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1. Introduction

Transit photometry is an increasingly popular method of detecting and studying exoplanets (planets outside the Solar
System). When an exoplanet passes in front of its host star, it blocks the light from it, producing a dip in brightness over
time. This dip is called a transit light curve (see Figure 1).
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Figure 1: The figure demonstrates how the transit photometry method works for ringed exoplanets. Five positions of an
exoplanet are marked throughout its trajectory in front of the host star. For each marked position, a colored line links to a
respective point in the transit light curve below. For each of these points, the dip in brightness is caused by the blocking of
the star’s light by the exoplanet in the selected position. The ingress (entering the transit) and egress (finishing the transit)
stages are labeled in the graph. The magnitude change in the graph represents the logarithmic change in the star’s
brightness, and the phases represent normalized time values. The figure illustrates that the spatial configuration of the
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ringed exoplanet has a direct impact on specific features in the photometric light curve, which is more complex and yields
different results compared to a simple spherical planet transit.

The discovery of exoplanetary rings using transit photometry has long been an intriguing challenge in astrophysics. Even
though the ring systems in our Solar System have been thoroughly studied, it is highly challenging to detect exoplanetary
ring systems due to their marginal angular sizes and small photometric signatures. This makes direct imaging (capturing
directly resolved images) difficult. Nevertheless, transit photometry is a powerful and promising technique for identifying
such ring systems indirectly. Recent studies (Heising et al., 2015; Lu et al., 2025; Piro & Vissapragada, 2020) are focused on
detecting rings through mathematical modeling or peculiar light curve features (e.g., asymmetrical transit dips). Despite
these efforts, no exoplanetary rings have been confirmed with high certainty after J1407b (Kenworthy & Mamajek, 2015), only
hypothesized, due to limitations of observational noise and uncertainty about false positives (Aizawa (EZIES) et al., 2017
Barnes & Fortney, 2004).

Previous studies (Ohta et al., 2009; Piro & Vissapragada, 2020) suggest that rings may explain detected anomalous planetary
properties, such as the inflated radii of super-puffs (exoplanets with extremely low inferred densities or low masses for their
inferred radii). HIP 41378f (Santerne et al., 2019), the ring system of which we investigate in this paper, is an example of this
type of planet. Also, detecting rings could help in identifying shepherd moons (moons that gravitationally influence the ring
particles and maintain the ring’s structure), the study of which is highly valuable for understanding moon formation
(Tiscareno, 2013). However, current models of ringed exoplanets often do not include some kinds of factors, such as ring
transparency or eccentricity (how elongated a ring is), which leads to potential false negatives. So, improving these models
could lead to discoveries of exoplanetary ring systems in archival data from missions like Kepler and TESS (Transiting
Exoplanet Survey Satellite).

Our study investigates whether high-precision transit photometry, combined with an advanced parameter-rich pixel-based
masking algorithm, can reliably identify and characterize exoplanetary ring systems by modeling their light curve signatures.
We propose that by creating a pixelated transit model that accounts for ring transparency, eccentricity, ring and exoplanet
orbit orientation and limb-darkening (darkening of the host star to its edges) effects, it is possible to accurately recover ring
parameters from high-precision light curves. Our approach is different from analytical models (Heising et al., 2015) by using a
numerical, pixel-based masking framework. We describe our model as 'pixel-based' because it represents the host star,
exoplanet and ring as discrete 2D pixel grids (images), where each individual cell (pixel) corresponds to a localized intensity
or opacity value.

Unlike analytical methods that rely on geometric equations to calculate the covered area of the stellar disk, which often
necessitate simplifying assumptions like circular rings or uniform stellar brightness, our pixel-based approach performs a
direct numerical integration (summation of pixel-by-pixel operations). By moving the planetary and ring 'masks' across the
stellar pixel grid and applying a pixel-by-pixel opacity transformation, we can precisely model highly complex configurations.
This includes features such as eccentric, inclined and rotated rings, and oblate planetary shapes that are mathematically
difficult to describe with traditional analytical geometry. This numerical flexibility enables a more parameter-rich analysis,
allowing us to account for more subtle ring properties and orientation angles that are frequently neglected in existing
literature.
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In Section 2 (Methods), we describe our pixel-based masking algorithm with emphasis on how the star matrix, exoplanet and
ring masks are modeled, how the ring position is calculated, how the orbital parameters of the exoplanet affect the light
curve and how limb-darkening is incorporated. In Section 3 (Parameter Estimation), we describe how the best-fit ring
properties should be estimated based on the light curve (density, semi-major axis, width, eccentricity, obliquity, azimuthal
angle and argument of periapsis), using the super-puff candidate HIP 41378f as an example. In Section 4 (Validation), we test
our model by generating synthetic light curves (artificial light curves generated by the model to represent various sets of
parameter values) to assess the impact of input parameters on them and analyze the observed light curve of HIP 41378f,
attempting to detect its ring system. In Section 5 (Conclusions), we summarize our results and talk about future prospects of
implementing our tool. This work aims to contribute to the growing field of exoplanetary ring studies by helping develop a
new model for comparative analysis of archival and future observational data.

2. Methods

The transit light curve is modeled using the innovative pixelized modeling algorithm. First, all the required properties of the
planet, its rings, orbit and host star are calculated from input parameters and converted to be used by the functions (e.g., for
matrix representations, all length units should be in pixels) for computing the grid representations of these objects. The
representation of a star divides it into small pixels and calculates their normalized intensities (quotients of any pixel's
brightness to the one of the brightest pixel), taking the limb-darkening coefficients from theoretical tables (either
Diaz-Cordovés & Giménez, 1992, or Claret & Giménez, 1992, depending on the physical properties of the star and
limb-darkening coefficients availability). The representations of a planet and its rings also separate objects into pixels,
creating a masking matrix. However, they yield the optical depth (an exponential measurement of an object’s transparency)
of every pixel based on intrinsic calculations.

The algorithm also involves applying some ring properties that were disregarded by some of the previous models (specifically,
ring eccentricity, optical depth and argument of periapsis). Running the simulation confirmed that some of them can be
neglected, but suggested that previous models (Aizawa et al., 2023; Barnes & Fortney, 2004; Ohta et al., 2009) undermine the
importance of some of them (for these findings, see Section 4.1).

2.1. Main model parameters

Model parameters are the values that are required to run the model or are computed during its runtime. They can be
classified as input, intrinsic, output, fixed, floating and calculated. Input parameters are passed to the model by the user.
Fixed input parameters are kept constant when working with the same observational data. They are passed to the model but
are not estimated during the data fitting process (Sections 3, 4.2 and 4.3). Instead, they are unchanged in the data-fitting
stage. Finally, floating input parameters are the values that can vary within a range set by the user. Also, the floating
parameters are those parameters, the values of which are estimated during the data-fitting (Sections 3, 4.2 and 4.3).
Therefore, the floating parameters carry the most crucial information about the model. The boundaries of these parameters
and their justifications may be viewed in Table 3 (the main model), Table 6 (ringless model), Table 7 (oblate planet model),
Table 9 (observational noise) and Table 10 (starspots/faculae model).

2.2. Floating parameters and their limits
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Floating parameters are the values that are used for building the model, the values of which are previously not identified and
can vary in a specific range. If their thresholds can be set manually from general knowledge, they become floating
independent parameters, whose minimum and maximum values are fixed and do not depend on any other model parameters.
The majority of floating parameters in our model are independent, including both exoplanet parameters (orbital eccentricity,
inclination, longitude of ascending node, argument of periapsis and radius) and ring parameters (ring eccentricity, obliquity,
azimuthal angle and argument of periapsis).

2.2.1. Ring proportions

The only two dependent parameters of our model are the ring’s semi-major axis (half of the longer diameter of an ellipse) and
its width. With high accuracy, the ring is two-dimensional, with negligible depth. There are several key values for setting the
thresholds of the semi-major axis. The first of them is the exoplanet radius. It is evident that the ring’s periapsis (closest point

to the exoplanet) must be located outside the planet’s radius. From the ellipse geometry, the ring’s periapsis distance =~ can

be expressed as . Thus, the minimum possible value of the ring’s semi-major axis is:

(2.2.1)

Regarding the maximum possible value of the semi-major axis, typical planetary rings usually exist inside the Roche radius of
a body (Tiscareno et al., 2013), a distance beyond which a moon held only by its own gravitation would be torn apart due to
tidal forces (differential gravitational pulls exerted on different parts of this moon by the host body). This is how most ring
systems are formed. The Roche radius is given by:

(2.2.2)

using the value of the dimensionless parameter (Chandrasekhar, 1969; Murray & Dermott, 2012) to yield the
greatest possible Roche limit (because is the smallest possible value of ). Since we suppose that the ring is fully inside

the Roche radius, its apoapsis (a point of the ring, which is the furthest from the exoplanet) distance must
be less than or equal to the Roche radius:

(2.2.3)

Although it is well-known that even in our Solar System, some objects, for example, Quaoar (Morgado et al., 2023) and Jupiter
(Tajeddine et al., 2017), have their rings spanning outside the Roche radius, in this work, we aim to detect more common types
of rings. Thus, for simplicity and faster calculations, we only search for exoplanetary rings inside the Roche limit.
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Regarding the ring width, we do not limit its minimum value and set it to . As for the maximum value, we still
expect the farthest ring particles to have a semi-major axis less than or equal to the maximum possible value. Thus, the
maximum ring width along the major axis must be equal to:

(2.2.4)
2.2.2. Ring orientation and eccentricity

Apart from setting the ring’s semi-major axis and width, it is necessary to set its orientation parameters. These include its
obliquity, azimuthal angle and argument of periapsis. The obliquity ( ) is the angle between the stellar equatorial plane and

the plane of the ring. The azimuthal angle ( ) is the angle between the line of sight and the ascending node of the ring in a

plane, parallel to the stellar equator. The argument of periapsis ( ) is the rotation of the ring in its own plane, the angle
between its ascending node and the ring’s periapsis. The ascending node is the orbital point where an object crosses the
stellar equatorial plane from south to north. Another ring parameter is its eccentricity ( ), a quantity determining how
elongated it is, measured from O (circular) to 1 (elongated). See the visualization of these parameters with 2D grid
representations of the rings in Figure 2.

The two limiting cases for the orientation of the exoplanetary rings are called edge-on and face-on ring positions. The rings
are considered to be edge-on when their normal axis (the direction perpendicular to the plane of the rings) is perpendicular
to the observer’s line of sight (a straight line of the observer’s vision). It makes rings appear as they are viewed from the side,

rather than from above or below, which makes them almost invisible. This condition is set by obliquity or azimuthal
angle . The face-on rings, on the contrary, occur when their own plane is perpendicular to the line of sight (
or )-
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Figure 2: Ring parameters and how they affect the 2D ring matrix projection of a ring with optical depth . The
first column shows the 2D projection for different obliquity values, the second column - for values of azimuthal angle, the
third column - for values of argument of periapsis, and the last column - for various eccentricity values. Ring transparency

is not depicted to scale; however, it represents the effect of on the optical depth (see Section 2.4). Note that the ring

is not visible when it is edge-on ( or ). Unless mentioned otherwise above, the ring is depicted for

parameter values of , , and ; exoplanetary radius of 20 pixels and ring semi-major
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axis of 100 pixels. This figure serves as a visual definition of the rotational properties of the exoplanetary ring and its
eccentricity, showing how the four parameters alter the ring’s projected area and shape on the pixel grid. The pixel-based
model successfully translates the 3D ring geometry to a 2D Cartesian plane, allowing for numerical integration of any ring
configuration.

2.2.3. Exoplanetary radius

One more parameter that must be set floating is the radius of the exoplanet. Technically, it can be obtained from transit least
squares (TLS) fitting (Hippke & Heller, 2019). However, the transit depth would be highly affected by the existence of a ring
and the TLS algorithm might return invalid exoplanet radii. Therefore, some studies attribute the phenomenon of
exoplanetary super-puffs to incorrect radius measurements because of the presence of ring systems (Piro & Vissapragada,
2020). The only way to deal with this issue is to set the exoplanet radius floating.

2.2.4. Exoplanetary orbit

The exoplanet’s orbit is unambiguously set by five parameters: semi-major axis, eccentricity, inclination, longitude of
ascending node and argument of periapsis. The semi-major axis is derived directly from the orbital period and the host star’s
mass (for this, see Section 2.3). The eccentricity ( ) is also set to vary. In our model, we do not require circular orbits as
other studies do (Aizawa (EZ1EE) et al., 2017; Heising et al., 2015), allowing it to be set to high values, which might make the
model applicable to many more exoplanets (for instance, HD 20782, see Jones et al., 2006). The orbital inclination ( ) is the
angle between the stellar equator plane and the orbital plane. In our case, we assume that the star is located directly at the
point of the autumnal equinox for simplicity, so the longitude of the ascending node ( ) is the angle between the line of
sight and the ascending node of the orbit in the plane of the stellar equator. Finally, the argument of periapsis ( )
represents the rotation of the orbit in its own plane, the angle between its ascending node and the orbit’s periapsis. These
three parameters are also not limited and can take all possible values. See the visualization of these parameters with 2D
matrix representations of the orbits in Figure 3.

Similarly to the two limiting cases for the orientation of the exoplanetary rings, the limiting orbit orientations are called
edge-on and face-on orbits. The orbit is called edge-on when it is lying in the plane of the observer’s line of sight. This

condition is set by inclination or longitude of ascending node . A face-on orbit occurs when its own plane
is perpendicular to the line of sight ( or ).
theconvergencejournal.org Vol. 2, No. 1; April 27, 2026
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Figure 3: Exoplanet parameters and how they affect the 2D orbit matrix projection. The first column shows the 2D
projection for different inclination values, the second column - for values of longitude of ascending node, the third column
- for values of argument of periapsis, and the last column - for various eccentricity values. When no orbit is displayed, it
symbolizes that the orbit lies edge-on. Unless mentioned otherwise above, the orbit is drawn for parameter values of

, , and ; stellar radius of 20 pixels and exoplanetary semi-major axis of 100 pixels.
This figure illustrates how the orbital parameters affect the exoplanetary transit trajectory across the stellar disk, which
defines the transit duration and light curve features. Transit length and occurrence are heavily reliant on the rotational
orientation of the ring and its eccentricity.

2.3. Fixed input parameters

In this work, we implement the nested sampling algorithm (see Sections 3 and 4.2-4.4) to obtain the posterior distribution
(Gilks et al., 1995). Thus, it is necessary to minimize the number of floating parameters to decrease the calculation time. Based

on this rationale, we selected the following parameters to be fixed in our model: stellar radius ( ), temperature (1) and

logarithm of acceleration due to gravity ( ), exoplanet orbital period ( ) and mass ( ); ring specific absorption
coefficient ( , light absorption by ring particles by a unit of density); wavelength ( ) / band and matrix pixel size ( ). See
their default values in Table 1 and the values for parameter estimation in Section 3.

