%7D#0
https://www.codecogs.com/eqnedit.php?latex=1.587%5E%7B%2B0.010%7D_%7B-0.011%7D#0
https://www.codecogs.com/eqnedit.php?latex=3.781%5E%7B%2B0.138%7D_%7B-0.641%7D#0
https://www.codecogs.com/eqnedit.php?latex=4.551%5E%7B%2B0.035%7D_%7B-0.852%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cphi#0
https://www.codecogs.com/eqnedit.php?latex=%7B56.448%5E%7B%2B0.214%7D_%7B-0.271%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=117.817%5E%7B%2B8.785%7D_%7B-0.066%7D#0
https://www.codecogs.com/eqnedit.php?latex=118.063%5E%7B%2B0.113%7D_%7B-0.113%7D#0
https://www.codecogs.com/eqnedit.php?latex=150.136%5E%7B%2B0.474%7D_%7B-0.538%7D#0
https://www.codecogs.com/eqnedit.php?latex=112.815%5E%7B%2B1.133%7D_%7B-0.960%7D#0
https://www.codecogs.com/eqnedit.php?latex=56.964%5E%7B%2B0.412%7D_%7B-0.273%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cpsi#0
https://www.codecogs.com/eqnedit.php?latex=%7B42.773%5E%7B%2B1.346%7D_%7B-1.361%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=118.483%5E%7B%2B0.219%7D_%7B-66.599%7D#0
https://www.codecogs.com/eqnedit.php?latex=73.898%5E%7B%2B0.099%7D_%7B-0.110%7D#0
https://www.codecogs.com/eqnedit.php?latex=134.778%5E%7B%2B0.972%7D_%7B-1.170%7D#0
https://www.codecogs.com/eqnedit.php?latex=161.145%5E%7B%2B0.132%7D_%7B-0.680%7D#0
https://www.codecogs.com/eqnedit.php?latex=133.587%5E%7B%2B1.688%7D_%7B-0.462%7D#0

Table 14. Values of ring and exoplanet properties from the nested sampling
simulation compared for the main model and each of the five k-folds (Fold O -
ingress removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed,
Fold 3 - post-midtransit removed, Fold 4 - egress removed). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3.

Based on Table 1, it can be confirmed that each phase of the exoplanetary transit
(ingress, egress and midtransit) carries critically important information. This is
verified by the abnormally large values of relative Bayesian log-evidence (A In 2)
between the main model and each of the k-fold fits (~ 860 to 1,060) with

Aln Z > 5 already considered strong evidence of one model over another in
Bayesian statistics. This difference is especially strong when comparing the main
model with Fold 1 (pre-midtransit removed, & In Z ~ 1,066) and Fold 3
(post-midtransit removed, & In Z &~ 1,044), The positive values of A In Z for all
comparisons of k-folds against the main model confirm that adding new data
improves model predictivity, which is a characteristic of a real signal.

Nevertheless, the k-fold cross-validation results also confirm that the model does
not overfit local noise and show stable ring detection across all fits. Table 13 and
Figure 16 show that removing data at any of the main transit stages catastrophically
deteriorates both the log-evidence result and the residuals, which would not be the
case when the model fits noise instead of real light curve features. This is also
confirmed by the relatively small difference between In Z amongst the k-folds (e.g.,
Aln Z ~ 22 between Fold 1 and Fold 3) compared to the drastic In Z change
between the model and the k-folds, which suggests that the signal is distributed
fairly uniformly along the light curve and there are no local anomalies that fully
determine the statistical plausibility.

The consistency of ring detection and the reproducibility of positive results are also
supported by the k-fold best-fit parameters yielded by nested sampling in Table 14.
For instance, the k-fold radius estimates are relatively consistent (47,654 km to
58,344 km) and less than 9-2Rg (Santerne et al., 2019), which can be classified as a
stable partial explanation of the “super-puff’ phenomenon through the ring
hypothesis when taking into account that 20% of the data are removed for each fit.
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The ring parameters (semi-major axis, width, eccentricity and obliquity) possess
physically plausible values for every fold, always suggesting a large and eccentric
ring system in a configuration close to edge-on. Fold 2 suggests the most similar
values to the main model compared to other k-folds, showing that the inferred
values are mainly determined by the asymmetries in the transit ingress and egress,
and not by random error in the observations.

The physical plausibility of the fit can also be confirmed by the high sensitivity of
inferred orbital inclination values to the input data (Table 14). This effect is
especially evident for Fold O (¢ = 57.9°, different by 20.2° from the main fit). It
occurs because the ingress transit stage stores the key signatures caused by orbital
inclination. This proves that the model honestly shows the uncertainty when the
parts of the data are removed. The model fidelity is also evident from the residuals
in Figure 16, where the model fits the incomplete input data well but fails to fit the
removed data with high accuracy in Fold 0 and Fold 4.

Therefore, the model passes the k-fold cross-validation: the results disapprove
noise overfitting, are resilient to data loss, statistically robust and physically
plausible. This confirms that the model is consistent with rings. However, for the
best results, it is essential to use observations without time gaps.

4.4.6. Theoretical boundaries of the ring search

Another notable limitation of the current modeling framework is that the search
window for ring systems is strictly constrained to the Roche limit concerning the
semi-major axis of the rings. While it narrows the prior distribution, which is
important for more effective data fitting, and targets the algorithm on the most
stable and common ring configurations, it neglects potential rings that may exist at
greater distances. To broaden the possible range of values of the ring’s semi-major
axis, it would be necessary to incorporate a more complex approach to modeling
ring dynamics. Specifically, the model must incorporate the Hill radius (Heising et
al., 2015) - the region where the planet's gravity dominates over the star's tidal pull
- and the orientation of the Laplace plane (Heising et al., 2015), which affects the
precession and stability of the rings. Without these considerations, extending the
search boundary could lead to physically irrelevant ring configurations.
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5. Conclusions

In this study, we have described the development, validation and application of a
novel model for detecting exoplanetary rings and obtaining their properties
through data fitting of transit photometry measurements. Our new pixel-based
method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a
physically accurate characterization of the transit event. Also, the proposed model
aims to integrate the parameters that are often overlooked by other studies, such as
ring transparency, ring eccentricity and the full 3D orientation of the exoplanet
orbit and its ring.

The validity of our model was then tested through the generation of synthetic light
curves, which helped systematically explore the effect of each parameter on the
light curve. Finally, the model was implemented in practice by analyzing the
photometric data for HIP 41378f, which is a super-puff candidate and a
high-priority target for searches of exoplanetary rings. Our data-fitting results
show that the best-fit light curve that is produced by our model, which accounts

for the exoplanet’s rings, fits the observed data with EIDICCIOTE
FeEES N hoREaecouRtREORERORRES higher precision compared to four

alternative models (spherical ringless planet, oblate planet, observational noise and
stellar activity). The reliability of the model was also confirmed via a posterior
predicted check, k-fold cross-validation and analysis of parameter correlations.

Additionally, the nested sampling analysis has provided the first quantitative
measurements of the parameters of the HIP 41378f's hypothetical rings. Best-fit
parameters suggest a large (a = 0.018 AU), eccentric (e = 0.418) and tenuous

(7 = 0.006) ring, lying in an almost edge-on orientation, with parameter correlation
analysis suggesting only several possible degeneracies: exoplanetary orbit
eccentricity vs. exoplanet’s argument of periapsis, orbital inclination vs. exoplanet’s
argument of periapsis, ring eccentricity vs. its semi-major axis, and ring obliquity
vs. azimuthal angle. This serves as a potential sign of a ring system around HIP
41378f, yielding a planet bulk density estimate of 173.7 kg m™ suggesting that
inflated radii of super-puff exoplanets might be observational artifacts resulting
from unseen rings. The results also demonstrate the importance of obtaining
higher-precision data for a full characterization. This generally supports our
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hypothesis that it is possible to extract ring properties from a light curve by fitting
modeled light curves to observations.

Thus, in the future, our model can become a valuable tool for discovering and
confirming new exoplanetary ring systems, estimating their parameters, and
re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring
system, obtaining its general properties is essential, which can now be done by
implementing our tool.

As it is evident, even though the model is precise and takes into account many
parameters the effect of which on the transit light curve is minor, our model can be
improved by running a nested sampling simulation with more live points and
handling ring precession (Heising et al., 2015), light scattering by rings (Barnes &
Fortney, 2004), Laplace plane (Heising et al., 2015) and effects of exomoons on ring
stability. For decreasing the possible degeneracies and reducing computational
intensity, it is favorable to decrease the number of model parameters, switching
from the full 3D exoplanetary orbit orientation to impact parameter and potentially
favoring circular rings for avoiding the degeneracy between a and e. Other
prospects that this work introduces for the nearest future include:
injection-recovery analysis for quantifying detection efficiency and sensitivity
limits, specifically by injecting synthetic ringed exoplanet transits of various optical
depths and geometries into HIP 41378f residual observational data, determining the
minimum signal-to-noise ratio required to distinguish between super-puff planets
and ring candidates; analyzing more real light curves and detecting more ring
systems; exploring irregular ring systems, where the rings exist outside the Roche
radius; studying HIP 41378f further, approving the existence of its rings and
examining if its inflated radius can be caused by any other effect. Another
important prospect is integrating the tool with other software, for instance, TLS,
for easier and more frequent analysis of exoplanetary ring systems.

ACKNOWLEDGEMENTS

we  than | o

constant support, insightful discussions and valuable feedback on the paper.

Furthermore, we thank | (o


https://www.codecogs.com/eqnedit.php?latex=a#0
https://www.codecogs.com/eqnedit.php?latex=e#0

supervision and help with the publication and _ for

providing talented students all around the world the opportunity to transform the
future through research.

This paper includes data collected by the Kepler mission and obtained from the
MAST data archive at the Space Telescope Science Institute (STScl). Funding for the
Kepler mission is provided by the NASA Science Mission Directorate. STScI is
operated by the Association of Universities for Research in Astronomy, Inc., under
NASA contract NAS 5-26555.

BIBLIOGRAPHICAL STATEMENT

Since early childhood, I have been fascinated by astronomy and astrophysics. I am
inspired by space research that can practically contribute to science and influence
our understanding of the universe. Recently, | became interested in researching the
possibility of detecting and studying rings around exoplanets and minor bodies in
the Solar System. And I am happy to have successfully created a specific tool that
may help identify more ringed planet candidates, which can help us build the
foundation for future research.

Thanks to being selected as _ I was able to receive
guidance from experts in Astrophysics during _

. This program allowed me to study methodologies and advanced
research techniques. The practical application of the skills I acquired allowed me to
bring my ideas to life and conduct this scientific research, which, I hope, will
contribute to the field of exoplanetary studies.

RESOURCES

e Aizawa (%7#1E /), M., Uehara (_-J5U#H), S., Masuda (¥4 H'8 ), K., Kawahara ({7 J5UAl),
H., & Suto (ZHJ#¥5), Y. (2017). Toward Detection of Exoplanetary Rings via Transit





https://doi.org/10.3847/1538-3881/aa6336
https://doi.org/10.1086/425067
https://doi.org/10.1088/0004-637X/705/1/683
https://doi.org/10.3847/1538-3881/ab100c
https://doi.org/10.1086/432966
https://doi.org/10.1117/12.856638
https://ui.adsabs.harvard.edu/abs/1969efe..book.....C
https://www.sissa.it/ap/phdsection/AlumniThesis/Guglielmo%20Costa.pdf
https://doi.org/10.1017/9781316286791.003
https://doi.org/10.3847/1538-4357/ac33aa
https://doi.org/10.1063/1.4934315



https://doi.org/10.1093/mnras/stw224
https://scholarlycommons.pacific.edu/euler-works/478/
https://doi.org/10.1111/j.1365-2966.2009.14548.x
https://doi.org/10.1086/670067
https://doi.org/10.1051/0004-6361/202243940
https://doi.org/10.1016/0019-1035(78)90165-3
https://doi.org/10.21105/joss.06816
https://doi.org/10.1051/0004-6361/202244182
https://doi.org/10.48550/arXiv.2507.01807



https://doi.org/10.1038/s41586-020-2649-2
https://doi.org/10.1016/j.icarus.2011.11.006
https://doi.org/10.1088/0004-637x/814/1/81
https://doi.org/10.1007/s11222-018-9844-0
https://doi.org/10.1051/0004-6361/201834672
https://doi.org/10.1007/BF02728017
https://doi.org/10.1086/145697
https://doi.org/10.1111/j.1365-2966.2006.10298.x
https://doi.org/10.1029/2001JA000182
https://doi.org/10.1088/0004-637X/800/2/126
https://doi.org/10.5281/ZENODO.3348367



https://doi.org/10.3847/1538-3881/ab5d36
https://doi.org/10.3847/1538-4357/ada4b2
https://doi.org/10.1038/nature13780
https://doi.org/10.1007/s11214-024-01104-y
https://doi.org/10.1038/s41586-022-05629-6
https://doi.org/10.1017/CBO9781139174817
https://doi.org/10.1088/0004-637x/690/1/1
https://doi.org/10.3847/1538-3881/ab7192
https://doi.org/10.1126/science.1143977
https://doi.org/10.1088/0004-637X/807/1/64

Utry, N., Ajtai, T., Pintér, M., Tombacz, E., llés, E., Bozoki, Z., & Szabd, G. (2014). Mass
specific optical absorption coefficients of mineral dust components measured by a
multi wavelength photoacoustic spectrometer. Aerosols/Laboratory


https://doi.org/10.48550/arXiv.1911.07355
https://doi.org/10.1208/s12248-009-9133-0
https://doi.org/10.1088/0004-637X/734/2/117
https://doi.org/10.1063/1.1835238
https://doi.org/10.1214/06-BA127
https://doi.org/10.1093/mnras/staa278
https://doi.org/10.1016/0083-6656(56)90060-5
https://doi.org/10.3847/1538-4365/aa8c09
https://pressbooks.howardcc.edu/jrip3/chapter/exoplanet-photometry-and-false-positives/
https://pressbooks.howardcc.edu/jrip3/chapter/exoplanet-photometry-and-false-positives/
https://doi.org/10.1007/978-94-007-5606-9_7
https://doi.org/10.1088/2041-8205/765/2/L28
https://books.google.com/books?hl=en&lr=&id=1i1RDwAAQBAJ&oi=fnd&pg=PA112&dq=neptune+le+verrier+ring&ots=-axyjzN6mL&sig=gXYjLrEYFc_Ts8edzeSvvLdGhfk#v=onepage&q=neptune%20le%20verrier%20ring&f=false
https://books.google.com/books?hl=en&lr=&id=1i1RDwAAQBAJ&oi=fnd&pg=PA112&dq=neptune+le+verrier+ring&ots=-axyjzN6mL&sig=gXYjLrEYFc_Ts8edzeSvvLdGhfk#v=onepage&q=neptune%20le%20verrier%20ring&f=false
https://books.google.com/books?hl=en&lr=&id=1i1RDwAAQBAJ&oi=fnd&pg=PA112&dq=neptune+le+verrier+ring&ots=-axyjzN6mL&sig=gXYjLrEYFc_Ts8edzeSvvLdGhfk#v=onepage&q=neptune%20le%20verrier%20ring&f=false

<
Q)
o0
n
=
£
[¢]
3
)
=
N
)
&
—t
&
e
=
o
(@)
[¢)
wn
@,
=)
1, 0o
I
=)
o
]
1=
O
=
3
Y
=4
O
=)
&
—t
=.
2
o,


https://doi.org/10.5194/amtd-7-9025-2014
https://doi.org/10.3847/2041-8205/827/1/L10
https://doi.org/10.1088/1742-6596/1414/1/012012
https://doi.org/10.1038/s41592-019-0686-2
https://doi.org/10.1093/mnras/84.9.665
https://mathworld.wolfram.com/RotationMatrix.html

Dear Convergence Journal anonymous referee,

I would like to express my sincere gratitude for your detailed and valuable
comments, attention to detail, and time devoted to my article. I believe that your
suggestions became a strong foundation for the improvement of my manuscript.
Furthermore, working on your responses required a significant amount of effort
and additional in-depth data analysis that formed a completely new layer of my
research and helped me validate my results from new perspectives.

Thank you for your contribution to my work. Below, [ have listed my responses to
all of your comments.

1) “Authorship & mentorship disclosure (important). Please add a concise
statement on: (i) the role and extent of mentorship/supervision; (it) which parts
(derivations, code, analysis) are the student’s independent contribution; (iit) any
use of CAS/LLM /code assistants; and (iv) availability of scripts/notebooks used
for figures and fits. Such provenance increases trust in an advanced work for
the stated level.”

(i) I asked each of my mentors to write a contribution letter. I have attached these
letters to the email to the editorial board. (ii) In their contribution letters, my
mentors mention their roles in helping me create the paper. I can also confirm that
the code, the analysis and the derivations are a product of my independent work.
(iii) I did not use any CAS or LLM for creating the text of the paper. I also did not
use Al tools for writing the code for nested sampling / MCMC algorithms, tables
and Figures 2-16. I only implemented Al (Gemini 3) for:

e Creating a README . md file to coherently summarize the main features of
each program point-by-point on GitHub based on my main code files;

e Transferring limb-darkening coefficients from tables in Claret & Giménez,
1990 and Diaz-Cordoves & Giménez to JSON files (square root.json and
quadratic.json) used by the limb-darkening algorithm (only in synthetic
light curves). I had double-checked the result before using these files in my
synthetic light curve generation. The rest of the synthetic curve generation
was done by me.

Therefore, Al was used neither in the paper writing nor in the coding. It was utilized
to help with the completion of two simple, routine tasks. All work done by Al was



validated and checked by me to ensure that it has successfully transferred
limb-darkening coefficients and summarized my programs in a README.

(iv) The previous time, the link to my GitHub repository was deleted due to
anonymity issues. Now, [ have created a new repository that is anonymous:

https: //anonymous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.
Unfortunately, | was unable to transfer my full commit history to the repository, as

my old README . md contained personal information. Therefore, only the latest
version is available. See README . md to gain a better understanding of the role of
each script.

2) “Model complexity, identifiability, and overfitting. The ringed model
introduces many extra parameters (ring tilt and position angle, inner/outer
radii, optical depth 7, possible multi-ring structure), on top of transit and
limb-darkening parameters. This creates strong degeneracies (e.g., impact
parameter vs. ring tilt vs. 7 ; ring radii vs. limb-darkening coefficients; fine ring
structure vs. partial transparency) and raises the risk of fitting noise
(overfitting). Please:

* Explicitly discuss identifiability; show correlation matrices/corner plots for
key parameter pairs.

I have added Section 4.4.4 (Parameter correlations and degeneracies), where I
included the correlation heatmap for the main model and discussed the corner
plots and the PCCs, identifying several possible degeneracies: exoplanetary orbit
eccentricity vs. exoplanet’s argument of periapsis, orbital inclination vs. exoplanet’s
argument of periapsis, ring eccentricity vs. its semi-major axis, and ring obliquity
vs. azimuthal angle. I also mention that the noise in the data hinders the distinction
between circular and elliptical rings and that it would be profitable to decrease the
number of parameters, replacing orbital orientation parameters with the impact
parameter and removing the ring eccentricity to improve the accuracy of other
parameters’ estimation. Read the full in-depth analysis in the new Section 4.4.4.

I have also added a concise analysis of the corner plot in terms of posterior
distributions right in Section 4.2, where the nested sampling results are introduced:
“The corner plot provided by the nested sampling analysis (see Figure 10) demonstrates that
most parameters are well-constrained. While some parameters, like orbital and ring
eccentricities and arguments of periapsis, ring semi-major axis, and ring width, are
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distributed almost normally, other parameters exhibit more complex structures. The orbit
inclination and the argument of periapsis, for example, display a bimodal distribution, with a
secondary peak at a lower value than the best fit. This feature is related to the degeneracy
between these two parameters and highlights that there are two distinct scenarios that result
in the same impact parameter value (see more on that in Section 4.4.4). The exoplanet radius
is notably left-skewed, suggesting that while the data strongly favors a specific size, there is a
probability tail toward smaller radii that is compensated for by adjustments in ring
parameters that affect the transit depth. Conversely, ring obliquity and azimuthal angle are
right-skewed. This asymmetry indicates that the model is more certain about the maximum
inclination required to produce the observed dip but allows for a broader range of edge-on
configurations that still fit the light curve’s shape, which is also supported by our findings in
Section 4.4.4.”

In Section 4.4.3 (Observational Limitations), I explicitly mention that the noise can
pose serious limitations, making identifiability uncertain:

“In these conditions, the model may be attempting to fit observational noise instead of the ring
features. Thus, much more precise data from next-generation telescopes is required to
confidently distinguish between the variation triggered by noise and the true signature of a
ring.”

* Justify added complexity with quantitative model comparison against
baselines: Bayes factors (preferred), WAIC/LOO-CV, or BIC/AIC for (a) no-ring,
(b) oblate planet, (c) spot/third-light/dilution alternatives.
To quantitatively compare the primary model to alternative hypotheses, I used
Bayesian evidence. For that, I had to switch from MCMC to nested sampling and
re-fit my primary model and four alternative models. Additionally, switching to
nested sampling gave me much higher-quality fits.
Here is a portion of my paper that describes the nested sampling algorithm:
“Finally, the nested sampling simulation is run with Naim = 11 dimensions (one for each
model parameter), Nive = 500 live points (pointers in the parameter space), using the
Python dynesty module (Speagle, 2020; Koposov et al., 2024) with no changes to its default
settings (including the stopping function).”
Here is a part that describes the results of the nest
“The results of the nested sampling analysis for the super-puff planet HIP 41378f suggest that
the planet indeed has a ring system that is almost edge-on, immense, eccentric and partially
transparent.
According to its default stopping function, the nested sampling has converged fully after

Nean = 39,597 cqlls of the main model, providing the maximum log-likelihood of
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¢ =12,866.89 (most favorable scenario, see Section 3.3) and log-evidence of

InZ =12,801.47 + 0.25 (a global measure of a fit model that accounts for both the quality
of the light curve fit and the complexity of the parameter space generated by this model).
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Figure 10. The corner plot generated by our 11-parameter nested sampling analysis with
Naim = 11 dimensions and Nive = 500 live points that has converged after

Nean = 39,597 function calls. The diagonal panels display the one-dimensional posterior
distributions (black histograms) compared against the uniform prior distributions (horizontal
blue lines), illustrating the parameter shrinkage and information gain. The best-fit parameter
values and 1o uncertainties are quoted above each histogram. The off-diagonal panels
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illustrate the two-dimensional joint probability distributions with contours representing the
1o, 20, and 30 confidence levels. The prior boundaries are recorded in Table 3. The diagonal
panels demonstrate significant parameter shrinkage, which is also numerically evaluated in
Table 5, indicating significant information gain constrained by the data regardless of initial
broad priors. Although not every posterior distribution is normal (with some even being
bimodal), the clearly identified peaks support the hypothesis that HIP 41378f possesses a ring
system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude of Ascending Node), Arg. Periapsis
(Argument of Periapsis), S.-M.A. (Semi-Major Axis), and Az. Ang. (Azimuthal Angle).

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the projection of
the 3D configuration of the ring to the viewed plane produced using the best-fit parameter
values identified via nested sampling with Niim = 11, Niwe = 500 and Nean = 39,597 |
Black areas represent pixels with optical depth 7 = 0, and the white spots represent pixels
with 7 — oo, with gray color depicting the optical depth of the ring. The results are
consistent with a large ring model that has an almost edge-on orientation, which physically
resolves the “super-puff” paradox, suggesting that the density of HIP 41378f was previously
overestimated. The figure also confirms that the masking algorithm can accurately represent
the rings even in extreme configurations (close to edge-on).”
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According to the best-fit created by the nested sampling, our ring optical depth and
planet bulk density estimates are now 7 = 0.006 for face-on (7 = 0.593 is observed

due to the almost edge-on case) and 173.7 kg m_g, respectively.

The model is compared against the alternatives in the new Section 4.3.7 (Model
comparison) through evaluating the log-evidence differences (A In Z) between
them. Our results show that adding complexity is not needed for observational
noise and starspots/faculae (compared to the ringless model), but is justified for
the oblate planet and, most importantly, for the ringed planet model.

* Include posterior predictive checks and simple train/test (or k-fold) splits to
demonstrate predictive improvement, not only in-sample likelihood gains.”

I added the posterior predictive check to Section 4.2:

“Furthermore, a posterior predictive check (PPC) was implemented in order to confirm
that the nested sampling has converged and found a local log-likelihood maximum (see
Figure 12). The posterior predictive check involved plotting the model light curves for 100
random samples for parameter sets within the uncertainty limit of the best-fit parameters
(model lightcurves for the points in the parameter space near the local maximum). The
tight grouping of the models and the comparison of the best-fit light curve to the average
of near-maximum simulations show that the model has indeed converged and found an
existing local log-likelihood maximum, successfully narrowing down the possible system
configurations and effectively fitting the transit light curve shape in addition to the transit
depth.
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Figure 12. Posterior Predictive Check (PPC) showing the reliability of the ringed exoplanet
model. The solid black line represents the best-fit model identified by the nested sampling
analysis. The light blue lines represent 100 separate simulations created using random
samples within the 20 confidence interval for each parameter; their narrow spread
indicates high confidence in the model. The dashed orange line shows the average of these
simulations. The fact that the blue spread of lines tightly follows the black line and the
black line almost corresponds with the dashed orange line demonstrates that the nested
sampling has converged on a physically consistent solution that accurately reproduces the
observed light curve features.

Furthermore, I added Section 4.4.5 (Model predictivity and handling data with gaps)
describing the algorithm of the 5-fold cross-validation and its results with
discussion of residuals, A In Z and estimated parameter values for each fold. The
results suggest against noise overfitting and confirm the predictive improvement of
the primary model.
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3) “Priors and robustness. State the priors for all parameters and assess
sensitivity (broad vs. informative). Provide a table showing prior-to-posterior
shrinkage and corner plots highlighting how priors reqularize degeneracies
(e.g., T vs. radii, tilt vs. impact parameter).”

I included the uniform priors (blue lines) in the corner plot:

“
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Figure 10. The corner plot generated by our 11-parameter nested sampling analysis with

Naim = 11 dimensions and Nive = 500 [ive points that has converged after
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Nean = 39,597 function calls. The diagonal panels display the one-dimensional posterior
distributions (black histograms) compared against the uniform prior distributions (horizontal
blue lines), illustrating the parameter shrinkage and information gain. The best-fit parameter
values and 1o uncertainties are quoted above each histogram. The off-diagonal panels
illustrate the two-dimensional joint probability distributions with contours representing the
1o, 20, and 30 confidence levels. The prior boundaries are recorded in Table 3. The diagonal
panels demonstrate significant parameter shrinkage, which is also numerically evaluated in
Table 5, indicating significant information gain constrained by the data regardless of initial
broad priors. Although not every posterior distribution is normal (with some even being
bimodal), the clearly identified peaks support the hypothesis that HIP 41378f possesses a ring
system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude of Ascending Node), Arg. Periapsis
(Argument of Periapsis), S.-M.A. (Semi-Major Axis), and Az. Ang. (Azimuthal Angle).”

I included the classification of the used priors are broad and added a concise
explanation of the choice:

“Another essential step for an effective nested sampling simulation is setting prior
distributions (probability distributions that represent the initial belief about the system) for
floating parameters (those to be fit) that should be carefully constrained to avoid degeneracies.
In our nested sampling, we used uniform (a probability distribution where all possible
outcomes within given boundaries are equally likely to occur) prior distributions that are
broad (expressing a high degree of initial uncertainty in the parameter values). This approach
was chosen to ensure that the posterior estimates were driven primarily by the experimental
data rather than by initial constraints. Despite the use of uniform priors, the majority of
resulting posterior distributions exhibited Gaussian characteristics with high shrinkage
values (see Section 4.2).”

Admittedly, broad priors are not always the best choice, so I added a brief
explanation of the main drawback of broad prior selection to the model limitations:
“This is only deteriorated by the selection of priors that are very broad (Section 3.2), as it leads
to an increase in the number of nested sampling iterations required to converge due to prior
sensitivity of the model. Thus, for Nean = 39,597 (see Section 4.2), a total of 35,637,300
magnitude change calculations are required.”

Here is the table of priors [ have added to the paper. It includes uniform priors with
static and dynamic boundaries. The difference is that for dynamic priors, the
boundaries are recalculated based on values of other parameters and the
log-likelihood immediately returns —oc if a dynamic parameter is out of bounds.
The prior boundaries that are provided to the actual nested sampling algorithm are
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actually set to the minimum possible value of the lower bound and to the maximum
value of the upper bound for each parameter based on the values of other
parameters (this is also shown in the table).

