
4.12. (1)MAXIMA AND MINIMA OF FUNCTIONS OF TVwO VARIABLES
Def.A functionf(x,y) is said to have a maximum or minimum at x=a,y=b, accordingas

f(a +h,b +k) < or >f(a,b),
forall positive or negative smal values ofh and k.

Inother words,ifA=f(a +h,b +k)-fa, b) is ofthe same sign forall small values ofh, k,

and if this sign is negative, then f(a, b) is a maximum. If this sign is positive, f(a,b) is a
minimum.

Considering z=fx,y)as a surface, maximum value ofzoccurs at the top ofan elevation (e.g. a dome)

from which the surface descendsin every direction and aminimum value occurs atthebottom of adepression
(eg. abowl)from which the surface ascends in every direction. Sometimes themaximum or minimum value

may forma ridge such thatthe surface descends orascends in all directions except thatof theridge.Besides

these,
we have such a point ofthe surface, where the tangentplane is horizontal and the surface falls for

displacementin certain directions and rises for displacements in other directions. Such a point is called a
saddle point.

Note.A maximum or minimum value ofa function is called its extremevalue.

(2)Conditions forflx,y)to bemaximum orminimum.

Using Taylor's theorem page 176, we haveA fla+h,b +k)-fla,b)



164 HIGHER ENGINEERING MATHEMATICS

- 2 .)
For small values

of h and k, thesecond and higherorder terms are still smaller and hence
may be neglected.Thus

signofA=signof lhf.(a, b)+kf,(a, b).

Taking h=0we see that the right hand side changes sign when k changes sign. Hence
f, ) cannot have a maximum or a minimum at (a,b) unlessf,a, b) =0.

Similarly taking
k =0, we find thatf,)cannot have a maximum or minimum at (a, b)

unlessf(a,6)=0.
Hence thenecessaryconditionsforf(x,y)to have a maximum oraminimum at(a, b) arethat

f(a,b)=0,f,(a, b)=0.
Ifthese conditionsare satisfied, then forsmall value ofh and k, (i)gives

signofA signofhr+2hks +k)wherer=fala,b), s=fa,b) andt=fya,b).

Now +2hks+ +2hkrs+kr]-[hr+ks)+k(rt-
Thus sign ofA =signof(hr+ks)+kot-s ...u

In (i), (hr+ks)" is always positive and k(rt -s)will be positive ifrt-s>0.In this case,

A will have the same sign as that ofr for all values of h and k.

Hence if rt-s2>0, then fa,y) has a maximum or a minimum at (a, b) according as

r<or>0.

Ifrt-s<0,then A will change with h andkand hence there is no maximum orminimum at (a, b) i.e.

it is a saddlepoint.

If rt-s=0, further investigation is required to find whether there is a maximum or minimum at

(a, b) or not.

Note. Stationary value. fa,b) is
said

to be astationary value of f), if

fa,b) =0andf,(a, b)=0i.e. the function is stationary at (a,b).

Thus every extremevalue is a stationary value but the converse may not be true.

(3) Working rule to find themaximum and minimum values of fx, y).

1. Find f/xand öf/y and equateeach
to zero. Soloethese as simultaneous equations in x

and y. Let (a, b), (c,d),. be the pairs ofvalues.

2. Calculatethe valueofr=8t/ax, s=t/xdy, t=f/oy foreach pair ofvalues.

3. ()Ifrt -s>0andr <0 at (a, b), fla, b) is a max. value.

i)Ifrt-s>0 andr>0at(a, b),fa,b)is a min. value.

(ii)Ifrt-s<0at (a, b), fla, b) is not an extremevalue, i.e. (a,b) is a saddle point.

(iv)Ifrt-s2= 0at(a,b), the case is doubtful and needsfurtherinvestigation.

Similarlyexamine the other pairs ofvaluesone by one.

Example 4-24.Examine the
following functionforextremevalues.

f )=**+y"-2+4sy -2y. (Delhi, 1997)

f4x-4x +4yf,=43+ 4x4
r=f=12x-4, s=fy4, t=yy=12y-4

We have

and
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New f=0,f,
=0give -x+y =0, .) +x-y=0 ..i)

Adding these,we get4(+y)=0ory= -x.