Since the data about stars is much more abundant, the host star’s radius, temperature and logarithm of gravitational
acceleration are taken as fixed values. These parameters play a vital role in the algorithm as they define the limb-darkening
coefficients (for both Diaz-Cordovés & Giménez, 1992 and Claret & Giménez, 1992). Thus, by getting the limb-darkening
coefficients from the physical properties of a star, we aim to have fewer floating parameters than other models that select the
limb-darkening coefficients as model parameters instead of stellar physical properties (Aizawa (EZ1E &) et al., 2017; Heising
et al., 2015). The radius is essential for building a star matrix of a relevant size. The semi-major axis of the exoplanet (critical
for correct orbital mechanics implementation) is calculated as a function of its period and stellar mass by the 3rd Kepler’s
Law of planetary motion:
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(2.3

Unlike an exoplanet’s radius and most of its orbital parameters, its orbital period and mass are considered known as they are
based on the peak period (the amount of time between two consecutive main minima in the light curve) and spectroscopic
features (Mayor et al., 2014), respectively. They are not noticeably influenced by the presence of rings in the case of radius
measurement errors (Libby-Roberts et al., 2020). Thus, they can be set as fixed parameters and obtained through TLS fitting
and spectroscopic measurements.

The optical depth of the ring is defined by its density and specific absorption coefficient:
(2.3.2)

Although the ring density is unknown, we want it to be fixed during data analysis. As density only affects the Roche radius
and the optical depth of the ring, its effect on the light curve is not too critical. Thus, for convenience, we assume that it is
equal to Roche critical density (maximum possible density of a body that is derived from its Roche radius, see Tiscareno et al.,

2013) for a Roche lobe with uniform density ( , Porco et al., 2007):

(2.3.3)

This approach is justifiable from two rationales. First of all, selecting the nearly maximum possible density value (we apply

instead of to get a more realistic density value closer to its average) maximizes the optical depth, which
enhances ring detectability, relating to the best-case scenario. Secondly, it decreases the Roche radius (see formula 2.2.2).
This simplification results in decreasing the number of iteration steps for the semi-major axis parameter, which is highly
favorable for faster calculations.

As for the specific absorption coefficient, it must be selected to match the chemical composition of the ring. While the
optical depth of the ring was neglected by some studies (e.g., Heising et al., 2015), others suggest that its impact on the optical
depth is underrated, and it is important to deal with absorption, particle sizes and forward scattering effects (the deflection
of rays by a small angle due to particle size and other factors, see Barnes & Fortney, 2004b). Running the simulation can help
us come to a realistic conclusion about whether the parameter should be included or not (for our findings, see Section 4.1.2).

Wavelength or band of the observations is also important to consider. It affects both the limb-darkening coefficients and the
specific absorption coefficient of the ring dust particles. For obtaining the coefficients for the quadratic model
(Claret & Giménez, 1992), the band in either the UBV system (Johnson & Morgan, 1953) or Stromgren photometric system
(Strémgren, 1956) must be selected: U, B, V u, b or v. For applying the square root limb-darkening model (Diaz-Cordovés &

Giménez, 1992), the wavelength is used to select the most appropriate coefficients - there are five available values for
the wavelength: . Regarding the effect of wavelength on the specific
theconvergencejournal.org Vol. 2, No. 1; April 27, 2026
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absorption coefficient, it is noticeable enough. For instance, for rings made of silicate grains, the absorption is highly
wavenumber-dependent (Boudet et al., 2005; Utry et al., 2014).

Another unique parameter of our model is the matrix pixel size. It is a “scale factor” that helps us convert linear sizes of
objects into measurements on a matrix grid, a physical length represented by a single pixel in the model:

(2.34)
where [ is the physical length of any object in the observed system and s its size in pixels in the matrix grid.

It is a constant used to scale real-world measurements, converting them to lengths in pixels for the computer model. See the
values fixed parameters were set to during data-fitting in Table 2.

2.4. Creating the masking array and the star model

The parameters set in Subsections 2.1-2.3 must then be used to create the pixelated models of the star and the masking
matrix of an exoplanet with its rings. In this section, this process will be described in detail, including the projection of the
model of a ringed exoplanet with 3D rotation to a 2D matrix space with distances in pixels and filling each pixel with its
specific value.

The masking matrix, represented by a NumPy array (Harris et al., 2020), consists of two key components: the circular model
of the exoplanet and the 2D projection of its ring. These matrices are created independently, yielding the optical depth of

every pixel , and then summed (putting the exoplanet at the focus of the ring) in order to calculate the optical depth
of every pixel in the masking matrix. To sum two matrices, they are required to have the same size. It is highly important to
select a relevant matrix size (the width or the length of a square matrix) since a smaller size allows for faster transit light
curve calculations later (see Section 2.5) and avoids the ring matrix being cropped. For this reason, we introduce the variable
of matrix size  (i.e., a square matrix of size ). As it is measured in pixels and the coordinates of the matrix center
should be integers for relevant exoplanet and ring depiction, this variable is constrained to odd integers.

The farthest distance from the ring’s focus to any point in the 2D projection must not exceed its apoapsis (as when the ring is
rotated, this distance decreases). As the ring may be parallel to the star’s equator and we need to handle its width and
eccentricity, the minimum possible universal matrix size should be equal to:

(2.4.1)
Next, the model identifies the matrix center coordinate
(2.4.2)
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After setting the size of the matrix, the model creates a simple circular model of the exoplanet. First, it fills the matrix with
optical depth . Then, using the equation of a circle, it fills all the points inside the exoplanetary radius in pixels

with optical depth . We assume that the planet fully covers the light from the star in this area and
does not reflect any light, as we observe the transit stage only, where its phase is really close to 0.

After constructing the exoplanet model, the next step is to project the ring orientation into two dimensions, so that the
combined 2D matrix of the planet and its rings can be stacked onto the pixel-grid representation of the host star.

At first, the semi-major axes of ring borders and (in pixels) are calculated:

where

and . (2.4.3)

The physical orientation of the exoplanetary ring in 3D space is defined by three Euler angles (three specific angles used to
describe the orientation of a body in 3D space by a sequence of three rotations around different axes):  (ring obliquity),

(ring azimuthal angle), and  (ring argument of periapsis).

Each angle represents the rotation about one specific axis in the Cartesian space ( , , or ). These rotations can be
described using rotation matrices (Weisstein, 2002), linear transformations that sustain the length of vectors and the
coordinate system's handedness.

To obtain the final, combined 3D orientation, we apply Euler's Rotation Theorem (Euler, 1776), which states that any rotation
in 3D space can be represented by a single rotation about a fixed axis. In matrix algebra, the composition of successive
rotations is achieved by multiplying the individual rotation matrices (Donchev et al., 2015) to get a combined rotation matrix (

):

) (2.4.4)
where , , and are 3D rotation matrices of angles  (ring obliquity), (ring azimuthal angle), and  (ring
argument of periapsis) around the , ,and axes, respectively. The rotation matrix  isa matrix describing how

the ring is oriented in 3D space. Since the ring is flat, its projection mostly depends on how its plane is tiltedin and ,we
only need the top-left part, which we call

The calculation of the matrix determinant is necessary at this stage to establish a mathematical guardrail against a singular
projection. The determinant ( ) is in the denominator of the inverse transformation formula (equation 2.4.6), meaning
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the matrix must be invertible ( ). If the ring is viewed almost edge-on ( ), the transformation
becomes unstable, and the ring is skipped, that is, . This check prevents division by zero and handles the

physically singular case where the ring collapses toward a line.

To map the observed coordinates ( and ) in the ring’s plane (coordinates and ), we apply the inverse
transformation which is equivalent to applying Euler's (Euler, 1776) rotation theorem in reverse, using the inverse matrix
(Weisstein, 2002).

Then, all the possible coordinate pairs are created. For this, a 1D array L with all possible and values (where

) is created. It is linearly spaced from to withatotalof values.

For yielding every possible coordinate pair, and  matrices are created for x and y coordinates, respectively:

, (2.4.5)
The coordinates in the ring's plane are obtained by multiplying the observed coordinates by the inverse
matrix . The component form of this inverse transformation, derived directly from the general formula for the inverse
ofa matrix (Weisstein, 2002), is:

(2.4.6)
where are the components of the matrix N. From this, we can extract the orbital distance  for each point (using the
Pythagorean theorem) and the true anomaly

(2.4.7)

(2.4.8)
Using the ellipse equation in polar coordinates, the model constructs the inner and outer borders and of the
ring:

(2.4.9)

(2.4.10)
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We fill the ring by its optical depth, enhanced by a factor (because the ring is 2D), for all pixels outside the inner border
and inside the outer border, where is the angle between the line of sight and the normal axis of the ring in the plane in
which the two lines lie within:

) (2.4.17)
where is the unit normal axis vector (the direction, perpendicular to the plane of the rings) and

is the unit line of sight vector (a straight line of the observer’s vision). This is derived directly from the definition of a dot

product of two vectors: , where as and are
both unit vectors. For getting the matrix array, the program sums the matrices of the exoplanet and its ring.

The final preparation step before modeling the transit stages is creating the model of the star. This is done simply by filling

the matrix of a different size by normalized intensities that are yielded by one of two limb-darkening
models. The choice of a particular limb-darkening model depends on several factors:

e Data availability. Our models take coefficients from Claret & Giménez, 1992 that have parameter
combinations from Table 1, and coefficients from Diaz-Cordovés & Giménez, the parameter combination
availability is shown in Table 1.

e The physical properties of a star. Generally, it is advised to use the quadratic model for colder stars with lower

and the square root model for hot stars with higher values (Espinoza & Jordan, 2016).

e Custom models. The users can download their own limb darkening models with coefficients or even NumPy array
representations (Harris et al., 2020) for specific stars or needs.

In the analysis of HIP 41378f, the quadratic limb-darkening is used due to the high value for the host star HIP 41378 (

, detected by TICv8). As prior analysis of the HIP 41378’s planetary system was made and the values of
limb-darkening coefficients were verified across several planets in the system, we assume that the limb-darkening

coefficients of the star do not need further fitting and are fixed to and (Grant & Wakeford, 2024).

For the model, the parameter , the cosine of the angle between the emergent radiation and the perpendicular to the stellar
surface, is calculated for each pixel by:

(2.4.12)

Then, it is converted to the normalized intensity map using the coefficients and the main formula of a selected model.

Table 1: All available parameter combinations for the quadratic model (Claret & Giménez, 1992) compared to available
combinations for the square root model (Diaz-Cordoves & Giménez, 1992). In the first column, all possible values for

theconvergencejournal.org Vol. 2, No. 1; April 27, 2026

17


https://www.codecogs.com/eqnedit.php?latex=%5Csec%5Ceta#0
https://www.codecogs.com/eqnedit.php?latex=%5Ceta#0
https://www.codecogs.com/eqnedit.php?latex=%5Ccos%5Ceta%3D%5Chat%7BA%7D_N%20%5Ccdot%20%5Chat%7BA%7D_%5Ctext%7BLOS%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7BA%7D_%7BN_i%7D%3DR_%7Bi%2C2%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7BA%7D_%5Ctext%7BLOS%7D%20%3D%20%5Chat%20z#0
https://www.codecogs.com/eqnedit.php?latex=%5C%7C%5Chat%7BA%7D_N%5C%7C%5C%7C%5Chat%7BA%7D_%5Ctext%7BLOS%7D%5C%7C%5Ccos%5Ceta%3D%5Chat%7BA%7D_N%5Ccdot%7B%5Chat%7BA%7D_%5Ctext%7BLOS%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5C%7C%5Chat%7BA%7D_N%5C%7C%5C%7C%5Chat%7BA%7D_%5Ctext%7BLOS%7D%5C%7C%3D1#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7BA%7D_N#0
https://www.codecogs.com/eqnedit.php?latex=%5Chat%7BA%7D_%5Ctext%7BLOS%7D#0
https://www.codecogs.com/eqnedit.php?latex=n_S%3D4%5Cleft%5B%5Cfrac%7BR_S%7D%7B2%5Ctext%7Bpx%7D%7D%5Cright%5D%2B1#0
https://www.codecogs.com/eqnedit.php?latex=u_1%2Cu_2#0
https://www.zotero.org/google-docs/?hdFgTM
https://www.codecogs.com/eqnedit.php?latex=u_3%2Cu_4#0
https://www.zotero.org/google-docs/?4I0as4
https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)#0
https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)#0
https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)#0
https://www.codecogs.com/eqnedit.php?latex=%5Clog(g)%3D4.3#0
https://www.codecogs.com/eqnedit.php?latex=0.0678#0
https://www.codecogs.com/eqnedit.php?latex=0.188#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmu#0
https://www.codecogs.com/eqnedit.php?latex=%5Cmu%3D%5Ccos(%5Cfrac%7B%5Cpi%7D%7Bn%7D%5Csqrt%7B(x-c)%5E2%2B(y-c)%5E2%7D)#0
https://www.codecogs.com/eqnedit.php?latex=I(%5Cmu)#0

Exoplanetary Ring Systems: Identification and Parameter Estimation from Transit Photometry Data

temperatures are displayed, with the second and third columns demonstrating all corresponding band (quadratic model) /
wavelength (square root) values.
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6,730 4.50

2.5. Transit model

In this section, the final and most important step of modeling is described. Now that all the parameters are set and the
matrices of the star, exoplanet and its rings are computed, it is time to calculate the light curve, paying attention to the
orbital parameters of the exoplanet.

The first step to achieving this goal is to project the orbit of the planet in 3D to 2D coordinates in the viewed plane. Similar to
the projection of the rings, the rotation matrices (Weisstein, 2002) are obtained and multiplied to get a combined rotation
matrix:

: (2.5.1)

where , , and are 3D rotation matrices of angles (inclination), (longitude of ascending node), and
(argument of periapsis) around the x, y, and z axes, respectively.

The next step is to calculate the initial star brightness in units of the brightest star pixel by summing the normalized
intensity values of all pixels.

Then, the program calculates the coordinate of the central point of the star matrix:

2.5.2)

The maximum distance between the star matrix center and the masking matrix center, where a transit is still possible, " is
expressed as:

(2.5.3)
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Here, we assume that the masks align diagonally, so is the radius of the star in pixels and is the half-diagonal of the
masking matrix.