[13

periapsis (V)

Prior Boundaries Type Rationale
. Must not be too close to ¢» = 1 to
Exoplanet orbit .
pHane e 0.0 to 0.9 static | avoid huge matrix sizes that can slow
eccentricity (°») )
down calculations
Exoplanet orbit Lo .
inclination (7) 0 to 90 SAte | Other values of © and w would result
in configurations that are
90 — 5 x 107" ] isti
Exoplanet longitude of 5 . symmetrical to thosg c.Llreac‘ly existing
. to static and, thus, return similar light curve
ascending node (2) _go
90 +5 x 10 results. The selected range for €2
ensures geometric transit for a large
E:xoplangt argument of 0 to0 180° static semi-major axis (A = 1.377 AU)
periapsis (w)
2,000 km ¢, Must be lower than in Santerne et al.,
Exoplanet radius (I7) ' 99R. static 2019 as we include the ring, which
e increases transit depth
Must not be too close to ¢» = 1 to
Ring eccentricity (¢) 0.0 to 0.9 static | avoid huge matrix sizes that can slow
down calculations
Ring semi-major axis (a) R/(1 =€)t dvnamic See Section 2.2.1 and formulas
9 ) dRochc/(l + E) Y 2.2.1-2.2.3
Ring width (w) 0 to @max —a | dynamic | See Section 2.2.1 and formula 2.2.4
Ring obliquity (¢)) 0to 90 static Other values of these parameters
would result in configurations that
Ring azimuthal angle (¥) 0 to 180° static are symmetrical to those already
existing and, thus, return similar
Ri t - light curve results
ing argument of 0 to 180° static J

Table 3. Prior distribution boundaries and their classification as static or dynamic for the
parameters that are to be fit using the nested sampling algorithm. All prior distributions are

uniform.”
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I also added a short explanation of what shrinkage is and how it is calculated and a

table with both posteriors and shrinkage values:

“The shrinkage values (defined from O to 1) in Table 5 represent the degree to which the
experimental data have constrained the model parameters relative to our initial assumptions
(Section 3.2). High shrinkage values (closer to 1) indicate that the posterior distribution is
driven more by the observational data than by the priors, effectively measuring the
‘information gain' provided by the transit light curve. As non-informative priors were initially
selected, low shrinkage values can indicate major issues in parameter space exploration,
suggesting that the number of nested sampling iterations or the number of live points is
insufficient.

In this work, shrinkage S (Savic & Karlsson, 2009) was calculated as:
S—1-— Opost ,

Oprior (4.2)
where Ppost is the standard deviation of the posterior distribution and Zprior is the standard
deviation of the prior distribution.

Parameter name Estimated value Shrinkage
Exoplanet orbit eccentricity (€») 0.003*" 8:888 0.9983
Exoplanet orbit inclination (1) 845837:8}),320 0.9865
Exoplanet longitu(dé )of ascending node 90‘000418:8880 0.4303
Exoplanet argument of periapsis (w) 0.78 14588330 0.9991
Exoplanet radius (R) 46,1741L51,I22395 km 0.8999
Ring eccentricity (€) (],418J_F8:88§ 0.9884
Ring semi-major axis (@) 2,6983152+ij§’§§ km 0.9946
Ring width (w) 3743242%:523 km 0.9964
Ring obliquity () 0.96910:093° 0.9997
Ring azimuthal angle (9) 56.448T0211° 0.9931
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Ring argument of periapsis (¥) 42.77371-346° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling simulation. The
values themselves represent the median points of the posterior distributions for each
parameter, and the upper and lower error limits of the parameter values represent 1o
confidence intervals.”

I also added an evaluation of the obtained prior-to-posterior shrinkage values:

“The high shrinkage (S ) values observed across most model parameters indicate that the final
posterior distributions are primarily driven by the observational data, not by the initial prior
assumptions (Section 3.2). However, a notably lower shrinkage value for one parameter: the
longitude of the ascending node. S = 0.4303 occurred due its exceptionally narrow prior
bounds, which were strictly constrained to ensure a geometric transit occurred given the
planet's large semi-major axis. This further indicates that the parameter space was explored
fully and resulted in adequate posterior distributions for each parameter.”

4) Confounders and alternative explanations. Ingress/egress asymmetries and
shape distortions can be produced by stellar spots/faculae, gravity darkening,
third-light dilution, finite exposure/integration (cadence smearing), and
instrumental systematics. Fit these alternatives and include them in the
model-comparison suite; discuss residuals and evidence weights relative to the
ring hypothesis.

I added Section 4.3 (Alternative explanations for transit asymmetry) with 7
subsections. It describes how every alternative model was created and compares
the fits in terms of residuals, A ln Z and the uncertainty in the estimated
parameter values. To find out about the modeling process and the results, read the
section itself.

In Sections 4.3.5-4.3.6, I acknowledge that gravity darkening and third-light dilution
are important effects to consider, but explain that they are negligible for HIP 41378f,
relying on real data about the system and surrounding objects to estimate the
magnitude of these effects.

Due to the irrelevance of these effects to the system of HIP 41378, I did not perform
exhaustive separate modeling of them. I really hope that this makes sense, backed
by my in-depth analysis of these effects in Sections 4.3.5-4.3.6. It would be
definitely profitable to model these effects as they may be relevant to systems other
than HIP 41378; however, it is out of the scope of this paper because it is mainly
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focused on the analysis of the HIP 41378f data and creation of the synthetic light
curves for the ringed exoplanet model. Therefore, although gravity darkening and
third-light dilution can apply to other systems, modeling them would significantly
shift the focus of the paper towards these two effects, which are irrelevant for HIP
41378f, because they are notably complex to model and require a lot of new
background that is generally not related to the primary goals of this study.

Similarly, I also included a paragraph about the negligibility of cadence smearing in
Section 4.3.3 that directly cites another paper (Berardo et al., 2019), where the
41378f data was taken from, that directly supports this finding:

“It is important to mention that this model accounts only for random (white) noise. It does not
represent any deterministic instrumental effects, such as cadence smearing (an effect that
arises from integration of received flux over a finite exposure time). However, following the
findings from Berardo et al., 2019, modeling cadence smearing is unnecessary, as for short
cadence data (1-minute exposure), the effect of smearing was well below the intrinsic scatter
of data. While cadence smearing can affect the long cadence (30-minute) data, our model
stacks short and long cadence data (Figure 5); the high resolution of the former ensures that
the estimated ring properties are not biased by this effect.”

5) “HIP 41378f claims and presentation. Calibrate language to “consistent with
rings” and present a consolidated parameter table (medians and credible
intervals). Add a figure overlaying data, no-ring fit, and ringed fit with stacked
residuals to show where the ring model earns its improvement.”

e [ tried to rephrase harsh wording to “consistent with rings” in several places in the
paper and included this phrasing in the new analysis:

e “Thus, our results are consistent with an exoring system around HIP 41378f”

e “The results are consistent with a large ring model that has an almost edge-on
orientation, which physically resolves the “super-puff” paradox, suggesting that the
density of HIP 41378f was previously overestimated.”

e “This combination of parameters is consistent with a ring composed primarily of
micron-sized dust that could form thanks to the debris from the collisions of tiny space
rocks and nearby moons (e.g., this applies to Saturn’s E ring, Hedman et al., 2011).”

e “The fact that the blue spread of lines tightly follows the black line and the black line
almost corresponds with the dashed orange line demonstrates that the nested sampling
has converged on a physically consistent solution that accurately reproduces the
observed light curve features.”

e “The superiority of the primary (ringed) model over all alternative model fits

o ( AlnZ > 53240) confirms that the ring hypothesis is the most consistent with data.”
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e “Therefore, of all suggested transit asymmetry hypotheses, the observed data is most
consistent with the ringed model.”
e “This confirms that the model is consistent with rings”

Here is the consolidated parameter table:

“

Parameter name Estimated value Shrinkage
Exoplanet orbit eccentricity (€») (],(]{)34:8:888 0.9983
Exoplanet orbit inclination (%) 84583418520 0.9865
Exoplanet longitude of ascending 9[)‘0()04:8-8880 0.4303

node (£2) '

Exoplanet argume)nt of periapsis (w 0.78 1j883§° 0.9991
Exoplanet radius (R) 46?17411,?22395 km 0.8999
Ring eccentricity (€) 0.41810002 0.9884
Ring semi-major axis (@) 2,698,1 527:;1-%3 km 0.9946
Ring width (w) 374’242%:;23 km 0.9964
Ring obliquity () 0.9699:003° 0.9997
Ring azimuthal angle ( o) 56.44870-214° 0.9931
Ring argument of periapsis (V') 42.77377356° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling simulation. The
values themselves represent the median points of the posterior distributions for each
parameter, and the upper and lower error limits of the parameter values represent 1o
confidence intervals.”

The “figure overlaying data, no-ring fit, and ringed fit with stacked residuals to show
where the ring model earns its improvement” (this figure also includes other
alternative models):

[13
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Figure 15. Best-fit light curves and residuals for the primary (ringed model) and four
alternative ringless models that take into account various minor effects (ringless, oblate
planet, observational noise and starspots/faculae). The upper panel displays the observational
data (gray circles) overlaid with the best-fit light curves for each of the alternative models:
ringed (main) model (red wide solid line), ringless model (yellow dashed line), oblate planet
model (green dash-dot line), observational noise model (blue dotted line) and starspots/faculae



model (purple solid line). Their respective residuals are represented by unique markers: red
circles (ringed), yellow upward triangles (ringless), green squares (oblate planet), blue
diamonds (observational noise) and purple downward triangles (starspots/faculae). According
to the residuals, the ringed model fit is the best fit of the observed data, along with the oblate
planet model yielding the second-best fits and other models yielding fairly similar fits that are
a worse representation of the data.”

Here is the analysis of the residuals:

“As it is evident from Figure 15, the ring model exhibits the most precise alignment with the
observed data, particularly in the ingress, midtransit and egress stages, with residuals
centered closely around zero, where other models result in much more scattered residuals.
Conversely, the ringless model partially captures the ingress and the egress stages but fails to
precisely align with the midtransit. The oblate planet model manages to capture the
midtransit with better precision but faces strong misalignment with data at both the ingress
and the egress stages, and the two other models fail to fit all three of these stages. This
suggests that each of the four alternative models fails to capture all light curve features alone.”

6) “Injection-recovery validation. Add injection-recovery tests across S/N,
cadence, impact parameter, ring tilt, 7, and ring radii. Report
completeness/false-positive rates and true-vs.-recovered parameter plots. This
directly addresses the “a flexible model can fit anything” concern.”

In the conclusion, I mentioned injection-recovery tests as an area for further
improvement:

“injection-recovery analysis for quantifying detection efficiency and sensitivity limits,
specifically by injecting synthetic ringed exoplanet transits of various optical depths and
geometries into HIP 41378f residual observational data, determining the minimum
signal-to-noise ratio required to distinguish between super-puff planets and ring candidates”

Thank you for suggesting injection-recovery validation as a method of quantifying
the sensitivity of my model and validating whether false-positives may occur. I fully
agree that it is highly relevant for population studies, as it helps evaluate the model
as a whole and assess its efficacy. However, I still believe that I-R remains out of the
scope of the current research paper, as the paper is still mainly focused on the
characterization of HIP 41378f. Moreover, some technical challenges may come with
it:
1) Our model was generally tailored to the case of HIP 41378f. This includes
setting the fixed system parameters, selecting the appropriate ring
composition to work with, etc.;



2) As my model includes 11 nested sampling parameters and calculates the
change in orbital position through complex matrix operations and
numerically solving equations, the average nested sampling run for it takes
about 2 days. This can become shorter if [ replace orbital parameters with
impact parameter and get rid of ring eccentricity, but this would not make
the fitting process much faster due to maintaining the pixel-based approach
on which the model is built. For a relevant I-R analysis for satisfactory
analysis of completeness and false-positive rates, hundreds of runs would be
required, which would take months.

I have also discussed this question with my mentors, and they told me I would not
have enough time to implement this type of validation, adhering to reasons similar
to those above.

Moreover, none of the papers that created exoplanetary ring models from those I
have analysed have incorporated this type of validation (e.g. Kenworthy & Mamajek,
2015; Lu et al., 2025; Heising et al., 2015; Piro & Vissapragada, 2020; Aizawa et al.,
2017).

Therefore, I have decided to prioritize the analysis of data-fitting results for HIP
41378f, focusing on rigorous Bayesian model comparison. However, I am still
inspired by the possibilities I-R can offer, so maybe I will try working on this type of
validation later and even publish a new research paper based on it.

7) “Figures & accessibility. The paper is well illustrated; for BEW print,
distinguish curves by line styles/markers (solid /dashed /dotted,;
circles/squares/triangles) in addition to color, and expand captions with key
takeaways and relevant run settings.”

I have distinguished all figures in the paper by line (solid, dashed, dotted and
dot-dashed) and point styles (circles, squares, diamonds, upward and downward
triangles). I have also mentioned these styles in the legend for a B&W print.

I added a separate table for default parameter values for synthetic models to avoid
repeatedly listing them in figure captions and replace with references to this table:

“

Parameter Value




Exoplanet semi-major axis (A) 0.1 AU
Exoplanet orbit eccentricity (“») 0.45
Exoplanet orbit inclination (1) 2°
Exoplanet longitude of ascending node (2) 30°
Exoplanet argument of periapsis (w) 0°
Exoplanet radius (IR) 176,000 km

Exoplanet mass (M)

1.9 x 10" kg

Ring eccentricity (€) 0.2
Ring semi-major axis (a) SR
Ring width (w) R

2
Ring obliquity () 30°
Ring azimuthal angle ( @5) 20°
Ring argument of periapsis ( Jlrb) 0
Ring optical depth (T) 1.4
Host star radius (Fs) 700,000 km
Host star temperature (") 5,500 K
Host star logarithm of surface gravity ( log(yg )) 3.0
Observation band u
Pixel size (PX) 10,000 km

Table 4. Default parameter values for building synthetic light curves.”

I have also included key run settings and main takeaways in each figure caption:
Figure 1 - “The figure illustrates that the spatial configuration of the ringed exoplanet has a
direct impact on specific features in the photometric light curve that is more complex and

yields different results compared to a simple spherical planet transit.”
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Figure 2 - “Unless mentioned otherwise above, the ring is depicted for parameter values of

6 =30°, ¢ =40° ¥ =0 gnd e = 0.2; exoplanetary radius of 20 pixels and ring
semi-major axis of 100 pixels. This figure serves as a visual definition of the rotational
properties of the exoplanetary ring and its eccentricity, showing how the four parameters
alter the ring’s projected area and shape on the pixel grid. The pixel-based model successfully
translates the 3D ring geometry to a 2D Cartesian plane, allowing for numerical integration
of any ring configuration.”

Figure 3 - “Unless mentioned otherwise above, the orbit is drawn for parameter values of

i =30°, Q= 40°, w = 0° and ¢ = 0-2; stellar radius of 20 pixels and exoplanetary
semi-major axis of IOO pixels. This figure illustrates how the orbital parameters affect the
exoplanetary transit trajectory across the stellar disk, which defines the transit duration and
light curve features. Transit length and occurrence are heavily reliant on the rotational
orientation of the ring and its eccentricity.”

Figure 4 - “The figure was created for an eccentric orbit with the eccentricity of 0.8 in the
face-on orientation. The figure confirms the mathematical relationship used by the model to
calculate planet positions and velocity at any given time step.”

Figure 5 - “The combined phase-folded transit light curve of HIP 41378f. The red points and
the green squares represent the short and the long cadence observed data from K2 Campaign
18, respectively, and the blue triangles represent data from K2 Campaign 5 (Vanderburg et al.,
2016). All graphs in the paper are plotted using Matplotlib (Hunter, 2007). This graph shows
the data that is to be fit with the model presented in this paper and distinguishes it between
three sources of observed data.”

Figure 6 - “For every table column, the varied parameter is specified in the graph title along
with its unique value for the specific row. When the orbit inclination is varied, the longitude
of the ascending node is set to 90°. The other - non-varied or non-specified parameters for
the column - are set to their default values from Table 4. The series of transit light curves
shows that each of the orbital parameters, excluding orbital inclination in the case of an
edge-on orbit, has a significant impact on both the asymmetries and the depth of the ringed
exoplanet transits. Therefore, it is as important to account for the exoplanetary orbital
properties as it is for the ring parameters, as dismissing orbital parameters of the exoplanet
may lead to false ring positives.”

Figure 7 - “The other - non-varied or non-specified parameters for the column - are set to
their default values from Table 4. The series of synthetic graphs shows that larger and more
opaque rings leave stronger signatures on the transit light curves.”

Figure 8 - “For every table column, the varied parameter is specified in the graph title along
with its unique value for the specific row. The other (non-varied parameters for the column)
are set to their default values from Table 4. The series of graphs proves that the ring’s
orientational properties leave unique asymmetries on the transit light curve.”
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Figure 9 - “The other - non-varied or non-specified parameters for the column - are set to
their default values from Table 4. The graph series shows that the stellar radius determines the
transit depth, and with increasing stellar radius, the ring signature becomes less evident until
it ultimately becomes undetectable.”

Figure 10 - “The corner plot generated by our 11-parameter nested sampling analysis with

Naim = 11 dimensions and Nive = 500 live points that has converged after

Nean = 39,597 function calls. The diagonal panels display the one-dimensional posterior
distributions (black histograms) compared against the uniform prior distributions (horizontal
blue lines), illustrating the parameter shrinkage and information gain. The best-fit parameter
values and 1o uncertainties are quoted above each histogram. The off-diagonal panels
illustrate the two-dimensional joint probability distributions with contours representing the
lo, 20, and 30 confidence levels. The prior boundaries are recorded in Table 3. The diagonal
panels demonstrate significant parameter shrinkage, which is also numerically evaluated in
Table 5, indicating significant information gain constrained by the data regardless of initial
broad priors. Although not every posterior distribution is normal (with some even being
bimodal), the clearly identified peaks support the hypothesis that HIP 41378f possesses a ring
system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude of Ascending Node), Arg. Periapsis
(Argument of Periapsis), S.-M.A. (Semi-Major Axis), and Az. Ang. (Azimuthal Angle).”

Figure 11 - “The map of the 2D masking matrix of HIP 41378f and its rings and the projection
of the 3D configuration of the ring to the viewed plane produced using the best-fit parameter
values identified via nested sampling with Naim = 11, Nijve = 500 gnd Nean = 39,597
Black areas represent pixels with optical depth T = 0, and the white spots represent pixels
with 7 — oo, with gray color depicting the optical depth of the ring. The results are
consistent with a large ring model that has an almost edge-on orientation, which physically
resolves the “super-puff” paradox, suggesting that the density of HIP 41378f was previously
overestimated. The figure also confirms that the masking algorithm can accurately represent
the rings even in extreme configurations (close to edge-on).”

Figure 12 - “The light blue lines represent 100 separate simulations created using random
samples within the 20 confidence interval for each parameter; their narrow spread indicates
high confidence in the model. The dashed orange line shows the average of these simulations.
The fact that the blue spread of lines tightly follows the black line and the black line almost
corresponds with the dashed orange line demonstrates that the nested sampling has
converged on a physically consistent solution that accurately reproduces the observed light
curve features.”

Figure 13 - “The phase-folded observed light curve from Berardo et al., 2019 (blue data points),
fit using our model of the transit by a ringed exoplanet (black line, see Section 2 for the model)
according to the best-fit parameter values yielded by the 11-parameter nested sampling
algorithm with Niive = 500 and Nean = 39,597 The red data points represent the residuals
(the difference between actual and predicted magnitude change values). The fit shows
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excellent agreement with data, effectively capturing the ingress and egress features and
modeling the midtransit as an asymmetric curve that lies perfectly in the middle of the noisy
data (see the residuals). The resulting features are unique to the ringed model, which is
well-demonstrated by the asymmetrical nature of the fit. The fit suggests that the “super-puff”
nature of HIP 41378f can be explained with a ringed exoplanet model, decreasing its inferred
bulk density thanks to the additional transit depth generated by the rings. The slightly twisted
behavior of the best-fit curve also demonstrates an advantage of the pixel-based modeling
algorithm, as analytical models usually create less complicated fits.”

Figure 14 - “The parameter correlation matrix derived from the posterior samples of the
11-parameter nested sampling analysis. The color scale represents the Pearson correlation
coefficient for every pair of 11 parameters used in nested sampling, ranging from -1 (perfect
negative correlation, dark blue) to +1 (perfect positive correlation, dark red). The correlation
heatmap was produced using the data of every function call in the nested sampling. This
matrix highlights the significant degeneracies that occur in the ringed exoplanet model,
particularly between orbital dynamics (orbital eccentricity vs. orbital argument of periapsis,
and orbital inclination vs. orbital argument of periapsis) and ring geometry (eccentricity vs.
semi-major axis, and obliquity vs. azimuthal angle).”

Figure 15 - “Best-fit light curves and residuals for the primary (ringed model) and four
alternative ringless models that take into account various minor effects (ringless, oblate
planet, observational noise and starspots/faculae). The upper panel displays the observational
data (gray circles) overlaid with the best-fit light curves for each of the alternative models:
ringed (main) model (red wide solid line), ringless model (yellow dashed line), oblate planet
model (green dash-dot line), observational noise model (blue dotted line) and starspots/faculae
model (purple solid line). Their respective residuals are represented by unique markers: red
circles (ringed), yellow upward triangles (ringless), green squares (oblate planet), blue
diamonds (observational noise) and purple downward triangles (starspots/faculae). According
to the residuals, the ringed model fit is the best fit of the observed data, along with the oblate
planet model yielding the second-best fits and other models yielding fairly similar fits that are
a worse representation of data.”

Figure 16 - “Best-fit light curves and residuals for the five k-fold cross-validation iterations
(Fold 0 — ingress removed, Fold 1 — pre-midtransit removed, Fold 2 — midtransit removed,
Fold 3 — post-midtransit removed, Fold 4 — egress removed). The upper panel displays the
observational data separated into five folds (they are highlighted by different colors and
marker styles) overlaid with the best-fit light curves for each k-fold iteration: Fold O (red wide
solid line), Fold 1 (orange dashed line), Fold 2 (green dash-dot line), Fold 3 (blue dotted line), and
Fold 4 (purple solid line). Observational data and their respective residuals are represented by
unique markers: circles (Fold 0), upward triangles (Fold 1), squares (Fold 2), diamonds (Fold 3),
and downward triangles (Fold 4). According to the residuals for the removed parts of the graph
for each k-fold, the fit quality deteriorates when less data is input, which indicates the
predictive improvement of the model. Despite the exclusion of the critical phases, all five



models converge onto a notably similar transit profile, which confirms the stability of ring
detection and advocates against overfitting of local noise.”

8) “Parameter reporting. Provide a consolidated table of all parameters

(definitions, units, priors, posteriors) and clearly state angle conventions and
reference frames.”

I have stated the angle conventions and planes more clearly for the two angles, for
which some important details were missing:

“the longitude of the ascending node is the angle between the line of sight and the
ascending node of the orbit” -> “the longitude of the ascending node ({1) is the angle
between the line of sight and the ascending node of the orbit in the plane of the stellar
equator”

“7 is the angle between the line of sight and the normal axis of the ring” -> “7] is the
angle between the line of sight and the normal axis of the ring in the plane in which
the two lines lie within”

I have also clearly stated these details for the new angles I have introduced for the
creation of alternative models:

“.. the parameter of the planet’s projection rotation angle ( .-8) is introduced. It
describes the rotation of the oblate planets in the projection plane. When p= UO, the

projected equator of the planet is parallel to the stellar equator, and when B = 900,
the projected axis of the planet is parallel to the stellar equator. Hence, the projection
rotation is the angle between the stellar equator and the planetary equator projection
measured in the projection plane.”

“Ao is the initial spot/facula longitude (the angle from the zero meridian on the star
and the spot/facula calculated counter-clockwise, where 90° means that the
spot/facula is exactly in the center of the stellar disk)”

Here is the consolidated parameter table you have asked me for:

Parameter Definition Prior Estimated
boundaries value
Exoplanet orbit a quantity stating how 0.003+0:000
i i .003
eccentricity (¢») elongated the orbit is 0.0t0 0.9 —0.000

the angle between the
stellar equator plane and 0 to 90° 84583f8520
the orbital plane

Exoplanet orbit
inclination (1)
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Exoplanet longitude of
ascending node (2)

the angle between the
line of sight and the
ascending node of the
orbit in the plane of the
stellar equator

90 — 5 x 10°%°
to
90 +5 x 107%°

90.00079:990°

Exoplanet argument of

the rotation of the orbit
in its own plane, the

O angle between its 0 to 180° 0.78110-034°
periapsis (w) 0.028
ascending node and the
orbit's periapsis
' the digtance from the 2,000 km ¢, .
Exoplanet radius (R) geometrical center of the 99R. 46,1747 5557 km
exoplanet and its surface e
a quantity stating how
Ring eccentricity (¢) elana te dy the rin% is 0.0 to 0.4 0.4181“8:883
half of the longer R/(1—¢) o o
Ring semi-major axis (a) diameter of the ring d (1 +e) 2,698,152 355 km
ellipse Roche -

Ring width (w)

the measure of the ring’s
extent along the longer
diameter of the ring
ellipse

0 t0 Gmax — @

374,24273760 km

Ring obliquity ()

the angle between the
stellar equatorial plane
and the plane of the ring

0 to 90°

0.969%5:606

Ring azimuthal angle (¥)

the angle between the
line of sight and the
ascending node of the
ring in a plane, parallel
to the stellar equator

0 to 180°

56.44810:214°

Ring argument of
periapsis (V')

the rotation of the ring
in its own plane, the
angle between its
ascending node and the
ring’s periapsis

0 to 180°

42,7731 585
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However, this table was not included in the paper as it duplicates data from the text
(parameter definitions), the table of priors (Table 3) and the table of best-fit
parameters and shrinkage values (Table 5). I believe that using a common table of
definitions, priors, posteriors and shrinkage values might be confusing in the
beginning and unwanted in the end, as it would copy already existing information.
In my opinion, keeping definitions, priors and posteriors separated into different
parts of the text would match the flow better as it would introduce important
information step-by-step, aligning with what is written in each section, without
confusing the general audience. For the same reason, I have removed Table 1, as it
contained unnecessary/duplicated information.

9) “Reproducibility. Release the modeling code/notebooks and a minimal
configuration to reproduce the HIP 41378f application and the synthetic
benchmarks.”

I released the full version of my code:
https: //anonymous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.
In the repository, the files nested sampling.py,

ringless nested sampling.py,oblate planet nested sampling.py,
noise nested sampling.pyand star spots nested sampling.py contain
the default configurations for the nested sampling implementation for the primary,
the spherical ringless, the oblate planet, the noise and the stellar activity models,
respectively.

The file animation generation.py contains the minimum configuration for
reproducing the synthetic observations suite used in Figures 6-9.

10) “Physical plausibility. Briefly discuss ring stability (Roche limit, collisional
spreading) and the astrophysical reasonableness of the inferred r and radii for
the favored solutions.”

I added a part with a brief evaluation of the optical depth, the composition of the
ring it implies and its comparison to the rings within the Solar System:

“The inferred optical depth values of 7 = 0.006 (face-on) and 7 = 0.593 (edge-on) are
physically reasonable, falling into the category of tenuous, dusty rings similar to those around
ice giants. The face-on optical depth of T = 0.006 is very similar to that of Neptune’s Le
Verrier ring (7 ~ 0.006, Tiscareno & Murray, 2018) and is significantly more substantial
than that of Saturn’s diffuse rings G and E (7 =~ 107°, Cuzzi et al., 2018). The dramatic
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increase in the edge-on optical depth occurs as the line of sight passes through more ring
particles when the ring is edge-on. The rings that are so faint can be detected only thanks to
this effect. This combination of parameters is consistent with a ring composed primarily of
micron-sized dust that could form thanks to the debris from the collisions of tiny space rocks
and nearby moons (e.g., this is applicable to Saturn’s E ring, Hedman et al., 2011).”

Here is the part where I evaluate the giant ring semi-major axis suggested by the
nested sampling and discuss the stability of such a ring in terms of various factors:
“Although the estimated value of the ring semi-major axis (@ = 2,698,152 km ~ 0.018 AU) may
seem irrelevantly overestimated if compared to ice and gas giants within the solar system, its
value is physically acceptable and even rather conservative in comparison with J1407b, the
other popular candidate for exoplanetary rings, with a = 0.6 AU (Kenworthy & Mamajek,
2015).

Furthermore, the ring is kept fully inside the exoplanet’s Roche limit by the dynamic
boundaries of the nested sampling algorithm. This constraint ensures that the resulting ring
parameters align with a stable structure that can survive tidal forces, which supports the
physical plausibility of our super-puff explanation. The tidal forces from HIP 41378f prevent
the ring particles from clumping together to form moons. For the ring to exist inside the Roche
limit at such a significant distance from the host planet, it has to sustain low
volume-averaged (bulk) density - not exceeding the Roche critical density (Tiscareno et al.,
2013), see equation 2.3.3. Thus, it would probably exist as a diffuse cloud of independent dust
particles, which is supported by its low inferred face-on optical depth (7 = 0.006) that
suggests that the concentration of particles is tenuous. In this configuration, if dust grains are
pulled together to form a proto-satellite, they would be torn apart before they can bond due to
HIP 41378f tidal forces.

