16.1 Introduction

A class of mathematical functions owes it established
names and notations to the importance of these functions
in mathematical analysis, functional analysis, physics, and
statistics. Although there is no general formal definition
of special functions, a list of mathematical functions are
commonly accepted as special, and therefore, are known as
special functions. Most of the special functions are named
after the mathematicians who first introduced them or con-
tributed much to their theory.

Many special functions appear as integrals of elementary
functions or solutions of differential equations. Here the
scope of the discussion is limited to only four functions,
namely, beta, gamma, Bessel, and Legendre, although there
are several others in this class.

Beta and gamma functions fall into the first category,
i.e., they are defined as integrals of some elementary func-
tions. It is convenient to express many other integrals in
terms of beta and gamma functions. Gamma function is
one of the most commonly used non-elementary function; it
has applications in diverse areas such as quantum physics,
astrophysics, and fluid dynamics.

Bessel and Legendre functions are generally used to ex-
press solutions of linear differential equations. Bessel func-
tion expresses the solution of differential equations in a
system with cylindrical symmetry, whereas Legendre func-
tion expresses that in a system with spherical Symmetry.
For these reasons Bessel functions are also called cylindri-
cal harmonic functions and Legendre functions are called
spherical harmonic functions.

16.2 Gamma Function

The gamma function may be thought of as a factorial func-
tion with its domain extended to include non-integers also.
The problem of extending the factorial to non-integer argu-
ments was apparently first considered by Daniel Bernoulli
and Christian Goldbach in the 1720s. However, it was solved
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by Leonhard Euler (1707-1783), a Syig math
and physicist in 1729. Around 1811, Adrien-MarieeL

(1752-1833), an important French mathematiciaigendrg
credited for Legendre polynomials) introduceq r( ",
gamma function and the symbol T for it: he also re“lT 1
Euler’s integral definition in its modern fory, Johany CO[!
Friedrich Gauss, a German mathematician anq Scients
and Karl Weierstrass also made significant contributiogg
to further the studies of the function. i
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Gamma Function The gamma function, denoted by T
is defined for any positive number x by

ray= [ et 16
(x) /0 i/,d (164

16.2.1 Convergence of Gamma Function

We can write
1 - ;
Pig)= f t*“le'dr + f 1 le~'dr = I(x) + b
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where
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By the u-test, the second integral
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is also absolutely convergent for all values of X,
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Thus, the gamma function is well defined D)
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(169 and (16.3) describe the functional prop-
gamma function.

these properties, we have I'(n + 1) = nl'(n)

—n'r(l) —p! for all natura.l numbers n.

e functional property in Eqn (16.3) generalizes

l;ejauon"' =n(n— 1)! of the factorial function.
i 0 possible t0 extend the definition of gamma
or negative values of x, by inverting the functional

tytion O
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123 Another Definition by Euler and Gauss
fir> 0, define
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Flx) = pli’rgo Tp(x) (16.5)
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makj mxl‘p(x)
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P> 00, we see that T(1) = 1 and ['(x+1) =

! heb ﬁmtlon satisfies the functional equations
o Sting eﬁg"tl‘)n of the gamma function.

dlueg © Observe that the definition is valid also
s o 8amp, f, €xcept for the values 0,-1,-2,.
sh()wﬂ tnction (COrrespondmg to this defi-
W"’nas mple 8161, This definition is useful to es-

nn O Teflection property of the gamma
Sectlon 16.9. 4,
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Fig. 16.1 Gamma function

16.24 Weierstrass Formula

We can express
p* = eflovr _ ¥ (logp—l—%—---—%)e(x+§+---+§)

Thus, Eqn (16.4) can be rewritten as
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Now
: 1 1
lim (— logp+14+=-+4+... 4+ _> = 0.5772156649
p—>0 2 p

is a constant, known as Euler’s constant and is denoted
by y.