In order to detect the transit, we have to narrow down the search window. For this, at first, we identify the true anomaly
(the angle between the orbit’s periapsis and the current planet position) of the orbital point when the exoplanet is right in
front of the host star from spherical trigonometry:

(2.5.4)

There are two possible solutions for |, so if the planet does not pass in front of the star, we add to

The true anomaly is then converted to the eccentric anomaly - the angle between the orbit’s periapsis and the position
of the exoplanet projected to the auxiliary circle of the elliptical orbit. The relationship between true anomaly and eccentric
anomaly can be seen in Figure 4.

The eccentric anomaly is then converted to mean anomaly - the angle between the orbit’s periapsis and the current
planet position, calculated as if the planet is moving at a constant speed on a circular orbit with the same focus location as

the ellipse. The mean anomaly is consequently converted to the orbital time - the time between the periapsis of the
planet and its current position - using Kepler’s equation:

(2.5.5)

(2.5.6)

(2.5.7)

The search window’s half duration is defined as double the estimated transit duration for safety and simplicity, where

(twice the sum of star radius and mask diagonal) is the distance the planet has to cover, and the average orbital speed
(in pixels per second), where is the planet's semi-major axis in pixels.
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True Anomaly (v) vs Eccentric Anomaly (E) in Elliptical Orbits (face-on view)

e m— Auxiliary circle
- el projection

[ Elliptical orbit

., CZ23 Auxiliary circle

---- Major axis

@ Position on orbit

@ Position on auxiliary circle
e e = @ Primary focus

@ Secondary focus

X Center of ellipse

Figure 4: Geometric relationship between true anomaly () and eccentric anomaly () in elliptical orbits. The vertical
projection of the exoplanet’s position on the auxiliary circle (green dashed line) relates the eccentric anomaly to the true
orbital position. The major axis (black dashed line) spans the entire length of the ellipse through both foci. The figure was
created for an eccentric orbit with the eccentricity of 0.8 in the face-on orientation. The figure confirms the mathematical
relationship used by the model to calculate planet positions and velocity at any given time step.

Thus, the half duration of the search window  is then defined as:

, (2.5.8)
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We set the number of orbital time steps to . This is the number of times the orbital time is changed when finding
the transit window (a period of time when the transit is observable). This value is not set as an input parameter for the model
for simplicity and is automatically set to this value to allow detecting a transit quickly and accurately. We define the search

window for the transit as an array of orbital times, linearly spaced from to , containing a total of

elements:

The next vital step is to calculate the orbital position of the exoplanet at every time step. For this, our program numerically
solves Kepler’s equation for an ellipse by:

e Calculating the mean anomaly

(2.5.9)
e Using the Newton-Raphson method (Vera et al., 2019) to numerically get the value of the eccentric anomaly:

(2.5.10)
e Finding the true anomaly:

(2.5.11)

(2.5.12)

After getting the true anomaly for an orbital point, the program calculates its position 7 (the distance between the star and
the exoplanet) by applying the ellipse equation in polar coordinates:

(2.5.13)
Since the orbit is 2D, the position vector is equal to:

(2.5.14)
By applying the rotation matrix, the position vector gets transformed to the position in 3D (Weisstein, 2002):

(2.5.15)

Then, the program validates whether the transit is occurring in the selected time step by checking the following conditions:
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. - the planet is not behind the star as its depth is positive.

. - the masking matrix covers the matrix of the star in the 2D projection.

If the current point is the first in the array to fulfill the clauses above, the transit start time is set to t. For the last
point to fulfill these requirements, the transit end time issetto ¢.

Therefore, transit duration is:
(2.5.16)

Next, another preset parameter comes into play. This value defines the quotient of the margin of transit duration to
its recommended margin, as not to miss any points before the transit start. So, the full transit time for the light curve is
defined as:

(2.5.17)

Then, the light curve in the transit time span is calculated with more steps to return a much better resolved light curve with
more data points, defined by variable

For this, an array of time points, consisting of elements, is created from to
For each of these time steps, the exoplanet’s position is recalculated with formulas 2.5.9-2.5.15.

Then, the program masks one array by another by calculating the coordinates of the top-left corner of the masking array

, the horizontal and vertical coordinate ranges for the masked star slice and (ensuring that they
do not cross the border of the star matrix by cutting the masking matrix) and the horizontal and vertical coordinate ranges

for the covering matrix and (handling cases when the matrix extends outside the star matrix). These
variables are defined as:

; (2.5.18)
; (2.5.19)

: (2.5.20)

: (2.5.21)

: (2.5.22)
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Then, the new blocked light by the covered star slice is calculated by:

(2.5.23)
The total blocked brightness is given by the summation over all pixels of . Finally, the normalized intensity
curve is converted to the light curve by:
e Computing the normalized intensity curve:
(2.5.24)

e Converting the brightness to magnitude change (the change in the star’s visible brightness in logarithmic units):

(2.5.25)

e Then, the light curve minimum point is found, and the light curve phase (a normalized time value, measured from 0
to 1, where the transit minimum is 0.5) is centered on it, extending the part with less time before/after the minimum.

e Normalizing the time scale to get the phase:

(2.5.26)

The model must be thoroughly constructed as it serves as the primary tool for analyzing data. The steps and the methods
listed ensure that the model accurately reflects the physical properties of the investigated systems. The following section will
demonstrate the practical application of this framework and the process of parameter estimation through nested sampling.

3. Parameter Estimation

This section focuses on describing the algorithm of parameter estimation using Bayesian techniques (methods that are based
on Bayes’ theorem). It works through processing observational data by running the model described in Section 2 with

different values of floating input parameters (see Section 2.2) within their ranges and comparing the yielded with
the observed data.

For this, the dynamic nested sampling (Skilling, 2004; Skilling, 2006; Higson et al., 2019; Feroz et al., 2009) algorithm, which is
a computer-driven sampling method used to estimate the properties of complex systems, is then applied. It works by taking a
"random walk" through all possible outcomes, where each new step depends randomly, but logically, on the previous one. By
collecting thousands of these samples, it can eventually build an accurate picture of the entire system and find the best fit.
The nested sampling module uses log-likelihood (a logarithmic function that measures how well the model fits the
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observations) and log-prior (a function representing the initial assumption of parameter distribution density) functions to
find the parameters of the best-fit curve.

3.1. Exoplanetary transit of HIP 41378f

In this paper, we apply the proposed algorithm by searching for rings of a super-puff candidate HIP 41378f (Pira &
Vissapragada, 2020). A successful fit for this exoplanet would support our hypothesis that exoplanetary ring systems can be
detected and characterized using our method.

Before focusing on the method of parameter estimation, it is essential to provide the context about the investigated system
and emphasize its relevance to our study. The host star of the exoplanet, HIP 41378, is an F8 main-sequence dwarf (Santerne

et al,, 2019) in the constellation of Cancer. It has an apparent magnitude of and is located approximately
away from the Sun (Berardo et al., 2019). It hosts a system of five known exoplanets. The planet HIP 41378f was discovered
using transit photometry (Vanderburg et al., 2016). It drew the attention of scientists due to having an extremely low

predicted density value of (Santerne et al., 2019). Some hypothesize (e.g., Pira & Vissapragada, 2020) that the
anomalously inflated inferred radius could be a result of a ring system, which would significantly affect its inferred radius
during a transit without adding significant mass. Thus, HIP 41378f is a perfect example to test the model proposed in this

paper.

For the data-fitting, we used combined and processed data from Berardo et al., 2019, who presented the transit light curve in
terms of hours from mid-transit vs. relative flux (ratio of the star’s visible brightness to the brightness of the star when no
transit occurs). The data was originally taken from C5 (Campaign 5) and C18 (Campaign 18) of K2 (Kepler space telescope). We
used the duration of observations presented in Berardo et al., 2019 to convert this to a phase-folded light curve in terms of
magnitude change (see Figure 5). It is important to note that by using data that is combined from different observations, we
risk encountering the effect of ring and exoplanet precession (the slow movement of the axis of a rotating body around
another axis), meaning that its configuration might be misinterpreted because of stacking the light curves with the ring in
different configurations into one graph. However, we assume that the precession periods of the ring’s nodes (two points of
the ring where the ring’s plane intersects with the equatorial plane of the exoplanet), the exoplanet’s axis and the exoplanet’s
orbit are minor compared to the time span when the three combined curves were produced. This is reasonable according to
the equations and estimates on this issue from Heising et al., 2015.

3.2. Model parameter values and boundaries

First, for the model to perform calculations on real data, it is necessary to set fixed model parameters to real values of the
observed objects. For HIP 41378f, its host star HIP 41378, ring material and the masking matrix these parameters are listed in
Table 2.

Generally, using coefficients from theoretical tables for modeling limb-darkening is a highly relevant approach for
general cases. However, for the particular case of HIP 41378f, we use limb-darkening coefficients estimated in another paper
through MCMC (another sampling method, Foreman-Mackey et al., 2013) analysis (Grant & Wakeford, 2024) as it provides

more precise coefficient values, and there is no data for these specific values of 1" and in the theoretical tables our
model uses (Diaz-Cordovés & Giménez, 1992; Claret & Giménez, 1992). Thus, we replace the fixed values of T and band with
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the parameters and . It is not possible to get rid of accounting for as it is essential for calculating the mass of

the star as . Moreover, it is necessary to derive the exoplanet’s semi-major axis from using Equation
2.3.1, which gives us

Combined Observational Light Curve
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Figure 5. The combined phase-folded transit light curve of HIP 41378f. The red points and the green squares represent the
short and the long cadence observed data from K2 Campaign 18, respectively, and the blue triangles represent data from K2
Campaign 5 (Vanderburg et al., 2016). All graphs in the paper are plotted using Matplotlib (Hunter, 2007). This graph shows
the data that is to be fit with the model presented in this paper and distinguishes it between three sources of observed data.

Another essential step for an effective nested sampling simulation is setting prior distributions (probability distributions that
represent the initial belief about the system) for floating parameters (those to be fit) that should be carefully constrained to
avoid degeneracies. In our nested sampling, we used uniform (a probability distribution where all possible outcomes within
given boundaries are equally likely to occur) prior distributions that are broad (expressing a high degree of initial uncertainty
in the parameter values). This approach was chosen to ensure that the posterior estimates were driven primarily by the
experimental data rather than by initial constraints. Despite the use of uniform priors, the majority of resulting posterior
distributions exhibited Gaussian characteristics with high shrinkage values (see Section 4.2).
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Furthermore, the boundaries for two parameters (ring semi-major axis and ring width) were selected to be dynamic, i.e.,
recalculated every time the model is called based on values of other parameters, using formulas 2.2.1-2.2.4. See all prior
distribution boundaries in Table 3.

Table 2. Fixed parameter values for the observations of HIP 41378f. The values of these parameters are not affected by the
presence or absence of a ring system around the exoplanet.

Parameter Value Source/Rationale

Selected manually to keep both the exoplanet and
its ring well-resolved on the pixel map (taking into
consideration that its radius should be less than
the estimate from Santerne et al. but still of the
same order because of the ring hypothesis, and its
rings should be wide enough to be reliably
distinguished from the planet itself) to avoid
spoiling the high precision of the transit light
curve while sustaining minor matrix sizes for fast
light curve calculations.

Pixel size,

Star radius, Grouffal et al., 2022

Logarithm of stellar surface

detected by TICv8
gravity,
Exoplanet mass, Berardo et al., 2019
Exoplanet orbital period, Santerne et al., 2019
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dratic limb-darkeni
Quadratic limb-darkening Grant & Wakeford, 2024

coefficients,
Utry et al., 2014 (for quartz particles as they are
Ring specific absorption dominant in silicate dust, which is applicable for
coefficient, planets that are not too distant from the host star,

like HIP 41378f)

Table 3. Prior distribution boundaries and their classification as static or dynamic for the parameters that are to be fit using
the nested sampling algorithm. All prior distributions are uniform.

Prior Boundaries Type Rationale
Must not be too close to to avoid
Exoplanet orbit eccentricity () to static huge matrix sizes that can slow down
calculations
Exoplanet orbit inclination ( ) to static

Other valuesof and  would result in
configurations that are symmetrical to those
to static already existing and, thus, return similar
light curve results. The selected range for

Exoplanet longitude of
ascending node ()

ensures geometric transit for a large

semi-major axis ( )

Exoplanet argument of periapsis

()

to static
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to

Must be lower than in Santerne et al., 2019

Exoplanet radius () static as we include the ring, which increases
transit depth
Must not be too close to to avoid
Ring eccentricity () to static huge matrix sizes that can slow down
calculations
to
Ring semi-major axis ( ) dynamic See Section 2.2.1 and formulas 2.2.1-2.2.3
Ring width () to dynamic See Section 2.2.1 and formula 2.2.4
Ring obliquity ( ) to static
Other values of these parameters would
Ri iruthal angl tati result in configurations that are symmetrical
static L
ing azimuthal angle () to to those already existing and, thus, return
similar light curve results
Ring argument of periapsis () to static

3.3. Nested sampling run

The next step is defining the log-likelihood function

for the nested sampling simulation. If one of the dynamic parameters

used in the simulation is outside the boundaries set in Section 2.1, the log-likelihood immediately returns

Otherwise, the phases of the points in observational data

are converted to phase values for the model by:

, 3.)
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where is the time range of the source observational data (in the case of HIP 41378f, )and is the transit
duration given by the model.

Then, the log-likelihood function is calculated for a normal distribution:

where is the observed light curve, is the predicted light curve and is the variance in observational
data points that are out of the transit.

Finally, the nested sampling simulation is run with dimensions (one for each model parameter),
live points (pointers in the parameter space), using the Python dynesty module (Speagle, 2020; Koposov et al., 2024) with no
changes to its default settings (including the stopping function). See the results in Section 4.2.

4. Validation

This section focuses on the validation of our model. In Section 4.1, we confirm the adequacy of parameter selection for the
model by creating synthetic light curves for different values of all parameters, elaborating on their impact on the light curve
and, thus, proving that these parameters are essential for the model and are addressed correctly. In Section 4.2, we intend to
detect a ring system around HIP 41378f and identify its parameters through data-fitting to see how the model works in
practice. In Section 4.3, the model is compared against alternative hypotheses explaining the transit light curve asymmetries.
In Section 4.4, we acknowledge the limitations of our model, which need to be considered when reproducing the data analysis
or applying our model to other data.

4.1. Effect of the input parameters on the light curve

The parameters used to model the transit light curve of an exoplanet with rings in our algorithm are different from those
used in other models (e.g., Heising et al., 2015; Lu et al., 2025; Piro & Vissapragada, 2020). In this subsection, we run the model
with different values of each parameter and generate synthetic transit light curves in order to assess the validity of the
chosen parameters and their effect on the light curve.

To demonstrate the impact of every parameter, the output light curve is modeled by varying the values of any specific
parameter, the effect of which we are demonstrating, with other parameters (except for the varied one) set to the sample
values in Table 4.