Putting y=-xin (i), weobtain-2x=0,ie.x =V2, -V2,0.
Corresponding valuesofyare2, V2, 0.
At (12,-N2),rt-s= 20x 20-42=+ve and r is also +ve.Hence f(V2,-V2) is a minimumvalue

At (-V2,2)alsoboth rt -s and r are+ve.
Hence f(-V2,v2)isalsoa minimum value.
At (0, 0), rt-s =0and,therefore, furtherinvestigation is

needed.
Now f(0,0)=0 and for points along the x-axis, where y =0,f,y) =x*-2x = -2),which is

negative for points in the
neighbourhood of the origin.

Again for points along the liney =x,fx,y)=2 which is
positive.Thus in the neighbourhoodof (0, 0) there are points wheref(1,y) <f0, 0) and there are points wheref,y)>f(0,0).

Hencef(0, 0) is not an extremevalue.

Example 425.Discuss the maxima and minima offx,y)=ry (1-x-y).

(Gauhati,1999;Ranchi, 1998)

We have f=3xy-42-31,=2:y -2:y-3x2
r=f=6xy-122-6ay3;s =l,=6xy-8-9y;=f,=2-24-6and

When f =0,f,=0,wehave x (3- 4x-3y) =0,«°y (2-2x-3y) =0
Solving these,the stationarypoints are (1/2,1/3), (0, 0).

Now rt-s=xy (12(1-2x-)(1x-3)-(6-8x 9)1
At (1/2,1/3,n-s-121-1-51-1-6-4-3
Also r=6 -co
Hence f (x,y) has amaximum at (1/2,1/3)and maximum value=

At (0, 0), rt-s =0and therefore furtherinvestigation is needed.

For pointsalong the line y =x,f(x,y)=*(1-2x) which is positive for r=0.1 and negative

forx=- 0.1 i.e. in the neighbourhood of (0,0), there are points wheref(x,y)>f(0, 0) and there

are pointswhere f(x,y) <f (0, 0). Hencef(0, 0) is not an extreme value.

Example 4-26. Inaplane triangle, find the maximum value ofcos A cos B cos C.

(Raipur,1998)

We have A+B +C =T so thatC =T-(A +B).

cos A cosB cos C=cosA cos B cos [n-(A+B)]
=-cos A cos B cos (A +B)=f(A,B),say.

We get
f cosB(sinA cos (A+B)+cosA sin (A+B)
OA
=cosBsin(2A+B)

cos A sin (A+2B)
OBand
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=0,0only when A =B=n/3.

Alsor 2cosB cos (2A +B),t= 2cosA cos (A +28)
aA OB

SAD=-sinB sin (24+B)+cos B cos (24 +B)=cos (2A +2B)A

When AB=n/3,r=-1,s=-=-t-1so that rt -s=3/4.

These show thatf(A,B)is maximum forA =B=T/3.
Then C= T-(A +B) =T/3.
Hence cos A cos B cos C is maximum when each of the angles is T/3 ie.

triangle is

equilateral and its maximum value=1/8.

4-13. LAGRANGE'S METHOD OF UNDETERMINED MULTIPLIERS

Sometimesit is required to find the stationary values of a function of several variables which arenot

all independent but are connected by some given relations.Ordinarily, we try to convert the given function

to the one, having least number of independent variables with the help of given relations. Thensolve it by

the above method. When such a procedure becomes impracticable, Lagrange's method proves very

convenient. Now we explain this method.

Let u =f(,y, 2) 1)

be a function of three variables x, y, 2 which are connected by the relation.

(x,y,2) =0 .2)

For u to have stationary values, it is necessarythat

du/ox =0,du/oy=0, du/dz =0.

..3)addyde=du =0
dx oy

Also differentiating (2),wegetd+dy+dz =do=0 4
Multiply (4) by a parameterand add to (3). Then

(Ou+ dz =0
This

equationwill
be satisfiedir+0, -0,+-o.

These three equations together with (2) will determinethe values of,y, z and A for whien

u is stationary.

Working rule:1.WriteF =f(a,y,2)+o(ax, y, 2)

OF
2.Obtaintheequations=0,0, =o.

ay
3.Solvethe aboveequations together with o (a,y,2)=0.

d

The values ofs,y,
z
so

obtained will givethe stationary value off,y,2)
Obs. Although the Lagrange's method

is
often very useful in applicationyet the drawbackis thatwe

cannot determine the nature
of the stationary point. This can sometimes, be determined from physical

considerationsof the problem.