Moreover, the ring system remains dynamically bound to the planet as its aposapsis is well
within the planet’s Hill radius (the distance at which the gravity of HIP 41378f can hold on to
the particles despite the pull from the host star). This ensures that the ring particles are
gravitationally bound to HIP 41378f rather than being stripped away due to the tidal influence
of the host star (Tiscareno, 2013).

As the ring is inferred to be tenuous, it would most probably be almost collisionless due to
significant distances between particles. Therefore, collisional spreading (expansion of the
rings or formation of moons due to particle collisions) would be almost non-existent.

If the estimated ring eccentricity (0.418) is not an artefact of the degeneracy between the ring
eccentricity and its semi-major axis (Section 4.4.4), the ring is either newly formed and is


https://www.codecogs.com/eqnedit.php?latex=a%3D2%7B%2C%7D698%7B%2C%7D152%5Ctext%7B%20km%7D%5Capprox0.018%5Ctext%7B%20AU%7D#0
https://www.codecogs.com/eqnedit.php?latex=a%3D0.6%5Ctext%7B%20AU%7D#0
https://www.zotero.org/google-docs/?onkviF
https://www.zotero.org/google-docs/?onkviF
https://www.codecogs.com/eqnedit.php?latex=%5Ctau%3D0.006#0
https://www.codecogs.com/eqnedit.php?latex=0.418#0

going to circularize in thousands or millions of years due to differential precession (different
precession periods of the inner and the outer parts of the ring that can occur if the planet is
even slightly oblate; Schlichting & Chang, 2011) or the Poynting-Robertson drag (loss of
angular momentum by ring particles due to absorption and re-emission of stellar radiation,
Goldreich & Tremaine, 1978; Schlichting & Chang, 2011), or the ring’s eccentricity is
maintained by undiscovered shepherd moons or gravitational influence of other nearby
planets in the HIP 41378 system.

As we assume that the rings are made out of silicate grain dust (Table 2), the rings are
predicted to be much more resilient to radiation pressure, sputtering (erosion by stellar wind)
and sublimation (evaporation due to stellar heat) than ice particles (Juhasz & Horanyi, 2002).
This makes the ring much more durable in high-temperature environments, which suits the
location of HIP 41378f (A = 1.377 AU, close to its host star) well.”

Here, [ discuss the inferred radius value and compare it to Uranus and Saturn:

“The inferred R = 46,174 km places HIP 41378f between Uranus and Saturn in terms of its
radius. Due to its low density value, HIP 41378f can be classified as a puffy gas giant, smaller
and more lightweight than Saturn. The inferred density value does not allow the exoplanet to
be an ice giant, as they are typically composed of heavier materials (e.g., water, ammonia and
methane).”

I also added a brief evaluation of the inferred density value:

“This density value is still much smaller than those in our solar system (about 3.96 times
smaller than Saturn’s density), suggesting that its bloated atmosphere may be mostly made out
of light elements, such as hydrogen and helium.”

I also added a short subsection describing how to expand the search beyond the
Roche limit:

“4.4.6. Theoretical boundaries of the ring search

Another notable limitation of the current modeling framework is that the search window for
ring systems is strictly constrained to the Roche limit concerning the semi-major axis of the
rings. While it narrows the prior distribution, which is important for more effective data
fitting, and targets the algorithm on the most stable and common ring configurations, it
neglects potential rings that may exist at greater distances. To broaden the possible range of
values of the ring’s semi-major axis, it would be necessary to incorporate a more complex
approach to modeling ring dynamics. Specifically, the model must incorporate the Hill radius
(Heising et al., 2015) - the region where the planet's gravity dominates over the star's tidal pull
- and the orientation of the Laplace plane (Heising et al., 2015), which affects the precession
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and stability of the rings. Without these considerations, extending the search boundary could
lead to physically irrelevant ring configurations.”



Dear Convergence Journal anonymous referee,

I would like to express my sincere gratitude for your detailed and valuable
comments, attention to detail, and time devoted to my article. I believe that your
suggestions became a strong foundation for the improvement of my manuscript.
Furthermore, thanks to your detailed analysis, I was able to significantly increase
the clarity of my paper (particularly the description of the used methods) and
improve its accessibility for the general audience and provide additional details
explaining several key points.

Thank you for your contribution to my work. Below, I have listed my responses to
all of your comments.

In-line comments
1) “To clarify this method, the author should provide a clearer summary of the
pixel-based approach, including why it is described as “pixel-based” and how it
differs from previously used methods. (This part might can also be in the
introduction section as well).”
I have revised the summary of the pixel-based approach in Section 1 (Introduction).
It explicitly specifies why the approach is denoted as “pixel-based”, what it does and
its main advantage (numerical flexibility):
“Our study investigates whether high-precision transit photometry, combined with an
advanced parameter-rich pixel-based masking algorithm, can reliably identify and
characterize exoplanetary ring systems by modeling their light curve signatures. We propose
that by creating a pixelated transit model that accounts for ring transparency, eccentricity,
ring and exoplanet orbit orientation and limb-darkening (darkening of the host star to its
edges) effects, it is possible to accurately recover ring parameters from high-precision light
curves. Our approach is different from analytical models (Heising et al., 2015) by using a
numerical, pixel-based masking framework. We describe our model as 'pixel-based' because it
represents the host star, exoplanet and ring as discrete 2D pixel grids (images), where each
individual cell (pixel) corresponds to a localized intensity or opacity value.

Unlike analytical methods that rely on geometric equations to calculate the covered area of
the stellar disk, which often necessitate simplifying assumptions like circular rings or uniform
stellar brightness, our pixel-based approach performs a direct numerical integration
(summation of pixel-by-pixel operations). By moving the planetary and ring 'masks' across the
stellar pixel grid and applying a pixel-by-pixel opacity transformation, we can precisely
model highly complex configurations. This includes features such as eccentric, inclined and


https://www.zotero.org/google-docs/?broken=nCJq6i

rotated rings, and oblate planetary shapes that are mathematically difficult to describe with
traditional analytical geometry. This numerical flexibility enables a more parameter-rich
analysis, allowing us to account for more subtle ring properties and orientation angles that
are frequently neglected in existing literature.”

2) “The use of 20 input parameters seems quite large, making it difficult to
visualize whether the model can properly fit the data. It would be helpful to
emphasize the most important parameters and clarify their individual impact
on the results.”

I have removed Table 1 that featured 20 parameters, so that it does not confuse the
reader in the beginning.

There are a total of 7 fixed parameters (see Table 2) and 11 floating parameters (see
Table 3) for the main model. The first reviewer has also asked me to compare my
model against alternatives, so I have also listed their floating parameters (the fixed
parameters do not change as it works with the same observational data) in Table 3
(ringed), Table 6 (ringless), Table 7 (oblate planet), Table 9 (observational noise) and
Table 10 (starspots/faculae).

The most important parameters are floating parameters, as they are the parameters
that are fit by the model:
“Therefore, the floating parameters carry the most crucial information about the model.”

Section 4.1, with the generation of synthetic models, is entirely dedicated to an
in-depth discussion of the effect of each of these floating parameters on the light
curve (excluding star parameters, which are fixed). It explicitly discusses the impact
of each parameter on the transit depth and the transit light curve shape.

3) “What is the difference between input parameters and floating parameters?”
I have reformulated this paragraph to show that floating parameters are a type of
input parameters. Furthermore, I removed the definitions of intrinsic, calculated
and output parameters, as these terms are not used in the text of the paper. At the
end of the paragraph, I also added a link to a table with boundaries of the floating
parameters for each model.

“Model parameters are the values that are required to run the model or are computed during
its runtime. They can be classified as input, intrinsic, output, fixed, floating and calculated.



Input parameters are passed to the model by the user.

Fixed input parameters

Finally,
input floating parameters are the values that can vary within a range set by the user -

The
boundaries of these parameters and their justifications may be viewed in Table 3 (the main
model), Table 6 (ringless model), Table 7 (oblate planet model), Table 9 (observational noise) and
Table 10 (starspots/faculae model).”

4) “when explain these angles, it might also help with a figure that explain each
one, such as figures that are present in Heising+2015.”

Figure 2 and Figure 3 are created specifically for the purpose of showing the
geometrical representation of each angle and how they affect the masking matrix.
I added a brief explanation to figure captions to make it clearer to the reader:

o Figure 2 - “The first column shows the 2D projection for different obliquity values, the
second column - for values of azimuthal angle, the third column - for values of
argument of periapsis, and the last column - for various eccentricity values.”

e Figure 3 - “The first column shows the 2D projection for different inclination values,
the second column - for values of longitude of ascending node, the third column - for
values of argument of periapsis, and the last column - for various eccentricity values.”

5) “In the figure, they used all the Greek alphabets while none of it was mentioned
in the text. What happened? (Both Fig 2 and 3)”

Thank you for noticing this issue. I added the symbols that represent these
parameters to the text of the article right before the figures:

e “Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument of
periapsis. The obliquity . is the angle between the stellar equatorial plane and the
plane of the ring. The azimuthal angle . is the angle between the line of sight and the
ascending node of the ring in a plane, parallel to the stellar equator. The argument of
periapsis . is the rotation of the ring in its own plane, the angle between its
ascending node and the ring’s periapsis. The ascending node is the orbital point where
an object crosses the stellar equatorial plane from south to north. Another ring
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parameter is its eccentricity (€), a quantity determining how elongated it is, measured
from O (circular) to 1 (elongated). See the visualization of these parameters with 2D grid
representations of the rings in Figure 2.

“The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis. The
semi-major axis is derived directly from the orbital period and the host star’s mass
(for this, see Section 2.3). The eccentricity (€) is also set to vary. In our model, we do
not require circular orbits as other studies do (Aizawa (%1% 1E %) et al., 2017; Heising et
al., 2015), allowing it to be set to high values, which might make the model applicable to
many more exoplanets (for instance, HD 20782, see Jones et al., 2006). The orbital
inclination (&) is the angle between the stellar equator plane and the orbital plane. In
our case, we assume that the star is located directly at the point of the autumnal
equinox for simplicity, so the longitude of the ascending node (§2) is the angle between
the line of sight and the ascending node of the orbit in the plane of the stellar equator.
Finally, the argument of periapsis (&) represents the rotation of the orbit in its own
plane, the angle between its ascending node and the orbit’s periapsis. These three
parameters are also not limited and can take all possible values. See the visualization
of these parameters with 2D matrix representations of the orbits in Figure 3.

In case the viewer did not notice these symbols, I also added an explanation of what
parameter each column demonstrates for Figures 2 and 3:

Figure 2 - “The first column shows the 2D projection for different obliquity values, the
second column - for values of azimuthal angle, the third - for values of argument of
periapsis, and the last column - for various eccentricity values.”

Figure 3 - “The first column shows the 2D projection for different inclination values,
the second column - for values of longitude of ascending node, the third - for values of
argument of periapsis, and the last column - for various eccentricity values.”

6) “does this number related to super-puff?”

To address the comment of the first reviewer about the comparison of Bayes’
factors, I had to switch from MCMC to nested sampling to obtain Bayesian evidence
values. To improve my fitting, | lowered the maximum boundary of the exoplanet
radius:

“

Exoplanet radius (I7)

2,000 km ¢, . Must be lowe?’ than in Sar}terne eF al.,
99R. static 2019 as we include the ring, which
e increases transit depth
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Therefore, this information is no longer needed, so I did not include it in the paper.

However, answering the question, compared to HIP 41378f (12-'""'"{@), J1407b is
massive (7M. to 25M ) and has a very high density, so it is definitely not a
super-puff. It is usually classified as a massive gas giant or even a brown dwarf.
Sources:
e Zanazzi,J. ], & Lai, D. (2017). Extended transiting discs and rings around
planets and brown dwarfs: Theoretical constraints. Monthly Notices of the
Royal Astronomical Society, 464(4), 3945-3954.
https: //doi.org /10.1093 /mnras /stw2629
e Nagam, B. C. (2017). New Mass and Orbital constraints of J1407b.
https: /repository.tudelft.nl /file /File 514061b6-e546-4202-b8fc-d3ba277dd
7c4?preview=1

7) “Kepler's 3rd law?”
I definitely meant Kepler’s 3rd law. Referring to Kepler's 2nd law was a typo, as |
worked with neither angular momentum nor covered parts of the ellipse area.
Thank you for noticing it.

8) “what is this default value? linear size of an object? what object?”
I hope that my new explanation, which compares pixel size to a scale factor and
uses a concept of physical length instead of size, is clearer.

“Another unique parameter of our model is the matrix pixel size. It is a “scale factor” that
helps us convert linear sizes of objects into measurements on a matrix grid, a physical length
represented by a single pixel in the model:

l
px N (2.34)
where [ is the physical length of any object in the observed system and X is its size in pixels in
the matrix grid.
It is a constant used to scale real-world measurements, converting them to lengths in pixels

for the computer model.

I have also added a concise rationale of default pixel size value selection to Table 2:
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Pixel size, PX 10,000 km | Selected manually to avoid spoiling the
high precision of the transit light curve,
sustaining minor matrix sizes

9) “The main method for this project is described in Section 2.4. I think it would be
helpful to explain this part a bit more to give the reader a clearer picture of
how the method works, why matrix multiplication is used, why a rotation
matrix is applied, and how these steps fit into the overall approach. Providing
this bigger picture up front would make it easier for readers to follow the
details later on.” & ““why the determinant?””

Thank you for identifying the necessity to explain the main method better. Here is
the rewritten part of the section, which focuses on explaining the application of
rotational matrices in detail, referring to specific facts and theorems:

After creating the model of the exoplanet, the next step is projecting the ring orientation in 2D
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R= Ry x Ry x Iy, (2.4.4)
where Ro, Bo and ¢ are 3D rotation matrices of angles 6 (ring obliquity), ¢ (ring

azimuthal angle), and (4 (ring argument of periapsis) around the x, ¥, and z axes,

Then, all the possible coordinate pairs are created. For this, a 1D array L with all possible

x —c and Y — € values (where ¥ — € = Y — C) is created. It is linearly spaced from ~2to2
with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and y
coordinates, respectively:

Xij=1Li Yij=Lj (2.4.5)

v = M — MY Y = —Ma T + MY

det N 77" det N7 (2.4.6)

where ""'ij are the components of the matrix N. From this, we can extract the orbital distance
X for each point (using the Pythagorean theorem) and the true anomaly Vr

X = V22 + y? (2.4.7)
vy = arctan 2(y,, x,) (24.8)

Using the ellipse equation in polar coordinates, the model constructs the inner and outer
borders Tinner and Touter of the ring:
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. Ofinncr! 1—e )

Tinner = 1 ¢cos r (249)
_ Douter 1_82)
Touter = ﬁm (2.4.10)

We fill the ring by its optical depth, enhanced by a factor S€C 7 (because the ring is 2D), for all
pixels outside the inner border and inside the outer border,
where 71 is the angle between the line of sight and the normal axis of the ring in the plane in

which the two lines lie within:
cosn = Ay - Avos, @an)
where -s the . normal axis vector (the direction, perpendicular to the plane of

the rings) and -is the . line of sight - (a straight line of the observer’s
vision). This is derived directly from the definition of a dot product of two vectors:

10) “for this work, which model was used?”

I clarified the used approach and summarized the main rationale (high log(g)) in
this part of Section 2.4:

In the analysis of HIP 41378f, the quadratic limb-darkening is used due to the high log(g)

value for the host star HIP 41378 (log (9) = 4.3 detected by TICv8). As prior analysis of the
HIP 41378’s planetary system was made and the values of limb-darkening coefficients were
verified across several planets in the system, we assume that the limb-darkening
coefficients of the star do not need further fitting and are fixed to 0.0678 and (.188 (Grant
& Wakeford, 2024).

11) “what is a transit window?”
I embedded a simple inline definition of a transit window to the text:
“transit window (a period of time when the transit is observable)”

12) “why just 10,0007 the calculation take too long?”
Initially, I have limited MCMC to 10,000 iterations to make it run faster. However,
due to that, it was unable to converge and was still in its burn-in stage.
Now that [ use dynamic nested sampling instead of MCMC, it has fully converged
after Nean = 39,597 unique function calls (it was achieved in about 26,000
iterations). For the sampler, I used the default stopping function that automatically
stops the program. It is based on evidence tolerance and ensures that the sampling
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terminates only when the statistical uncertainty in both the Bayesian evidence and
the posterior distributions has fallen below a set threshold:

fp X Sp(”) + (1 - fp) X SZ(H) <1

Sp S, ,

where /p is the fraction of performance placed on the posterior vs. the evidence (by
default f» = 1.0y, sy and sz are the error thresholds for the posteriors and the

log-evidence, respectively, and Sp(n) and Sz(n) are the currently estimated
uncertainties on a specific iteration.

I did not include this formula in the text of the paper to avoid overcomplicating the
material to the reader. Instead, I simply mention that:

“According to its default stopping function, the nested sampling has converged fully after
Nean = 39,597 calls of the main model, providing the maximum log-likelihood of

¢ =12,866.89 (most favorable scenario, see Section 3.3) and log-evidence of

InZ =12,801.47 + 0.25 (a global measure of a fit model that accounts for both the quality
of the light curve fit and the complexity of the parameter space generated by this model).”

The nested sampling algorithm takes 20 to 40 hours to converge:
“As a result, calculation of a light curve for a specific set of parameters may take 2-3
seconds (depending on hardware and specific parameter values), requiring 20.t0 40

hours to complete the/nested sampling with Nean = 39,597 »

I also edited Section 4.4.2 to mention that I initially used MCMC with 10,000
parameters. I explain how switching to nested sampling helped overcome several
issues caused by MCMC. There, I also explain why 10,000 iterations were
insufficient and mention the challenges that remain/occur when switching to
nested sampling:

“The model's effectiveness is heavily reliant on the parameter fitting process, specifically on
the choice of the data fitting algorithm.

At first, we used MCMC (Markov Chain Monte Carlo, Foreman-Mackey et al., 2013) with
10,000 iterations, which was not enough for high-precision results. This means that some of
the model parameters could be effectively determined, reaching a plateau in the MCMC chain,
while others could still stay in their burn-in stage (the first values used in the MCMC that can
be inadequately influenced by initial guess values), resulting in convergence issues. Another
issue posed by using the MCMC was the local likelihood maxima traps. The MCMC would stop
after finding one local log-likelihood maximum that was closest to the initially guessed values,
ignoring the necessity of exploring the full parameter space in order to draw more specific
conclusions.
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To distinguish these scenarios and draw the most accurate conclusion, the data-fitting
algorithm was switched to nested sampling. Unlike MCMC, nested sampling was able to
converge fully in Nean = 39,597 steps within the accuracy of the stopping function.
Moreover, it has explored the entire parameter space, yielding several local maxima and
bypassing the issues related to burn-in.

The high shrinkage (S) values observed across most model parameters indicate that the final
posterior distributions are primarily driven by the observational data, not by the initial prior
assumptions (Section 3.2). However, a notably lower shrinkage value for one parameter: the
longitude of the ascending node. S = 0.4303 occurred due its exceptionally narrow prior
bounds, which were strictly constrained to ensure a geometric transit occurred given the
planet's large semi-major axis. This further indicates that the parameter space was explored
fully and resulted in adequate posterior distributions for each parameter.

Nevertheless, the high-dimensionality of our model still remains a challenge. In particular, the
evidence calculation and the resolution of small likelihood peaks are heavily reliant on the
number of live points Niive used. While Neanl = 39,597 indicates convergence, a higher
density of live points may still be required to fully resolve more local maxima the subtle
degeneracies between a large, translucent ring and a smaller, opaque one.

The high dimensionality of the model and the insufficient amount of live points may also be
the main causes of the challenge in the calculation of log-evidence, which exhibits an
unexpectedly high difference between fits of different models. The extreme In 7 differences
highlighted in Table 11 may suggest that the nested sampling algorithm has encountered
numerical divergence. This may occur due to the mathematical inability of alternative models
to provide near-perfect geometric fits similar to that of the ringed model, making both
log-likelihoods and log-evidences significantly diverge between different scenarios. Therefore,
although the ringed model is statistically preferred over the alternatives, the Aln Z
magnitudes may be overestimated due to precision limits.”

13) “It is still unclear whether R is the same everywhere unless specified, or if R is
consistent only within each row, along with all the other parameters.”
To specify the parameters that are used for creating the synthetic light curves, I
added the following table:

“

Parameter Value

Exoplanet semi-major axis (A) 0.1 AU
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Exoplanet orbit eccentricity (“») 0.45
Exoplanet orbit inclination (1) 2°
Exoplanet longitude of ascending node (2) 30°
Exoplanet argument of periapsis (w) 0°
Exoplanet radius (R) 176,000 km
Exoplanet mass (M) 1.9 x 10*" kg
Ring eccentricity (€) 0.2
Ring semi-major axis (a) SR
Ring width (w) E

2
Ring obliquity () 30°
Ring azimuthal angle (?) 20°
Ring argument of periapsis ( 'Ir-";') 0°
Ring optical depth (T) 1.4
Host star radius (11s) 700,000 km
Host star temperature (1°) 5,500 K
Host star logarithm of surface gravity ( log(g )) 3.0
Observation band u
Pixel size (PX) 10,000 km

Table 4. Default parameter values for building synthetic light curves.”

In the captions for the synthetic light curve, I added this text:

“For every table column, the varied parameter is specified in the graph title along with its
unique value for the specific row. When the orbit inclination is varied, its longitude of the
ascending node is set to 90°. The other - non-varied or non-specified parameters for the
column - are set to their default values from Table 4.
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Therefore, it should now be clear that the radius is consistent within all figures
except for the column it is varied in (as specified in the graph titles of that column).

If it is not specified, it means that it is consistent for all figures in the column and is
set to 176}000 km

14) “10,000 (and everywhere else that have numbers higher than 1,000. will need
commas)”
I have added commas to all numbers greater than 1,000 throughout the paper.
Some examples include:

Quadratic model Square root model
174 available combinations 60 available possible combinations
T, K log(g) Band T, K log(g) A A
4,000 2.00 u 5,500 3.00
2.50 b 4.00
3.00 v
3.50 U
4.00 B
\%
4,500 2.00 u 6,000 4.00
2.50 b
3.00 v
3.50 U
4.00 B
4.50 \Y%
4,600 3.00 u 7,000 4.00
b
\%
U
B
\%
4,700 3.44 u 8,000 3.00
b 4.00
\%
U
B
\%
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2.00 u 3.00
2.50 b 4.00
3.00 Y
3.50 U
4.00 B
4.50 \Y
2.50 u 3.00
3.44 b 4.00
Y
U
B
\Y
3.44 u 3.00
b 4.00
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e 3,500 K;4,500 K and 4,600 K
e 5000 Kand5,500 K

° f\v‘rcau = 39,597

o [ =12,866.89

e INZ =12801.47+0.25

15) “why some of these parameters do not have errorbar? especially exoplanet

radius, as it is the one parameter that we want to study.”

This issue occurred due to a lack of convergence in the previously used MCMC
simulation. For that reason, the values of 17, @ and w were too approximate and the
MCMC could not identify relevant uncertainties for them, as it did not explore the

parameter fully.

Now that nested sampling is used, it was able to explore the parameter space much
better, resulting in appropriate 1o confidence ranges for each parameter. See the
new results in the following table (including the uncertainties for R, a and w,

highlighted in green) :
Parameter name Estimated value Shrinkage
Exoplanet orbit eccentricity (¢») (],(]{);}J_F8:888 0.9983
Exoplanet orbit inclination (7) 84583418520 0.9865
Exoplanet longitude of ascending 90‘000418:8880 0.4303
node (£2)
Exoplanet argument of periapsis (w) 0.78119:034° 0.9991
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Exoplanet radius (I?) _ 0.8999

Ring eccentricity (€) 0.4180:0%2 0.9884

Ring semi-major axis (a) _ 0.9946

Ring width (w) _ 0.9964

Ring obliquity () 0.969+9-003° 0.9997
Ring azimuthal angle (9) 56.44870-211° 0.9931
Ring argument of periapsis (V) 42.77371546° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling simulation. The
values themselves represent the median points of the posterior distributions for each
parameter, and the upper and lower error limits of the parameter values represent 1o
confidence intervals.”

16) “From the resulting plot, it appears that the data are not precise enough to
constrain all the additional parameters introduced in this work. Another caveat
to mention is that, given the current observational facilities, it may be
preferable to use a model with fewer parameters, removing those that have only
a small effect on the light curves (as seen in Sections 4.1-4.2), so that the
remaining parameters can be better constrained by the data.”

I included the discussion of the preferability of removing several parameters in
Section 4.4. I directly mention which parameters can be removed or replaced,
providing explanations.

In Section 4.4.1:

The issue may be further addressed by favoring the impact parameter over the orbit’s
rotational parameters. This solution would eliminate the need for the search for the transit
window, iterate over it for narrowing it and the need to solve Kepler’s equation. Instead, the
model would make fewer iterations by just moving the masking matrix along the star’s grid in
a line set by the impact parameter. The improvement would work better for planets distant
from their host stars, as their projected orbits during the transit stage would be very similar
to straight lines.

In Section 4.4.2:
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Thus, it is highly possible that the nested sampling would not be able to distinguish the small
difference, favoring fully edge-on orientations and central transits as a result. Similar to
computational complexity, this problem must be tackled by replacing the orbit's rotational
properties with the impact parameter.

In Section 4.4.3 (not a direct suggestion of removing parameters, but mentions
that the existing data quality may be insufficient for constraining all 11 floating
parameters by the data):

In these conditions, the model may be attempting to fit observational noise instead of
the ring features. Thus, much more precise data from next-generation telescopes is
required to confidently distinguish between the variation triggered by noise and the
true signature of a ring.

In Section 4.4.4:

Thus, similarly to other limitations, the degeneracies between the exoplanet’s orbital
parameters can be addressed by switching from the parameters of orbital eccentricity,
inclination, longitude of ascending node and argument of periapsis to the impact parameter.
Although this solution can prove itself physically ineffective for short-period planets (e.g., Hot
Jupiters), it would be effective for long-period exoplanets like HIP 41378f

In Section 4.4.4:

Therefore, it is reasonable to remove the eccentricity parameter (and, consequently, the
parameter of argument of periapsis, as it has no effect for zero eccentricity), switching to a
circular ring model instead to avoid the degeneracy in the ring’s semi-major axis.

In the conclusions:

For decreasing the possible degeneracies and reducing computational intensity, it is favorable
to decrease the number of model parameters, switching from the full 3D exoplanetary orbit
orientation to impact parameter and potentially favoring circular rings for avoiding the
degeneracy between a and €.

17) “the errorbar from the planet's radius will also allow us to get the errorbar from
the density as well.”
That is true. Accounting for the uncertainty in the planetary radius, its bulk density
is now calculated as:
M 14.6 K8

D=——— =173.77130=
%WRa 10.4 IIld
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Also, combining the uncertainties in «, €, 0, ¢ and ‘1;'3', [ was able to estimate the
uncertainty in the inferred optical depth:
~ 3kMsecn
e 1.6a3(1 + )3

— () £Eq+0.012
= 0.593%5011

18) “The citation format should be left-aligned and presented with bullet points to
clearly distinguish each new citation.”
I have addressed this point in the paper formatting. I have also included multiple
new citations of papers that were used in the analysis when I was working on the
revisions.
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| would like to sincerely thank the Convergence Journal Editorial Team again for their helpful
feedback and for taking the time to review my manuscript. Below are detailed responses to each
one of their suggestions. | believe that the team’s comments helped me significantly improve the
paper.

1) “Some claimed results/conclusions are a bit speculative or overstated.”

a. “The claim that this paper provides “potential evidence” for HIP 41378f’s ring
system is too strong. The data quality is not sufficient for confirmation, and even
the author acknowledges degeneracies and convergence issues. You could,
however, state that your results could be pointing in that direction. (Something
along those lines. Just rephrase this a bit.)

b. The conclusion that the model “better fits” the light curve than prior fits is
plausible, but without a rigorous and statistically informed comparison of model
evidence, this remains tentative. You could perhaps do such a comparison if you
would like to add that, but otherwise, | would remove this. All in all, be careful of
making such claims about methods being better or worse unless you have
rigorous quantitative evidence/analysis to back that up.”