The values of orbit eccentricity, exoplanet radius and ring eccentricity were selected as the mean values of their ranges
proposed in Table 1 to be more representative for an average case. The value of the semi-major axis was set from its minimum
proposed in Table 1, because the effects of orbit rotation are much more evident for less distant orbits. The values of rotation

parameters of an orbit and the exoring, the star temperature, and the band of the observations were selected
pseudo-randomly, representing a typical, non-specific case, ensuring that the transit still occurs and is not central. For
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simplicity, the ring semi-major axis and its width were set as a factor of the exoplanet radius. Finally, the ring’s specific
absorption coefficient and the host star radius were set to their default values from Section 2, with exoplanet mass being
roughly equal to the mass of Jupiter.

Table 4. Default parameter values for building synthetic light curves.

Parameter Value

Exoplanet semi-major axis ()

Exoplanet orbit eccentricity ()

Exoplanet orbit inclination ( )

Exoplanet longitude of ascending node ()

Exoplanet argument of periapsis ()

Exoplanet radius ()

Exoplanet mass ()

Ring eccentricity ()

theconvergencejournal.org Vol. 2, No. 1; April 27, 2026

34


https://www.codecogs.com/eqnedit.php?latex=A#0
https://www.codecogs.com/eqnedit.php?latex=0.1%5Ctext%7B%20AU%7D#0
https://www.codecogs.com/eqnedit.php?latex=e_p#0
https://www.codecogs.com/eqnedit.php?latex=0.45#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=2%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5COmega#0
https://www.codecogs.com/eqnedit.php?latex=30%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=%5Comega#0
https://www.codecogs.com/eqnedit.php?latex=0%5E%5Ccirc#0
https://www.codecogs.com/eqnedit.php?latex=R#0
https://www.codecogs.com/eqnedit.php?latex=176%7B%2C%7D000%5Ctext%7B%20km%7D#0
https://www.codecogs.com/eqnedit.php?latex=M#0
https://www.codecogs.com/eqnedit.php?latex=1.9%5Ctimes10%5E%7B27%7D%5Ctext%7B%20kg%7D#0
https://www.codecogs.com/eqnedit.php?latex=e#0
https://www.codecogs.com/eqnedit.php?latex=0.2#0

Exoplanetary Ring Systems: Identification and Parameter Estimation from Transit Photometry Data

Ring semi-major axis ( )

Ring width ()

Ring obliquity ( )

Ring azimuthal angle ( )

Ring argument of periapsis (

)

Ring optical depth (7)

Host star radius ( )

Host star temperature (1)

Host star logarithm of surface gravity (

Observation band

Pixel size ()
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4.1.1. Exoplanet parameters

The semi-major axis of an exoplanet's orbit is critical in the geometry of a transit. Apart from affecting the period of the
exoplanet, it determines the impact parameter (the projected distance between the center of the star and the center of the
planet's path). For an edge-on orbit ( or ), the semi-major axis does not affect the shape or the depth of
the transit. For any other positions, the semi-major axis seriously affects the impact parameter. A larger semi-major axis
indicates that the planet's orbit is more distant from the host star, increasing the probability of its path being projected far
from the center of the star, often resulting in no transit occurring.
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Figure 6. Output transit light curves of the model for different values of exoplanet parameters. For every table column, the
varied parameter is specified in the graph title along with its unique value for the specific row. When the orbit inclination is
varied, its longitude of the ascending node is set to . The other - non-varied or non-specified parameters for the column -
are set to their default values from Table 4. The series of transit light curves shows that each of the orbital parameters,
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excluding orbital inclination in the case of an edge-on orbit, has a significant impact on both the asymmetries and the depth
of the ringed exoplanet transits. Therefore, it is as important to account for the exoplanetary orbital properties as it is for the
ring parameters, as dismissing orbital parameters of the exoplanet may lead to false ring positives.

Another crucial determinant of the transit light curve is the planet’s radius (see the fifth column in Figure 6). The transit
depth (fractional decrease in the star’s visible brightness at the minimum point of the light curve) caused by the planet alone

is proportional to . For instance, a larger planet will block a greater fraction of the star's light, leading to a deeper
dip in the light curve. Another important consideration is the relation of the projected areas covered by the planet and by its
rings. A planet with a smaller radius and bigger rings would provide a differently-shaped light curve and its features would
then be mainly determined by the rings, resulting in two distinctive minima from two different sides of the rings passing in
front of the star. Transits for ringed exoplanets with bigger radii look much more like regular transit curves, where features
from the rings are less distinctive. It is again highly important to note that the radii inferred through fitting without rings may
be misleading, as the effect on the transit depth from the ring is attributed to the planet instead, resulting in higher radius
estimates. Moreover, without finding distinguishable ring features in the light curve, it is not possible to deduce whether the
ring exists or not. This issue leads many researchers to the hypothesis of attributing the low inferred densities of super-puff
exoplanets to the effects of a ring system (e.g., Piro & Vissapragada, 2020; Lu et al., 2025).

The orbital eccentricity of an exoplanet has a major impact on both the shape of the light curve and the transit depth. An
elongated orbit can cause the planet's speed to vary significantly throughout the orbit, being fastest at periapsis and slowest
at apoapsis. This alternation in speed affects the duration of the transit and the shape of the light curve, especially the ingress
and egress phases (the start and end of the transit). Thus, on highly eccentric orbits, the planet may move faster or more
slowly during the transit stage, affecting the observed transit duration. The orbit eccentricity also affects the impact
parameter, which also plays a role in determining the transit depth. See these effects in the first column of Figure 6.

Rotation parameters of the exoplanet orbit play a vital role for orbits with smaller semi-major axes and define the projected
trajectory of the planet as a whole. It can take many different shapes from the viewer’s perspective, not only straight lines.
For that reason, these parameters must be essentially included when modeling transits for closer orbits. They also define how
well the ring features, atypical to regular transits, are noticeable (see columns 2, 3 and 4 of Figure 6). Even the argument of
periapsis has a significant impact on both the transit depth and the shape of the graph. Our results for it (see column 4 of
Figure 6) suggest that it must be addressed in future research on the detection of ringed exoplanets, although it is
disregarded in the majority of papers (e.g., Heising et al., 2015; Lu et al., 2025; Piro & Vissapragada, 2020; Aizawa et al., 2017;
Barnes & Fortney, 2004). However, for larger orbits, they can vary in very small boundaries, as, in this case, the impact
parameter changes drastically with minor fluctuations of orbit inclination and longitude of ascending node. For big
semi-major axes, the trajectory of the planet essentially becomes a line as its curvature becomes not visible in smaller parts
of the orbit, so the orbit must be almost edge-on: or . For that reason, for larger orbits, it is
recommended to replace orbit rotation parameters with the impact parameter, which would both allow more precision and
faster calculations.
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4.1.2. Ring parameters

As the optical depth of the ring is enhanced by the factor of ,where is the angle between the ring’s normal axis and
the line of sight, in the cases for rings that are close to being edge-on, the ring gets significantly optically thicker, so it is
possible to assume that it is fully opaque, as other papers suggest (e.g., Heising et al., 2015). However, for other cases, it is
necessary to account for ring transparency, especially when the ring is close to face-on. In our demonstration (see column 1
of Figure 7), we compare the light curves with optically thin rings, letting through more than 50% of the star’s light (first to
third pictures in the column), with optically thick rings that let through less than 50% of the star’s light (the remaining
pictures) for the face-on case. It is evident how significant the effect is: it strongly affects the shape of the curve and makes a
major difference in the magnitude change (about ). However, if the ring is rotated away (e. g., from the
observer), the viewing angle would make a difference. The ring that previously let through 74% of light (the second image in
the column) would now let through only about 18% of light.
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Figure 7. Output transit light curves of the model for different values of ring parameters. For every table column, the varied
parameter is specified in the graph title along with its unique value for the specific row. When the ring optical depth is varied,
its obliquity is set to and azimuthal angle is set to . The other - non-varied or non-specified parameters for the
column - are set to their default values from Table 4. The series of synthetic graphs shows that larger and more opaque rings
leave stronger signatures on the transit light curves.

To support the analysis of the impact of latter parameters on the transit depth, here we derive the projected area covered by
wings:

- area of an ellipse with semi-major axis ~ , semi-minor axis  and eccentricity

The area of the rings is defined as the difference between the areas of its outer and inner ellipses (see Section 2.4):
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From that, the projected area (the effective area that affects the transit depth) is:

(4.1)

The ring eccentricity affects the light curve slightly compared to the previous parameters. Nevertheless, its effect on the
shape of the light curve is still evident. When the eccentricity increases, the features of the ring become more noticeable: due
to the ring’s eccentricity, its shape gets less symmetrical from the focus point, where the exoplanet lies, leading to
asymmetries during ingress and egress stages (see column 2 of Figure 7). The effect of the ring’s eccentricity is by a factor of

(see Equation 4.1), so its effect on the transit depth is almost negligible (especially, knowing that the model looks
for eccentricities ). That is why the magnitude change slightly climbs as the eccentricity rises (see column 2 of
Figure 7). For that reason, it is highly possible that the nested sampling simulation might not be able to predict the best
eccentricity value with good sampling results for fitting the real data, as the current instrumentation precision is very limited,
and noticing such minor effects requires higher-precision data.

From Equation 4.1, it is evident that the ring’s semi-major axis and width play almost the same role in defining the transit
depth (see the third and fourth columns of Figure 7). In terms of their impact on the shape of the transit light curve, both of
them define how well visible the ring features are, with rings leaving a deeper trace when these parameters have higher
values (see the third and fourth columns of Figure 7). Sometimes, the transit depth caused by the ring might get dominant,
leading to a wider, longer transit duration. This often leads to two distinct minima in the curve, each for a different ring half -
they may be asymmetrical if the ring is eccentric (see the fourth column of Figure 7). The semi-major axis can also define if
the ring of the exoplanet is more distant from it than the radius of the star (e.g., the radius of Saturn’s E ring (Juhasz &
Horanyi, 2002) can be quite close to the Solar radius). If this happens, the light curve would have three extremes: two from
the ring on each side of the planet and one from the planet itself (see the third column of Figure 7).
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Figure 8. Output transit light curves of the model for different values of ring rotation parameters. For every table column, the
varied parameter is specified in the graph title along with its unique value for the specific row. The other (non-varied)
parameters for the column are set to their default values from Table 4. The series of graphs proves that the ring’s
orientational properties leave unique asymmetries on the transit light curve.

Apart from defining the angle  and, thus, influencing the optical depth of the ring and the transit depth (see Equation 4.1),
the obliquity and the azimuthal angle of the ring strongly influence the light curves (see Figure 8). These parameters make
graphs even more asymmetric by improving the effect of ring eccentricity on the ingress and egress stages, which is key for
distinguishing a transit of a regular planet from the transit of a ringed planet. The argument of periapsis does not influence
the angle , so it does not affect the ring transparency or the transit depth. However, by rotating the ring in its own plane
and moving its apoapsis and periapsis points, this parameter determines at which moment of the transit the effect of the
ring’s ellipticity would be the most evident.

4.1.3. Star parameters
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Figure 9. Output transit light curves of the model for different values of star parameters. For every table column, the varied
parameter is specified in the graph title along with its unique value for the specific row. When the star or the

observation band is varied, the stellar surface temperature is set to . The other - non-varied or non-specified
parameters for the column - are set to their default values from Table 4. The graph series shows that the stellar radius
determines the transit depth, and with increasing stellar radius, the ring signature becomes less evident until it ultimately
becomes undetectable.

The stellar radius is a parameter that is truly determinant for the transit light curve. Its effect on the light curve looks like the
reversed impact of exoplanet radius, ring semi-major axis or width. Increasing the host star radius decreases the transit
depth, making the ring system more challenging to detect. When the radius gets lower than the value of the ring’s semi-major
axis, the shape of the transit drastically changes as two or three minima occur, caused by the two sides of the ring and the

planet itself moving in front of the star. Stellar surface temperature and the observational band also contribute to
the transit light curve shape and transit depth, which is attributed to their effect on the stellar limb-darkening.

Star temperature, logarithm of gravitational acceleration and observation band (or wavelength) define the limb-darkening
model of the star, providing the quadratic (or square root) limb-darkening coefficients from theoretical tables. The effect of
star temperature on the light curve is almost negligible, as it nearly maintains its shape and transit depth for temperature
values of 3,500 K; 4,500 K and 4,600 K (see the second column of Figure 9). Nevertheless, for hotter stars (5,000 K and 5,500
K), the transit depth starts decreasing with temperature growing, and the effect of the rings becomes less noticeable (see the

second column of Figure 9). The effect of on the light curve itself (because of limb-darkening) is negligible, as this
parameter has a weak impact on both the shape of the curve and transit depth (see the second column of Figure 9). However,

it is still very important to select more physically plausible values of , as it is later used to calculate the mass of the
star, the semi-major axis of the planet and the planet’s speed throughout its orbit. The most important thing to consider for
modeling the limb-darkening is the band of the observations. Depending on it, the light curve shape and the magnitude
change can significantly vary (see the fourth column of Figure 9). Note that these results for limb-darkening effects were
provided by the quadratic model (Diaz-Cordovés & Giménez, 1992).

4.2. Model application on real observational data for HIP 41378f

The results of the nested sampling analysis for the super-puff planet HIP 41378f suggest that the planet indeed has a ring
system that is almost edge-on, immense, eccentric and partially transparent.

According to its default stopping function, the nested sampling has converged fully after calls of the main
model, providing the maximum log-likelihood of (most favorable scenario, see Section 3.3) and
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log-evidence of (a global measure of a fit model that accounts for both the quality of the
light curve fit and the complexity of the parameter space generated by this model).

The best fit curve suggests that it has the following parameter values (see Table 5 and Figure 10). See Figure 11 to view the 2D
making matrix of the exoplanet and its ring (see Section 2 for more details on that).

The shrinkage values (defined from O to 1) in Table 5 represent the degree to which the experimental data have constrained
the model parameters relative to our initial assumptions (Section 3.2). High shrinkage values (closer to 1) indicate that the
posterior distribution is driven more by the observational data than by the priors, effectively measuring the ‘'information gain'
provided by the transit light curve. As non-informative priors were initially selected, low shrinkage values can indicate major
issues in parameter space exploration, suggesting that the number of nested sampling iterations or the number of live points
is insufficient.

In this work, shrinkage  (Savic & Karlsson, 2009) was calculated as:

4.2)

where is the standard deviation of the posterior distribution and is the standard deviation of the prior
distribution.

Table 5. Values of ring and exoplanet properties from the nested sampling simulation. The values themselves represent the
median points of the posterior distributions for each parameter, and the upper and lower error limits of the parameter values
represent confidence intervals.

