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1. (5 points) Consider the following real number:
0.02468101214161820... .

The 1st digit after the decimal point is 0; the second digit is 2; the 13th digit
is 6; etc. What is the 1,000th digit after the decimal point?

2. (15 points)
(a) (5 points)
Let P = {2,{2)}.{2), @}, (2), (2,2), {2, 2), ), 2},{(2,2), (2,2), ((2), 2)}}.
How many elements are there in 2F (which is the set of all subsets of P)?
(b) (5 points) What is the definition of an infinite set W?
(c) (5 points) Let N be the set of natural numbers. Assume that we already
know N is an infinite set. Let S = {k/2" | n=0,1,2,...;k € N}. Note that
/ in this question is the division of real numbers. For example, 5/2 = 2.5.
Prove that S is an infinite set strictly according to your definition of an infi-
nite set.

3. (5 points) Assume n > 2. Let A = {z1,2s,...,2,} be a set of (not

necessarily distinct) natural numbers. Let g = gcd(zy,22,...,2,) and | =
lem(zy,zo,...,2,). Assume n, g, and [ are appropriate fixed integers. Let .
pP=2Ty-Ty-... Tn, the product of z;'s. What is the largest possible value of

p in terms of n, g, and {7 What is the smallest possible value of p in terms
of n, g, and 17
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4. (5 points) How many integers between 1000 and 5000 are not divisible by 4, 5, or

67

5. (5points) Let a, bethe number of integer solutions of x; + x, + x5 = k where

X122, 1<x, <5,and 0 < x3 < 3. Show the generating function for {a;}.

6. (5points)Let R; and R, be equivalence relations on the set S. Prove that R; N

R, is an equivalence relation.

7. Please answer TRUE or FALSE for the following statements and give CONCISE
explanations.

(a) (2 points) A simple graph is called regular if every vertex of this graph has
the same degree. An n-cube, denoted by Q,, is a graph that has vertices
representingthe 2™ bit strings of length n. Two vertices are adjacent if and
only if the bit strings that they represent differ in exactly one bit position.
Q. isregular.

(b) (2 points) Let V;,, and E, respectively be the number of vertices and edges
of Qn, the n-cube.Then, E; =1, E; =4,and E, ., =2V, + E,.

(¢) (2 points) The complete bipartite graphs K, 3 and K33 are planar.

(d) (2 points) There are exactly 2 shortest paths between v; and v, in the
graph represented by the adjacency matrix

e, € €3 ey, €es eg ey
V1 1 0 00 0 01
V2 0 000 1 11
V3 1101 010
Vg 01100 0O
Vs 0 01 1100
with |ell = 1! |€2| = 2/ IeS| = 1: |e4| = 4'1 IeS| = 1: |e6| = 4‘; |e7| =

5.
(e} (2 points) In the graph given by the previous question, there exists an Euler
path from vs to v;.
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8. (10 pt) True or false: NO need to justify your answer. No credit for unanswered questions.
Incorrect answers will deduct the credit until zero point is earned in this section.

(a) (correct: 1; incorrect: -1; unanswered: 0) For any square real matrix 4, AT + A is
always symmetric.

(b) (correct: 1; incorrect: -1; unanswered: 0) For a square real matrix A, if Ax = 0
has a non-zero solution, then A is invertible.

(c) (correct: 1; incorrect: -1; unanswered: 0) {(0,0,0)} is the orthogonal complement
of R? in R3.

(d) (correct: 1; incorrect: -1; unanswered: 0) Let A be a m X n real matrix, where
m < n, with full row rank. Ax = b has either 0 or 1 solution.

(e) (correct: 1; incorrect: -1; unanswered: 0) Let v be a vector in S and u be a vector
such that < u,v >= 0, then u € S+.

(f) (correct: 1; incorrect: -1; unanswered: 0) Let A be a symmetric matrix. C(A7)
and N(AT) are orthogonal complement.

(g) (correct: 1; incorrect: -1; unanswered: 0) Let uy,...,u, be linearly dependent.
Then uy,...,u,— are linearly dependent.

(h) (correct: 1; incorrect: -1; unanswered: 0) Let U be a subspace of a vector space V.
Then (UJ')J' =U.

(i) (correct: 1; incorrect: -1; unanswered: 0) The null space of A is equal to the column
space of ATA.

(j) (correct: 1; incorrect: -1; unanswered: 0) Let A and B be n x n real matrices.
Then, rank(AB) < min(rank(A), rank(B))

9. (15 pt) Multiple choice questions and fill-in-the-blank questions. NO need to justify your
answer. No credit for unanswered questions. Incorrect answers will deduct the credit until
zero point is earned in this section.

(a) (correct: 3; incorrect: -1; unanswered: 0) Let W be a subspace of R” and W+
denotes its orthogonal complement. If W; is a subspace of R™ such that x € Wy, then
xTu =0 for all u € WL, Justify whether the following statements are true or false.

(i) dim(Wi) < dim(W+)
(ii) dim(W5) < dim(W)
(iii) dim(Wi) > dim(W)
(iv) dim(Wj) > dim(W+)

(b) (correct: 3; incorrect: -1; unanswered: 0) Let A be a 7x 5 matrix with rank(4) = 5.
Justify whether the following statements are true or false.

(i) There exists at least one b € R” such that Ax = b has infinite number of least square
solutions.
(ii) For any b € R?, Ax = b has infinite number of solution.
(iii) There exists at least one b € R” such that Ax = b has a unique least square solution.
(iv) For any b € R?, Ax = b has a unique solution.
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(c) (correct: 3; incorrect: -1; unanswered: 0) Let B = [ )] € R? be the least-squares

(¢
(i)
solution that minimize ||Y — XB||> where
2 0
X=|-1 1| and Y=

0 2

Find the value for (i) and (ii).
(4)

(d) (correct: 3; incorrect: -1; unanswered: 0) Let [(”)] be the orthogonal projection

—24 2 2
b‘[—m —10] and ““[—10]’

Find the value for (i) and (ii).

of b onto u, where

(4)
(e) (correct: 3; incorrect: -1; unanswered: 0) Let [(u) be the closest point to y in
the subspace W spanned by u; and us, where

o [ i

Find the value for (i), (ii), and (iii).
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10. (25 points)
a. Determine.
(i) (1 points) True (T) or false ( F):
If A is an invertible matrix, then det(4) = [det(4)].
(ii) (1 points) True (T) or false (F):
If M is an nxn matrix and can be written in the form

w= ¢)

where 4, B, C, 0 are square matrices, and O is all zero matrix. Then
det(M) = det (4) - det (C).
(iii) (3 points) Fincl the determinant of the following matrix:

2 0 -1 1 3
6 -1 0 -2 0
2 1 4 0 3}
2 -1 -1 -3 3
0 2 0 3 1

b. (10 points) Given a sequence 7, -6, 20, -24, 64, -96,... comes from Gre3z =
-2Gks2 + 2Gis1 + 4Gy for k > 0, with Gy = 7, G1 = -6 and G = 20. Please find

the number Gigo.

¢. (10 points) Prove generally that eigenvectors of an nxn matrix
corresponding to distinct eigenvalues are linearly independent. Notice that
the number of distinct eigenvalues k is not necessarily equal to n (ie. a
general case with k <n). (Please leave it blank if you don’t know the

correct answer, or you will get at most minus 5 points for the wrong

answer. NERFHE - BHBHEIS 4 SIEAEE 0 3 51F - )
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