See footnote page 122.
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dimono 2.A rectangular box open atthe top is to have volume of32 cubic ft. Find theUmensions ofthe box requiring least materialfor its construction. J.N.T.U., 1998)
Letx,y andz ft. be the edges of the box and S be its surtace.
Then S=xy +2yz+ 22xand

Eliminati z from (i) with the helpof(ii),wegetS=*y +20+*)y+64

y232 ...(ü)

32

OS/dx=y 64/ =0and aS/ay =x-64/y =0.
Solvingthese,we getx =y =4
Now r=8s/ox2 =128/3,s=02S/ardy =1,t =8*S/dy =

128/yAt x =y=4,rt -s=2x2-1= +ve andris also+ve.Hence S is minimum forx =y=4. Then from (ii), z =2.
Otherwise (by Lagrange'smethod):
Write F=xy +2yz+22x+a (tyz

-32)
Then OF

y+22+2yz =0 .ii)

=*+22+ hzx =0
oy

.v)

2y+ 2x+xy =0dz ...(u)

Multiplying
(i)

byxand (w)
byyand subtracting, we get 22x-2y 0 or x =y.

(Thevaluez =0 is neglected, as it will not satisfy u)]

Again multiplying(iu)bey and (v) be zand subtracting, we gety =2.
Hence the dimensions of the box arex=y=224
Now let us see what happens asz increases from a small value to a large one.When z is

small,
the box is

flat with a large base showing
that S is large. As z increases, thebase of the

box decreases rapidly and
S

also decreases. After
a

certain stage, S again starts increasing as

zincreases.Thus Smust be
a minimum atsome intermediatestagewhich is given by (vi).Hence

S is minimum when x =y=4 ft andz =2 ft.

..(vi)

Example 428. Find the maximum and minimum distances ofthe point (3, 4, 12) from the

sphere +y+22=1. (Kanpur, 1996)

LetPa,y,2)be any pointon the sphereandA(3,4,12) the givenpointso that

AP=(-3+-4+(a-12) =fa,y,2),say ..()

We have to find the maximum and minimum valuesof f(x,y,2)subject to the condition

oa,y,2)=+y+z2-1=0 .(ti)

Let Flx, y,2)=f(x,y,2)+ ho(x, 3,2)

=(-3)+y-4 +(-12 +(+y+22-1)
Then 2(x3)+2ax, 2 4)+21y, 2(z 12) +2z

0, =0and0gdz

x3+x =0,y -4+y 0,z-12+z =0 ...(iii)
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which give=-*=---z-12
- VI-3+(y-4) +(z-121 Vf

V+y+2
Substituting for a in (iüü), we get

4 123
x1+1t 1tV1++

3

x+y2+22=9+16+
144

(1tV (1+

169

169
Using (i),1= or 1tvf=t 13,vf= 12, 14.

(1tVg2
[Wehave left out the negative values ofvf, because vf=AP is +ve by (i)]

Hence maximum AP=14 and minimum AP=12.

Example 4-29. Find the volume of the greatest rectangular parallelopiped that can be

inscribedin the ellipsoid

(Andhra, 1998;A.M.IE., 1997;Rewa, 1994)

Let the edges ofthe parallelopiped be 2x,2y and 22 which are parallel to the axes.

Then its volume V= 8xyz.

Now we have to find themaximum value ofV subject to the condition that

..)
1 =0

Write F 8xyz+1|

.(u)
Then yz+2 =0

(ii)-8zx+2-0oy

= iy+ 0 ..(iv
dz

Equating the valuesof A from (ii) and (iüi),
wegetx"/a=y/6

Similarly from (iii) and (iv), weobtainy"/b=z/ /a2=y2/2=22/¢2

Substitutingthese
in (),we geta*/a*=3 ie 3

These givex
=a/V3,y=b/v3,z=c/N3

When x=0,the parallelopiped isjusta rectangularsheetand as such its volumeV=0.

As x increases, V also increases continuously.

Thus Vmust be greatest atthe stagegivenby (w).

..(v)

8
Hence the greatestvolume

=doe