For any real number x, except for the values 0, —1, -2, .. .,
gamma function may be expressed in terms of Euler’s con-
stant as the infinite product

e f(1+)
1_‘(x)._)c.e I_Il[ +p e

’]:
This is known as the Weierstrass form of the gamma func-

tion. .
There is an important identity connecting the gamma
function at the complementary values x and 1—x. To obtain

this identity, start with Weierstrass formula, which gives

2 X x X L
1 ) 1 =_x2eYXe—V"H|:(l+—> e r (l——) enjl
r® T(=x p= 4 ?
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But the functional equation gives I'(—x) = —
and the equality 31mphﬁes to

1 (-5
&) m e P

p=1
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+ well-known infinite produc t:

Now, use the we )
o0 .\‘-
sin(mx) =X H (l - ],2)
p:t!
4

e
sin (Tx)
nt or reflection property

(16.6)

Thus, we get

reord - X)=
known as compleme
is valid for 0 <X < 1.
lso define

This identity is
of gamma function and i

& Note The gamma function is &
plex number & W ith a positive real part, i.e.

)= /Nr ~1,1dt for Re(z) > 0
0

and thus. it is an exter nsion of the factorial function to ¢

plex numbers with positive real parts.

d for a com-
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Example 16.1 Evaluate

1
———dx
/(; J—logx
= ¢~ so that

Solution Substitute —logx = y, 1e, x =

dx = —eVdy.
When x = 0, we have y = oo and when x = 1, we have

y=0.
/ —(—e7dy)

Thus, we have
1
/0 loox
1
[
0 2 0
Exampiesz Prove that
/oo e_mzxzdx - l/_]?
0

Solution Substitute + = m“x*, ie., x=£ so that
i m

1
dX =. ——.l”j .
2m di

When x = 0, we have ¢t = o i

also 00- Whey -
Thus, we have Sy
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We write

Solution
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[Using complement property

27* 1

= /3 sin 20° sin 40° sin 80°

_ 274 2

- —ﬁ sin 20°(cos 40° — cos 120°)

s 24 4

B ﬁ 2 sin 20° cos 40° + 2 sin 20° cos 60°
8m4 1 16 4

" /3 sin60° — sin 20° + sin20° 3"

Section Review 16.1

1. Show that (a) I'(7)
Show that
2

wr(z)r(3)-%

() iy !
PT{pt3)=varep

- 3. Show that

=720, (b) T G) - %ﬁ
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2
b) 3—X dx = 1 _'L
0 2 10g3

4. (a) Show that
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: e
| #mtopatax = gz
0

: e % s S
where n is a positive integel and m

(b) Evaluate

(c) Show that

5. Prove that

(a) r(m+1)=ﬁr<2m+1>

2 2m(m + 1)
1 JE
(b) F(m)lr (m 0 5) = rm
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for complex arguments x and y, pro-
d Re(y), the real parts of x and y,

(16.7)
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I mﬂ."th Re(x) 80

"‘,‘\.[i‘-ely, ¥
property and other Forms of Beta Function
M e 2
' on is symmetric, 1.e., Bxs/Y) = B(y, x). It

o funct :
fx‘:agr other forms including
# z :
yy) =2 / " sin®~1 6 cos? 1 66 (16.8)
0
tx—l
(16.9)

/(x’”:Z/o ¢! +t)"+ydl

32 Relationship between Gamma and
Beta Functions

Jdeive the integral representation of the beta function,
e the product of two gamma functions as

o] o o]
Fry) = / e “u'du / e v’ 1dv
0 0

@ sibstituting u = 12 and v = s2, we have

0 o0
1) = {2 / e"zt“‘ldt} {2 / e'szszy“‘ds}
o 0

0 roo

- —(t2 L

_/ / e (t +32)|t|2x—1|sl2y ldtdS
-00J -0
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o .
and 5 = rsinf, we have
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‘/x
= 2 2
e P x 42y~ T n s T
0 dr |cosz" 19 sin? ‘9| de
0

X 1 * x
{2/0 e"zr2(1+y—i)d(rz)} {4]2 cosz‘“asinz"l 6do
0
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543 x B(x, y)
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; Ung to polar co-ordinates with the substitutions
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mxv)’):M

a0 y IIOIII the Te ‘ €en gamma al
s la
IOIIShlp bel’,W g
beta fuIlCthIlS, ﬁnd the Vall.le Of I = .
2

Solution, In the relation

B(x, y) = E(x_)rm
Cx +y)
take x =y —

N

Then we have

2+2
or
1\1? 11 5
[F(E } =ﬁ(5’5>=2/0 sin® 0o 0d0 =2 x = =
1
Thus, T (=) =
(3)=v= .