Parameter name Estimated value Shrinkage

Exoplanet orbit eccentricity ()

Exoplanet orbit inclination ( )

Exoplanet longitude of ascending node ()
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Exoplanet argument of periapsis ()

Exoplanet radius ()

Ring eccentricity ( )

Ring semi-major axis ( )

Ring width ()

Ring obliquity ( )

Ring azimuthal angle ( )

Ring argument of periapsis ()

The optical depth of the ring is derived from output parameters using Equations 2.3.2 and 2.3.3, and enhanced by
(Section 2.4), suggesting that the ring absorbs about 45% the light from the star going through it:
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This result was calculated for the maximum possible ring density , which means that for lower density values, the ring
would have let through even more light, even though it lies in an almost edge-on configuration. This finding highlights the
role of the factor and the importance of accounting for ring transparency in general in future research, as it has been
neglected in several recent papers (e.g., Heising et al., 2015; Piro & Vissapragada, 2020; Lu et al., 2025).

The inferred optical depth values of (face-on) and (edge-on) are physically reasonable, falling into
the category of tenuous, dusty rings similar to those around ice giants. The face-on optical depth of is very
similar to that of Neptune’s Le Verrier ring ( , Tiscareno & Murray, 2018) and is significantly more substantial
than that of Saturn’s diffuse rings G and E ( , Cuzzi et al., 2018). The dramatic increase in the edge-on optical

depth occurs as the line of sight passes through more ring particles when the ring is edge-on. The rings that are so faint can
be detected only thanks to this effect. This combination of parameters is consistent with a ring composed primarily of
micron-sized dust that could form thanks to the debris from the collisions of tiny space rocks and nearby moons (e.g., this
applies to Saturn’s E ring, Hedman et al., 2011).

The corner plot provided by the nested sampling analysis (see Figure 10) demonstrates that most parameters are
well-constrained. While some parameters like orbital and ring eccentricities and arguments of periapsis, ring semi-major
axis, and ring width are distributed almost normally, other parameters exhibit more complex structures. The orbit inclination
and the argument of periapsis, for example, display a bimodal distribution, with a secondary peak at a lower value than the
best fit. This feature is related to the degeneracy between these two parameters and highlights that there are two distinct
scenarios that result in the same impact parameter value (see more on that in Section 4.4.4). The exoplanet radius is notably
left-skewed, suggesting that while the data strongly favors a specific size, there is a probability tail toward smaller radii that
are compensated for by adjustments in ring parameters that affect the transit depth. Conversely, ring obliquity and azimuthal
angle are right-skewed. This asymmetry indicates that the model is more certain about the maximum inclination required to
produce the observed dip but allows for a broader range of edge-on configurations that still fit the light curve’s shape, which
is also supported by our findings in Section 4.4.4.

Despite possible degeneracies (Section 4.4.4), the estimated values lead to a highly accurate best-fit light curve (see Figure
13). The best-fit model, which accounts for rings, provides a good representation of the data. This is supported by a high

log-likelihood value (calculated using Equation 3.2) of the best-fit model:

Furthermore, a posterior predictive check (PPC) was implemented in order to confirm that the nested sampling has
converged and found a local log-likelihood maximum (see Figure 12). The posterior predictive check involved plotting the
model light curves for 100 random samples for parameters sets within the uncertainty limit of the best-fit parameters (model
lightcurves for the points in the parameter space near the local maximum). The tight grouping of the models and the
comparison of the best-fit light curve to the average of near-maximum simulations show that the model has indeed
converged and found an existing local log-likelihood maximum, successfully narrowing down the possible system
configurations and effectively fitting the transit light curve shape in addition to the transit depth.
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Figure 10. The corner plot generated by our 1l1-parameter nested sampling analysis with dimensions and
live points that has converged after function calls. The diagonal panels display the
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one-dimensional posterior distributions (black histograms) compared against the uniform prior distributions (horizontal blue
lines), illustrating the parameter shrinkage and information gain. The best-fit parameter values and uncertainties are
quoted above each histogram. The off-diagonal panels illustrate the two-dimensional joint probability distributions with
contours representing the , , and confidence levels. The prior boundaries are recorded in Table 3. The diagonal
panels demonstrate significant parameter shrinkage, which is also numerically evaluated in Table 5, indicating significant
information gain constrained by the data regardless of initial broad priors. Although not every posterior distribution is
normal (with some even being bimodal), the clearly identified peaks support the hypothesis that HIP 41378f possesses a ring
system. Abbreviations: Ex. (Exoplanet), L.A.N. (Longitude of Ascending Node), Arg. Periapsis (Argument of Periapsis), S.-M.A.
(Semi-Major Axis), and Az. Ang. (Azimuthal Angle).

Figure 11. The map of the 2D masking matrix of HIP 41378f and its rings and the projection of the 3D configuration of the ring
to the viewed plane produced using the best-fit parameter values identified via nested sampling with ,

and . Black areas represent pixels with optical depth , and the white spots
represent pixels with , with gray color depicting the optical depth of the ring. The results are consistent with a
large ring model that has an almost edge-on orientation, which physically resolves the “super-puff” paradox, suggesting that
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the density of HIP 41378f was previously overestimated. The figure also confirms that the masking algorithm can accurately
represent the rings even in extreme configurations (close to edge-on).

Thus, our results are consistent with an exoring system around HIP 41378f (as greater log-likelihood values represent more
accurate fits), also providing the predictions for the properties of this ring system and the new modeling algorithm to use for
comparative analysis. It can become a foundational work, leading to further and more in-depth analysis of the HIP 41378f’s
ring system.

Although the estimated value of the ring semi-major axis ( ) may seem irrelevantly
overestimated if compared to ice and gas giants within the solar system, its value is physically acceptable and even rather
conservative in comparison with J1407b, the other popular candidate for exoplanetary rings, with (Kenworthy
& Mamajek, 2015).

Furthermore, the ring is kept fully inside the exoplanet’s Roche limit by the dynamic boundaries of the nested sampling
algorithm. This constraint ensures that the resulting ring parameters align with a stable structure that can survive tidal
forces, which supports the physical plausibility of our super-puff explanation. The tidal forces from HIP 41378f prevent the
ring particles from clumping together to form moons. For the ring to exist inside the Roche limit at such a significant
distance from the host planet, it has to sustain low volume-averaged (bulk) density - not exceeding the Roche critical density
(Tiscareno et al., 2013), see equation 2.3.3. Thus, it would probably exist as a diffuse cloud of independent dust particles,
which is supported by its low inferred face-on optical depth ( ) that suggests that the concentration of particles
is tenuous. In this configuration, if dust grains are pulled together to form a proto-satellite, they would be torn apart before
they can bond due to HIP 41378f tidal forces.

Moreover, the ring system remains dynamically bound to the planet as its aposapsis is well within the planet’s Hill radius (the
distance at which the gravity of HIP 41378f can hold on to the particles despite the pull from the host star). This ensures that
the ring particles are gravitationally bound to HIP 41378f rather than being stripped away due to the tidal influence of the
host star (Tiscareno, 2013).

As the ring is inferred to be tenuous, it would most probably be almost collisionless due to significant distances between
particles. Therefore, collisional spreading (expansion of the rings or formation of moons due to particle collisions) would be
almost non-existent.

If the estimated ring eccentricity ( ) is not an artefact of the degeneracy between the ring eccentricity and its
semi-major axis (Section 4.4.4), the ring is either newly formed and is going to circularize in thousands or millions of years
due to differential precession (different precession periods of the inner and the outer parts of the ring that can occur if the
planet is even slightly oblate; Schlichting & Chang, 2011) or the Poynting-Robertson drag (loss of angular momentum by ring
particles due to absorption and re-emission of stellar radiation, Goldreich & Tremaine, 1978; Schlichting & Chang, 2011), or the
ring’s eccentricity is maintained by undiscovered shepherd moons or gravitational influence of other nearby planets in the
HIP 41378 system.
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Figure 12. Posterior Predictive Check (PPC) showing the reliability of the ringed exoplanet model. The solid black line
represents the best-fit model identified by the nested sampling analysis. The light blue lines represent 100 separate
simulations created using random samples within the confidence interval for each parameter; their narrow spread
indicates high confidence in the model. The dashed orange line shows the average of these simulations. The fact that the blue
spread of lines tightly follows the black line and the black line almost corresponds with the dashed orange line demonstrates
that the nested sampling has converged on a physically consistent solution that accurately reproduces the observed light
curve features.
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Figure 13. The phase-folded observed light curve from Berardo et al., 2019 (blue data points), fit using our model of the transit
by a ringed exoplanet (black line, see Section 2 for the model) according to the best-fit parameter values yielded by the

11-parameter nested sampling algorithm with and . The red data points represent the
residuals (the difference between actual and predicted magnitude change values). The fit shows excellent agreement with
data, effectively capturing the ingress and egress features and modeling the midtransit as an asymmetric curve that lies
perfectly in the middle of the noisy data (see the residuals). The resulting features are unique to the ringed model, which is
well-demonstrated by the asymmetrical nature of the fit. The fit suggests that the “super-puff” nature of HIP 41378f can be
explained with a ringed exoplanet model, decreasing its inferred bulk density thanks to the additional transit depth generated
by the rings. The slightly twisted behavior of the best-fit curve also demonstrates an advantage of the pixel-based modeling
algorithm, as analytical models usually create less complicated fits.
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As we assume that the rings are made out of silicate grain dust (Table 2), the rings are predicted to be much more resilient to
radiation pressure, sputtering (erosion by stellar wind) and sublimation (evaporation due to stellar heat) than ice particles
(Juhasz & Horanyi, 2002). This makes the ring much more durable in high-temperature environments, which suits the

location of HIP 41378f ( , close to its host star) well.

Furthermore, the best-fit simulation with the rings allows us to alleviate the problem of HIP 31478f’s inflated radius, giving the
bulk density value of:

(4.4)

This density value is still much smaller than those in our solar system (about times smaller than Saturn’s density),
suggesting that its bloated atmosphere may be mostly made out of light elements, such as hydrogen and helium. This

estimate is much more physically realistic than the previously suggested value of (Santerne et al., 2019).

The inferred places HIP 41378f between Uranus and Saturn in terms of its radius. Due to its low density
value, HIP 41378f can be classified as a puffy gas giant, smaller and more lightweight than Saturn. The inferred density value
does not allow the exoplanet to be an ice giant, as they are typically composed of heavier materials (e.g., water, ammonia and
methane).

Because of the possible degeneracy in the ring’s semi-major axis, the resulting value of radius may be approximate.
Nevertheless, our results suggest that the “super-puff” phenomenon can be fully or partially explained by the presence of
rings for some exoplanets, which supports the hypothesis from Piro & Vissapragada, 2020.

4.3. Alternative explanations for transit asymmetry

To provide statistical confirmation of our ringed exoplanet model, we evaluate the necessity and the complexity of the
exoplanetary ring hypothesis by comparing our model to the alternative explanations of the asymmetrical transit shape.
While our 11-parameter ring model provides a visually and mathematically suitable fit, it must be weighed against simpler
alternative explanations using the Bayesian evidence (the likelihood of observed data being represented by a specific model).
By calculating the difference in the natural logarithm of the evidence ( ) between our primary model and several
competing scenarios, we can quantify the Bayes factor (a quantity representing the evidence of one hypothesis over another)
to determine if the additional complexity is supported by the data.

The following subsections will detail how alternative models are constructed and fit (Sections 4.3.1-4.3.4), the effects can be
modeled for other systems but are irrelevant to HIP 41378f (Sections 4.3.6-4.3.6), and the model comparison results (4.3.7).

4.3.1. Ringless model

Although the HIP 41378f transit data have been already fit multiple times using models that do not include the assumption of
it having a ring system (e.g., Vanderburg et al., 2016; Berardo et al., 2019; Grouffal et al., 2022; Grouffal et al., 2025), it is needed
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Exoplanetary Ring Systems: Identification and Parameter Estimation from Transit Photometry Data

to construct our own fit of the transit light curve to get a value of describing the model evidence for the specific
sampler and used data.

The transit model is handled similarly to the ringed exoplanet transit model (Section 2) but without creating and applying the
ring mask. Thus, it incorporates only 5 parameters to be fit: orbital eccentricity ( ), inclination ( ), longitude of ascending
node (), argument of periapsis ( ) and exoplanet radius ().

Also, the priors are different for the ringless model, as the exoplanet radius can now be greater than one in the ringed
exoplanet fit because, without rings, it becomes the only factor affecting the transit depth (Table 6). All model parameters
have static boundaries, as the evaluation against the Roche limit for the rings is not needed.

Table 6. Prior distribution boundaries for the parameters of the ringless exoplanetary transit model that are to be fit using
the nested sampling algorithm. The boundaries for each ringless model parameter are static. All prior distributions are
uniform.

Prior Boundaries Rationale
Exoplanet orbit eccentricity ( to Must not be too close to to avoid huge matrix sizes that
) can slow down calculations
Exoplanet orbit inclination ( ) to

Other values of and  would result in configurations that are

. symmetrical to those already existing and, thus, return similar light
Exoplanet longitude of y Y g 8

to curve results. The selected range for ~ ensures geometric transit

ascending node ()
for a large semi-major axis

( )

Exoplanet argument of

. . to
periapsis ()
. to Must be close to the result from Santerne et al., 2019 and greater
Exoplanet radius () . .
than for the ringed exoplanet fit (Section 2)
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For this model, the nested sampling algorithm was run with the parameters of and . All other
nested sampling settings were set similarly to our run in Section 3.

4.3.2. Oblate planet model

The oblate planet (a planet that is not perfectly spherical but is instead flattened at the poles and bulged at the equator due
to its rapid rotation) model is handled similarly to the ringless model (Section 4.3.1). However, the masking exoplanet matrix is
created differently.

The main quantity describing how oblate a planet is its flattening factor, or oblateness ( ). It is defined as:

(4.5)

where and are the planet’s equatorial and polar radii, respectively.

After the pixel grid of the planet is initialized similarly to Section 2.4 and every matrix is filled with optical depth

, the parameter of the planet’s projection rotation angle ( ) is introduced. It describes the rotation of the
oblate planets in the projection plane. When , the projected equator of the planet is parallel to the stellar equator,
and when , the projected axis of the planet is parallel to the stellar equator. Hence, the projection rotation is the

angle between the stellar equator and the planetary equator projection measured in the projection plane.