The claims and conclusions about the results of data analysis were edited to be lighter so that
they do not seem overstated anymore. These changes include:

e ‘this paper is a potential piece of evidence of the presence of HIP 41378f’s ring system”
— “the results of data-fitting point to the direction of the presence of HIP 41378f’s ring
system”

e “Thus, this paper can potentially become one of the first pieces of evidence for the
presence of an exoring system around HIP 41378f, also providing the predictions for the
properties of this ring system and the new modeling algorithm to use for comparative
analysis.” — “Thus, our results allow the presence of an exoring system around HIP
41378f (as greater log-likelihood values represent more accurate fits), also providing the
predictions for the properties of this ring system and the new modeling algorithm to use
for comparative analysis.”

e ‘Likely, by compounding on this research and taking it into another level, it might be
possible to verify the presence of rings around HIP 41378f” — “Likely, by compounding
on this research and taking it to another level, it might be possible to verify the presence
of rings around HIP 41378f with accurate statistical evidence” (from this point, the reader
should infer that our results lack statistical evidence and more analysis is needed for a
confirmation)

e  “Our new pixel-based method is a significant improvement over previous modeling
algorithms as it allows to address previous uncertainties and limitations by simulating the
exoplanet, its rings and host star as pixel-gridded matrices, providing a
physically-accurate characterization of the transit event.” — “Our new pixel-based
method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a physically
accurate characterization of the transit event.”



e “Our data-fitting results show that the best-fit light curve that is produced by our model
that accounts for the exoplanet’s rings fits the observed data better than the best-fit
produced using TLS without accounting for exorings.” — “Our data-fitting results show
that the best-fit light curve that is produced by our model, which accounts for the
exoplanet’s rings, fits the observed data with high precision and has a noticeably
different curve shape from the one produced using TLS (transit least squares) without
accounting for exorings.”

e “This serves as a possible confirmation of a ring system around HIP 41378f” — “This
serves as a potential sign of a ring system around HIP 41378f”

e “Moreover, most importantly, the data-fitting results suggest that our best-fit curve, which
accounts for rings, is more accurate than the previously produced fit from Berardo et al.,
2019 (see Figure 12), with their corresponding log-likelihood values (calculated using
Equation 3.2) being ¢ = 2919.2372877495054 and { = 1814.315195854178.” —
“The best-fit model, which accounts for rings, provides a good representation of the data.
This is supported by a log-likelihood value (Calculated using Equation 3.2) of
¢ = 2919.2372877495054 , which is higher than the value of
¢ = 1814.315195854178 for the model presented by Berardo et al., 2019.”

c. You should acknowledge the potential limitations of the pixel-based approach, as
it seems computationally heavy and may not perform other models in terms of
efficiency, although it may capture neglected parameters and be more “data
informed” (which is a plus)!

To improve my paper by acknowledging the potential limitations of my model, | added a new
subsection, Section 4.2. In the subsection, | list the computational issues and problems related
to data-fitting and data that must be addressed if my data analysis is reproduced.

“4.2. Model limitations

Although the proposed model is effective in predicting transit light curves, it has several issues
that should be addressed. In this section, the drawbacks of the model are outlined, highlighting
the areas for future improvement.

4.2.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical parameters, one of
its main issues is its numerical nature. While the pixel-based algorithm allows for calculating the
model with high precision, the quality is dependent on the pixel size of the matrices. Higher
precision requires smaller pixel sizes for resolving the details of the exoplanet and its rings
better on their grid representations. However, a smaller pixel size requires the matrix
representations to have more pixels. Then, with better resolution, the calculations become
computationally intensive as they require repeatedly recalculating and summing matrices with
thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to determine
the position of the exoplanet at every time step. While analytical solutions are not available,
numerical methods are used. This significantly increases computational complexity, especially
when modeling long-duration transits.
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Furthermore, finding the transit window for more precise calculations of the light curve is also a
non-trivial task. We must analyze a wide range of data points in order to narrow the transit
search window. In this work, the approximate transit window is evaluated analytically. Then, it is
narrowed down by iterating through the initial window range. After that, the transit light curve is
computed by iterating through a narrowed window. This approach is essential, as the transit is

very quick compared to the whole orbital period of the exoplanet. Thus, a total of So T S = 900
model iterations are needed to evaluate the transit light curve. This is only deteriorated by the
number of steps for MCMC analysis (10000), requiring a total of 9000000 magnitude change
calculations. At the same time, each magnitude change calculation is a complex operation itself,
which creates, masks and sums matrices with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We chose the
pixel size value that is large enough to sustain fast calculations, but still gives enough precision.
As a result, calculation of a light curve for a specific set of parameters may take 1-2 seconds
(depending on hardware and specific parameter values), requiring 3-6 hours to complete the
MCMC with 10000 steps.

The issue may be further addressed by favoring the impact parameter over the orbit’s rotational
parameters. This solution would eliminate the need for the search for the transit window, iterate
over it for narrowing it and the need to solve Kepler’s equation. Instead, the model would make
fewer iterations by just moving the masking matrix along the star’s grid in a line set by the
impact parameter. The improvement would work better for planets distant from their host stars,
as their projected orbits during the transit stage would be very similar to straight lines.

4.2.2. Challenges with Data-fitting

The model's effectiveness is heavily reliant on the parameter fitting process, specifically the use
of the Markov Chain Monte Carlo (MCMC) algorithm. However, the method itself can pose
issues.

First, it is important to note that the number of MCMC iterations (10000) is not enough for
high-precision results. This means that some of the model parameters can be effectively
determined, reaching a plateau in the MCMC chain, while others can still stay in their burn-in
stage, resulting in convergence issues. For instance, a larger, more inclined ring system can
produce a similar light curve to a smaller, less inclined system. This challenge might be
especially true for the ring’s eccentricity because of its minor effect on the transit depth (

V1 — e2). To distinguish these scenarios and draw the most accurate conclusion, it is
necessary to include more MCMC iterations. This lack of convergence in a specific parameter
space can complicate the astrophysical interpretation of the results, as it becomes difficult to
straightforwardly state the physical properties of the ring system.

Another issue with data-fitting is related to the difficulty of defining whether the transit is central
or not for distant exoplanets. Transits of distant exoplanets mainly occur when the orbits of
these planets lie in almost edge-on orientations. This means that a negligible change of
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inclination (i =~ 0°) or longitude of ascending node (£2 ~ 90°) can result in making a central
transit non-central or even invisible. Thus, it is highly possible that the MCMC would not be able
to distinguish the small difference, favoring fully edge-on orientations and central transits as a
result. Similarly to computational complexity, this problem must be tackled by replacing the
orbit's rotational properties with the impact parameter.

4.2.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a significant amount of
noise due to various factors, including atmospheric interference, instrument noise, and stellar
variability. This high noise level can be even more noticeable than the subtle photometric
signatures of a ring system, making it challenging for our model to correctly fit the light curve
and accurately constrain the parameters. Thus, much more precise data from next-generation
telescopes is required to confidently distinguish between the variation triggered by noise and the
true signature of a ring.

As mentioned previously (see Section 3), stacking data combined from different observational
epochs introduces the risk of ignoring ring and exoplanet precession, which might lead to
significant errors in the determined parameter values.”

2. “Phrasing needs to be improved. Some sentences are overly long with multiple clauses
chained onto each other. Think Spock: less is more, concise is better, state things
factually and precisely, etc.”

To address this comment, | removed overly long sentences throughout the paper by splitting
some chained clauses to separate sentences, reformulating many long sentences and refining
phrasing for simplicity of perception. All corrections can be seen in the document with edits,
attached to my letter to the Convergence Journal team.

a. “There are also occasionally awkward phrasing and grammatical slips throughout
that should be corrected. Please do a careful proof-reading and make sure all
sentences make sense and are as clear/direct as can be. On that note...”

After doing the proofreading of my paper, | corrected numerous punctuation, phrasing and
grammatical errors. All corrections can be seen in the document with edits, attached to my letter
to the Convergence Journal team.

| also edited some scientific vocabulary to make it more accurate to the situation. For instance,
in some cases, | replaced the term ‘intensity’ with a more general term ‘brightness’ (which is
more understandable for an interdisciplinary audience) in the majority of cases, as the solid
angle is not mentioned in the model (so that the term does not confuse anybody). All other
corrections can be seen in the document with edits, attached to my letter to the Convergence
Journal team.

3. “Spelling suffers at some points. In particular, there is an horrible, clearly accidental typo
that must be corrected (I am sure you will find it after doing a close-reading of your
manuscript; it’s in line 969)”
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I have completed a close reading of my paper and corrected all typos in it. All corrections can be
seen in the document with edits, attached to my letter to the Convergence Journal team.

4. “Overall, the paper is dense, and a reader unfamiliar with orbital mechanics or
photometry will struggle to understand what you are saying. | would make the basic
concepts and explanations really clear.”

a. “Don'’t forget that the audience consists of readers across multiple subjects, many
of which are not even close to astrophysics, mathematics, data science, etc.*

To make the paper less complicated for a general audience, | highlighted the main scientific

jargon words in bold font (when they occur in the paper for the first time). Also, | decided to add

more sub-subsections to Section 2.2 to separate the information about different kinds of
properties to avoid potential confusion for the general audience. Then, | provided explanations
of multiple main terms:

e “direct imaging (capturing directly resolved images)”

e ‘“shepherd moons (moons that gravitationally influence the ring particles and maintain the

ring’s structure)”

“eccentricity (how elongated a ring is)”

“TESS (Transiting Exoplanet Survey Satellite)”

“limb-darkening (darkening of the host star to its edges)”

‘parameter estimation (determining unknown parameter values by fitting the model to the

observed data)”

“synthetic light curves (artificial light curves generated by the model to represent various

sets of parameter values)”

“optical depth (an exponential measurement of an object’s transparency)”

“semi-major axis (half of the longer diameter of an ellipse)”

“apoapsis (a point of the ring, which is the furthest from the exoplanet)”

“The ascending node is the orbital point where an object crosses the stellar equatorial

plane from south to north.”

e “The two limiting cases for the orientation of the exoplanetary rings are called edge-on
and face-on ring positions. The rings are considered to be edge-on when their normal
axis (the direction perpendicular to the plane of the rings) is perpendicular to the
observer’s line of sight (a straight line of the observer’s vision). It makes rings appear as
they are viewed from the side, rather than from above or below, which makes them

almost invisible. This condition is set by obliquity @ = 0° or azimuthal angle ¢ = 90°
The face-on rings, on the contrary, occur when their own plane is perpendicular to the
line of sight (6 = 90° or ¢ = 0°).~

e “Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is set
by inclination © = 0° or longitude of ascending node 2 = 90°. A face-on orbit occurs
when its own plane is perpendicular to the line of sight (i = 90° or €2 = 0°). ”
“specific absorption coefficient (light absorption by ring particles by a unit of density)”
‘peak period (the amount of time between two consecutive main minima in the light
curve)”
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“Roche critical density (maximum possible density of a body that is derived from its
Roche radius, see Tiscareno et al., 2013)”

“forward scattering effects (the deflection of rays by a small angle due to particle size
and other factors, see Barnes & Fortney, 2004b)”

“matrix size (the width or the length of a square matrix)”

‘normal axis vector (the direction, perpendicular to the plane of the rings)”

“line of sight (a straight line of the observer’s vision)”

‘parameter L, the cosine of the angle between the emergent radiation and the
perpendicular to the stellar surface”

“true anomaly (the angle between the orbit’s periapsis and the current planet position)”
“eccentric anomaly - the angle between the orbit’s periapsis and the position of the
exoplanet projected to the auxiliary circle of the elliptical orbit”

“mean anomaly - the angle between the orbit’s periapsis and the current planet position,
calculated as if the planet is moving at a constant speed on a circular orbit with the same
focus location as the ellipse”

“orbital time - the time between the periapsis of the planet and its current position”
“position (the distance between the star and the exoplanet)”

‘magnitude change (the change in the star’s visible brightness in logarithmic units)”
‘phase (a normalized time value, measured from 0 to 1, where the transit minimum is
0.5)”

“Bayesian techniques (methods that are based on Bayes’ theorem)”

“relative flux (ratio of the star’s visible brightness to the brightness of the star when no
transit occurs)”

‘precession (the slow movement of the axis of a rotating body around another axis)”
“nodes (two points of the ring where the ring’s plane intersects with the equatorial plane
of the exoplanet)”

“burn-in period (the first values used in the MCMC that can be inadequately influenced
by initial guess values)”

“transit depth (fractional decrease in the star’s visible brightness at the minimum point of
the light curve)”

‘projected area (the effective area that affects the transit depth)”

Also, | added a new paragraph in Section 1 (with a new figure) that gives more context about
transit photometry as a whole:

“Transit photometry is an increasingly popular method of detecting and studying exoplanets
(planets outside the Solar System). When an exoplanet passes in front of its host star, it blocks
the light from it, producing a dip in intensity (the energy created by the star’s radiation and
transferred to Earth) over time. This dip is called a transit light curve (see Figure 1). ”

Furthermore, | added more context in several places throughout the paper:

“Despite these efforts, no exoplanetary rings have been confirmed with high certainty
after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to limitations of
observational noise and uncertainty about false positives (Aizawa (3& iZ1E &) et al.,
2017; Barnes & Fortney, 2004).”



o “HIP 41378f (Santerne et al., 2019), the ring system of which we investigate in this

paper, is an example of this type of planet.”
e “In this work, we implement the MCMC algorithm (see Sections 3 and 4.3) to obtain the

posterior distribution (Gilks et al., 1995).”
e “A successful fit for this exoplanet would support our hypothesis that exoplanetary ring

systems can be detected and characterized using our method.”
e “The data was originally taken from C5 (Campaign 5) and C18 (Campaign 18) of K2

(Kepler space telescope).”
e ‘“as greater log-likelihood values represent more accurate fits”

b. “You may be interested in adding a figure or conceptual schematic, maybe two, in

addition to all the mathematical formulae”
| added two figures that are supposed to help the general audience understand astrophysical

concepts better:
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“Figure 1. The figure demonstrates how the transit photometry method works for ringed
exoplanets. Five positions of an exoplanet are marked throughout its trajectory in front of
the host star. For each marked position, a colored line links to a respective point in the



transit light curve below. For each of these points, the dip in brightness is caused by the
blocking of the star’s light by the exoplanet in the selected position. The ingress
(entering the transit) and egress (finishing the transit) stages are labeled in the graph.
The magnitude change in the graph represents the logarithmic change in the star’s
brightness, and the phases represent normalized time values.”

2) “The relationship between true anomaly and eccentric anomaly can be seen in Figure 4.”

True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)
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“Figure 4. Geometric relationship between true anomaly and eccentric anomaly in elliptical
orbits. The vertical projection of the exoplanet’s position on the auxiliary circle (green dashed
line) relates the eccentric anomaly to the true orbital position. The major axis (black dashed line)
spans the entire length of the ellipse through both foci.”

c. “You could smooth out the transition between methodology and astrophysical
implications; perhaps connect things a bit”

For a smoother transition between methods and astrophysical implications, two paragraphs
were added to the beginning of Section 2. These paragraphs provide the reader with more
context and make the transition smoother:

1) “For this, the MCMC (also known as Markov Chain Monte Carlo) algorithm, which is a
computer-driven sampling method used to estimate the properties of complex systems,
is then applied. It works by taking a "random walk" through all possible outcomes, where
each new step depends randomly, but logically, on the previous one. By collecting
thousands of these samples, it can eventually build an accurate picture of the entire



2)

system and find the best fit. The MCMC module uses log-likelihood (a logarithmic
function that measures how well the model fits the observations) and log-prior (a function
that informs the MCMC algorithm that the selected parameter values are out of
boundaries) functions to find the parameters of the best-fit curve.”

“Before focusing on the method of parameter estimation, it is essential to provide the
context about the investigated system and emphasize its relevance to our study. The
host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne et al.,
2019) in the constellation of Cancer. It has an apparent magnitude of 8.9 and is

located approximately 106 pc away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using transit
photometry (Vanderburg et al., 2016). It drew the attention of scientists due to having an
90E
extremely low predicted density value of  m3 (Santerne et al., 2019). Some
hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously inflated inferred
radius could be a result of a ring system, which would significantly affect its inferred
radius during a transit without adding significant mass. Thus, HIP 41378f is a perfect
example to test the model proposed in this paper.”
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Thank you for the opportunity to provide post-revision feedback.

New version of the paper shows an extraordinary level of care, technical maturity, and
responsiveness to referee report. The author has gone far beyond minimal revision,
substantially strengthening the methodological foundations, transparency, and clarity of the
work. The introduction of nested sampling, Bayesian evidence-based model comparisons,
posterior predictive checks, and cross-validation together form a coherent and convincing
framework that directly addresses concerns about overfitting and identifiability. The added
authorship and mentorship disclosures are exemplary.

At current stage, | do not see any issues that require further revision. The remaining points
below should be read as optional observations and future-facing suggestions, rather than
requests for additional work.

In particular, while the manuscript generally maintains appropriate caution in its interpretation,
some readers may still benefit from being reminded that the results should be understood as
evidence consistent with rings rather than a definitive detection. This is largely a matter of
framing rather than substance, and the current presentation is already much improved.
Similarly, the expanded discussion of parameter degeneracies and priors is technically sound
and clearly documented. For readers less familiar with Bayesian inference, future work might
consider further emphasizing the physical intuition behind which light-curve features most
strongly drive the preference for the ringed model. This is not a shortcoming of the present
manuscript, but an opportunity for even greater pedagogical clarity.

Finally, while robustness has been addressed in multiple complementary ways,
injection—recovery experiments could be a natural next step in extending this work to broader
datasets or future surveys. The current study already demonstrate methodological seriousness
and restraint, and such tests would primarily serve to generalize the approach rather than to
validate the present conclusions.

In summary, this revision fully addresses the substantive concerns raised in review and
represents a high-quality, carefully executed, and transparently presented contribution. | would
support acceptance with only minor editorial polishing, if any.



Recommendation: Accept for publication with minor revisions

Thank you for the thorough effort you put into revising this paper and for the substantial
additional work carried out for this project. | especially appreciate the systematic exploration of
alternative models and the clear demonstration that the ringed model remains the preferred
explanation after testing against these possibilities.

| have a few minor questions and suggestions that may help improve the clarity and readability
of the paper. Please feel free to leave some of them unchanged if you feel they are not
necessary.

1. How is the pixel size (px) set manually in the model? My understanding is that it should be
tied to the physical scale at the location of the exoplanet, corresponding to one pixel. Could you
clarify how the value of 10,000 km/pixel is determined? For example, is it based on an assumed
planetary radius and the number of pixels spanning the planetary disk?

2. For reporting values with uncertainties, a common rule of thumb is to quote one significant
figure in the uncertainty and round the central value to the same precision, with two significant
figures in the uncertainty used only in special cases. For instance, a = 2,698,152+4078-4352 km
to be 2,698,000 % 4,000 km or equivalently (2.698 + 0.004) x 10”6 km or orbit inclination i =
84.584+0.149-0.325 degrees to be 84.5+0.1-0.3 degrees.

For some quantities, such as \Delta In Z values from the Bayesian evidence comparison,
reporting uncertainties may not be necessary, since the main goal is to identify which model is
favored rather than to interpret these values as physical parameters. This point is optional and
intended mainly to improve table readability. The current presentation is not incorrect.

Overall, this is a significantly improved manuscript and, in my view, it should be ready for
acceptance after these minor points are addressed.



Exoplanetary Ring Systems: Identification and Parameter
Estimation from Transit Photometry Data

ABSTRACT

Imagine detecting exoplanetary Saturn-like rings, invisible to telescopes, and
discovering their properties indirectly by observing transits over time. With the
abundance of observational data in various catalogs, we can access high-precision
transit light curves to analyze exoplanetary rings, which is valuable for getting a
better understanding of the principles of ring formation, stability and dynamics.
This paper focuses on modeling the light curves of transits by exoplanets with rings
to identify the presence of ring systems around them, their physical properties and
configurations. We hypothesize that it is possible to extract geometrical and
positional ring properties from a light curve by fitting modeled light curves to
observations. For modeling, a masking algorithm is used, which involves creating
pixel-based representations of the covered star, the transiting exoplanet and its
translucent elliptical ring and moving the mask of the ringed exoplanet along the
pixel grid of the star. We test our hypothesis by running sample simulations of an
exoplanet and its rings, and we use the model to detect a ring system around a
“super-puff” candidate (a planet, the inferred radius of which is too big for its
inferred mass), HIP 41378f, that has been viewed as a potentially ring-bearing
exoplanet. The results support our hypothesis, demonstrating that the presence of
rings around an exoplanet and their properties can strongly contribute to the
resulting light curve. Furthermore, the results of data-fitting point to the direction
of the presence of HIP 41378fs ring system. We also attempt to estimate its
parameters.

Key words: exoplanets, transit light curves, planetary systems, rings, photometric
techniques.

Link to project GitHub:
https: //anonymous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.
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1. Introduction

Transit photometry is an increasingly popular method of detecting and studying
exoplanets (planets outside the Solar System). When an exoplanet passes in front of
its host star, it blocks the light from it, producing a dip in brightness over time.
This dip is called a transit light curve (see Figure 1).
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Figure 1. The figure demonstrates how the transit photometry method works for
ringed exoplanets. Five positions of an exoplanet are marked throughout its
trajectory in front of the host star. For each marked position, a colored line links to
a respective point in the transit light curve below. For each of these points, the dip
in brightness is caused by the blocking of the star’s light by the exoplanet in the



selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the
logarithmic change in the star’s brightness, and the phases represent normalized
time values. The figure illustrates that the spatial configuration of the ringed
exoplanet has a direct impact on specific features in the photometric light curve,
which is more complex and yields different results compared to a simple spherical
planet transit.

The discovery of exoplanetary rings using transit photometry has long been an
intriguing challenge in astrophysics. Even though the ring systems in our Solar
System have been thoroughly studied, it is highly challenging to detect
exoplanetary ring systems due to their marginal angular sizes and small
photometric signatures. This makes direct imaging (capturing directly resolved
images) difficult. Nevertheless, transit photometry is a powerful and promising
technique for identifying such ring systems indirectly. Recent studies (Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on detecting rings
through mathematical modeling or peculiar light curve features (e.g., asymmetrical
transit dips). Despite these efforts, no exoplanetary rings have been confirmed with
high certainty after J1407b (Kenworthy & Mamajek, 2015), only hypothesized, due to
limitations of observational noise and uncertainty about false positives (Aizawa (i&
% 1E &) et al., 2017; Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings
may explain detected anomalous planetary properties, such as the inflated radii of
super-puffs (exoplanets with extremely low inferred densities or low masses for
their inferred radii). HIP 41378f (Santerne et al., 2019), the ring system of which we
investigate in this paper, is an example of this type of planet. Also, detecting rings
could help in identifying shepherd moons (moons that gravitationally influence the
ring particles and maintain the ring’s structure), the study of which is highly
valuable for understanding moon formation (Tiscareno, 2013). However, current
models of ringed exoplanets often do not include some kinds of factors, such as
ring transparency or eccentricity (how elongated a ring is), which leads to
potential false negatives. So, improving these models could lead to discoveries of
exoplanetary ring systems in archival data from missions like Kepler and TESS
(Transiting Exoplanet Survey Satellite).
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Our study investigates whether high-precision transit photometry, combined with
an advanced parameter-rich pixel-based masking algorithm, can reliably identify
and characterize exoplanetary ring systems by modeling their light curve
signatures. We propose that by creating a pixelated transit model that accounts for
ring transparency, eccentricity, ring and exoplanet orbit orientation and
limb-darkening (darkening of the host star to its edges) effects, it is possible to
accurately recover ring parameters from high-precision light curves. Our approach
is different from analytical models (Heising et al., 2015) by using a numerical,
pixel-based masking framework. We describe our model as 'pixel-based' because it
represents the host star, exoplanet and ring as discrete 2D pixel grids (images),
where each individual cell (pixel) corresponds to a localized intensity or opacity
value.

Unlike analytical methods that rely on geometric equations to calculate the covered
area of the stellar disk, which often necessitate simplifying assumptions like
circular rings or uniform stellar brightness, our pixel-based approach performs a
direct numerical integration (summation of pixel-by-pixel operations). By moving
the planetary and ring 'masks' across the stellar pixel grid and applying a
pixel-by-pixel opacity transformation, we can precisely model highly complex
configurations. This includes features such as eccentric, inclined and rotated rings,
and oblate planetary shapes that are mathematically difficult to describe with
traditional analytical geometry. This numerical flexibility enables a more
parameter-rich analysis, allowing us to account for more subtle ring properties and
orientation angles that are frequently neglected in existing literature.

In Section 2 (Methods), we describe our pixel-based masking algorithm with
emphasis on how the star matrix, exoplanet and ring masks are modeled, how the
ring position is calculated, how the orbital parameters of the exoplanet affect the
light curve and how limb-darkening is incorporated. In Section 3 (Parameter
Estimation), we describe how the best-fit ring properties should be estimated based
on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an
example. In Section 4 (Validation), we test our model by generating synthetic light
curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze
the observed light curve of HIP 41378f, attempting to detect its ring system. In
Section 5 (Conclusions), we summarize our results and talk about future prospects
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of implementing our tool. This work aims to contribute to the growing field of
exoplanetary ring studies by helping develop a new model for comparative analysis
of archival and future observational data.

2. Methods

The transit light curve is modeled using the innovative pixelized modeling
algorithm. First, all the required properties of the planet, its rings, orbit and host
star are calculated from input parameters and converted to be used by the
functions (e.g., for matrix representations, all length units should be in pixels) for
computing the grid representations of these objects. The representation of a star
divides it into small pixels and calculates their normalized intensities (quotients of
any pixel’s brightness to the one of the brightest pixel), taking the limb-darkening
coefficients from theoretical tables (either Diaz-Cordovés & Gimeénez, 1992, or
Claret & Giménez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its
rings also separate objects into pixels, creating a masking matrix. However, they
yield the optical depth (an exponential measurement of an object’s transparency) of
every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by
some of the previous models (specifically, ring eccentricity, optical depth and
argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes &
Fortney, 2004; Ohta et al., 2009) undermine the importance of some of them (for
these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are
computed during its runtime. They can be classified as input, intrinsic, output,
fixed, floating and calculated. Input parameters are passed to the model by the
user. Fixed input parameters are kept constant when working with the same
observational data. They are passed to the model but are not estimated during the
data fitting process (Sections 3, 4.2 and 4.3). Instead, they are unchanged in the
data-fitting stage. Finally, floating input parameters are the values that can vary
within a range set by the user. Also, the floating parameters are those parameters,
the values of which are estimated during the data-fitting (Sections 3, 4.2 and 4.3).
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Therefore, the floating parameters carry the most crucial information about the
model. The boundaries of these parameters and their justifications may be viewed
in Table 3 (the main model), Table 6 (ringless model), Table 7 (oblate planet model),
Table 9 (observational noise) and Table 10 (starspots/faculae model).

2.2. Floating parameters and their limits

Floating parameters are the values that are used for building the model, the values
of which are previously not identified and can vary in a specific range. If their
thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do
not depend on any other model parameters. The majority of floating parameters in
our model are independent, including both exoplanet parameters (orbital
eccentricity, inclination, longitude of ascending node, argument of periapsis and
radius) and ring parameters (ring eccentricity, obliquity, azimuthal angle and
argument of periapsis).