R R .
%%%Bw > 16,5 Assuming the result

o0 xp-—-l T
/ dx = —
o l+x sin(rp)

derive the reflection formula of gamma function, i.e.

NPTl - p) = sinj(rﬂp)
Solution In the result
d T'(m)T'(n)
Bl )= '(m +n)

putmz_—pandn:l—p-
Then, we have
r(rd=p _ gy 1-p)

T(p+1-p)
or % g
= =l =
r(pra-pr= /0 1+x sin(zp)
Thus 7
r(p)rd—>» = goeep) o
} Prove that i
B (m, E)
— __-52—’"——__1’_ .

ﬁ(m, m) =

m+§

22m~1r
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Solution We know

LemI'm) _ r(m)r(m)

Bm,m) = Tmim — T@em
r(n)I'(m)
= (Zm—l)-(2nr—2)~(2m—-3)'(2""'4)"‘4'3'2']
I'(m)I"(m) :
= 3 2)...2- 3. 1=
2“’"(;11—;1)-(:11-1%(m—i)-(I"—' ) 2 2
() (m)
= : 311 _n.m=-2)---2-1)
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- 1 3 31
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Again,
rm)r .
_—= m, -
r + ! %
m o
2
and hence, the second result follows. 0

Prove that

e

I 1 m
m—lcy _ 2yn—1, _ 1
/)x 1 —-x% dx—zﬂ(—z,n)

Solution Substitute x = sin@ so that dx = cos6dg.

Whenx:O,wehaveG:Oandwhenx:1,9:%.

Thus, we have

1 /2
m—1 2yn—1 inMm— :
/Ox (1—=x%n dx=/0 sin™ 'a(l—sm29)"—1cosede

/2
= / sinm—‘] GCOSZH“-I ade
0

1 /m
=3#(37)
a
I
1
SR
o (1- x6) § 3
Solution Substitute x3 — g
s €7 =5sin6 50 that 3x24x = go 6d6 or
3sinig
When x =

0,wehave0=0a.ndwhenx=l =2
) ‘-5‘-

where a is a constant.

Solution Substitute x5 = q®y, e, x=at 4.
sdy Yo %0
dx =ay 6 —.

6
9
Then x° = a’ys and v/a6 — x6 = a(l —y)3.
When x = 0, we have y = 0 and when x = a, we have y=|
Thus, the given integral
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pere b and ¢ are constants.
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Solution Substitute
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FE T b+ c—cy)? ~ Bt —gp
Now
y 1-—
l-x=1-———=((+ B4
4= gy : c)b+c—cy
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When x =0, we have y = 0 and when x = 1, we have y = 1.
Thus, we have
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i e b T
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m Show that
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v 4
_/0 (tan9+\/sec9) do = % r
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Y= et
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2. Shoy that B(p,q) - B(p + q,r) = Blg.r) - Blg+rm =
S, B + p,g).

- Evaluage e following integrals:

%j \/Tﬁdx :

i
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) z
Solution / (\/tan 6 + +/sec 6) do
0

I

H 5
/0 tan6d6 + / V'sec6db
0

.4

L _1 z 1
= / sinZ 6 cos™Z 646 +/ cos™ 2 8d6
0 0

1 1 1
1 5+l —=+1 —— 41
8| 1— 2 gl 727
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16.3.3 Derivatives

The derivative of beta function may be expressed as

9 B 1 () 1 al(x+y)
gD = fm y){r(x) ax Tx+y ox }
=B, N {Y @) —¢¥(x +y)}
1 81"(x) L !
where Y (x) = I‘(  de which is known as the digamma
function.

Section Review 16.2

(b) /a 2@’ - x*)3dx
0

(c) f "B - xydx
0

n
Vi
(d) / sin® x cos’ xdx
0

P f1—x
(e) /_11/1+xdx
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