Using the projection rotation angle, the centered coordinates are transformed to represent the rotated mask:

; , 4.6)
where are centered coordinates and are the coordinates in the rotated mask.
Then, the polar radius is calculated from the equatorial radius as:
4.7
After that, the boundaries of the planet are evaluated, and the optical depth is set to inside the planet’s
border using the ellipse equation:
4.8)

The prior distribution bounds are set similarly to those for a ringless fit (Section 4.3.1) with the addition of two new
parameters: exoplanet obliquity and projection rotation angle (see Table 7).
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Table 7. Prior distribution boundaries for the parameters of the oblate exoplanet transit model that are to be fit using the
nested sampling algorithm. The boundaries for each oblate planet model parameter are static. All prior distributions are

uniform.

angle ()

Prior Boundaries Rationale
Exoplanet orbit eccentricity () to Must not be too close to to av01d. huge matrix sizes that
can slow down calculations
Exoplanet orbit inclination ( ) to
Other values of and  would result in configurations that are
. symmetrical to those already existing and, thus, return similar
Exoplanet longitude of )
. to light curve results. The selected range for ~ ensures geometric
ascending node () ) ) ) )
transit for a large semi-major axis
( )
Exoplanet argument of periapsis X
0
()
Exop] ial radi Must be close to the result from Santerne et al., 2019 and greater
xoplanet equatorial radius () to than for the ringed exoplanet fit (Section 2)
Must not be too close to to avoid huge matrix sizes that
Exoplanet oblateness () to .
can slow down calculations
Exoplanet projection rotation . Other values would result in symmetrical cases, thus, return
0

similar light curve results.
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For this model, the nested sampling algorithm was run with the parameters of and . All other
nested sampling settings were set similarly to our run in Section 3.

4.3.3. Observational noise model

The model of the instrumental systematics takes the transit light curve directly from the ringless transit model (Section 4.3.1)
and applies random noise to it.

For that, the light curve is first converted from magnitude change ( ) to relative flux ()

4.9)

To represent noise, the model uses two parameters: noise scale () and noise magnitude ( ). For simplicity, we assume

that noise values follow a Gaussian distribution centered on zero with a standard deviation of . The random noise relative
flux values are taken from the normal distribution are then multiplied by , which sets the final noise
amplitude:

(4.10)

Finally, the random noise is added to the relative flux at each data point and the light curve is converted back to magnitude,

resulting in the noisy light curve ( ):

(4.11)

To ensure that the model returns identical light curves for the same sets of parameter values, random seeds (numbers that
initialize the sequence of pseudorandom numbers) are stored for each unique combination of parameters.

Then, for the nested sampling, the boundaries of noise scale and noise magnitude priors are estimated from transit data. For

the estimation, the global standard deviation ( ) in is first calculated across the full time series for each
observational light curve (C5, short cadence C18 and long cadence C18; see the data from specific Campaigns in Figure 5).
After that, localized standard deviations are computed for centered windows with 10 samples each. The maximum of the
localized standard deviations ( ) is then found. See the results of this analysis in Table 8. The other prior distribution
bounds are set similarly to those for a ringless fit (Section 4.3.1) with the addition of and (see Table 9).

Also, it is important to mention that this model accounts only for random (white) noise. It does not represent any
deterministic instrumental effects, such as cadence smearing (an effect that arises from integration of received flux over a
finite exposure time). However, following the findings from Berardo et al., 2019, modeling cadence smearing is unnecessary,
as for short cadence data (I-minute exposure), the effect of smearing was well below the intrinsic scatter of data. While
cadence smearing can affect the long cadence (30-minute) data, our model stacks short and long cadence data (Figure 5), the
high resolution of the former ensures that the estimated ring properties are not biased by this effect.
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Exoplanetary Ring Systems: Identification and Parameter Estimation from Transit Photometry Data

Table 8. Summary of photometric noise statistics for the HIP 41378f observation sets. The data in the columns of the table
represents the analysis results for K2 Campaign 5, K2 Campaign 18 short cadence observations and K2 Campaign 18 long
cadence observations (Vanderburg et al., 2016), respectively. The first data row contains the global standard deviation values
for each observed light curve, and the second row contains maximum localized standard deviations for each light curve. This
data is used to determine the prior boundaries for nested sampling analysis of the observational noise model in Table 9.

Campaign C5 C18 short cadence C18 long cadence
0.002085 0.002162 0.002298
0.002250 0.002281 0.002363

Table 9. Prior distribution boundaries for the parameters of the observational noise transit model that are to be fit using the
nested sampling algorithm. The boundaries for each observational noise model parameter are static. All prior distributions

are uniform.

ascending node (

)

Prior Boundaries Rationale
Exoplanet orbit eccentricity () to Must not be too close to to av01d‘ huge matrix sizes that
can slow down calculations
Exoplanet orbit inclination to . ,
P 0 Other values of and  would result in configurations that are
symmetrical to those already existing and, thus, return similar
light curve results. The selected range for ~ ensures geometric
) transit for a large semi-major axis

Exoplanet longitude of to

( )
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Exoplanet argument of periapsis .
)
()
) Must be close to the result from Santerne et al., 2019 and greater
Exoplanet radius () . .
to than for the ringed exoplanet fit (Section 2)
Noi | 0.000000 to
oise scale () The upper boundaries are and , respectively,
where both and are taken from C18 long cadence
data, because it has stronger noise overall (see Table 8). This
allows noise three times as strong as the noise in the observed
. | 0.000000 to > 28 STOne a8 11
Noise magnitude ( ) data with twice its amplitude.

4.3.4. Starspot/facula model

To investigate whether the light curve asymmetries could be caused by stellar activity rather than a ring system, we create a
dynamic stellar feature model.

The starspots (cooler regions of a star with lower brightness than its surface) / faculae (hotter regions of a star with greater
brightness than its surface) model is handled similarly to the ringless model (Section 4.3.1). However, the host star matrix is
created differently and changes its state over time.

For simplicity, it is assumed that only one starspot/facula is present on the stellar equator so that its axis is perpendicular to
the line of sight. Although the rotational period of the star can be orders of magnitude greater than the exoplanetary transit
duration, it is necessary to account for the spot dynamics due to limb-darkening effects, as the effect on the light curve
shape is minor for both the ring and the starspot/facula hypotheses.

For that reason, the longitude of the spot/facula on the stellar matrix gets recalculated on every iteration of the
starspot/facula as:

4.12)
where is the initial spot/facula longitude (the angle from the zero meridian on the star and the spot/facula calculated
counter-clockwise, where means that the spot/facula is exactly in the center of the stellar disk), is the stellar

angular velocity (that can be positive or negative depending on the rotation direction) and { is the time from the transit start.
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The coordinates of the spot/facula center are later computed as:

(4.13)
where is the matrix size (stellar radius in pixels).

To account for the horizontal compression of the spot/facula projection near stellar limb due to perspective distortion, we

use the factor of , and the spot/facula is, thus, applied to all pixels matching the following condition, derived from
the equation of a circle compressed to an ellipse:

4.14)
where is the spot radius and is used to prevent division by zero and ensure that the spot is
always visible while it is on the closest hemisphere of the host star.

For the pixels that satisfy this condition, the brightness map is recalculated, using the spot/facula brightness

parameter (spot/facula intensity in stellar intensities; O stands for completely dark spots, and 2 is used as the maximum
for bright faculae):

(4.15)

where is the normalized intensity profile given by the quadratic limb-darkening model (Section 2.4). The prior stellar
grid creation is similar to Section 2.4.

The prior distribution bounds are displayed in Table 10 and set similarly to those for a ringless fit (Section 4.3.1) with the

addition of four new parameters: stellar angular velocity (), initial spot longitude ( ), spot radius ( ) and spot
brightness ().
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Table 10. Prior distribution boundaries for the parameters of the observational noise transit model that are to be fit using the
nested sampling algorithm. The boundaries for each observational noise model parameter are static. All prior distributions

are uniform.

Prior Boundaries Rationale
Exoplanet orbit eccentricity ) o
to Must not be too close to to avoid huge matrix sizes that can
() slow down calculations
Exoplanet orbit inclination ( ) to
Other values of and  would result in configurations that are
. trical to th Iready existi d, thus, ret imilar light
Exoplanet longitude of symmetrical to those already existing an us, return similar lig
. to curve results. The selected range for ~ ensures geometric transit for a
ascending node () ) ) ]
large semi-major axis
( )
Exoplanet argument of ¢
periapsis () ©
to
Exoplanet radius () May vary significantly depending on spot/facula size and brightness
Stellar angular velocity to Derived from the lower limit of the stellar rotational period (Grouffal et
( ) al., 2025), may be in both directions
Initial spot/facula longitude to Takes all possible values
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Spot radius ( ) to Takes all possible values

The upper boundary is overestimated to guarantee that bright faculae

Spot brightness () to are considered

4.3.5. Third-light dilution inapplicability

Third-light dilution is a photometric effect that occurs when the measured brightness of the host star is contaminated by an
additional flux of an unintended light source from the same observational window. This phenomenon can be potentially
triggered by background stars, gravitationally bound companions or reflected light from the exoplanets around the observed
object.

This effect is important to consider, as it may artificially augment the change in magnitude, as it directly influences the
magnitude of the initial flux, thus leading to irrelevant transit depth estimations and possibly hindering ring detection.

However, we do not consider third-light dilution applicable as an alternative explanation to the asymmetries in the transit
light curve of HIP 41378f, as there are no light sources that can produce it.

As it is mentioned in Section 4.1 of Grouffal et al., 2025, the host star HIP 41378 is most probably single (has no gravitationally
bound stars) due to a high value of Renormalised Unit Weight Error in HIP 41378 analysis. This rules out the possibility of
third-light dilution due to location in a binary system.

To investigate whether third-light dilution may be present due to a background star, an examination for nearby stars was
conducted in the European Space Agency's (ESA) Gaia telescope catalog (Gaia Collaboration et al., 2023) and in the

International Variable Star Index (VSX, Watson et al., 2006). The resolution of the K2 data is (Caldwell et al.,
2010). Therefore, when searching for nearby stars that may induce third-light dilution, we looked for stars within from
HIP 41378f to ensure that HIP 41378f and the detected stars may also be located in the opposite corners of one pixel.

Ultimately, no stars brighter than were detected in the selected area. Since the apparent magnitude of HIP 41378f is

approximately (Grouffal et al., 2025) and even a star is times less bright than HIP
41378, it is evident that even if third-light dilution from a faint background star exists, its effect on the transit depth and light
curve shape is negligible.

To estimate the maximum possible contribution of third-light caused by a planet, the reflected luminosity (power of
radiation) of the exoplanet must be approximated.
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At first, the illuminance (total flux per unit of area) of the background exoplanet ( ) by HIP 41378 is expressed as:

where is the stellar luminosity and  is the distance of the exoplanet from HIP 41378.

Then, the total flux covering the exoplanet ( ) is calculated as:

where is the radius of the exoplanet.

Finally, the reflected luminosity of the exoplanet () is expressed as:

where is the exoplanetary albedo (reflective efficiency) and is the phase of the exoplanet (the fraction expressing the
illuminated portion of the planet visible from the Earth).

Therefore, the ratio of the brightnesses of the exoplanet ( ) and HIP 41378 ( ) can be expressed as:

4.16)

For the exoplanet to be as bright as possible, the light from the star must be fully ( ) reflected towards Earth (

). To maximize the ratio, the exoplanetary radius was maximized and the distance from HIP 41378 was
minimized, with them being empirically set and , so the brightness ratio results in a minor value of:

Thus, based on knowledge about HIP 41378 being a single star, catalog searches of nearby background stars and effect
magnitude estimations for the exoplanet hypothesis, it is safe to assume that the third-light cannot contribute to the overall
transit depth and light curve shape. Nevertheless, this effect may be important to consider for other systems.
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4.3.6. Gravity darkening inapplicability

Gravity darkening of a star is a phenomenon that occurs due to the star’s rapid rotation, which makes the stellar equator
cooler and dimmer than its polar regions (e.g., Barnes, 2009; Dholakia et al., 2022). This effect was initially predicted by von
Zeipel (von Zeipel, 1924). It occurs when a rapidly rotating star becomes oblate due to centrifugal forces, which, in turn,
reduces the effective temperature of the stellar equator. Thus, it significantly alters the intensity distribution of the star,
which contributes to the transit light curve shape, especially its ingress and egress stages.

Various estimates show that the rotational period of HIP 41378 lies between 6 and 9 days (Grouffal et al., 2025), which results

in its angular velocity of to

Combining formulas 3.13 and 3.14 from Costa, 2019, the critical stellar angular velocity (the angular velocity at which
the centrifugal force at the stellar equator becomes equal to the gravitational force) can be estimated as:

4.17)
where , and are stellar mass, radius and surface gravity, respectively.
From the calculations above, we get the predicted values of from 0.017 to 0.026. At the same time, for stars
rotating well below , the photometric impact of gravity darkening is negligible (Costa, 2019). As

for HIP 41378 is an order of magnitude less than 0.6, the brightness distribution of the star can be estimated with high
accuracy by the standard quadratic limb-darkening model (see Section 2.4).

Moreover, gravity darkening insignificancy is supported by its low estimated value of
(apparent sky-projected stellar rotation, Grouffal et al, 2025), compared to fast rotators like WASP-33 with

(Dholakia et al., 2022). The late F type of HIP 41378 (Grouffal et al., 2025) also implies the
small effect of the gravity darkening signature compared to hotter and more radiative A-type stars (von Zeipel, 1924).

4.3.7. Model comparison

To evaluate the robustness of the hypothesis of a ring system around HIP 41378f, we performed a comparative analysis against
four alternative models, created in Sections 4.3.1-4.3.4: a standard spherical planet, an oblate planet, a model accounting for
observational noise and a model incorporating spherical activity (starspots/faculae). The statistical plausibility of the primary
model is assessed through visual inspection of residuals (Figure 15), comparison of Bayesian evidence values (Table 11) and the
stability of posterior parameter estimates (Table 12).

As it is evident from Figure 15, the ring model exhibits the most precise alignment with the observed data, particularly in the
ingress, midtransit and egress stages, with residuals centered closely around zero, where other models result in much more
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scattered residuals. Conversely, the ringless model partially captures the ingress and the egress stages but fails to precisely
align with the midtransit; the oblate planet model manages to capture the midtransit with better precision but faces strong
misalignment with data at both the ingress and the egress stages, and the two other models fail to fit all three of these stages.
This suggests that each of the four alternative models fails to capture all light curve features alone.

The statistical superiority of the ring hypothesis is also quantitatively confirmed by the matrix of Bayesian log-evidence
differences (Table 11). In every comparison to other models, the ringed model is overwhelmingly preferred (

), rejecting other hypotheses. Among ringless alternatives, the oblate planet model is the most
successful, outperforming the spherical ringless model by . This suggests that the spherical ringless

alternatives are not complex enough to reproduce the geometric asymmetries in the light curve. Both the noise and the
stellar activity models are outperformed by the simple spherical model with and

, respectively, although they create fits with almost similar log-likelihood values. Thus, the favorability of the simple model
over the noise and spots/faculae alternatives can be simply explained by their unneeded complexity. Similarly, the noise
model is slightly preferred over the spots/facula hypothesis ( ), as the latter introduces two more
parameters that lead to an unneeded increase in complexity, while not leading to better fits (the starspots/faculae can add
extra features to the light curve, but they are too local compared to the ringed alternative).