2.2.1. Ring proportions
The only two dependent parameters of our model are the ring’s semi-major axis
(half of the longer diameter of an ellipse) and its width. With high accuracy, the ring
is two-dimensional, with negligible depth. There are several key values for setting
the thresholds of the semi-major axis. The first of them is the exoplanet radius. It is
evident that the ring’s periapsis (closest point to the exoplanet) must be located
outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance
"» can be expressed as 7» = @(1 — €)_ Thus, the minimum possible value of the ring’s
semi-major axis is:

Amin = T2 (2.2.1)
Regarding the maximum possible value of the semi-major axis, typical planetary
rings usually exist inside the Roche radius of a body (Tiscareno et al., 2013), a
distance beyond which a moon held only by its own gravitation would be torn apart
due to tidal forces (differential gravitational pulls exerted on different parts of this
moon by the host body). This is how most ring systems are formed. The Roche

radius is given by:
) 1/3
dRoche =R (_ir;?) ~ 2.44R €/§

(2.2.2)
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using the value of the dimensionless parameter 7 = 0.85 (Chandrasekhar, 1969;
Murray & Dermott, 2012) to yield the greatest possible Roche limit (because 0.85 is
the smallest possible value of 7). Since we suppose that the ring is fully inside the
Roche radius, its apoapsis (a point of the ring, which is the furthest from the
exoplanet) distance 7a = @(1 + €) must be less than or equal to the Roche radius:

dH,oche
1+e

a max —

(2.2.3)
Although it is well-known that even in our Solar System, some objects, for example,
Quaoar (Morgado et al., 2023) and Jupiter (Tajeddine et al., 2017), have their rings
spanning outside the Roche radius, in this work, we aim to detect more common
types of rings. Thus, for simplicity and faster calculations, we only search for
exoplanetary rings inside the Roche limit.
Regarding the ring width, we do not limit its minimum value and set it to @Wmin = 0.
As for the maximum value, we still expect the farthest ring particles to have a
semi-major axis less than or equal to the maximum possible value. Thus, the
maximum ring width along the major axis must be equal to:

Wmax = Amax — @ (224)

2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its
orientation parameters. These include its obliquity, azimuthal angle and argument
of periapsis. The obliquity (¢) is the angle between the stellar equatorial plane and
the plane of the ring. The azimuthal angle (?) is the angle between the line of sight
and the ascending node of the ring in a plane, parallel to the stellar equator. The
argument of periapsis () is the rotation of the ring in its own plane, the angle
between its ascending node and the ring’s periapsis. The ascending node is the
orbital point where an object crosses the stellar equatorial plane from south to
north. Another ring parameter is its eccentricity (¢), a quantity determining how
elongated it is, measured from O (circular) to 1 (elongated). See the visualization of
these parameters with 2D grid representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called
edge-on and face-on ring positions. The rings are considered to be edge-on when
their normal axis (the direction perpendicular to the plane of the rings) is
perpendicular to the observer’s line of sight (a straight line of the observer’s vision).
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It makes rings appear as they are viewed from the side, rather than from above or
below, which makes them almost invisible. This condition is set by obliquity 6 = 0°
or azimuthal angle ¢ = 90°, The face-on rings, on the contrary, occur when their

own plane is perpendicular to the line of sight (# = 90° or ¢ = 0°),
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Figure 2. Ring parameters and how they affect the 2D ring matrix projection of a
ring with optical depth 7 = 1.4. The first column shows the 2D projection for
different obliquity values, the second column - for values of azimuthal angle, the
third column - for values of argument of periapsis, and the last column - for various
eccentricity values. Ring transparency is not depicted to scale; however, it
represents the effect of S¢C7 on the optical depth (see Section 2.4). Note that the
ring is not visible when it is edge-on (8 = 0° or @ = 90°). Unless mentioned

otherwise above, the ring is depicted for parameter values of § = 30°, ¢ = 40°,

¥ =0° and e = 0.2; exoplanetary radius of 20 pixels and ring semi-major axis of
100 pixels. This figure serves as a visual definition of the rotational properties of the
exoplanetary ring and its eccentricity, showing how the four parameters alter the
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ring’s projected area and shape on the pixel grid. The pixel-based model
successfully translates the 3D ring geometry to a 2D Cartesian plane, allowing for
numerical integration of any ring configuration.

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet.
Technically, it can be obtained from transit least squares (TLS) fitting (Hippke &
Heller, 2019). However, the transit depth would be highly affected by the existence
of a ring and the TLS algorithm might return invalid exoplanet radii. Therefore,
some studies attribute the phenomenon of exoplanetary super-puffs to incorrect
radius measurements because of the presence of ring systems (Piro & Vissapragada,
2020). The only way to deal with this issue is to set the exoplanet radius floating.

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis,
eccentricity, inclination, longitude of ascending node and argument of periapsis.
The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity (¢») is also set to vary. In our
model, we do not require circular orbits as other studies do (Aizawa (&% 1E %) et
al., 2017; Heising et al., 2015), allowing it to be set to high values, which might make
the model applicable to many more exoplanets (for instance, HD 20782, see Jones et
al., 2006). The orbital inclination (7) is the angle between the stellar equator plane
and the orbital plane. In our case, we assume that the star is located directly at the
point of the autumnal equinox for simplicity, so the longitude of the ascending
node (£2) is the angle between the line of sight and the ascending node of the orbit
in the plane of the stellar equator. Finally, the argument of periapsis (w) represents
the rotation of the orbit in its own plane, the angle between its ascending node and
the orbit’s periapsis. These three parameters are also not limited and can take all
possible values. See the visualization of these parameters with 2D matrix
representations of the orbits in Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the
limiting orbit orientations are called edge-on and face-on orbits. The orbit is called
edge-on when it is lying in the plane of the observer’s line of sight. This condition is
set by inclination ¢ = 0° or longitude of ascending node 2 = 90°. A face-on orbit
occurs when its own plane is perpendicular to the line of sight (¢ = 90° or €2 = 0°).
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Figure 3. Exoplanet parameters and how they affect the 2D orbit matrix projection.
The first column shows the 2D projection for different inclination values, the
second column - for values of longitude of ascending node, the third column - for
values of argument of periapsis, and the last column - for various eccentricity
values. When no orbit is displayed, it symbolizes that the orbit lies edge-on. Unless
mentioned otherwise above, the orbit is drawn for parameter values of ¢ = 30°,

Q) = 40°, w = 0° and € = 0-2; stellar radius of 20 pixels and exoplanetary
semi-major axis of 100 pixels. This figure illustrates how the orbital parameters
affect the exoplanetary transit trajectory across the stellar disk, which defines the
transit duration and light curve features. Transit length and occurrence are heavily
reliant on the rotational orientation of the ring and its eccentricity.
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2.3. Fixed input parameters

In this work, we implement the nested sampling algorithm (see Sections 3 and
4.2-4.4) to obtain the posterior distribution (Gilks et al., 1995). Thus, it is necessary
to minimize the number of floating parameters to decrease the calculation time.
Based on this rationale, we selected the following parameters to be fixed in our
model: stellar radius (/ls), temperature (7') and logarithm of acceleration due to
gravity (108(g )); exoplanet orbital period (/°) and mass (1), ring specific
absorption coefficient (x, light absorption by ring particles by a unit of density);
wavelength (1)) / band and matrix pixel size (PX). See their default values in Table 1
and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius,
temperature and logarithm of gravitational acceleration are taken as fixed values.
These parameters play a vital role in the algorithm as they define the
limb-darkening coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret &
Giménez, 1992). Thus, by getting the limb-darkening coefficients from the physical
properties of a star, we aim to have fewer floating parameters than other models
that select the limb-darkening coefficients as model parameters instead of stellar
physical properties (Aizawa (% 1E) et al., 2017; Heising et al., 2015). The radius is
essential for building a star matrix of a relevant size. The semi-major axis of the
exoplanet (critical for correct orbital mechanics implementation) is calculated as a
function of its period and stellar mass by the 3rd Kepler’s Law of planetary motion:

Ak 3 P:GMg 3/ P?gR%
B dms 42

For semi-major axis, it should be "a" instead. (2.3.1)

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period
and mass are considered known as they are based on the peak period (the amount
of time between two consecutive main minima in the light curve) and spectroscopic
features (Mayor et al., 2014), respectively. They are not noticeably influenced by the
presence of rings in the case of radius measurement errors (Libby-Roberts et al.,
2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption
coefficient:
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T=Fp (2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis.
As density only affects the Roche radius and the optical depth of the ring, its effect
on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived
from its Roche radius, see Tiscareno et al., 2013) for a Roche lobe with uniform
density (v = 1.6, Porco et al., 2007):
PRoche = 7—04%

(2.3.3)
This approach is justifiable from two rationales. First of all, selecting the nearly
maximum possible density value (we apply 7 = 1.6 instead of ¥ = 0.85 to get a more
realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it
decreases the Roche radius (see formula 2.2.2). This simplification results in
decreasing the number of iteration steps for the semi-major axis parameter, which
is highly favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical
composition of the ring. While the optical depth of the ring was neglected by some
studies (e.g., Heising et al., 2015), others suggest that its impact on the optical depth
is underrated, and it is important to deal with absorption, particle sizes and
forward scattering effects (the deflection of rays by a small angle due to particle
size and other factors, see Barnes & Fortney, 2004b). Running the simulation can
help us come to a realistic conclusion about whether the parameter should be
included or not (for our findings, see Section 4.1.2).

Wavelength or band of the observations is also important to consider. It affects
both the limb-darkening coefficients and the specific absorption coefficient of the
ring dust particles. For obtaining the coefficients u1, u2 for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan,
1953) or Stromgren photometric system (Stromgren, 1956) must be selected: U, B, V
u, b or v. For applying the square root limb-darkening model (Diaz-Cordoves &
Giménez, 1992), the wavelength is used to select the most appropriate coefficients
us,us - there are five available values for the wavelength:

3,437A;4,212A;4,687A; 5,475A;6,975A, Regarding the effect of wavelength on the
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specific absorption coefficient, it is noticeable enough. For instance, for rings made
of silicate grains, the absorption is highly wavenumber-dependent (Boudet et al.,
2005; Utry et al., 2014).

Another unique parameter of our model is the matrix pixel size. It is a “scale factor”
that helps us convert linear sizes of objects into measurements on a matrix grid, a
physical length represented by a single pixel in the model:

[
px = (2.3.4)

X
where [ is the physical length of any object in the observed system and X is its size
in pixels in the matrix grid.
It is a constant used to scale real-world measurements, converting them to lengths
in pixels for the computer model.

See the values fixed parameters were set to during data-fitting in Table 2.

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated
models of the star and the masking matrix of an exoplanet with its rings. In this
section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in
pixels and filling each pixel with its specific value.

The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of
two key components: the circular model of the exoplanet and the 2D projection of
its ring. These matrices are created independently, yielding the optical depth of
every pixel 7(Z; ¥), and then summed (putting the exoplanet at the focus of the ring)
in order to calculate the optical depth of every pixel in the masking matrix. To sum
two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a
smaller size allows for faster transit light curve calculations later (see Section 2.5)
and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size n (i.e., a square matrix of size n x n). As it is measured in pixels and
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the coordinates of the matrix center should be integers for relevant exoplanet and
ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must
not exceed its apoapsis (as when the ring is rotated, this distance decreases). As the
ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

n =2 {W} +1

2px
(2.4.1)
Next, the model identifies the matrix center coordinate c:
c= 15
(2.4.2)

After setting the size of the matrix, the model creates a simple circular model of the
exoplanet. First, it fills the matrix with optical depth 7(.%) =0, Then, using the
equation of a circle, it fills all the points inside the exoplanetary radius in pixels

_ R
XR = px with optical depth 7(.¥) — 5, We assume that the planet fully covers the
light from the star in this area and does not reflect any light, as we observe the
transit stage only, where its phase is really close to 0.

After creating the model of the exoplanet, the next step is projecting the ring
orientation in 2D for stacking the combined 2D matrix of the planet and its rings on
top of the pixel-grid star representation. At first, the semi-major axes of ring
borders @inner and @outer (in pixels) are calculated:

Xw

" — Xw o — o — Xw
QYinner = ¢ + 2 R Qouter — ¥ 2 (243)

b

w

a L w
px and Xv = Dx,

where ¢ =

The physical orientation of the exoplanetary ring in 3D space is defined by three
Euler angles (three specific angles used to describe the orientation of a body in 3D
space by a sequence of three rotations around different axes): # (ring obliquity), ¢
(ring azimuthal angle), and ¥ (ring argument of periapsis).
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After constructing the exoplanet model, the next step is to project the ring orientation into two dimensions so that the combined 2D matrix of the planet and its rings can be stacked onto the pixel grid representation of the host star.


Each angle represents the rotation about one specific axis in the Cartesian space (
, ¥, or z). These rotations can be described using rotation matrices (Weisstein,
2002), linear transformations that sustain the length of vectors and the coordinate
system's handedness.

To obtain the final, combined 3D orientation, we apply Euler's Rotation Theorem
(Euler, 1776), which states that any rotation in 3D space can be represented by a
single rotation about a fixed axis. In matrix algebra, the composition of successive
rotations is achieved by multiplying the individual rotation matrices (Donchev et al.,
2015) to get a combined rotation matrix (R):

R =Ry x Rg X Ry, (2.4.4)
where R, fo and I'v are 3D rotation matrices of angles 6 (ring obliquity), ¢ (ring
azimuthal angle), and ¥ (ring argument of periapsis) around the z, ¥, and z axes,
respectively. The rotation matrix R is a 3 x 3 matrix describing how the ring is
oriented in 3D space. Since the ring is flat, its projection mostly depends on how its
plane is tilted in z and ¥, we only need the top-left 2 x 2 part, which we call N.

The calculation of the matrix determinant is necessary at this stage to establish a
mathematical guardrail against a singular projection. The determinant (det ') is in
the denominator of the inverse transformation formula (equation 2.4.6), meaning
the matrix N must be invertible (det N # 0), If the ring is viewed almost edge-on (
det N — 0), the transformation becomes unstable, and the ring is skipped, that is,
7(2,y) = 0, This check prevents division by zero and handles the physically
singular case where the ring collapses toward a line.

To map the observed coordinates (z and ¥) in the ring’s plane (coordinates r and
Ur), we apply the inverse transformation which is equivalent to applying Euler's
(Euler, 1776) rotation theorem in reverse, using the inverse matrix (Weisstein, 2002).

Then, all the possible coordinate pairs are created. For this, a 1D array L with all
possible = — ¢ and ¥ — € values (where © — € = ¥ — €) is created. It is linearly
spaced from ~ 2 to 2 with a total of n values.
For yielding every possible coordinate pair, X and Y matrices are created for x and
y coordinates, respectively:

Xij=1Li Yij=Lj (2.4.5)
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The coordinates (#r¥r) in the ring's plane are obtained by multiplying the observed

coordinates (7.Y) by the inverse matrix N~'. The component form of this inverse
transformation, derived directly from the general formula for the inverse of a 2 x 2
matrix N~ (Weisstein, 2002), is:
Moa® — M2y M +mny

det N T det N 1 (2.4.6)
where "%j are the components of the matrix N. From this, we can extract the
orbital distance X for each point (using the Pythagorean theorem) and the true
anomaly r

Ty =

X = Vi +y; (2.4.7)

vy = arctan 2(y,, x,) (2.4.8)

Using the ellipse equation in polar coordinates, the model constructs the inner and
outer borders 7inner and Touter Of the ring:

. . ainnm'(l 762)

mner =  ]4ecos vy (249)
, . f-‘?uul.cr{-l _(52)
Touter = "1 ¢cosn (2410)

We fill the ring by its optical depth, enhanced by a factor s’ (because the ring is
2D), for all pixels outside the inner border and inside the outer border,

where 7 is the angle between the line of sight and the normal axis of the ring in the
plane in which the two lines lie within:

cosT = AN . ALOS, (2411)
where A~ = Ri2 is the unit normal axis vector (the direction, perpendicular to

the plane of the rings) and Aros = % is the unit line of sight vector (a straight line
of the observer’s vision). This is derived directly from the definition of a dot product

of two vectors: |l An|l[|Aros| cosn = Ay - Ar,os, where |An||[[ALos|| = 1 ag An

and AvLos are both unit vectors.

For getting the matrix array, the program sums the matrices of the exoplanet and
its ring.

The final preparation step before modeling the transit stages is creating the model

Rs
of the star. This is done simply by filling the matrix of a different size "* LK} "
by normalized intensities that are yielded by one of two limb-darkening models.
The choice of a particular limb-darkening model depends on several factors:
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1) Data availability. Our models take coefficients 1,42 from Claret & Giménez,
1992 that have parameter combinations from Table 1, and coefficients u3, 14
from Diaz-Cordoves & Giménez, the parameter combination availability is
shown in Table 1.

2) The physical properties of a star. Generally, it is advised to use the quadratic
model for colder stars with lower 108(9) and the square root model for hot
stars with higher 108(9) values (Espinoza & Jordan, 2016).

3) Custom models. The users can download their own limb darkening models
with coefficients or even NumPy array representations (Harris et al., 2020)
for specific stars or needs.

In the analysis of HIP 41378f, the quadratic limb-darkening is used due to the high
10g(9) value for the host star HIP 41378 (log (9) = 4.3, detected by TICv8). As prior
analysis of the HIP 41378'’s planetary system was made and the values of
limb-darkening coefficients were verified across several planets in the system, we
assume that the limb-darkening coefficients of the star do not need further fitting
and are fixed to 0.0678 and 0.188 (Grant & Wakeford, 2024).

For the model, the parameter X, the cosine of the angle between the emergent

radiation and the perpendicular to the stellar surface, is calculated for each pixel
by:

p=cos(Z\/(x —c)? + (y — ¢)?) (2.4.12)
Then, it is converted to the normalized intensity map /() using the coefficients
and the main formula of a selected model.

Quadratic model Square root model
174 available combinations 60 available possible combinations
T, K log(g) Band T, K log(g) A\ A
4,000 2.00 u 5,500 3.00 3,437
2.50 b 4.00 4,212
3.00 \Y% 4,687
3.50 U 5,475
4.00 B 6,975
\Y%
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4,500 2.00 u 6,000 4.00 3,437
2.50 b 4,212
3.00 v 4,687
3.50 U 5,475
4.00 B 6,975
4.50 \%
4,600 3.00 u 7,000 4.00 3,437
b 4,212
v 4,687
U 5,475
B 6,975
\%
4,700 3.44 u 8,000 3.00 3,437
b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,000 2.00 u 10,000 3.00 3,437
2.50 b 4.00 4,212
3.00 v 4,687
3.50 U 5,475
4.00 B 6,975
4.50 \%
5,300 2.50 u 15,000 3.00 3,437
3.44 b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,460 3.44 u 20,000 3.00 3,437
b 4.00 4,212
v 4,687
U 5,475
B 6,975
\%
5,500 3.00 u
3.50 b
v
U
B
\%
5,780 4.44 u




<wmC< T

6,000 4.50

<wWC< oT¢g

6,020 3.44

<wWC< oT¢ge

6,300 3.44

<wWC< oT¢ge

6,730 4.50

<wC< oTgc

Table 1. All available parameter combinations for the quadratic model (Claret &
Gimeénez, 1992) compared to available combinations for the square root model
(Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for
temperatures are displayed, with the second and third columns demonstrating all
corresponding 10g(9) and band (quadratic model) / wavelength (square root)
values.

2.5. Transit model

In this section, the final and most important step of modeling is described. Now
that all the parameters are set and the matrices of the star, exoplanet and its rings
are computed, it is time to calculate the light curve, paying attention to the orbital
parameters of the exoplanet.
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The first step to achieving this goal is to project the orbit of the planet in 3D to 2D
coordinates in the viewed plane. Similar to the projection of the rings, the rotation
matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

R, = Ro X Ri X Ry, (2.5.1)
where Ri, Ro, and R. are 3D rotation matrices of angles i (inclination), ©
(longitude of ascending node), and w (argument of periapsis) around the x, y, and z
axes, respectively.

The next step is to calculate the initial star brightness o in units of the brightest
star pixel by summing the normalized intensity values of all pixels.
Then, the program calculates the coordinate ¢s of the central point of the star

matrix;
g — 1

cs = "% (2.5.2)

The maximum distance between the star matrix center and the masking matrix
center, where a transit is still possible, I' is expressed as:

I'=cg+cV2 (2.5.3)
Here, we assume that the masks align diagonally, so ¢s is the radius of the star in
pixels and ¢v'2 is the half-diagonal of the masking matrix.

In order to detect the transit, we have to narrow down the search window. For this,
at first, we identify the true anomaly ”c (the angle between the orbit’s periapsis and
the current planet position) of the orbital point when the exoplanet is right in front
of the host star from spherical trigonometry:

v, = arctan 2(1, cositan Q) — w (2.5.4)
There are two possible solutions for Ve, so if the planet does not pass in front of the
star, we add 180° to Ve.
The true anomaly is then converted to the eccentric anomaly Lc - the angle
between the orbit’s periapsis and the position of the exoplanet projected to the
auxiliary circle of the elliptical orbit. The relationship between true anomaly and
eccentric anomaly can be seen in Figure 4.
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True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)
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projection

Exoplanetgosition
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Figure 4. Geometric relationship between true anomaly () and eccentric anomaly (
E) in elliptical orbits. The vertical projection of the exoplanet’s position on the
auxiliary circle (green dashed line) relates the eccentric anomaly to the true orbital
position. The major axis (black dashed line) spans the entire length of the ellipse
through both foci. The figure was created for an eccentric orbit with the
eccentricity of 0.8 in the face-on orientation. The figure confirms the mathematical
relationship used by the model to calculate planet positions and velocity at any
given time step.

The eccentric anomaly is then converted to mean anomaly "¢ - the angle between
the orbit’s periapsis and the current planet position, calculated as if the planet is
moving at a constant speed on a circular orbit with the same focus location as the
ellipse. The mean anomaly is consequently converted to the orbital time . - the
time between the periapsis of the planet and its current position - using Kepler’s

equation:
E. = arctan2(V'1 — e?sinv,, e, + cos 1..) (2.5.5)
m. = E. — e,sin E, (2.5.6)
m.P

te
* = Ton (2.5.7)
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The search window’s half duration is defined as double the estimated transit
duration for safety and simplicity, where 2I' (twice the sum of star radius and mask
2may,
diagonal) is the distance the planet has to cover,and P the average orbital
speed (in pixels per second), where @r is the planet's semi-major axis in pixels.
Thus, the half duration of the search window s is then defined as:
; 2PT

Tay | (2.5.8)

We set the number of orbital time steps to so = 400, This is the number of times the
orbital time is changed when finding the transit window (a period of time when the
transit is observable). This value is not set as an input parameter for the model for
simplicity and is automatically set to this value to allow detecting a transit quickly
and accurately. We define the search window for the transit as an array of orbital
times, linearly spaced from . — ts to ?. + s, containing a total of S, elements:

[te —tgy... te+1,)

The next vital step is to calculate the orbital position of the exoplanet at every time
step. For this, our program numerically solves Kepler’s equation for an ellipse by:

1) Calculating the mean anomaly
2mt

m="p (2.5.9)
2) Using the Newton-Raphson method (Vera et al., 2019) to numerically get the
value of the eccentric anomaly:

m=FE—e,sink (2.5.10)
3) Finding the true anomaly:

tan ¥ = \fﬂ x tan £
2 1—ep 2 (2.5.11)

v = 2arctan2(,/1 + e, tan g Vv1—ep) (2.5.12)

After getting the true anomaly for an orbital point, the program calculates its
position r (the distance between the star and the exoplanet) by applying the ellipse
equation in polar coordinates:

_ ;'l(l—cf,)

~ l—epcosv (2513)
Since the orbit is 2D, the position vector is equal to:
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T COS V
=\ rsinv
0 (2.5.14)
By applying the rotation matrix, the position vector gets transformed to the
position in 3D (Weisstein, 2002):
pP=RoxT (2.5.15)

Then, the program validates whether the transit is occurring in the selected time
step by checking the following conditions:
1) p= = 0 - the planet is not behind the star as its depth is positive.

P2 +p2<T . . . .
2) Ty - the masking matrix covers the matrix of the star in the 2D
projection.

If the current point is the first in the array to fulfill the clauses above, the transit
start time fstart iS set to ¢. For the last point to fulfill these requirements, the transit
end time fend is set to ¢.
Therefore, transit duration is:

tag = tend — tstart (2.5.16)
Next, another preset parameter € = 0.1 comes into play. This value defines the
quotient of the margin of transit duration to its recommended margin, as not to
miss any points before the transit start. So, the full transit time for the light curve
is defined as:

te = tq(1 + 2e) (2.5.17)

Then, the light curve in the transit time span is calculated with more steps to
return a much better resolved light curve with more data points, defined by
variable s = 500.

For this, an array of time points, consisting of s elements, is created from

tstari (1 — €) to fena(l +€),

For each of these time steps, the exoplanet’s position is recalculated with formulas
2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of
the top-left corner of the masking array Zt, ¥t, the horizontal and vertical
coordinate ranges for the masked star slice [£50, 25| and [¥s0> Ys] (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the
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horizontal and vertical coordinate ranges for the covering matrix [%0. 2 and [v0,¥]
(handling cases when the matrix extends outside the star matrix). These variables
are defined as:

ze=[c+pe— %]y = [c+py— 5] (2.5.18)
zg, = max(0, ) ys, = max(0,y) (2.5.19)
z's = min(ng, x4 + n); Y = min(ng, ys + n) (2.5.20)
xp = max(0, —:s::,-_); yo = max (0, —y;) (2.5.21)
o' =n —max(0,r; +n —ng); ¥y =n — max(0,y; +n — ng) (2.5.22)

Then, the new blocked light by the covered star slice is calculated by:
Al(z,y) = I(u)(1 - e 7)) (2.5.23)
The total blocked brightness 2/(?) is given by the summation over all pixels of

Al(z,y), Finally, the normalized intensity curve (%) is converted to the light curve
Am(P) by:
1) Computing the normalized intensity curve:
I(t) = Ip — AI(t) (2.5.24)
2) Converting the brightness to magnitude change (the change in the star’s
visible brightness in logarithmic units):

Am(t) = 2.51og 7 (2.5.25)

3) Then, the light curve minimum point is found, and the light curve phase (a
normalized time value, measured from O to 1, where the transit minimum is
0.5) is centered on it, extending the part with less time before/after the
minimum.

4) Normalizing the time scale to get the phase:
P — Itstaritie

t (2.5.26)
The model must be thoroughly constructed as it serves as the primary tool for
analyzing data. The steps and the methods listed ensure that the model accurately
reflects the physical properties of the investigated systems. The following section
will demonstrate the practical application of this framework and the process of
parameter estimation through nested sampling.

3. Parameter Estimation
This section focuses on describing the algorithm of parameter estimation using
Bayesian techniques (methods that are based on Bayes’ theorem). It works through
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processing observational data by running the model described in Section 2 with
different values of floating input parameters (see Section 2.2) within their ranges

and comparing the yielded 2Am(®) with the observed data.

For this, the dynamic nested sampling (Skilling, 2004; Skilling, 2006; Higson et al.,
2019; Feroz et al., 2009) algorithm, which is a computer-driven sampling method
used to estimate the properties of complex systems, is then applied. It works by
taking a "random walk" through all possible outcomes, where each new step
depends randomly, but logically, on the previous one. By collecting thousands of
these samples, it can eventually build an accurate picture of the entire system and
find the best fit. The nested sampling module uses log-likelihood (a logarithmic
function that measures how well the model fits the observations) and log-prior (a
function representing the initial assumption of parameter distribution density)
functions to find the parameters of the best-fit curve.

3.1. Exoplanetary transit of HIP 41378f

In this paper, we apply the proposed algorithm by searching for rings of a
super-puff candidate HIP 41378f (Pira & Vissapragada, 2020). A successful fit for this
exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide
the context about the investigated system and emphasize its relevance to our study.
The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne
et al., 2019) in the constellation of Cancer. It has an apparent magnitude of 8.9™ and
is located approximately 106 P¢ away from the Sun (Berardo et al., 2019). It hosts a
system of five known exoplanets. The planet HIP 41378f was discovered using
transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due

to having an extremely low predicted density value of 90 kg m~ (Santerne et al.,
2019). Some hypothesize (e.g., Pira & Vissapragada, 2020) that the anomalously
inflated inferred radius could be a result of a ring system, which would significantly
affect its inferred radius during a transit without adding significant mass. Thus, HIP
41378f is a perfect example to test the model proposed in this paper.

For the data-fitting, we used combined and processed data from Berardo et al.,
2019, who presented the transit light curve in terms of hours from mid-transit vs.


https://www.codecogs.com/eqnedit.php?latex=%5CDelta%20m(%5CPhi)#0
https://www.codecogs.com/eqnedit.php?latex=8.9%5Em#0
https://www.codecogs.com/eqnedit.php?latex=106%5Ctext%7B%20pc%7D#0
https://www.codecogs.com/eqnedit.php?latex=90%5Ctext%7B%20kg%20m%7D%5E%7B-3%7D#0
https://www.zotero.org/google-docs/?z9nF31
https://www.zotero.org/google-docs/?z9nF31

relative flux (ratio of the star’s visible brightness to the brightness of the star when
no transit occurs). The data was originally taken from C5 (Campaign 5) and C18
(Campaign 18) of K2 (Kepler space telescope). We used the duration of observations
presented in Berardo et al., 2019 to convert this to a phase-folded light curve in
terms of magnitude change (see Figure 5). It is important to note that by using data
that is combined from different observations, we risk encountering the effect of
ring and exoplanet precession (the slow movement of the axis of a rotating body
around another axis), meaning that its configuration might be misinterpreted
because of stacking the light curves with the ring in different configurations into
one graph. However, we assume that the precession periods of the ring’s nodes
(two points of the ring where the ring’s plane intersects with the equatorial plane of
the exoplanet), the exoplanet’s axis and the exoplanet’s orbit are minor compared to
the time span when the three combined curves were produced. This is reasonable
according to the equations and estimates on this issue from Heising et al., 2015.

Combined Observational Light Curve

o
=1
=1

0.003

Magnilude Change

0.004

0.005

«  C18 short cadence
= (18 long cadance

Phase

Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red
points and the green squares represent the short and the long cadence observed
data from K2 Campaign 18, respectively, and the blue triangles represent data from
K2 Campaign 5 (Vanderburg et al., 2016). All graphs in the paper are plotted using
Matplotlib (Hunter, 2007). This graph shows the data that is to be fit with the model
presented in this paper and distinguishes it between three sources of observed
data.



