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(8 points) Let V' be the vector space of 2x2 matrices with real entries, and P; the vector space of real
polynomials of degree 3 or less. Define the linear transformation T : V — P by

T(li ;]) =2a+ (b—d)z— (a+c)z*+ (a+b—c—d)z®.

Find the rank and nullity of T'.

(5 points) Let A be an nxn matrix with real entries and » is odd. Show that it is not possible for
A%+ 1= 0, in which I is the identity matrix and O is the zero matrix.

Let C[-1,1] be the vector space over R of all continuous functions defined on the interval [—1, 1]. Let
V. {f(z) € C[-1,1]|f(z) = ae® + be** + ce**,a,b,c € R}.

a. (2 points) Prove that V' is a subspace of C[—1, 1].

b. (5 points) Prove that B = {e”,e** e3*} is a basis of V.

c. (5 points) Prove that B’ = {e* — 2¢°*,¢® + % + 2¢%, 3% + ¢} isa basis of V.
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If the Gram-Schmidt process is applied to determine an orthonormal basis for
R(A) ={b € R™|b = A,,,x} and QR factorization of A, then, after the first one orthonormal vector
q, and ry; are computed, we have
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a. (5 points) Finish above process and determine q, and ¢, and fill in the columns of Q.
b. (5 points) Finish above process and determine R.
¢. (S points) Use the QR factorization to find the least squares solutionto Ax = b.
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a. (5 points) Find the value of lim ,_C" .
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b. (5 points) Compute the value of €.

6. Let O(x) be the statement “x + 1 > 2x.” If the domain consists of all integers, what are these truth values?
a. (2 points) 3x O(x)

b. (2 points) Vx Q(x)

c. (2 points) 3x ~Q0(x)

d. (2 points) Vx ~0O(x)

Determine whether each of the following conditional statements is a tautology or not. If yes, provide a
proof. If no, provide a counter example.

a. (Qpoints)p— (—qVr)

b. (3 points)—p— (g —7r)

c. (Bpoints)(p—q)V(p—r)

Determine whether each of these functions is a bijection from R to R.

(2 points) f(x) =—-3x+4

(2 points) £ (x) =—3x%+ 7

(2 points) f(x) = (x+ 1)/(x +2)

(2 points) f(x)=x" +1
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9. Let R and B be sets of red and blue balls, respectively, with m = |R| and n = | B|. Suppose that m < n. Let G
= (V, E) be a undirected graph with vertex set V" and edge set £ such that V= RUB and E ={(u, v) | ueR
and veB}. Let £’ be an edge cut of G with the minimum number of edges.
a. (4 points) What is the value of | £°|?
b. (6 points) Let G’ = G — E’. What is the value of },,cqr deg(v), where deg(v) is the node degree of
v?
10. (5 points) Let S be the set of all bit strings of length ». Let £ be a binary relation defined on S such that a

£ b if and only if @ and b differ in exactly k bit positions for any a, b € S. Let R={(a,b) |a £ b, a,b €
S}. If we represent R using a zero-one matrix, how many 1’s are there in the matrix?

A DNA sequence of length » is a sequence of » molecules, where each molecule is represented by either
‘C’, ‘G, ‘A, or ‘T’. Consider a sequence aj, @, ..., an, Where a; , 1 < i < n, denotes the number of DNA
sequences of length i that contain two consecutive ‘G’s. We may express aj, as a recurrence relation
n =8 X an1+ 1% ana+fn),
where s and £ are positive integers and f{n) is a function of .
a. (3 points)as=7?
b. (3 points) What is the value of s + ¢?
c. (4 points) What is the definition of f{n)?