However, it is important to acknowledge the abnormal magnitudes of the inferred values. Differences in

log-evidences of this scale are anomalous in exoplanetary analysis, where is already considered strong
evidence of one model over another. These extreme values may arise from numerical instabilities in the nested sampling
algorithm, its precision limits, high-dimensionality and multimodality. Nevertheless, combined with the clear visual evidence
from the residuals in Figure 15, these results do not leave doubt about the statistical preference of the ringed model against
other hypotheses.

The primary model’s validity is further suggested by the posterior distributions summarized in Table 12. For the ring model,

the parameters are tightly constrained and have minute uncertainties (e.g., and
). On the contrary, the uncertainties in alternative model estimates allow for much broader intervals (e.g.,

). This indicates the convergence of the main model on a physically plausible and precise solution.
Therefore, of all suggested transit asymmetry hypotheses, the observed data is most consistent with the ringed model.
4.4. Model limitations

Although the proposed model is effective in predicting transit light curves, it has several issues that should be addressed. In
this section, the drawbacks of the model are outlined, highlighting the areas for future improvement.

4.4.1. Computational complexity

Although the pixel-based approach simplifies the inclusion of more physical parameters, one of its main issues is its
numerical nature. While the pixel-based algorithm allows for calculating the model with high precision, the quality is
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dependent on the pixel size of the matrices. Higher precision requires smaller pixel sizes for resolving the details of the
exoplanet and its rings better on their grid representations. However, a smaller pixel size requires the matrix representations
to have more pixels. Then, with better resolution, the calculations become computationally intensive as they require
repeatedly recalculating and summing matrices with thousands of pixels for every time step of the transit.

Also, the model's simulation of orbital motion relies on solving Kepler’s equation to determine the position of the exoplanet at
every time step. While analytical solutions are not available, numerical methods are used. This significantly increases
computational complexity, especially when modeling long-duration transits.

Furthermore, finding the transit window for more precise calculations of the light curve is also a non-trivial task. We must
analyze a wide range of data points in order to narrow the transit search window. In this work, the approximate transit
window is evaluated analytically. Then, it is narrowed down by iterating through the initial window range. After that, the
transit light curve is computed by iterating through a narrowed window. This approach is essential, as the transit is very

quick compared to the whole orbital period of the exoplanet. Thus, a total of masking iterations is needed
to evaluate the transit light curve. This is only deteriorated by the selection of priors that are very broad (Section 3.2), as it
leads to an increase in the number of nested sampling iterations required to converge due to prior sensitivity of the model.

Thus, for (see Section 4.2), a total of magnitude change calculations is required. At the
same time, each magnitude change calculation is a complex operation itself, which creates, masks and sums matrices with
thousands of pixels.

In our work, this issue is partially addressed by selecting an optimal pixel size. We chose the pixel size value that is large
enough to sustain fast calculations, but still gives enough precision. As a result, calculation of a light curve for a specific set of
parameters may take 2-3 seconds (depending on hardware and specific parameter values), requiring 20 to 40 hours to

complete the nested sampling with

The issue may be further addressed by favoring the impact parameter over the orbit’s rotational parameters. This solution
would eliminate the need for the search for the transit window, iterate over it for narrowing it and the need to solve Kepler’s
equation. Instead, the model would make fewer iterations by just moving the masking matrix along the star’s grid in a line set
by the impact parameter. The improvement would work better for planets distant from their host stars, as their projected
orbits during the transit stage would be very similar to straight lines.
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Figure 15. Best-fit light curves and residuals for the primary (ringed model) and four alternative ringless models that take into
account various minor effects (ringless, oblate planet, observational noise and starspots/faculae). The upper panel displays
the observational data (gray circles) overlaid with the best-fit light curves for each of the alternative models: ringed (main)
model (red wide solid line), ringless model (yellow dashed line), oblate planet model (green dash-dot line), observational noise
model (blue dotted line) and starspots/faculae model (purple solid line). Their respective residuals are represented by unique
markers: red circles (ringed), yellow upward triangles (ringless), green squares (oblate planet), blue diamonds (observational
noise) and purple downward triangles (starspots/faculae). According to the residuals, the ringed model fit is the best fit of the
observed data, along with the oblate planet model yielding the second-best fits and other models yielding fairly similar fits
that are a worse representation of the data.

4.4.2. Challenges with Data-fitting

The model's effectiveness is heavily reliant on the parameter fitting process, specifically on the choice of the data fitting
algorithm.

At first, we used MCMC (Markov Chain Monte Carlo, Foreman-Mackey et al., 2013) with 10,000 iterations, which was not
enough for high-precision results. This means that some of the model parameters could be effectively determined, reaching a
plateau in the MCMC chain, while others could still stay in their burn-in stage (the first values used in the MCMC that can be
inadequately influenced by initial guess values), resulting in convergence issues. Another issue posed by using the MCMC was
the local likelihood maxima traps. The MCMC would stop after finding one local log-likelihood maximum that was closest to
the initially guessed values, ignoring the necessity of exploring the full parameter space in order to draw more specific
conclusions.

To distinguish these scenarios and draw the most accurate conclusion, the data-fitting algorithm was switched to nested

sampling. Unlike MCMC, nested sampling was able to converge fully in steps within the accuracy of the
stopping function. Moreover, it has explored the entire parameter space, yielding several local maxima and bypassing the
issues related to burn-in.

The high shrinkage ( ) values observed across most model parameters indicate that the final posterior distributions are
primarily driven by the observational data, not by the initial prior assumptions (Section 3.2). However, a notably lower
shrinkage value for one parameter: the longitude of the ascending node. occurred due to its exceptionally
narrow prior bounds, which were strictly constrained to ensure a geometric transit occurred given the planet's large
semi-major axis. This further indicates that the parameter space was explored fully and resulted in adequate posterior
distributions for each parameter.

Nevertheless, the high-dimensionality of our model remains a challenge. In particular, the evidence calculation and the

resolution of small likelihood peaks are heavily reliant on the number of live points used. While
indicates convergence, a higher density of live points may still be required to fully resolve more local maxima the subtle
degeneracies between a large, translucent ring and a smaller, opaque one.
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Table 11. The matrix of relative values of Bayesian log-evidences ( ) for the primary (ringed model) and four
alternative ringless models that take into account various minor effects (ringless, oblate planet, observational noise and
starspots/faculae). The values in the table represent the difference between the log-evidences of models indicated in the row

and the column ( ) calculated via nested sampling based on Bayesian evidence weights
of each model. Positive values indicate a statistical preference of the model in the respective row over the model in the

selected column. The superiority of the primary (ringed) model over all alternative model fits ( ) confirms

that the ring hypothesis is the most consistent with data. The abnormally large values of indicate that errors in
evidence weights calculations might have occurred during the nested sampling algorithm. Nevertheless, combined with
residual analysis, this table indicates the statistical favorability of the ringed hypothesis.
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Table 12. Values of best-fit model parameters from the nested sampling simulation compared for the primary (ringed) model
and four alternative hypotheses (ringless, oblate planet, observational noise, starspots/faculae). The values themselves
represent the median points of the posterior distributions for each parameter, and the upper and lower error limits of the

parameter values represent confidence intervals. The priors are uniform and recorded in Table 3 (ringed), Table 6
(ringless), Table 7 (oblate planet), Table 9 (observational noise) and Table 10 (starspots/faculae). The table uses the following
parameter notation: - orbit eccentricity, - orbital inclination, - orbital longitude of ascending node, - orbital
argument of periapsis, - exoplanetary radius, - ring eccentricity, - ring semi-major axis, - ring width, - ring
obliquity, - ring azimuthal angle, - ring argument of periapsis, - equatorial exoplanetary radius, - exoplanet
oblateness, - oblate planet projection rotation angle, - noise scale, - noise magnitude, - stellar angular rotation
velocity, - initial starspot/facula longitude, - starspot/facula radius, - ratio of starspot/facula brightness to
stellar brightness.
Ringed Ringless Oblate planet Observational noise Starspots/faculae
Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate | Parameter | Estimate
o o o o o
° 90° ° 90° ° 90° ° 90° ° 90°
o [} [} [} [}
, km , km , km , km , km
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The high dimensionality of the model and the insufficient amount of live points may also be the main causes of the challenge

in the calculation of log-evidence, which exhibits an unexpectedly high difference between fits of different models. The

extreme differences highlighted in Table 11 may suggest that the nested sampling algorithm has encountered

numerical divergence. This may occur due to the mathematical inability of alternative models to provide near-perfect

geometric fits similar to that of the ringed model, making both log-likelihoods and log-evidences significantly diverge

between different scenarios. Therefore, although the ringed model is statistically preferred over the alternatives, the
magnitudes may be overestimated due to precision limits.

Another issue with data-fitting is related to the difficulty of defining whether the transit is central or not for distant
exoplanets. Transits of distant exoplanets mainly occur when the orbits of these planets lie in almost edge-on orientations.
This means that a negligible change of inclination ( ) or longitude of ascending node ( ) can result in making
a central transit non-central or even invisible. Thus, it is highly possible that the nested sampling would not be able to
distinguish the small difference, favoring fully edge-on orientations and central transits as a result. Similar to computational
complexity, this problem must be tackled by replacing the orbit's rotational properties with the impact parameter.
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4.4.3. Observational Limitations
Added to the model's internal issues, external factors also pose limitations.

Even the data from state-of-the-art observational facilities often contains a significant amount of noise due to various
factors, including atmospheric interference, instrument noise, and stellar variability. This high noise level can be even more
noticeable than the subtle photometric signatures of a ring system, making it challenging for our model to correctly fit the
light curve and accurately constrain the parameters. In these conditions, the model may be attempting to fit observational
noise instead of the ring features. Thus, much more precise data from next-generation telescopes is required to confidently
distinguish between the variation triggered by noise and the true signature of a ring.

As mentioned previously (see Section 3), stacking data combined from different observational epochs introduces the risk of
ignoring ring and exoplanet precession, which might lead to significant errors in the determined parameter values.

4.4.4. Parameter correlations and degeneracies

For detecting possible parameter correlations and degeneracies, a correlation heatmap was constructed based on the
parameter sets and their corresponding resulting log-likelihood values (see Figure 14).

The values of the Pearson correlation coefficient ( ) - the statistical measure that quantifies the linear relationship
between two variables, ranging from -1 to +1 - in the correlation heatmap (Figure 14) reveals several critical degeneracies.

One of the main possible causes of the degeneracies in the exoplanet’s orbital parameters is that different sets of orbital
parameter values can yield similar trajectories of the exoplanet’s transit. Thus, for improving the understanding of the
parameter correlations, the impact parameter ( ) must be derived in terms of the fit orbital parameters, as it is the main
quantity representing the transit trajectory for long-period planets (because their trajectories can be approximated as
straight lines).

From the geometry of projecting the trajectory on the stellar surface:

where is the distance between the star and the planet at the time of transit.

Using the ellipse equation in polar coordinates (formula 2.5.13):
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Parameter Correlation Matrix
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Figure 14. The parameter correlation matrix derived from the posterior samples of the 11-parameter nested sampling analysis.
The color scale represents the Pearson correlation coefficient for every pair of 11 parameters used in nested sampling,
ranging from -1 (perfect negative correlation, dark blue) to +1 (perfect positive correlation, dark red). The correlation heatmap
was produced using the data of every function call in the nested sampling. This matrix highlights the significant degeneracies
that occur in the ringed exoplanet model, particularly between orbital dynamics (orbital eccentricity vs. orbital argument of
periapsis, and orbital inclination vs. orbital argument of periapsis) and ring geometry (eccentricity vs. semi-major axis, and

obliquity vs. azimuthal angle).
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When the projection of the planet is the closest to the center of the star, the true anomaly ( ) can be expressed as:

Therefore:

(4.5)

One of the most striking degeneracies detected is quantified by the near-perfect negative correlation ( )
between the orbit eccentricity ( ) and the exoplanet’s argument of periapsis (). This correlation occurs mainly because,
for long-period exoplanets, any change in the orbital eccentricity can be compensated by a respective change in the
planetary argument of periapsis. It can be further confirmed by equation 4.5, as it has a product of = and  asaterminits

denominator. Additionally, the effect of in the numerator is minor, resulting in an almost perfect negative
correlation.

Another noticeable degeneracy in the orbital parameter of the exoplanet can occur due to a noticeable negative correlation (

) between the orbital inclination ( ) and the exoplanet’s argument of periapsis (). This, again, highlights
that different sets of orbital parameters can result in very similar transit trajectories for long-period planets. More
importantly, the orbital inclination plays a minor role in determining the exoplanet’s transit trajectory, as the orbit has to be
close to edge-on to ensure that the transit occurs. This can be also confirmed by equation 4.5, as it has and in
the opposite sides of the fraction, with and  both occurring only once in the equation, which results in the identified
negative degeneracy. This degeneracy is also supported by the bimodality of the posterior distributions of and  (see
Section 4.2 and Figure 10).

Thus, similarly to other limitations, the degeneracies between the exoplanet’s orbital parameters can be addressed by
switching from the parameters of orbital eccentricity, inclination, longitude of ascending node and argument of periapsis to
the impact parameter. Although this solution can prove itself physically ineffective for short-period planets (e.g., Hot
Jupiters), it would be effective for long-period exoplanets like HIP 41378f

The most powerful degeneracy within the identified ring properties would most probably be related to the high negative
correlation ( ) between the ring eccentricity ( ) and its semi-major axis ( ). This strong correlation clearly
demonstrates that the quality of the fit data is insufficient for the model to clearly identify whether the ring is eccentric or
circular. Due to that, a more eccentric compact ring may produce a similar log-likelihood to a less eccentric but bigger ring,
as they both affect the transit depth, leaving different traces in graph asymmetries only (Section 4.1), which require higher

data precision to be resolved. The effect of the eccentricity on the transit depth is minor ( , see equation 4.1).
Therefore, it is reasonable to remove the eccentricity parameter (and, consequently, the parameter of argument of periapsis,
as it has no effect for zero eccentricity), switching to a circular ring model instead in order to avoid the degeneracy in the
ring’s semi-major axis.
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Another significant correlation is between the ring obliquity ( ) and azimuthal angle ( ). This correlation is highly
predictable for the near edge-on configuration that the rings are hypothesized to exhibit. For small ring obliquity values, the
mask of the rings is very similar for various azimuthal angle values, resulting in both similar transit depths and similar light
curve shapes. As there is no simple way of distinguishing different azimuthal angle values for near edge-on configurations,

the results for and must be treated as an indicator of the almost edge-on case rather than a physically reliable exact
orientation of rings.