3.2. Model parameter values and boundaries

First, for the model to perform calculations on real data, it is necessary to set fixed
model parameters to real values of the observed objects. For HIP 41378f, its host
star HIP 41378, ring material and the masking matrix these parameters are listed in
Table 2.

Parameter Value Source/Rationale

Pixel size, PX 10,000 km | Selected manually to avoid spoiling
the high precision of the transit light
curve, sustaining minor matrix sizes

Star radius, s 1.28R Grouffal et al., 2022
Logarithm of stellar 4.3 detected by TICv8
surface gravity, 108(9 )
Exoplanet mass, M 12M,, Berardo et al., 2019
Exoplanet orbital period, 542 days Santerne et al., 2019
P
Quadratic limb-darkening | 0.0678, 0.188 Grant & Wakeford, 2024

coefficients, U1, U2

,m? | Utry et al., 2014 (for quartz particles

Ring specific absorption 93 % 10~

coefficient, ' g | asthey are dominant in silicate dust,
which is applicable for planets that

are not too distant from the host star,

like HIP 41378f)

Table 2. Fixed parameter values for the observations of HIP 41378f. The values of
these parameters are not affected by the presence or absence of a ring system
around the exoplanet.

Generally, using coefficients “1; U2 from theoretical tables for modeling
limb-darkening is a highly relevant approach for general cases. However, for the
particular case of HIP 41378f, we use limb-darkening coefficients estimated in
another paper through MCMC (another sampling method, Foreman-Mackey et al.,
2013) analysis (Grant & Wakeford, 2024) as it provides more precise coefficient
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values, and there is no data for these specific values of 7" and log(9) in the
theoretical tables our model uses (Diaz-Cordovés & Giménez, 1992; Claret &
Gimeénez, 1992). Thus, we replace the fixed values of 7" and band with the

parameters %1 and U2. It is not possible to get rid of accounting for log(9) asit is
R2
v =

essential for calculating the mass of the star as - G . Moreover, it is necessary

to derive the exoplanet’s semi-major axis from 108(¢ ) using Equation 2.3.1, which
givesus A = 1.377 AU.

Another essential step for an effective nested sampling simulation is setting prior
distributions (probability distributions that represent the initial belief about the
system) for floating parameters (those to be fit) that should be carefully constrained
to avoid degeneracies. In our nested sampling, we used uniform (a probability
distribution where all possible outcomes within given boundaries are equally likely
to occur) prior distributions that are broad (expressing a high degree of initial
uncertainty in the parameter values). This approach was chosen to ensure that the
posterior estimates were driven primarily by the experimental data rather than by
initial constraints. Despite the use of uniform priors, the majority of resulting
posterior distributions exhibited Gaussian characteristics with high shrinkage
values (see Section 4.2).

Furthermore, the boundaries for two parameters (ring semi-major axis and ring
width) were selected to be dynamic, i.e., recalculated every time the model is called
based on values of other parameters, using formulas 2.2.1-2.2.4. See all prior
distribution boundaries in Table 3.

Prior Boundaries Type Rationale

Must not be too close to € = 1
0.0 to 0.9 static to avoid huge matrix sizes that
can slow down calculations

Exoplanet orbit
eccentricity (¢»)

Exoplanet orbit Other values of 7 and w would

T : 0 to 90° static
inclination () result in configurations that are
ical
Exoplanet longitude of | 90 — 5 x 107%° S'yn‘lmetrlca to those alre'ad'y
plane gituae o RIR static existing and, thus, return similar
ascending node ((2) to light curve results. The selected
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90 +5 x 107%° range for () ensures geometric
transit for a large semi-major

Exoplanet argument of 0 to 180° static axis (A = 1.377 AU)
periapsis (w)
2,000 km ¢ Must be lower than in Santerne
Exoplanet radius (R) ’ 99R © | static |etal,2019 as we include the ring,
e /,:_B

which increases transit depth

Must not be too close to € = 1
Ring eccentricity (¢) 0.0 to 0.9 static to avoid huge matrix sizes that
can slow down calculations

R/(1—¢)to See Section 2.2.1 and formulas

Ring semi-major axis (a) dioene/ (14 €) dynamic 991293
Ring width (w) 0 to @max —a | dynamic | See Section 2.2.1 and formula 2.2.4
Ring obliquity () 0 to 90° static | Other values of these parameters
would result in configurations
Ring azimuthal angle (¥) 0 to 180° static that are symmetrical to those

already existing and, thus, return
Ring argument of similar light curve results

L 0 to 180° static
periapsis (V)

Table 3. Prior distribution boundaries and their classification as static or dynamic
for the parameters that are to be fit using the nested sampling algorithm. All prior
distributions are uniform.

3.3. Nested sampling run

The next step is defining the log-likelihood function ¢ for the nested sampling
simulation. If one of the dynamic parameters used in the simulation is outside the
boundaries set in Section 2.1, the log-likelihood immediately returns ¢ — —oco.

®o, are converted to

Otherwise, the phases of the points in observational data
phase values for the model ®; by:

B, = (B, ~05)% +05 61

where 7o is the time range of the source observational data (in the case of HIP
41378f, to = 80 hrs) and t: is the transit duration given by the model.
Then, the log-likelihood function is calculated for a normal distribution:
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/ 1 Z ((Amo(@j)(;Am(‘l’j))Q n ]0g(27r(.72))

j ' : (3.2)
where A7(P) is the observed light curve, Am(?P) is the predicted light curve and
o? is the variance in observational data points that are out of the transit.

Finally, the nested sampling simulation is run with Naim = 11 dimensions (one for
each model parameter), Nive = 500 live points (pointers in the parameter space),
using the Python dynesty module (Speagle, 2020; Koposov et al., 2024) with no
changes to its default settings (including the stopping function). See the results in
Section 4.2.

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the
adequacy of parameter selection for the model by creating synthetic light curves
for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are
addressed correctly. In Section 4.2, we intend to detect a ring system around HIP
41378f and identify its parameters through data-fitting to see how the model works
in practice. In Section 4.3, the model is compared against alternative hypotheses
explaining the transit light curve asymmetries. In Section 4.4, we acknowledge the
limitations of our model, which need to be considered when reproducing the data
analysis or applying our model to other data.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in
our algorithm are different from those used in other models (e.g., Heising et al.,
2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the
model with different values of each parameter and generate synthetic transit light
curves in order to assess the validity of the chosen parameters and their effect on
the light curve.

To demonstrate the impact of every parameter, the output light curve is modeled
by varying the values of any specific parameter, the effect of which we are
demonstrating, with other parameters (except for the varied one) set to the
following sample values:
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Parameter Value

Exoplanet semi-major axis (A) 0.1 AU
Exoplanet orbit eccentricity (¢») 0.45
Exoplanet orbit inclination (1) 2°
Exoplanet longitude of ascending node (€2) 30°
Exoplanet argument of periapsis (w) 0°
Exoplanet radius (R) 176,000 km
Exoplanet mass (M) 1.9 x 10*" kg
Ring eccentricity (¢) 0.2
Ring semi-major axis (a) SR
Ring width (w) R

2
Ring obliquity () 30°
Ring azimuthal angle (%) 20°
Ring argument of periapsis (¥) 0°
Ring optical depth (7) 1.4
Host star radius (1%s) 700,000 km
Host star temperature (7°) 5,500 K
Host star logarithm of surface gravity (108(9)) 3.0
Observation band u
Pixel size (PX) 10,000 km

Table 4. Default parameter values for building synthetic light curves.

The values of orbit eccentricity, exoplanet radius and ring eccentricity were
selected as the mean values of their ranges proposed in Table 1 to be more
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representative for an average case. The value of the semi-major axis was set from
its minimum proposed in Table 1, because the effects of orbit rotation are much
more evident for less distant orbits. The values of rotation parameters of an orbit
and the exoring, the star temperature, 10g(9) and the band of the observations
were selected pseudo-randomly, representing a typical, non-specific case, ensuring
that the transit still occurs and is not central. For simplicity, the ring semi-major
axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s
specific absorption coefficient and the host star radius were set to their default
values from Section 2, with exoplanet mass being roughly equal to the mass of
Jupiter.

4.1.1. Exoplanet parameters
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Figure 6. Output transit light curves of the model for different values of exoplanet
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the orbit inclination is
varied, its longitude of the ascending node is set to 90°. The other - non-varied or
non-specified parameters for the column - are set to their default values from
Table 4. The series of transit light curves shows that each of the orbital parameters,
excluding orbital inclination in the case of an edge-on orbit, has a significant
impact on both the asymmetries and the depth of the ringed exoplanet transits.
Therefore, it is as important to account for the exoplanetary orbital properties as it
is for the ring parameters, as dismissing orbital parameters of the exoplanet may

lead to false ring positives.

The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit.
Apart from affecting the period of the exoplanet, it determines the impact
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parameter (the projected distance between the center of the star and the center of
the planet's path). For an edge-on orbit (i = 0° or {2 = 90°), the semi-major axis
does not affect the shape or the depth of the transit. For any other positions, the
semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the
probability of its path being projected far from the center of the star, often
resulting in no transit occurring.

Another crucial determinant of the transit light curve is the planet’s radius (see the
fifth column in Figure 6). The transit depth (fractional decrease in the star’s visible
brightness at the minimum point of the light curve) caused by the planet alone is

proportional to (R/Rs)*. For instance, a larger planet will block a greater fraction
of the star's light, leading to a deeper dip in the light curve. Another important
consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a
differently-shaped light curve and its features would then be mainly determined by
the rings, resulting in two distinctive minima from two different sides of the rings
passing in front of the star. Transits for ringed exoplanets with bigger radii look
much more like regular transit curves, where features from the rings are less
distinctive. It is again highly important to note that the radii inferred through fitting
without rings may be misleading, as the effect on the transit depth from the ring is
attributed to the planet instead, resulting in higher radius estimates. Moreover,
without finding distinguishable ring features in the light curve, it is not possible to
deduce whether the ring exists or not. This issue leads many researchers to the
hypothesis of attributing the low inferred densities of super-puff exoplanets to the
effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the
light curve and the transit depth. An elongated orbit can cause the planet's speed to
vary significantly throughout the orbit, being fastest at periapsis and slowest at
apoapsis. This alternation in speed affects the duration of the transit and the shape
of the light curve, especially the ingress and egress phases (the start and end of the
transit). Thus, on highly eccentric orbits, the planet may move faster or more slowly
during the transit stage, affecting the observed transit duration. The orbit
eccentricity also affects the impact parameter, which also plays a role in
determining the transit depth. See these effects in the first column of Figure 6.
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Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller
semi-major axes and define the projected trajectory of the planet as a whole. It can
take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling
transits for closer orbits. They also define how well the ring features, atypical to
regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the
argument of periapsis has a significant impact on both the transit depth and the
shape of the graph. Our results for it (see column 4 of Figure 6) suggest that it must
be addressed in future research on the detection of ringed exoplanets, although it
is disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro
& Vissapragada, 2020; Aizawa et al., 2017; Barnes & Fortney, 2004). However, for
larger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and
longitude of ascending node. For big semi-major axes, the trajectory of the planet
essentially becomes a line as its curvature becomes not visible in smaller parts of
the orbit, so the orbit must be almost edge-on: 7 =~ 0° or (2 =~ 90°. For that reason,
for larger orbits, it is recommended to replace orbit rotation parameters with the
impact parameter, which would both allow more precision and faster calculations.

4.1.2. Ring parameters

.......

§ 00



https://www.zotero.org/google-docs/?vYLi4d
https://www.zotero.org/google-docs/?vYLi4d
https://www.codecogs.com/eqnedit.php?latex=i%5Capprox0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5COmega%5Capprox90%5E%5Ccirc#0

(r=0.3, §=00", p=0"}

Tramsit light curve (e=0.07}

Transit light curve (s=580666.66667 km)

racuit lght curve: (w=08000.0 k)

g [
o .
noso
nos
£ s
. £
E % wig
fom i
oz
wa
e
a2
s
—— el
da 0z s s on to £ 02 LI (] 10
e
Trarsit light curve [1=0.61, 8=90%, g=0"} Tramsit light curve (e=0.13} Transit light curve (a=821333.13313 km) Transit light curie {w=176000.0 km]
ana [ [ ana
e e e
[T
[ LT nosn
- o Fo o
(] (]
i, . . :
H i H Foas
i LI oy
o s P50 nan
o 2
L — e — e s | — mam
rym = o, pi i T w0 [ a [ (] 1 w0 [ a [ (] 1 rym = = pi i T
i e e
Transi light curve {1=0.51, 8=80", p=0°) Transit light curve je=0.2] .0 kml Transit light curve jw=264000.0 km)
ana [ [ ana
anz L1+ Do L
Lo amo amo g
£am £ 13 £
s
5 H £ oo 5
E s gem ¥ g uz
Ew £ aim
B 3 T B
#Faw ‘ % £z
Lo L1t
iz (£
s R
o LS
samd —
g — move . aim el ol
rym = =z pi i 5 w0 [ a [ (] 1 w0 [ a [ (] 1 Fym = pi i T
3 e e
(=121, B=90", y=0"| Tramsit light curve (e=0.27} Transit light curve km| Transit light curve [w=3152000.0 km|
[ [ o s
s o noan
1
amo T e
g‘ Fez
& nos g B.amy g
: 1 : f..
Foum 4 Fol
: : 3 B
s
sz Bar FH
s
atm L
a3
— e s {— wedid — e
— meddl
w0 [ a [ (] 1 w0 [ a [ (] 1 w0 [ a [ (] 1
e e e o o o o o 15
hane
[1=151, B=90", y=0*| Tramsit light curve (e=0.33} Transit. 33133 km| Transit light curve [w=440000.0 km|
[ [ ang g
fozs fozs a0 ol
amo amo Ly o2
£ ane 3
£ o £ o Fos
= i Jom !
Eaie Rl & s
i : i i
o s a5
w1z
ais s nn
14
PRSI aarg { T e — ot ]
w0 [ [ an oa 1o oo [ o an oa 1o b
pen pen e e ol o i) g o o ot o o 15

Share




\ |
.............

Figure 7. Output transit light curves of the model for different values of ring
parameters. For every table column, the varied parameter is specified in the graph
title along with its unique value for the specific row. When the ring optical depth is
varied, its obliquity is set to 90°_and azimuthal angle is set to 0°. The other -
non-varied or non-specified parameters for the column - are set to their default
values from Table 4. The series of synthetic graphs shows that larger and more
opaque rings leave stronger signatures on the transit light curves.

As the optical depth of the ring is enhanced by the factor of S€C7 where 7 is the
angle between the ring’s normal axis and the line of sight, in the cases for rings that
are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et
al., 2015). However, for other cases, it is necessary to account for ring transparency,
especially when the ring is close to face-on. In our demonstration (see column 1 of
Figure 7), we compare the light curves with optically thin rings, letting through
more than 50% of the star’s light (first to third pictures in the column), with
optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly
affects the shape of the curve and makes a major difference in the magnitude
change (about 0.055™). However, if the ring is rotated away (e. g., 80° from the
observer), the viewing angle would make a difference. The ring that previously let
through 74% of light (the second image in the column) would now let through only
about 18% of light.

To support the analysis of the impact of latter parameters on the transit depth, here
we derive the projected area covered by wings:

Sy = maghy = Tat\/1 — e : . L : .
0 070 v U - area of an ellipse with semi-major axis %, semi-minor

axis Do and eccentricity €
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The area of the rings is defined as the difference between the areas of its outer and
inner ellipses (see Section 2.4):

wh 2 - wH 2 - -
S=m ((l- + 5) 1—e?—m (a. — 5) V1-—e?=2mawv1— e?

From that, the projected area (the effective area that affects the transit depth) is:

Sproj = 2maw cos () V1 — €2 (4.1)

The ring eccentricity affects the light curve slightly compared to the previous
parameters. Nevertheless, its effect on the shape of the light curve is still evident.
When the eccentricity increases, the features of the ring become more noticeable:
due to the ring’s eccentricity, its shape gets less symmetrical from the focus point,
where the exoplanet lies, leading to asymmetries during ingress and egress stages
(see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

V1 — ¢? (see Equation 4.1), so its effect on the transit depth is almost negligible
(especially, knowing that the model looks for eccentricities e < 0.4). That is why the
magnitude change slightly climbs as the eccentricity rises (see column 2 of Figure
7). For that reason, it is highly possible that the nested sampling simulation might
not be able to predict the best eccentricity value with good sampling results for
fitting the real data, as the current instrumentation precision is very limited, and
noticing such minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play
almost the same role in defining the transit depth (see the third and fourth columns
of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace
when these parameters have higher values (see the third and fourth columns of
Figure 7). Sometimes, the transit depth caused by the ring might get dominant,
leading to a wider, longer transit duration. This often leads to two distinct minima
in the curve, each for a different ring half - they may be asymmetrical if the ring is
eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the
radius of Saturn’s E ring (Juhasz & Horanyi, 2002) can be quite close to the Solar
radius). If this happens, the light curve would have three extremes: two from the
ring on each side of the planet and one from the planet itself (see the third column
of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring
rotation parameters. For every table column, the varied parameter is specified in
the graph title along with its unique value for the specific row. The other
(non-varied) parameters for the column are set to their default values from Table 4.
The series of graphs proves that the ring’s orientational properties leave unique
asymmetries on the transit light curve.

Apart from defining the angle 77 and, thus, influencing the optical depth of the ring
and the transit depth (see Equation 4.1), the obliquity and the azimuthal angle of the
ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect of ring eccentricity on the
ingress and egress stages, which is key for distinguishing a transit of a regular
planet from the transit of a ringed planet. The argument of periapsis does not
influence the angle 7/, so it does not affect the ring transparency or the transit
depth. However, by rotating the ring in its own plane and moving its apoapsis and
periapsis points, this parameter determines at which moment of the transit the
effect of the ring’s ellipticity would be the most evident.

4.1.3. Star parameters
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Figure 9. Output transit light curves of the model for different values of star
parameters. For every table column, the varied parameter is specified in the graph

title along with its unique value for the specific row. When the star log(9) or the

observation band is varied, the stellar surface temperature is set to 4,500 K The

other - non-varied or non-specified parameters for the column - are set to their
default values from Table 4. The graph series shows that the stellar radius
determines the transit depth, and with increasing stellar radius, the ring signature

becomes less evident until it ultimately becomes undetectable.
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The stellar radius is a parameter that is truly determinant for the transit light curve.
Its effect on the light curve looks like the reversed impact of exoplanet radius, ring
semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets
lower than the value of the ring’s semi-major axis, the shape of the transit
drastically changes as two or three minima occur, caused by the two sides of the
ring and the planet itself moving in front of the star. Stellar surface temperature

10g(9) and the observational band also contribute to the transit light curve shape
and transit depth, which is attributed to their effect on the stellar limb-darkening.

Star temperature, logarithm of gravitational acceleration and observation band (or
wavelength) define the limb-darkening model of the star, providing the quadratic
(or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its
shape and transit depth for temperature values of 3,500 K; 4,500 K and 4,600 K (see
the second column of Figure 9). Nevertheless, for hotter stars (5,000 K and 5,500
K), the transit depth starts decreasing with temperature growing, and the effect of
the rings becomes less noticeable (see the second column of Figure 9). The effect of
10g(9) on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see
the second column of Figure 9). However, it is still very important to select more

physically plausible values of 108(¢ ), as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit.
The most important thing to consider for modeling the limb-darkening is the band
of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these
results for limb-darkening effects were provided by the quadratic model
(Diaz-Cordoves & Giménez, 1992).

4.2. Model application on real observational data for HIP 41378f

The results of the nested sampling analysis for the super-puff planet HIP 41378f
suggest that the planet indeed has a ring system that is almost edge-on, immense,
eccentric and partially transparent.
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According to its default stopping function, the nested sampling has converged fully
after Nean = 39,597 calls of the main model, providing the maximum log-likelihood
of £ =12,366.89 (most favorable scenario, see Section 3.3) and log-evidence of
InZ = 12,801.47 + 0.25 (3 global measure of a fit model that accounts for both the
quality of the light curve fit and the complexity of the parameter space generated
by this model).

The best fit curve suggests that it has the following parameter values (see Table 5
and Figure 10). See Figure 11 to view the 2D making matrix of the exoplanet and its
ring (see Section 2 for more details on that).

The shrinkage values (defined from O to 1) in Table 5 represent the degree to which
the experimental data have constrained the model parameters relative to our initial
assumptions (Section 3.2). High shrinkage values (closer to 1) indicate that the
posterior distribution is driven more by the observational data than by the priors,
effectively measuring the 'information gain' provided by the transit light curve. As
non-informative priors were initially selected, low shrinkage values can indicate
major issues in parameter space exploration, suggesting that the number of nested
sampling iterations or the number of live points is insufficient.

In this work, shrinkage S (Savic & Karlsson, 2009) was calculated as:
§=1- Tt

Oprior 4.2)
where 9vost is the standard deviation of the posterior distribution and Pprior is the
standard deviation of the prior distribution.

Parameter name Estimated value Shrinkage
Exoplanet orbit eccentricity (¢») 0.0030:000 0.9983
Exoplanet orbit inclination (1) 84.58310-139° 0.9865
Exoplanet longitude of 90.00015-500° 0.4303

ascending node (2)

Exoplanet argument of periapsis 0.781F5:034° 0.9991

(w)
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Exoplanet radius (R) 46,1747 45,° km 0.8999
Ring eccentricity (¢e) 0.41870002 0.9884

Ring semi-major axis () 2,6983152%:%3 km 0.9946
Ring width (w) 3743242*3:523 km 0.9964

Ring obliquity (6) 0.96970 008 0.9997

Ring azimuthal angle (%) 56.448F0-211° 0.9931
Ring argument of periapsis (V) 42.77371359° 0.9614

Table 5. Values of ring and exoplanet properties from the nested sampling
simulation. The values themselves represent the median points of the posterior
distributions for each parameter, and the upper and lower error limits of the
parameter values represent lo confidence intervals.
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In this case, it is clearer to round the values so that the quoted precision reflects the size of the uncertainties. The numbers can therefore be written as 46,200^{+1,200}_{-900} km, 2,698,000 ± 4,000 km or equivalently (2,698 ± 4) × 10³ km, and 374,200^{+2,800}_{-3,000} km. This avoids implying a level of accuracy that is not supported by the error bars and makes the table easier to read.
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Figure 10. The corner plot generated by our 11-parameter nested sampling analysis
with Naim = 11 dimensions and Mive = 500 live points that has converged after
Nean = 39,597 function calls. The diagonal panels display the one-dimensional
posterior distributions (black histograms) compared against the uniform prior
distributions (horizontal blue lines), illustrating the parameter shrinkage and
information gain. The best-fit parameter values and 1o uncertainties are quoted
above each histogram. The off-diagonal panels illustrate the two-dimensional joint

probability distributions with contours representing the 1o, 20, and 30 confidence
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levels. The prior boundaries are recorded in Table 3. The diagonal panels
demonstrate significant parameter shrinkage, which is also numerically evaluated in
Table 5, indicating significant information gain constrained by the data regardless
of initial broad priors. Although not every posterior distribution is normal (with
some even being bimodal), the clearly identified peaks support the hypothesis that
HIP 41378f possesses a ring system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude
of Ascending Node), Arg. Periapsis (Argument of Periapsis), S.-M.A. (Semi-Major
Axis), and Az. Ang. (Azimuthal Angle).

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the
projection of the 3D configuration of the ring to the viewed plane produced using
the best-fit parameter values identified via nested sampling with Naim = 11,

Niive = 500 and Nean = 39,597 | Black areas represent pixels with optical depth

7 = (, and the white spots represent pixels with = — oo, with gray color depicting
the optical depth of the ring. The results are consistent with a large ring model that
has an almost edge-on orientation, which physically resolves the “super-puff”

paradox, suggesting that the density of HIP 41378f was previously overestimated.
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The figure also confirms that the masking algorithm can accurately represent the
rings even in extreme configurations (close to edge-on).

The optical depth of the ring is derived from output parameters using Equations
2.3.2 and 2.3.3, and enhanced by sec” = 107 % 1 (Section 2.4), suggesting that the

ring absorbs about 45% the light from the star going through it:
3kM secr
e 1.6a3(1 + e})"-‘ = 0.593 %501 4.3)
This result was calculated for the maximum possible ring density PRoche, which
means that for lower density values, the ring would have let through even more
light, even though it lies in an almost edge-on configuration. This finding highlights
the role of the S€C7] factor and the importance of accounting for ring transparency
in general in future research, as it has been neglected in several recent papers (e.g.,

Heising et al., 2015; Piro & Vissapragada, 2020; Lu et al., 2025).

The inferred optical depth values of 7 = 0.006 (face-on) and 7 = 0.593 (edge-on)
are physically reasonable, falling into the category of tenuous, dusty rings similar to
those around ice giants. The face-on optical depth of 7 = 0.006 is very similar to
that of Neptune’s Le Verrier ring (7 ~ 0.006, Tiscareno & Murray, 2018) and is
significantly more substantial than that of Saturn’s diffuse rings G and E (7 =~ 107,
Cuzzi et al., 2018). The dramatic increase in the edge-on optical depth occurs as the
line of sight passes through more ring particles when the ring is edge-on. The rings
that are so faint can be detected only thanks to this effect. This combination of
parameters is consistent with a ring composed primarily of micron-sized dust that
could form thanks to the debris from the collisions of tiny space rocks and nearby
moons (e.g., this applies to Saturn’s E ring, Hedman et al., 2011).

The corner plot provided by the nested sampling analysis (see Figure 10)
demonstrates that most parameters are well-constrained. While some parameters
like orbital and ring eccentricities and arguments of periapsis, ring semi-major axis,
and ring width are distributed almost normally, other parameters exhibit more
complex structures. The orbit inclination and the argument of periapsis, for
example, display a bimodal distribution, with a secondary peak at a lower value than
the best fit. This feature is related to the degeneracy between these two
parameters and highlights that there are two distinct scenarios that result in the
same impact parameter value (see more on that in Section 4.4.4). The exoplanet
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radius is notably left-skewed, suggesting that while the data strongly favors a
specific size, there is a probability tail toward smaller radii that are compensated
for by adjustments in ring parameters that affect the transit depth. Conversely, ring
obliquity and azimuthal angle are right-skewed. This asymmetry indicates that the
model is more certain about the maximum inclination required to produce the
observed dip but allows for a broader range of edge-on configurations that still fit
the light curve’s shape, which is also supported by our findings in Section 4.4.4.

Despite possible degeneracies (Section 4.4.4), the estimated values lead to a highly
accurate best-fit light curve (see Figure 13). The best-fit model, which accounts for
rings, provides a good representation of the data. This is supported by a high
log-likelihood value (calculated using Equation 3.2) of the best-fit model:

¢ =12,866.89.

Furthermore, a posterior predictive check (PPC) was implemented in order to
confirm that the nested sampling has converged and found a local log-likelihood
maximum (see Figure 12). The posterior predictive check involved plotting the
model light curves for 100 random samples for parameters sets within the
uncertainty limit of the best-fit parameters (model lightcurves for the points in the
parameter space near the local maximum). The tight grouping of the models and
the comparison of the best-fit light curve to the average of near-maximum
simulations show that the model has indeed converged and found an existing local
log-likelihood maximum, successfully narrowing down the possible system
configurations and effectively fitting the transit light curve shape in addition to the
transit depth.
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Figure 12. Posterior Predictive Check (PPC) showing the reliability of the ringed
exoplanet model. The solid black line represents the best-fit model identified by the
nested sampling analysis. The light blue lines represent 100 separate simulations
created using random samples within the 20 confidence interval for each
parameter; their narrow spread indicates high confidence in the model. The dashed
orange line shows the average of these simulations. The fact that the blue spread of
lines tightly follows the black line and the black line almost corresponds with the
dashed orange line demonstrates that the nested sampling has converged on a
physically consistent solution that accurately reproduces the observed light curve
features.
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Best-Fit Model vs. Observed Data

0.000

0.001
5
c 0.002
(1]
=
o
©
S 0.003 F
=
=)
@
=
0.004
0.005
s  Observed Data
0.006 == Best-Fit Model
0.0010
o 0.0005
@
3
& 0.0000
Q
o
-0.0005
-0.0010 °

0.0 0.2 04 0.6 0.8 1.0
Phase

Figure 13. The phase-folded observed light curve from Berardo et al., 2019 (blue
data points), fit using our model of the transit by a ringed exoplanet (black line, see
Section 2 for the model) according to the best-fit parameter values yielded by the
11-parameter nested sampling algorithm with Niive = 500 and Nean = 39,597 The
red data points represent the residuals (the difference between actual and
predicted magnitude change values). The fit shows excellent agreement with data,
effectively capturing the ingress and egress features and modeling the midtransit as
an asymmetric curve that lies perfectly in the middle of the noisy data (see the
residuals). The resulting features are unique to the ringed model, which is
well-demonstrated by the asymmetrical nature of the fit. The fit suggests that the
“super-puff” nature of HIP 41378f can be explained with a ringed exoplanet model,
decreasing its inferred bulk density thanks to the additional transit depth
generated by the rings. The slightly twisted behavior of the best-fit curve also
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demonstrates an advantage of the pixel-based modeling algorithm, as analytical
models usually create less complicated fits.