4.4.5. Model predictivity and handling data with gaps

To validate the predictive improvement of the model (the quantified increase in the model’s ability to explain the observed
data as more initial information is provided to the fit), the k-fold cross-validation (a method of repetitive data-fitting that
uses different portions of the observations as input data sets).

To implement the k-fold evaluation algorithm, the data set was initially split into equal temporal portions of data that
represent five key transit stages: Fold O - ingress, Fold 1 - pre-midtransit, Fold 2 - midtransit, Fold 3 - post-midtransit and
Fold 4 - egress (see the folds in Figure 16). Each of the resulting portions of data was then removed one by one in rotation,
passing the other four parts as an input for the main nested sampling algorithm, which is described in Section 3. The best-fits
generated by every k-fold test are displayed in Figure 16.

The selected approach helps validate if the ring signatures detected by the main run (Section 4.2) are a coherent global
feature or a localized anomaly, assisting with confirmation of the model's generalizability and ensuring that the model is not
overfitting local noise or instrumental artifacts.

This approach is especially necessary for long-period transits like HIP 41378f, where data gaps might occur due to
instrumental specifics or other observational limitations (e.g., an unexpected bright radiation source in the foreground),
which must not bias parameter recovery because the model relies too heavily on specific parts of the transit light curve.

The best-fit light curves with stacked residuals for each iteration of k-fold cross-validation are displayed in Figure 16. The
comparison of resulting log-evidences and inferred values of system parameters is displayed in Table 13 and Table 14,
respectively.

The comparison of fit shapes and values for different folds are highly important to evaluate the predictive
improvement of the model, but insufficient to draw a definitive conclusion about the model’s ability to fit data with gaps. For
that reason, we also compare the estimated parameter values and their uncertainty ranges (see Table 14).
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Best-Fit Light Curves for K-Fold Cross-Validation
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Figure 16. Best-fit light curves and residuals for the five k-fold cross-validation iterations (Fold O — ingress removed, Fold 1 —
pre-midtransit removed, Fold 2 — midtransit removed, Fold 3 — post-midtransit removed, Fold 4 — egress removed). The
upper panel displays the observational data separated into five folds (they are highlighted by different colors and marker
styles) overlaid with the best-fit light curves for each k-fold iteration: Fold O (red wide solid line), Fold 1 (orange dashed line),
Fold 2 (green dash-dot line), Fold 3 (blue dotted line), and Fold 4 (purple solid line). Observational data and their respective
residuals are represented by unique markers: circles (Fold 0), upward triangles (Fold 1), squares (Fold 2), diamonds (Fold 3),
and downward triangles (Fold 4). According to the residuals for the removed parts of the graph for each k-fold, the fit quality
deteriorates when less data is input, which indicates the predictive improvement of the model. Despite the exclusion of the
critical phases, all five models converge onto a notably similar transit profile, which confirms the stability of ring detection
and advocates against overfitting of local noise.

Based on Table 1, it can be confirmed that each phase of the exoplanetary transit (ingress, egress and midtransit) carries
critically important information. This is verified by the abnormally large values of relative Bayesian log-evidence ( )

between the main model and each of the k-fold fits ( ), with already considered strong
evidence of one model over another in Bayesian statistics. This difference is especially strong when comparing the main

model with Fold 1 (pre-midtransit removed, ) and Fold 3 (post-midtransit removed, ).

The positive values of for all comparisons of k-folds against the main model confirm that adding new data improves
model predictivity, which is a characteristic of a real signal.

Nevertheless, the k-fold cross-validation results also confirm that the model does not overfit local noise and show stable ring
detection across all fits. Table 13 and Figure 16 show that removing data at any of the main transit stages catastrophically
deteriorates both the log-evidence result and the residuals, which would not be the case when the model fits noise instead of
real light curve features. This is also confirmed by the relatively small difference between amongst the k-folds (e.g.,

between Fold 1 and Fold 3) compared to the drastic change between the model and the k-folds, which
suggests that the signal is distributed fairly uniformly along the light curve and there are no local anomalies that fully
determine the statistical plausibility.

The consistency of ring detection and the reproducibility of positive results are also supported by the k-fold best-fit
parameters yielded by nested sampling in Table 14. For instance, the k-fold radius estimates are relatively consistent (

to ) and less than (Santerne et al., 2019), which can be classified as a stable partial
explanation of the “super-puff” phenomenon through the ring hypothesis when taking into account that 20% of the data are
removed for each fit. The ring parameters (semi-major axis, width, eccentricity and obliquity) possess physically plausible
values for every fold, always suggesting a large and eccentric ring system in a configuration close to edge-on. Fold 2 suggests
the most similar values to the main model compared to other k-folds, showing that the inferred values are mainly determined
by the asymmetries in the transit ingress and egress, and not by random error in the observations.

The physical plausibility of the fit can also be confirmed by the high sensitivity of inferred orbital inclination values to the
input data (Table 14). This effect is especially evident for Fold O ( , different by approximately from the main fit). It
occurs because the ingress transit stage stores the key signatures caused by orbital inclination. This proves that the model
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honestly shows the uncertainty when the parts of the data are removed. The model fidelity is also evident from the residuals
in Figure 16, where the model fits the incomplete input data well but fails to fit the removed data with high accuracy in Fold 0
and Fold 4.

Therefore, the model passes the k-fold cross-validation: the results disapprove noise overfitting, are resilient to data loss,
statistically robust and physically plausible. This confirms that the model is consistent with rings. However, for the best
results, it is essential to use observations without time gaps.

Table 13. The matrix of relative values of Bayesian log-evidences ( ) for the primary model and five iterations of k-fold
cross-validation (Fold O - ingress removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed, Fold 3 -
post-midtransit removed, Fold 4 - egress removed). The values in the table represent the difference between the

log-evidences of models indicated in the row and the column ( ) calculated via nested
sampling based on Bayesian evidence weights of each model. Positive values indicate a statistical preference of the model in
the respective row over the model in the selected column. The superiority of the main (full data) model over all iterations of
cross-validation ( ) confirms that the information signal is spread over the entire transit light curve and is
not caused by local anomalies, so full data is required for best parameter estimation, which confirms the predictive
improvement of the model. The high statistical stability of the results for light curves with various excluded transit phases
verifies the reliability of ring detection.

Main model Fold 0 Fold 1 Fold 2 Fold 3 Fold 4
(Full data) (Ingress) (Pre-Mid) (Midtransit) (Post-mid) (Egress)
Main model
Fold O
Fold 1
Fold 2
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Fold 3

Fold 4

Table 14. Values of ring and exoplanet properties from the nested sampling simulation compared for the main model and each
of the five k-folds (Fold O - ingress removed, Fold 1 - pre-midtransit removed, Fold 2 - midtransit removed, Fold 3 -
post-midtransit removed, Fold 4 - egress removed). The values themselves represent the median points of the posterior

distributions for each parameter, and the upper and lower error limits of the parameter values represent confidence
intervals. The priors are uniform and recorded in Table 3.

Estimated parameter Main model Fold 0 Fold 1 Fold 2 Fold 3 Fold 4
name (Full data) (Ingress) (Pre-Mid) (Midtransit) (Post-mid) (Egress)

Exoplanet orbit
eccentricity ()

Exoplanet orbit
inclination ( ), °

Exoplanet longitude
of ascending node

()°

E 1 t t
S ar.1e aTrgumen Circular orbit Circular orbit
of periapsis (), °
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Estimated parameter
name

Main model
(Full data)

Fold 0
(Ingress)

Fold 1
(Pre-Mid)

Fold 2
(Midtransit)

Fold 3
(Post-mid)

Fold 4
(Egress)

Exoplanet orbit
eccentricity ()

Exoplanet orbit
inclination ( ), °

Ring argument of

periapsis (), °

4.4.6. Theoretical boundaries of the ring search

Another notable limitation of the current modeling framework is that the search window for ring systems is strictly
constrained to the Roche limit concerning the semi-major axis of the rings. While it narrows the prior distribution, which is
important for more effective data fitting, and targets the algorithm on the most stable and common ring configurations, it
neglects potential rings that may exist at greater distances. To broaden the possible range of values of the ring’s semi-major
axis, it would be necessary to incorporate a more complex approach to modeling ring dynamics. Specifically, the model must
incorporate the Hill radius (Heising et al., 2015) - the region where the planet's gravity dominates over the star's tidal pull -
and the orientation of the Laplace plane (Heising et al., 2015), which affects the precession and stability of the rings. Without
these considerations, extending the search boundary could lead to physically irrelevant ring configurations.

5. Conclusions

In this study, we have described the development, validation and application of a novel model for detecting exoplanetary
rings and obtaining their properties through data fitting of transit photometry measurements. Our new pixel-based method
allows addressing previous uncertainties and limitations by simulating the exoplanet, its rings and the host star as
pixel-gridded matrices, providing a physically accurate characterization of the transit event. Also, the proposed model aims
to integrate the parameters that are often overlooked by other studies, such as ring transparency, ring eccentricity and the
full 3D orientation of the exoplanet orbit and its ring.

The validity of our model was then tested through the generation of synthetic light curves, which helped systematically
explore the effect of each parameter on the light curve. Finally, the model was implemented in practice by analyzing the
photometric data for HIP 41378f, which is a super-puff candidate and a high-priority target for searches of exoplanetary

theconvergencejournal.org Vol. 2, No. 1; April 27, 2026

84


https://www.codecogs.com/eqnedit.php?latex=e_p#0
https://www.codecogs.com/eqnedit.php?latex=0.003#0
https://www.codecogs.com/eqnedit.php?latex=0.014%5E%7B%2B0.000%7D_%7B-0.005%7D#0
https://www.codecogs.com/eqnedit.php?latex=0#0
https://www.codecogs.com/eqnedit.php?latex=0.002#0
https://www.codecogs.com/eqnedit.php?latex=0#0
https://www.codecogs.com/eqnedit.php?latex=0.003#0
https://www.codecogs.com/eqnedit.php?latex=i#0
https://www.codecogs.com/eqnedit.php?latex=%7B84.58%5E%7B%2B0.15%7D_%7B-0.33%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=60%5E%7B%2B0%7D_%7B-20%7D#0
https://www.codecogs.com/eqnedit.php?latex=72.106%5E%7B%2B0.014%7D_%7B-0.019%7D#0
https://www.codecogs.com/eqnedit.php?latex=77.32%5E%7B%2B0.02%7D_%7B-0.03%7D#0
https://www.codecogs.com/eqnedit.php?latex=88.2%5E%7B%2B0.1%7D_%7B-0.4%7D#0
https://www.codecogs.com/eqnedit.php?latex=86.61%5E%7B%2B0.05%7D_%7B-0.13%7D#0
https://www.codecogs.com/eqnedit.php?latex=%5Cpsi#0
https://www.codecogs.com/eqnedit.php?latex=%7B42.8%5E%7B%2B1.3%7D_%7B-1.4%7D%7D#0
https://www.codecogs.com/eqnedit.php?latex=120%5E%7B%2B0%7D_%7B-70%7D#0
https://www.codecogs.com/eqnedit.php?latex=73.90%5E%7B%2B0.10%7D_%7B-0.11%7D#0
https://www.codecogs.com/eqnedit.php?latex=134.8%5E%7B%2B1.0%7D_%7B-1.2%7D#0
https://www.codecogs.com/eqnedit.php?latex=161.1%5E%7B%2B0.1%7D_%7B-0.7%7D#0
https://www.codecogs.com/eqnedit.php?latex=133.6%5E%7B%2B1.7%7D_%7B-0.5%7D#0

Exoplanetary Ring Systems: Identification and Parameter Estimation from Transit Photometry Data

rings. Our data-fitting results show that the best-fit light curve that is produced by our model, which accounts for the
exoplanet’s rings, fits the observed data with higher precision compared to four alternative models (spherical ringless planet,
oblate planet, observational noise and stellar activity). The reliability of the model was also confirmed via a posterior
predicted check, k-fold cross-validation and analysis of parameter correlations.

Additionally, the nested sampling analysis has provided the first quantitative measurements of the parameters of the HIP
41378f’s hypothetical rings. Best-fit parameters suggest a large ( ), eccentric ( ) and tenuous

( ) ring, lying in an almost edge-on orientation, with parameter correlation analysis suggesting only several
possible degeneracies: exoplanetary orbit eccentricity vs. exoplanet’s argument of periapsis, orbital inclination vs. exoplanet’s
argument of periapsis, ring eccentricity vs. its semi-major axis, and ring obliquity vs. azimuthal angle. This serves as a

potential sign of a ring system around HIP 41378f, yielding a planet bulk density estimate of , suggesting
that inflated radii of super-puff exoplanets might be observational artifacts resulting from unseen rings. The results also
demonstrate the importance of obtaining higher-precision data for a full characterization. This generally supports our
hypothesis that it is possible to extract ring properties from a light curve by fitting modeled light curves to observations.

Thus, in the future, our model can become a valuable tool for discovering and confirming new exoplanetary ring systems,
estimating their parameters, and re-evaluating “super-puffs” For any in-depth analysis of an exoplanetary ring system,
obtaining its general properties is essential, which can now be done by implementing our tool.

As it is evident, even though the model is precise and takes into account many parameters the effect of which on the transit
light curve is minor, our model can be improved by running a nested sampling simulation with more live points and handling
ring precession (Heising et al., 2015), light scattering by rings (Barnes & Fortney, 2004), Laplace plane (Heising et al., 2015)
and effects of exomoons on ring stability. For decreasing the possible degeneracies and reducing computational intensity, it
is favorable to decrease the number of model parameters, switching from the full 3D exoplanetary orbit orientation to impact
parameter and potentially favoring circular rings for avoiding the degeneracy between and . Other prospects that this
work introduces for the nearest future include: injection-recovery analysis for quantifying detection efficiency and sensitivity
limits, specifically by injecting synthetic ringed exoplanet transits of various optical depths and geometries into HIP 41378f
residual observational data, determining the minimum signal-to-noise ratio required to distinguish between super-puff
planets and ring candidates; analyzing more real light curves and detecting more ring systems; exploring irregular ring
systems, where the rings exist outside the Roche radius; studying HIP 41378f further, approving the existence of its rings and
examining if its inflated radius can be caused by any other effect. Another important prospect is integrating the tool with
other software, for instance, TLS, for easier and more frequent analysis of exoplanetary ring systems.

6. GitHub
The link to the project repository can be found through the GitHub link:

https: //anonymous.4open.science /r/RingedExoplanetTransits-4F93 /README.md.
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