Thus, our results are consistent with an exoring system around HIP 41378f (as
greater log-likelihood values represent more accurate fits), also providing the
predictions for the properties of this ring system and the new modeling algorithm
to use for comparative analysis. It can become a foundational work, leading to
further and more in-depth analysis of the HIP 41378f’s ring system.

Although the estimated value of the ring semi-major axis (@ = 2.698,152 km ~ 0.018 AU)
may seem irrelevantly overestimated if compared to ice and gas giants within the
solar system, its value is physically acceptable and even rather conservative in
comparison with J1407b, the other popular candidate for exoplanetary rings, with

a = 0.6 AU (Kenworthy & Mamajek, 2015).

Furthermore, the ring is kept fully inside the exoplanet’s Roche limit by the dynamic
boundaries of the nested sampling algorithm. This constraint ensures that the
resulting ring parameters align with a stable structure that can survive tidal forces,
which supports the physical plausibility of our super-puff explanation. The tidal
forces from HIP 41378f prevent the ring particles from clumping together to form
moons. For the ring to exist inside the Roche limit at such a significant distance
from the host planet, it has to sustain low volume-averaged (bulk) density - not
exceeding the Roche critical density (Tiscareno et al., 2013), see equation 2.3.3.
Thus, it would probably exist as a diffuse cloud of independent dust particles, which
is supported by its low inferred face-on optical depth (7 = 0.006) that suggests that
the concentration of particles is tenuous. In this configuration, if dust grains are
pulled together to form a proto-satellite, they would be torn apart before they can
bond due to HIP 41378f tidal forces.

Moreover, the ring system remains dynamically bound to the planet as its aposapsis
is well within the planet’s Hill radius (the distance at which the gravity of HIP 41378f
can hold on to the particles despite the pull from the host star). This ensures that
the ring particles are gravitationally bound to HIP 41378f rather than being stripped
away due to the tidal influence of the host star (Tiscareno, 2013).
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As the ring is inferred to be tenuous, it would most probably be almost collisionless
due to significant distances between particles. Therefore, collisional spreading
(expansion of the rings or formation of moons due to particle collisions) would be
almost non-existent.

If the estimated ring eccentricity (0.418) is not an artefact of the degeneracy
between the ring eccentricity and its semi-major axis (Section 4.4.4), the ring is
either newly formed and is going to circularize in thousands or millions of years
due to differential precession (different precession periods of the inner and the
outer parts of the ring that can occur if the planet is even slightly oblate;
Schlichting & Chang, 2011) or the Poynting-Robertson drag (loss of angular
momentum by ring particles due to absorption and re-emission of stellar radiation,
Goldreich & Tremaine, 1978; Schlichting & Chang, 2011), or the ring’s eccentricity is
maintained by undiscovered shepherd moons or gravitational influence of other
nearby planets in the HIP 41378 system.

As we assume that the rings are made out of silicate grain dust (Table 2), the rings
are predicted to be much more resilient to radiation pressure, sputtering (erosion
by stellar wind) and sublimation (evaporation due to stellar heat) than ice particles
(Juhasz & Horanyi, 2002). This makes the ring much more durable in
high-temperature environments, which suits the location of HIP 41378f (

A = 1.377 AU, close to its host star) well.

Furthermore, the best-fit simulation with the rings allows us to alleviate the

problem of HIP 31478f’s inflated radius, giving the bulk density value of:
M o a4 kg
- = 173700 —
1 (44)

%ﬁR-‘
This density value is still much smaller than those in our solar system (about 3.96
times smaller than Saturn’s density), suggesting that its bloated atmosphere may be

mostly made out of light elements, such as hydrogen and helium. This estimate is
3

D:

much more physically realistic than the previously suggested value of 90 kg m™
(Santerne et al., 2019).

The inferred 1@ = 46,174 km places HIP 41378f between Uranus and Saturn in terms
of its radius. Due to its low density value, HIP 41378f can be classified as a puffy gas
giant, smaller and more lightweight than Saturn. The inferred density value does
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not allow the exoplanet to be an ice giant, as they are typically composed of heavier
materials (e.g., water, ammonia and methane).

Because of the possible degeneracy in the ring’s semi-major axis, the resulting value
of radius may be approximate. Nevertheless, our results suggest that the
“super-puff” phenomenon can be fully or partially explained by the presence of
rings for some exoplanets, which supports the hypothesis from Piro &
Vissapragada, 2020.

4.3. Alternative explanations for transit asymmetry

To provide statistical confirmation of our ringed exoplanet model, we evaluate the
necessity and the complexity of the exoplanetary ring hypothesis by comparing our
model to the alternative explanations of the asymmetrical transit shape. While our
11-parameter ring model provides a visually and mathematically suitable fit, it must
be weighed against simpler alternative explanations using the Bayesian evidence
(the likelihood of observed data being represented by a specific model). By
calculating the difference in the natural logarithm of the evidence (A In Z') between
our primary model and several competing scenarios, we can quantify the Bayes
factor (a quantity representing the evidence of one hypothesis over another) to
determine if the additional complexity is supported by the data.

The following subsections will detail how alternative models are constructed and fit
(Sections 4.3.1-4.3.4), the effects can be modeled for other systems but are
irrelevant to HIP 41378f (Sections 4.3.6-4.3.6), and the model comparison results
(4.3.7).

4.3.1. Ringless model

Although the HIP 41378f transit data have been already fit multiple times using
models that do not include the assumption of it having a ring system (e.g.,
Vanderburg et al., 2016; Berardo et al., 2019; Grouffal et al., 2022; Grouffal et al.,
2025), it is needed to construct our own fit of the transit light curve to get a value
of In Z describing the model evidence for the specific sampler and used data.

The transit model is handled similarly to the ringed exoplanet transit model
(Section 2) but without creating and applying the ring mask. Thus, it incorporates
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only 5 parameters to be fit: orbital eccentricity (), inclination (7), longitude of
ascending node (£2), argument of periapsis (w) and exoplanet radius (1?).

Also, the priors are different for the ringless model, as the exoplanet radius can now
be greater than one in the ringed exoplanet fit because, without rings, it becomes
the only factor affecting the transit depth (Table 6). All model parameters have
static boundaries, as the evaluation against the Roche limit for the rings is not

needed.

periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 t0 0.9 Must not be too close to ¢ = 1 to avoid huge
eccentricity (°r) ' ' matrix sizes that can slow down calculations
Exoplangt Ol’]?lt 0 to 90° | .
inclination (i) Other values of i and w would result in
_ g0 configurations that are symmetrical to those
. 90 —5 x 10" s o .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node (12) 00+ 5 x 10-5°| curve results. The selected range for () ensures
- ' geometric transit for a large semi-major axis
A =1.377 AU
Exoplanet argument of 0 to 180° ( )

Exoplanet radius (1?)

46,170 km ¢
20 R

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit
(Section 2)

Table 6. Prior distribution boundaries for the parameters of the ringless
exoplanetary transit model that are to be fit using the nested sampling algorithm.
The boundaries for each ringless model parameter are static. All prior distributions

are uniform.

For this model, the nested sampling algorithm was run with the parameters of

Naim = 5 and Nive = 500 , All other nested sampling settings were set similarly to

our run in Section 3.

4.3.2. Oblate planet model
The oblate planet (a planet that is not perfectly spherical but is instead flattened at
the poles and bulged at the equator due to its rapid rotation) model is handled
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similarly to the ringless model (Section 4.3.1). However, the masking exoplanet
matrix is created differently.

The main quantity describing how oblate a planet is its flattening factor, or
oblateness (f ). It is defined as:

fo R, — Rp‘

' Re 4.5)
where Ee and flp are the planet’s equatorial and polar radii, respectively.

After the pixel grid of the planet is initialized similarly to Section 2.4 and every
matrix is filled with optical depth 7(¢,¥) = 0, the parameter of the planet’s
projection rotation angle () is introduced. It describes the rotation of the oblate
planets in the projection plane. When 5 = 0°, the projected equator of the planet is
parallel to the stellar equator, and when 8 = 90°, the projected axis of the planet is
parallel to the stellar equator. Hence, the projection rotation is the angle between
the stellar equator and the planetary equator projection measured in the projection
plane.

Using the projection rotation angle, the centered coordinates are transformed to
represent the rotated mask:
Trot = T COS 3+ ysinB; Yoy = ycos f — xsin 3 (4.6)

where (Z,¥) are centered coordinates and (Zrot; Urot) are the coordinates in the
rotated mask.

Then, the polar radius is calculated from the equatorial radius as:
R, = R.(1— f) (47)

After that, the boundaries of the planet are evaluated, and the optical depth is set to

7(2,y) = © inside the planet’s border using the ellipse equation:

2

2
xTr
rot + yrot < 1

R R? ~ (4.8)

[

The prior distribution bounds are set similarly to those for a ringless fit (Section
4.3.1) with the addition of two new parameters: exoplanet obliquity and projection
rotation angle (see Table 7).
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periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 to 0.9 Must not be too close to ¢ = 1 to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations
Exoplan§t orblt 0 to 90° | .
inclination () Other values of i and w would result in
_ 80 configurations that are symmetrical to those
. 90 — 5 x 107° . . .. .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node () 90+ 5 x 10-%° curve results. The selected range for {2 ensures
e ' geometric transit for a large semi-major axis
A=1.377 AU
Exoplanet argument of 0 to 180° ( )

Exoplanet equatorial

46,170 km to

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit

f

rotation angle (.3)

radius (Fe 20,
(<) ® (Section 2)
Exoplanet oblateness (/) | 0.0 to 0.9 MUSt. nOF be too close to / to avoid }}uge
matrix sizes that can slow down calculations
Exoplanet projection 0 to 180° Other values would result in symmetrical cases,

thus, return similar light curve results.

Table 7. Prior distribution boundaries for the parameters of the oblate exoplanet
transit model that are to be fit using the nested sampling algorithm. The boundaries
for each oblate planet model parameter are static. All prior distributions are

uniform.

For this model, the nested sampling algorithm was run with the parameters of

Naim = 5 and Nive = 500 , All other nested sampling settings were set similarly to

our run in Section 3.

4.3.3. Observational noise model
The model of the instrumental systematics takes the transit light curve directly
from the ringless transit model (Section 4.3.1) and applies random noise to it.

For that, the light curve is first converted from magnitude change (Am) to relative

flux (I):
F((I)) — 10 0.4Am(P)

(4.9)
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To represent noise, the model uses two parameters: noise scale (7») and noise
magnitude (v). For simplicity, we assume that noise values follow a Gaussian
distribution centered on zero with a standard deviation of 7». The random noise

relative flux values F» are taken from the normal distribution £V (0: o 3) are then
multiplied by v, which sets the final noise amplitude:
F, ~uN(0,02) (4.10)

Finally, the random noise is added to the relative flux at each data point and the
light curve is converted back to magnitude, resulting in the noisy light curve (
Ay, (P)y.

Am,(®) = —2.51log(F(®) + F, (D)) 4.11)

To ensure that the model returns identical light curves for the same sets of
parameter values, random seeds (numbers that initialize the sequence of
pseudorandom numbers) are stored for each unique combination of parameters.

Then, for the nested sampling, the boundaries of noise scale and noise magnitude
priors are estimated from transit data. For the estimation, the global standard

deviation (Palobal) in £ (?) is first calculated across the full time series for each
observational light curve (C5, short cadence C18 and long cadence C18; see the data
from specific Campaigns in Figure 5). After that, localized standard deviations are
computed for centered windows with 10 samples each. The maximum of the
localized standard deviations (9max) is then found. See the results of this analysis in
Table 8. The other prior distribution bounds are set similarly to those for a ringless
fit (Section 4.3.1) with the addition of v and 7« (see Table 9).

Campaign C5 C18 short cadence | C18 long cadence
Oglobal 0.002085 0.002162 0.002298
Omax 0.002250 0.002281 0.002363

Table 8. Summary of photometric noise statistics for the HIP 41378f observation
sets. The data in the columns of the table represents the analysis results for K2
Campaign 5, K2 Campaign 18 short cadence observations and K2 Campaign 18 long
cadence observations (Vanderburg et al., 2016), respectively. The first data row
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contains the global standard deviation values for each observed light curve, and the
second row contains maximum localized standard deviations for each light curve.
This data is used to determine the prior boundaries for nested sampling analysis of
the observational noise model in Table 9.

periapsis (w)

Prior Boundaries Rationale
Exoplanet orbit 0.0 to 0.9 Must not be too close to ¢» = 1 to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations
Exoplan?t orblt 0 to 90° | .
inclination (i) Other values of i and w would result in
_ g0 configurations that are symmetrical to those
. 90 — 5 x 107" . . .
Exoplanet longitude of to already existing and, thus, return similar light
ascending node (£2) 0045 x 10-5°| curve results. The selected range for 2 ensures
- ' geometric transit for a large semi-major axis
A =1.377T AU
Exoplanet argument of 0 to 180° ( )

Exoplanet radius (?)

46,170 km to

Must be close to the result from Santerne et al.,
2019 and greater than for the ringed exoplanet fit

20R.
’ (Section 2)
Noi 0.000000 to The upper boundaries are 30max and 27global
oise scale (9n) .
0.007088 respectively, where both Omax and Pglobal are
taken from C18 long cadence data, because it has
0.000000 to stronger noise overall (see Table 8). This allows
Noise magnitude (v) 0.004595 noise three times as strong as the noise in the

observed data with twice its amplitude.

Table 9. Prior distribution boundaries for the parameters of the observational noise
transit model that are to be fit using the nested sampling algorithm. The boundaries
for each observational noise model parameter are static. All prior distributions are

uniform.

Also, it is important to mention that this model accounts only for random (white)
noise. It does not represent any deterministic instrumental effects, such as cadence
smearing (an effect that arises from integration of received flux over a finite
exposure time). However, following the findings from Berardo et al., 2019, modeling
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cadence smearing is unnecessary, as for short cadence data (1-minute exposure),
the effect of smearing was well below the intrinsic scatter of data. While cadence
smearing can affect the long cadence (30-minute) data, our model stacks short and
long cadence data (Figure 5), the high resolution of the former ensures that the
estimated ring properties are not biased by this effect.

4.3.4. Starspot/facula model
To investigate whether the light curve asymmetries could be caused by stellar
activity rather than a ring system, we create a dynamic stellar feature model.

The starspots (cooler regions of a star with lower brightness than its surface) /
faculae (hotter regions of a star with greater brightness than its surface) model is
handled similarly to the ringless model (Section 4.3.1). However, the host star matrix
is created differently and changes its state over time.

For simplicity, it is assumed that only one starspot/facula is present on the stellar
equator so that its axis is perpendicular to the line of sight. Although the rotational
period of the star can be orders of magnitude greater than the exoplanetary transit
duration, it is necessary to account for the spot dynamics due to limb-darkening
effects, as the effect on the light curve shape is minor for both the ring and the
starspot/facula hypotheses.

For that reason, the longitude Aspot of the spot /facula on the stellar matrix gets
recalculated on every iteration of the starspot/facula as:

Aspot(t) = Ao + wst, (4.12)
where Ao is the initial spot/facula longitude (the angle from the zero meridian on
the star and the spot/facula calculated counter-clockwise, where 90° means that
the spot/facula is exactly in the center of the stellar disk), Ws is the stellar angular
velocity (that can be positive or negative depending on the rotation direction) and ¢
is the time from the transit start.

The coordinates (Zc: ¥e) of the spot/facula center are later computed as:

Te =N+ Ncos A,

Ye =N, (4.13)
where n is the matrix size (stellar radius in pixels).
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To account for the horizontal compression of the spot/facula projection near
stellar limb due to perspective distortion, we use the factor of |sin Al and the
spot/facula is, thus, applied to all pixels matching the following condition, derived
from the equation of a circle compressed to an ellipse:

|iII — ;Ccl . 2 Tspot 2
y— 1) < :
(ma.}{(| SitiAgpet |5 0:1) =) < Rs ) (4.14)

where "spot is the spot radius and max(| sin A|, 0.1) js used to prevent division by
zero and ensure that the spot is always visible while it is on the closest hemisphere
of the host star.

For the pixels that satisfy this condition, the brightness map ! (#,9) is recalculated,
using the spot/facula brightness parameter B (spot/facula intensity in stellar
intensities; O stands for completely dark spots, and 2 is used as the maximum for
bright faculae):

I(z,y) = I(n)B, (4.15)
where (1) is the normalized intensity profile given by the quadratic
limb-darkening model (Section 2.4). The prior stellar grid creation is similar to
Section 2.4.

The prior distribution bounds are displayed in Table 10 and set similarly to those for
a ringless fit (Section 4.3.1) with the addition of four new parameters: stellar angular
velocity (Ws), initial spot longitude (o), spot radius ("spot) and spot brightness (B).

Prior Boundaries Rationale

Exoplanet orbit 0.0 t0 0.9 Must not be too close to ¢ = ! to avoid huge
eccentricity (“») ' ' matrix sizes that can slow down calculations

Exoplanet orbit 0 to 90°

inclination (7) Other values of i and w would result in
configurations that are symmetrical to those

=4 8
Exoplanet longitude of 20 dt: 10 already existing and, thus, return similar light
ascending node (12) 9045 x 10~ curve results. The selected range for €2 ensures

geometric transit for a large semi-major axis

A =1.377 AU
Exoplan(?t argument of 0 to 180° ( )
periapsis (w)
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. 2,000 km to | May vary significantly depending on spot/facula
Exoplanet radius () 20Rg size and brightness

Stellar aneular velocity | —2.5°/h to Derived from the lower limit of the stellar
(%u ) Y 2.5° /h rotational period (Grouffal et al., 2025), may be in
’ ) both directions

Initial spot/facula

longitude (A) 0° to 360 Takes all possible values
Spot radius ("spot) 0 to Rs Takes all possible values
Spot brightness (B) 0 to 2 The upper boundary is overestimated to guarantee

that bright faculae are considered

Table 10. Prior distribution boundaries for the parameters of the observational
noise transit model that are to be fit using the nested sampling algorithm. The
boundaries for each observational noise model parameter are static. All prior
distributions are uniform.

4.3.5. Third-light dilution inapplicability

Third-light dilution is a photometric effect that occurs when the measured
brightness of the host star is contaminated by an additional flux of an unintended
light source from the same observational window. This phenomenon can be
potentially triggered by background stars, gravitationally bound companions or
reflected light from the exoplanets around the observed object.

This effect is important to consider, as it may artificially augment the change in
magnitude, as it directly influences the magnitude of the initial flux, thus leading to
irrelevant transit depth estimations and possibly hindering ring detection.

However, we do not consider third-light dilution applicable as an alternative
explanation to the asymmetries in the transit light curve of HIP 41378f, as there are
no light sources that can produce it.

As it is mentioned in Section 4.1 of Grouffal et al., 2025, the host star HIP 41378 is
most probably single (has no gravitationally bound stars) due to a high value of
Renormalised Unit Weight Error in HIP 41378 analysis. This rules out the possibility
of third-light dilution due to location in a binary system.
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To investigate whether third-light dilution may be present due to a background
star, an examination for nearby stars was conducted in the European Space
Agency's (ESA) Gaia telescope catalog (Gaia Collaboration et al., 2023) and in the
International Variable Star Index (VSX, Watson et al., 2006). The resolution of the

K2 data is 3-98”/px (Caldwell et al., 2010). Therefore, when searching for nearby
stars that may induce third-light dilution, we looked for stars within 10” from HIP
41378f to ensure that HIP 41378f and the detected stars may also be located in the
opposite corners of one pixel. Ultimately, no stars brighter than 20.8™ were
detected in the selected area. Since the apparent magnitude of HIP 41378f is

approximately 8.93™ (Grouffal et al., 2025) and even a 20™ star is

10%4207899) ~ 26,800 times less bright than HIP 41378, it is evident that even if

third-light dilution from a faint background star exists, its effect on the transit
depth and light curve shape is negligible.

To estimate the maximum possible contribution of third-light caused by a planet,
the reflected luminosity (power of radiation) of the exoplanet must be
approximated.
At first, the illuminance (total flux per unit of area) of the background exoplanet (
E3) by HIP 41378 is expressed as:

, Lg
k3 = R
where Ls is the stellar luminosity and @3 is the distance of the exoplanet from HIP
41378.
Then, the total flux covering the exoplanet (F3) is calculated as:
F3 = E:.%?TRE,
where 13 is the radius of the exoplanet.
Finally, the reflected luminosity of the exoplanet (L3) is expressed as:
LS - EﬂAS@Sa
where A3 is the exoplanetary albedo (reflective efficiency) and P is the phase of
the exoplanet (the fraction expressing the illuminated portion of the planet visible
from the Earth).
Therefore, the ratio of the brightnesses of the exoplanet (B3) and HIP 41378 (Bs)
can be expressed as:
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By L3 R3A;Ps

Bs Ls  4dj (4.16)

For the exoplanet to be as bright as possible, the light from the star must be fully (

Az = 1) reflected towards Earth (®s = 1). To maximize the R3/d; ratio, the
exoplanetary radius was maximized and the distance from HIP 41378 was
minimized, with them being empirically set 90.000 km and 0.1 AU, so the
brightness ratio results in a minor value of:

B;  Rj

. 2 (O
Bs  Ad2

Thus, based on knowledge about HIP 41378 being a single star, catalog searches of
nearby background stars and effect magnitude estimations for the exoplanet
hypothesis, it is safe to assume that the third-light cannot contribute to the overall
transit depth and light curve shape. Nevertheless, this effect may be important to
consider for other systems.

4.3.6. Gravity darkening inapplicability

Gravity darkening of a star is a phenomenon that occurs due to the star’s rapid
rotation, which makes the stellar equator cooler and dimmer than its polar regions
(e.g., Barnes, 2009; Dholakia et al., 2022). This effect was initially predicted by von
Zeipel (von Zeipel, 1924). It occurs when a rapidly rotating star becomes oblate due
to centrifugal forces, which, in turn, reduces the effective temperature of the stellar
equator. Thus, it significantly alters the intensity distribution of the star, which
contributes to the transit light curve shape, especially its ingress and egress stages.

Various estimates show that the rotational period of HIP 41378 lies between 6 and 9

days (Grouffal et al., 2025), which results in its angular velocity of 1.67°/h to
2.50°/h

Combining formulas 3.13 and 3.14 from Costa, 2019, the critical stellar angular
velocity Werit (the angular velocity at which the centrifugal force at the stellar
equator becomes equal to the gravitational force) can be estimated as:
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%C 3‘5 = iﬂg ~ 97.59° /h,
27R%, 27Rs (4.17)

fo1 . —
Werit —

where Ms, Rs and 9 are stellar mass, radius and surface gravity, respectively.

From the calculations above, we get the predicted values of ws/Warit from 0.017 to
0.026. At the same time, for stars rotating well below Ws [Werit, ~ 0.6 the
photometric impact of gravity darkening is negligible (Costa, 2019). As ws [Werit for
HIP 41378 is an order of magnitude less than 0.6, the brightness distribution of the
star can be estimated with high accuracy by the standard quadratic limb-darkening
model (see Section 2.4).

Moreover, gravity darkening insignificancy is supported by its low estimated value
1 QN e 6 ° —1 . .
of VeqSilig = 6.3 km s (apparent sky-projected stellar rotation, Grouffal et al.,

2025), compared to fast rotators like WASP-33 with Veq S 75 =~ 86.5 km s~
(Dholakia et al., 2022). The late F type of HIP 41378 (Grouffal et al., 2025) also implies
the small effect of the gravity darkening signature compared to hotter and more
radiative A-type stars (von Zeipel, 1924).

4.3.7. Model comparison

To evaluate the robustness of the hypothesis of a ring system around HIP 41378f, we
performed a comparative analysis against four alternative models, created in
Sections 4.3.1-4.3.4: a standard spherical planet, an oblate planet, a model
accounting for observational noise and a model incorporating spherical activity
(starspots/faculae). The statistical plausibility of the primary model is assessed
through visual inspection of residuals (Figure 15), comparison of Bayesian evidence
values (Table 11) and the stability of posterior parameter estimates (Table 12).
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Best-Fil Model vs, Observed Data
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Figure 15. Best-fit light curves and residuals for the primary (ringed model) and four
alternative ringless models that take into account various minor effects (ringless,
oblate planet, observational noise and starspots/faculae). The upper panel displays
the observational data (gray circles) overlaid with the best-fit light curves for each
of the alternative models: ringed (main) model (red wide solid line), ringless model



(vellow dashed line), oblate planet model (green dash-dot line), observational noise
model (blue dotted line) and starspots/faculae model (purple solid line). Their
respective residuals are represented by unique markers: red circles (ringed), yellow
upward triangles (ringless), green squares (oblate planet), blue diamonds
(observational noise) and purple downward triangles (starspots/faculae). According
to the residuals, the ringed model fit is the best fit of the observed data, along with
the oblate planet model yielding the second-best fits and other models yielding
fairly similar fits that are a worse representation of the data.

. . i 1
AlnZ Ringed Ringless Oblate planet Observationa Starspots/
noise faculae

Ringed 0.00 +7.530.53 + 1.35 | +5.247.99 + 3.41 | +8,148.69 + 3.41| +8.,153.08 + 3.43
Ringless —7,530.53 + 1.35 0.00 —2,282.54 £ 4.26 | +618.16 4 4.26 | +622.55 + 4.28
Oblate planet —5,247.99 4+ 3.41| +2,282.54 + 4.26 0.00 +2,900.70 £ 6.32| +2.905.09 + 6.34

Observational o . o ) - o - .y
h —8,148.69 + 3.41| _618.16 + 4.26 | —2.900.70 + 6.32 0.00 +4.39 £ 6.34

noise
Starspots/ —8,153.08 £ 3.43| 622,55+ 4.98 | —2,905.00+6.34 | —4.39 + 6.34 0.00
faculae

Table 11. The matrix of relative values of Bayesian log-evidences (A In Z) for the
primary (ringed model) and four alternative ringless models that take into account
various minor effects (ringless, oblate planet, observational noise and
starspots/faculae). The values in the table represent the difference between the
log-evidences of models indicated in the row and the column

(AlnZ =1InZ;ow — In Zeolumn) calculated via nested sampling based on Bayesian
evidence weights of each model. Positive values indicate a statistical preference of
the model in the respective row over the model in the selected column. The
superiority of the primary (ringed) model over all alternative model fits

(AlnZ > 5,240) confirms that the ring hypothesis is the most consistent with data.
The abnormally large values of Aln Z indicate that errors in evidence weights
calculations might have occurred during the nested sampling algorithm.
Nevertheless, combined with residual analysis, this table indicates the statistical
favorability of the ringed hypothesis.
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Again, with uncertainties included, the values can be reported as 7530 ± 1, 5247 ± 4, …, −4 ± 6. The original number of significant digits is unnecessarily high for this table. This applies to all the data in all tables.


Ringed Ringless Oblate planet Observational noise | Starspots/faculae
Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate
o ool e Jooosm| e Josenig| e fommig e | oy
1,° 84.58310 1% Z,° 38.30050747 i,° 46.287735 05 1,° 44,6503 340 ,° 45.7097 3355
Q,° 90.0001000 ) ° 90.00070%0 ) () ° 90.00070%0 ) () ° 90.00070%0 ) () ° 90.000+0-000
w,®° 0.78170034 0 (o © 16837128 w,° 362197878 | (), ° BANTRE| W, ° 37.1987 3135
R km [ ac17at32° | R, km | 5946374 | Re km | 8158580 [2,km | 60006755 | R, km | 5223071355
e 0.418+0.002 f ossstoil oy, 00045005 ws | 0.0017 000
a,km | 2681510 Boo |ssrpil o 000255 Ao | e
w,km | 3742427278 repor, Rg | 0.47975333
6,0 | 0.969°000%8 B | 099575

o o 56.44810-21

{ ° 42.773+1346

Table 12. Values of best-fit model parameters from the nested sampling simulation
compared for the primary (ringed) model and four alternative hypotheses (ringless,
oblate planet, observational noise, starspots/faculae). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3 (ringed), Table 6 (ringless),
Table 7 (oblate planet), Table 9 (observational noise) and Table 10
(starspots/faculae). The table uses the following parameter notation: €» - orbit
eccentricity, ¢ - orbital inclination, €2 - orbital longitude of ascending node, w -
orbital argument of periapsis, R - exoplanetary radius, ¢ - ring eccentricity, a -
ring semi-major axis, w - ring width, # - ring obliquity, ¢ - ring azimuthal angle, ¥’
- ring argument of periapsis, 7. - equatorial exoplanetary radius, [ - exoplanet
oblateness, B - oblate planet projection rotation angle, @» - noise scale, v - noise
magnitude, Ws - stellar angular rotation velocity, Ao - initial starspot/facula
longitude, " - starspot/facula radius, B - ratio of starspot/facula brightness to
stellar brightness.
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As it is evident from Figure 15, the ring model exhibits the most precise alignment
with the observed data, particularly in the ingress, midtransit and egress stages,
with residuals centered closely around zero, where other models result in much
more scattered residuals. Conversely, the ringless model partially captures the
ingress and the egress stages but fails to precisely align with the midtransit; the
oblate planet model manages to capture the midtransit with better precision but
faces strong misalignment with data at both the ingress and the egress stages, and
the two other models fail to fit all three of these stages. This suggests that each of
the four alternative models fails to capture all light curve features alone.

The statistical superiority of the ring hypothesis is also quantitatively confirmed by
the matrix of Bayesian log-evidence differences (Table 11). In every comparison to
other models, the ringed model is overwhelmingly preferred (A 1n Z > 5,240),
rejecting other hypotheses. Among ringless alternatives, the oblate planet model is
the most successful, outperforming the spherical ringless model by

AlnZ ~ 2,282.54  This suggests that the spherical ringless alternatives are not
complex enough to reproduce the geometric asymmetries in the light curve. Both
the noise and the stellar activity models are outperformed by the simple spherical
model with Aln Z ~ 618.16 and AIn Z ~ 622.55, respectively, although they
create fits with almost similar log-likelihood values. Thus, the favorability of the
simple model over the noise and spots/faculae alternatives can be simply explained
by their unneeded complexity. Similarly, the noise model is slightly preferred over
the spots/facula hypothesis (A In Z =~ 4.39), as the latter introduces two more
parameters that lead to an unneeded increase in complexity, while not leading to
better fits (the starspots/faculae can add extra features to the light curve, but they
are too local compared to the ringed alternative).

However, it is important to acknowledge the abnormal magnitudes of the inferred
Aln Z values. Differences in log-evidences of this scale are anomalous in
exoplanetary analysis, where Aln Z > 5 is already considered strong evidence of
one model over another. These extreme values may arise from numerical
instabilities in the nested sampling algorithm, its precision limits,
high-dimensionality and multimodality. Nevertheless, combined with the clear
visual evidence from the residuals in Figure 15, these results do not leave doubt
about the statistical preference of the ringed model against other hypotheses.
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The primary model’s validity is further suggested by the posterior distributions
summarized in Table 12. For the ring model, the parameters are tightly constrained

o 44,078 1 Lo, +0.149°
and have minute uncertainties (e.g,, @ = 2:698,1522735; km 5 q @ = 84.58377 355,

On the contrary, the uncertainties in alternative model estimates allow for much

) PR ~+31.002° S
broader intervals (e.g., ? = 46-287 730256 ). This indicates the convergence of the

main model on a physically plausible and precise solution.

Therefore, of all suggested transit asymmetry hypotheses, the observed data is
most consistent with the ringed model.

4.4. Model limitations

Although the proposed model is effective in predicting transit light curves, it has
several issues that should be addressed. In this section, the drawbacks of the model
are outlined, highlighting the areas for future improvement.

4.4.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical
parameters, one of its main issues is its numerical nature. While the pixel-based
algorithm allows for calculating the model with high precision, the quality is
dependent on the pixel size of the matrices. Higher precision requires smaller pixel
sizes for resolving the details of the exoplanet and its rings better on their grid
representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become
computationally intensive as they require repeatedly recalculating and summing
matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to
determine the position of the exoplanet at every time step. While analytical
solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.

Furthermore, finding the transit window for more precise calculations of the light
curve is also a non-trivial task. We must analyze a wide range of data points in
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order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the
initial window range. After that, the transit light curve is computed by iterating
through a narrowed window. This approach is essential, as the transit is very quick
compared to the whole orbital period of the exoplanet. Thus, a total of So + § = 900
masking iterations is needed to evaluate the transit light curve. This is only
deteriorated by the selection of priors that are very broad (Section 3.2), as it leads
to an increase in the number of nested sampling iterations required to converge
due to prior sensitivity of the model. Thus, for Nean = 39,597 (see Section 4.2), a
total of 39,637,300 magnitude change calculations is required. At the same time,
each magnitude change calculation is a complex operation itself, which creates,
masks and sums matrices with thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We
chose the pixel size value that is large enough to sustain fast calculations, but still
gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 2-3 seconds (depending on hardware and specific parameter
values), requiring 20 to 40 hours to complete the nested sampling with

Nean = 39,597,

The issue may be further addressed by favoring the impact parameter over the
orbit’s rotational parameters. This solution would eliminate the need for the search
for the transit window, iterate over it for narrowing it and the need to solve Kepler’s
equation. Instead, the model would make fewer iterations by just moving the
masking matrix along the star’s grid in a line set by the impact parameter. The
improvement would work better for planets distant from their host stars, as their
projected orbits during the transit stage would be very similar to straight lines.

4.4.2. Challenges with Data-fitting
The model's effectiveness is heavily reliant on the parameter fitting process,
specifically on the choice of the data fitting algorithm.

At first, we used MCMC (Markov Chain Monte Carlo, Foreman-Mackey et al., 2013)
with 10,000 iterations, which was not enough for high-precision results. This
means that some of the model parameters could be effectively determined,
reaching a plateau in the MCMC chain, while others could still stay in their burn-in
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stage (the first values used in the MCMC that can be inadequately influenced by
initial guess values), resulting in convergence issues. Another issue posed by using
the MCMC was the local likelihood maxima traps. The MCMC would stop after
finding one local log-likelihood maximum that was closest to the initially guessed
values, ignoring the necessity of exploring the full parameter space in order to draw
more specific conclusions.

To distinguish these scenarios and draw the most accurate conclusion, the
data-fitting algorithm was switched to nested sampling. Unlike MCMC, nested
sampling was able to converge fully in Vean = 39,597 steps within the accuracy of
the stopping function. Moreover, it has explored the entire parameter space,
yielding several local maxima and bypassing the issues related to burn-in.

The high shrinkage (S) values observed across most model parameters indicate
that the final posterior distributions are primarily driven by the observational data,
not by the initial prior assumptions (Section 3.2). However, a notably lower
shrinkage value for one parameter: the longitude of the ascending node.

S = 0.4303 occurred due to its exceptionally narrow prior bounds, which were
strictly constrained to ensure a geometric transit occurred given the planet's large
semi-major axis. This further indicates that the parameter space was explored fully
and resulted in adequate posterior distributions for each parameter.

Nevertheless, the high-dimensionality of our model remains a challenge. In
particular, the evidence calculation and the resolution of small likelihood peaks are
heavily reliant on the number of live points Nive used. While Nean = 39,597
indicates convergence, a higher density of live points may still be required to fully
resolve more local maxima the subtle degeneracies between a large, translucent
ring and a smaller, opaque one.

The high dimensionality of the model and the insufficient amount of live points may
also be the main causes of the challenge in the calculation of log-evidence, which
exhibits an unexpectedly high difference between fits of different models. The
extreme In Z differences highlighted in Table 11 may suggest that the nested
sampling algorithm has encountered numerical divergence. This may occur due to
the mathematical inability of alternative models to provide near-perfect geometric
fits similar to that the ringed model, making both log-likelihoods and log-evidences
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significantly diverge between different scenarios. Therefore, although the ringed
model is statistically preferred over the alternatives, the A In Z magnitudes may be
overestimated due to precision limits.

Another issue with data-fitting is related to the difficulty of defining whether the
transit is central or not for distant exoplanets. Transits of distant exoplanets mainly
occur when the orbits of these planets lie in almost edge-on orientations. This
means that a negligible change of inclination (¢ ~ 0°) or longitude of ascending
node ({2 ~ 90°) can result in making a central transit non-central or even invisible.
Thus, it is highly possible that the nested sampling would not be able to distinguish
the small difference, favoring fully edge-on orientations and central transits as a
result. Similar to computational complexity, this problem must be tackled by
replacing the orbit's rotational properties with the impact parameter.

4.4.3. Observational Limitations

Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a
significant amount of noise due to various factors, including atmospheric
interference, instrument noise, and stellar variability. This high noise level can be
even more noticeable than the subtle photometric signatures of a ring system,
making it challenging for our model to correctly fit the light curve and accurately
constrain the parameters. In these conditions, the model may be attempting to fit
observational noise instead of the ring features. Thus, much more precise data from
next-generation telescopes is required to confidently distinguish between the
variation triggered by noise and the true signature of a ring.

As mentioned previously (see Section 3), stacking data combined from different

observational epochs introduces the risk of ignoring ring and exoplanet precession,
which might lead to significant errors in the determined parameter values.

4.4.4. Parameter correlations and degeneracies
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For detecting possible parameter correlations and degeneracies, a correlation
heatmap was constructed based on the parameter sets and their corresponding
resulting log-likelihood values (see Figure 14).

Parameter Correlation Matrix
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Figure 14. The parameter correlation matrix derived from the posterior samples of
the 11-parameter nested sampling analysis. The color scale represents the Pearson
correlation coefficient for every pair of 11 parameters used in nested sampling,
ranging from -1 (perfect negative correlation, dark blue) to +1 (perfect positive
correlation, dark red). The correlation heatmap was produced using the data of
every function call in the nested sampling. This matrix highlights the significant
degeneracies that occur in the ringed exoplanet model, particularly between orbital
dynamics (orbital eccentricity vs. orbital argument of periapsis, and orbital
inclination vs. orbital argument of periapsis) and ring geometry (eccentricity vs.
semi-major axis, and obliquity vs. azimuthal angle).



The values of the Pearson correlation coefficient (PCC) - the statistical measure
that quantifies the linear relationship between two variables, ranging from -1 to +1 -
in the correlation heatmap (Figure 14) reveal several critical degeneracies.

One of the main possible causes of the degeneracies in the exoplanet’s orbital
parameters is that different sets of orbital parameter values can yield similar
trajectories of the exoplanet’s transit. Thus, for improving the understanding of the
parameter correlations, the impact parameter (b) must be derived in terms of the fit
orbital parameters, as it is the main quantity representing the transit trajectory for
long-period planets (because their trajectories can be approximated as straight
lines).

From the geometry of projecting the trajectory on the stellar surface:

b — Ttra

Rs
where Ttra is the distance between the star and the planet at the time of transit.

coS 7,

Using the ellipse equation in polar coordinates (formula 2.5.13):
A(l—e2)

Ttra =

e, Cos I

When the projection of the planet is the closest to the center of the star, the true
anomaly (») can be expressed as:

v=90°—w
Therefore:

A 1 —e?
b= —cosi| —F—

Rg 1+e,sinw (4.5)
One of the most striking degeneracies detected is quantified by the near-perfect
negative correlation (PCC = —1.00) between the orbit eccentricity (¢r) and the

exoplanet’s argument of periapsis (w). This correlation occurs mainly because, for
long-period exoplanets, any change in the orbital eccentricity can be compensated
by a respective change in the planetary argument of periapsis. It can be further
confirmed by equation 4.5, as it has a product of ¢» and w as a term in its

- 2
denominator. Additionally, the effect of L — €, in the numerator is minor, resulting
in an almost perfect negative correlation.
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Another noticeable degeneracy in the orbital parameter of the exoplanet can occur
due to a noticeable negative correlation (”C'C' = —0.60) between the orbital
inclination (7) and the exoplanet’s argument of periapsis (w). This, again, highlights
that different sets of orbital parameters can result in very similar transit
trajectories for long-period planets. More importantly, the orbital inclination plays
a minor role in determining the exoplanet’s transit trajectory, as the orbit has to be
close to edge-on to ensure that the transit occurs. This can be also confirmed by
equation 4.5, as it has cos? and sinw in the opposite sides of the fraction, with ¢
and w both occurring only once in the equation, which results in the identified
negative degeneracy. This degeneracy is also supported by the bimodality of the
posterior distributions of ¢ and w (see Section 4.2 and Figure 10).

Thus, similarly to other limitations, the degeneracies between the exoplanet’s
orbital parameters can be addressed by switching from the parameters of orbital
eccentricity, inclination, longitude of ascending node and argument of periapsis to
the impact parameter. Although this solution can prove itself physically ineffective
for short-period planets (e.g., Hot Jupiters), it would be effective for long-period
exoplanets like HIP 41378f

The most powerful degeneracy within the identified ring properties would most
probably be related to the high negative correlation (PCC = —0.93) between the
ring eccentricity (e) and its semi-major axis (a). This strong correlation clearly
demonstrates that the quality of the fit data is insufficient for the model to clearly
identify whether the ring is eccentric or circular. Due to that, a more eccentric
compact ring may produce a similar log-likelihood to a less eccentric but bigger
ring, as they both affect the transit depth, leaving different traces in graph
asymmetries only (Section 4.1), which require higher data precision to be resolved.

The effect of the eccentricity on the transit depth is minor (V'1 — €2, see equation
4.1). Therefore, it is reasonable to remove the eccentricity parameter (and,
consequently, the parameter of argument of periapsis, as it has no effect for zero
eccentricity), switching to a circular ring model instead in order to avoid the
degeneracy in the ring’s semi-major axis.

Another significant correlation is between the ring obliquity (#) and azimuthal

angle (?). This correlation is highly predictable for the near edge-on configuration


https://www.codecogs.com/eqnedit.php?latex=PCC%3D-0.60#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=%5Ccos%20i#0
https://www.codecogs.com/eqnedit.php?latex=%5Csin%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctext%7BPCC%7D%3D-0.93#0
https://www.codecogs.com/eqnedit.php?latex=e#0
https://www.codecogs.com/eqnedit.php?latex=a#0
https://www.codecogs.com/eqnedit.php?latex=%5Csqrt%7B1-e%5E2%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Ctheta#0
https://www.codecogs.com/eqnedit.php?latex=%5Cphi#0

that the rings are hypothesized to exhibit. For small ring obliquity values, the mask
of the rings is very similar for various azimuthal angle values, resulting in both
similar transit depths and similar light curve shapes. As there is no simple way of
distinguishing different azimuthal angle values for near edge-on configurations, the
results for # and ¢ must be treated as an indicator of the almost edge-on case
rather than a physically reliable exact orientation of rings.

4.4.5. Model predictivity and handling data with gaps

To validate the predictive improvement of the model (the quantified increase in the
model’s ability to explain the observed data as more initial information is provided
to the fit), the k-fold cross-validation (a method of repetitive data-fitting that uses
different portions of the observations as input data sets).

To implement the k-fold evaluation algorithm, the data set was initially split into

k =5 equal temporal portions of data that represent five key transit stages: Fold O
- ingress, Fold 1 - pre-midtransit, Fold 2 - midtransit, Fold 3 - post-midtransit and
Fold 4 - egress (see the folds in Figure 16). Each of the resulting portions of data was
then removed one by one in rotation, passing the other four parts as an input for
the main nested sampling algorithm, which is described in Section 3. The best-fits
generated by every k-fold test are displayed in Figure 16.

The selected approach helps validate if the ring signatures detected by the main
run (Section 4.2) are a coherent global feature or a localized anomaly, assisting with
confirmation of the model’s generalizability and ensuring that the model is not
overfitting local noise or instrumental artifacts.

This approach is especially necessary for long-period transits like HIP 41378f, where
data gaps might occur due to instrumental specifics or other observational
limitations (e.g., an unexpected bright radiation source in the foreground), which
must not bias parameter recovery because the model relies too heavily on specific
parts of the transit light curve.

The best-fit light curves with stacked residuals for each iteration of k-fold
cross-validation are displayed in Figure 16. The comparison of resulting
log-evidences and inferred values of system parameters is displayed in Table 13 and
Table 14, respectively.
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Best-Fit Light Curves for K-Fold Cross-Validation
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Figure 16. Best-fit light curves and residuals for the five k-fold cross-validation
iterations (Fold 0 — ingress removed, Fold 1 — pre-midtransit removed, Fold 2 —
midtransit removed, Fold 3 — post-midtransit removed, Fold 4 — egress removed).
The upper panel displays the observational data separated into five folds (they are



highlighted by different colors and marker styles) overlaid with the best-fit light
curves for each k-fold iteration: Fold O (red wide solid line), Fold 1 (orange dashed
line), Fold 2 (green dash-dot line), Fold 3 (blue dotted line), and Fold 4 (purple solid
line). Observational data and their respective residuals are represented by unique
markers: circles (Fold 0), upward triangles (Fold 1), squares (Fold 2), diamonds (Fold
3), and downward triangles (Fold 4). According to the residuals for the removed
parts of the graph for each k-fold, the fit quality deteriorates when less data is
input, which indicates the predictive improvement of the model. Despite the
exclusion of the critical phases, all five models converge onto a notably similar
transit profile, which confirms the stability of ring detection and advocates against
overfitting of local noise.

Aln 7 Main model Fold O Fold 1 Fold 2 Fold 3 Fold 4
(Full data) (Ingress) | (Pre-Mid) | (Midtransit) | (Post-mid) (Egress)
Main model 0.00 497375 4+ 0.43 | +1.065.68 £0.41| +1,002.16 £ 0.71 | +1.043.94 £0.45 | +-864.95 4 0.43
Fold 0 —973.75 + 0.43 0.00 £91.93 +0.34 | +28.41 +0.64| +70.19 + 0.38 [ —108.8 + 0.36
Fold 1 —1,065.68 + 0.41| —91.93 +0.34 0.00 —63.52 £ 0.62 | —21.74 £ 0.36 | —200.73 £ 0.34
Fold 2 —1,002.16 £ 0.71| —28.41 4 0.64 | +63.52 + 0.62 0.00 £41.78 4+ 0.66 | —137.21 + 0.64
Fold 3 —1,043.94 £ 045 | —70.19 + 0.38 | +21.74 + 0.36 | —41.78 + 0.66 0.00 178.99 & 0.38
Fold 4 —864.95 + 0.43 | +108.8 + 0.36 | +200.73 4+ 0.34 | +137.21 + 0.64 | +178.99 + 0.38 0.00

Table 13. The matrix of relative values of Bayesian log-evidences (A In Z) for the

primary model and five iterations of k-fold cross-validation (Fold O - ingress

removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed, Fold 3 -
post-midtransit removed, Fold 4 - egress removed). The values in the table
represent the difference between the log-evidences of models indicated in the row

and the column (AInZ = In Z,oy — In Zeotumn) calculated via nested sampling
based on Bayesian evidence weights of each model. Positive values indicate a
statistical preference of the model in the respective row over the model in the
selected column. The superiority of the main (full data) model over all iterations of
cross-validation (A In Z > 860) confirms that the information signal is spread over
the entire transit light curve and is not caused by local anomalies, so full data is
required for best parameter estimation, which confirms the predictive
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improvement of the model. The high statistical stability of the results for light
curves with various excluded transit phases verifies the reliability of ring detection.

The comparison of fit shapes and In Z values for different folds is highly important
to evaluate the predictive improvement of the model, but insufficient to draw a
definitive conclusion about the model’s ability to fit data with gaps. For that reason,

we also compare the estimated parameter values and their uncertainty ranges (see

Table 14).
Estimated Main model Fold O Fold 1 Fold 2 Fold 3 Fold 4
parameter name | (Full data) (Ingress) | (Pre-Mid) | (Midtransit) | (Post-mid) | (Egress)

Exoplanet orbit
eccentricity (“»)

0.00370000

0.01470:009

0.00075000

0.00270000

0.00070 000

0.00370000

Exoplanet orbit
inclination (1), °

1583103

57.97695%,

721064913 7

“+0017

88.1907 0120

86.61012953

Exoplanet
longitude of
ascending node

80.0007 290

90.00010:9%

90.00070:990

90.000*9-500

90.000+3:950

90.0007+5:000

(§2),°
Exoplan +0.034 | 17 799+0.005 ; +0.008 : =+0.129
xoplanet 0.7817 5 oos | 17-723%5 308 Clrcu'lar 4.0487 5 505 Clrcu'lar 9.057 050
argument of orbit orbit
periapsis (w), °
Exoplanet radius | 46,1747 77" | 56,7367 58,3441 | 47,6547 175 | 48,6871 7% | 55,871137
(R), km
Ri ici +0.002 4+0.067 47+0:000 5+0.003 +0.005 +0.001
Ring semi-major | 2,698,152 1975 | 3,983,986 555, [ 3,472,1847 1950 | 2,451,302753% [ 1,870,866 3557 | 3,397.380" 1%61°
axis (a), km

Ring width (), km

374,242 2000

602,04772%2

73,8363

263,7187 1301

184,039 1952

480,256+ 1460

Ring obliquity (#), °

0.9697 0002

0.5617 0055 | 1

++0.017
36 —0.007

= g~+0.010
D87 —0.011

3.78170 4

4.551709%

Ring azimuthal
angle (?), °

56.448+0:214

117.81715185

118.063 0113

150.136+0-474

112.815% 435

56.964 0412

Ring argument of
periapsis (¥), ®

42,7731 388

118.4831 0255

73.898 007

a4 ==g+0.972
].t;"j:-‘ {8—1170

161.1457 ¢35

‘ =g~+1.688
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Table 14. Values of ring and exoplanet properties from the nested sampling
simulation compared for the main model and each of the five k-folds (Fold O -
ingress removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed,
Fold 3 - post-midtransit removed, Fold 4 - egress removed). The values themselves
represent the median points of the posterior distributions for each parameter, and
the upper and lower error limits of the parameter values represent 1o confidence
intervals. The priors are uniform and recorded in Table 3.

Based on Table 1, it can be confirmed that each phase of the exoplanetary transit
(ingress, egress and midtransit) carries critically important information. This is
verified by the abnormally large values of relative Bayesian log-evidence (A In 2)
between the main model and each of the k-fold fits (~ 860 to 1,060) with

Aln Z > 5 already considered strong evidence of one model over another in
Bayesian statistics. This difference is especially strong when comparing the main
model with Fold 1 (pre-midtransit removed, & In Z ~ 1,066) and Fold 3
(post-midtransit removed, & In Z & 1,044), The positive values of A ln Z for all
comparisons of k-folds against the main model confirm that adding new data
improves model predictivity, which is a characteristic of a real signal.

Nevertheless, the k-fold cross-validation results also confirm that the model does
not overfit local noise and show stable ring detection across all fits. Table 13 and
Figure 16 show that removing data at any of the main transit stages catastrophically
deteriorates both the log-evidence result and the residuals, which would not be the
case when the model fits noise instead of real light curve features. This is also
confirmed by the relatively small difference between In Z amongst the k-folds (e.g.,
Aln Z ~ 22 between Fold 1 and Fold 3) compared to the drastic In Z change
between the model and the k-folds, which suggests that the signal is distributed
fairly uniformly along the light curve and there are no local anomalies that fully
determine the statistical plausibility.

The consistency of ring detection and the reproducibility of positive results are also
supported by the k-fold best-fit parameters yielded by nested sampling in Table 14.
For instance, the k-fold radius estimates are relatively consistent (47,654 km to
58,344 km) and less than 9-2Rg (Santerne et al., 2019), which can be classified as a
stable partial explanation of the “super-puff” phenomenon through the ring
hypothesis when taking into account that 20% of the data are removed for each fit.
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The ring parameters (semi-major axis, width, eccentricity and obliquity) possess
physically plausible values for every fold, always suggesting a large and eccentric
ring system in a configuration close to edge-on. Fold 2 suggests the most similar
values to the main model compared to other k-folds, showing that the inferred
values are mainly determined by the asymmetries in the transit ingress and egress,
and not by random error in the observations.

The physical plausibility of the fit can also be confirmed by the high sensitivity of
inferred orbital inclination values to the input data (Table 14). This effect is
especially evident for Fold O (¢ = 57.9°, different by 20.2° from the main fit). It
occurs because the ingress transit stage stores the key signatures caused by orbital
inclination. This proves that the model honestly shows the uncertainty when the
parts of the data are removed. The model fidelity is also evident from the residuals
in Figure 16, where the model fits the incomplete input data well but fails to fit the
removed data with high accuracy in Fold 0 and Fold 4.

Therefore, the model passes the k-fold cross-validation: the results disapprove
noise overfitting, are resilient to data loss, statistically robust and physically
plausible. This confirms that the model is consistent with rings. However, for the
best results, it is essential to use observations without time gaps.

4.4.6. Theoretical boundaries of the ring search

Another notable limitation of the current modeling framework is that the search
window for ring systems is strictly constrained to the Roche limit concerning the
semi-major axis of the rings. While it narrows the prior distribution, which is
important for more effective data fitting, and targets the algorithm on the most
stable and common ring configurations, it neglects potential rings that may exist at
greater distances. To broaden the possible range of values of the ring’s semi-major
axis, it would be necessary to incorporate a more complex approach to modeling
ring dynamics. Specifically, the model must incorporate the Hill radius (Heising et
al., 2015) - the region where the planet's gravity dominates over the star's tidal pull
- and the orientation of the Laplace plane (Heising et al., 2015), which affects the
precession and stability of the rings. Without these considerations, extending the
search boundary could lead to physically irrelevant ring configurations.
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5. Conclusions

In this study, we have described the development, validation and application of a
novel model for detecting exoplanetary rings and obtaining their properties
through data fitting of transit photometry measurements. Our new pixel-based
method allows addressing previous uncertainties and limitations by simulating the
exoplanet, its rings and the host star as pixel-gridded matrices, providing a
physically accurate characterization of the transit event. Also, the proposed model
aims to integrate the parameters that are often overlooked by other studies, such as
ring transparency, ring eccentricity and the full 3D orientation of the exoplanet
orbit and its ring.

The validity of our model was then tested through the generation of synthetic light
curves, which helped systematically explore the effect of each parameter on the
light curve. Finally, the model was implemented in practice by analyzing the
photometric data for HIP 41378f, which is a super-puff candidate and a
high-priority target for searches of exoplanetary rings. Our data-fitting results
show that the best-fit light curve that is produced by our model, which accounts
for the exoplanet’s rings, fits the observed data with higher precision compared to
four alternative models (spherical ringless planet, oblate planet, observational noise
and stellar activity). The reliability of the model was also confirmed via a posterior
predicted check, k-fold cross-validation and analysis of parameter correlations.

Additionally, the nested sampling analysis has provided the first quantitative
measurements of the parameters of the HIP 41378f’s hypothetical rings. Best-fit
parameters suggest a large (a = 0.018 AU), eccentric (e = 0.418) and tenuous

(7 = 0.006) ring, lying in an almost edge-on orientation, with parameter correlation
analysis suggesting only several possible degeneracies: exoplanetary orbit
eccentricity vs. exoplanet’s argument of periapsis, orbital inclination vs. exoplanet’s
argument of periapsis, ring eccentricity vs. its semi-major axis, and ring obliquity
vs. azimuthal angle. This serves as a potential sign of a ring system around HIP
41378f, yielding a planet bulk density estimate of 173.7 kg 111_3, suggesting that
inflated radii of super-puff exoplanets might be observational artifacts resulting
from unseen rings. The results also demonstrate the importance of obtaining
higher-precision data for a full characterization. This generally supports our
hypothesis that it is possible to extract ring properties from a light curve by fitting
modeled light curves to observations.
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Thus, in the future, our model can become a valuable tool for discovering and
confirming new exoplanetary ring systems, estimating their parameters, and
re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring
system, obtaining its general properties is essential, which can now be done by
implementing our tool.

As it is evident, even though the model is precise and takes into account many
parameters the effect of which on the transit light curve is minor, our model can be
improved by running a nested sampling simulation with more live points and
handling ring precession (Heising et al., 2015), light scattering by rings (Barnes &
Fortney, 2004), Laplace plane (Heising et al., 2015) and effects of exomoons on ring
stability. For decreasing the possible degeneracies and reducing computational
intensity, it is favorable to decrease the number of model parameters, switching
from the full 3D exoplanetary orbit orientation to impact parameter and potentially
favoring circular rings for avoiding the degeneracy between a and e. Other
prospects that this work introduces for the nearest future include:
injection-recovery analysis for quantifying detection efficiency and sensitivity
limits, specifically by injecting synthetic ringed exoplanet transits of various optical
depths and geometries into HIP 41378f residual observational data, determining the
minimum signal-to-noise ratio required to distinguish between super-puff planets
and ring candidates; analyzing more real light curves and detecting more ring
systems; exploring irregular ring systems, where the rings exist outside the Roche
radius; studying HIP 41378f further, approving the existence of its rings and
examining if its inflated radius can be caused by any other effect. Another
important prospect is integrating the tool with other software, for instance, TLS,
for easier and more frequent analysis of exoplanetary ring systems.
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