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First you need to write down your answer clearly and then explain how to compute the
answers. You also need to answer the questions in order. Do not jump around.

1.

2i

3.

(5 points) Solve the following puzzle.
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a. (5 points) Consider the following non-decreasing sequence of natural numbers
Gt i 1y 2092, 2, 208.80:3.73, 84 3,3, 8, 3, 4,45 4, 4, 4, 4, 4,4,4,4,4,4,4,4,
4,4,5,5,5,-. Note that there are exactly k2 occurrence of k. Define a function
f(n) as the largest integer m such that a, =n. For example, f(3) =14 and f(4) =
30. What is f(f(n))? :

b. (5 points) Find all non-negative integers a and b so that va+ Vb =+2009.

a. (5 points) The Goldbach's conjecture says, “every even integer greater than 2 is a

sum of two prime numbers.” Please translate Goldbach's conjecture into a logical
formula using V, 3, and (A), or (V), not (=), implies (=) and if-and-only-if (&),
and the four basic integer arithmetic operators (+,—, *,/). Note that / is integer
division, for example, 5/2 = 2.

. (5 points) A bit string is a string of 0 and 1 digits. For instance, 0011101110 is a

bit string of length 10. How many bit strings of length 10 contain either five
consecutive 1's or five consecutive 0's?
(11 points) We want to count the number of paths from vertices m to n in the
following graph. Each path is made up of a series of steps, where each step is a
move one unit to the right or a move one unit upward (No moves to the left or

downward are allowed.)

a. (3 points) What is the number of paths from vertices m to n?
b. (4 points) What is the number of paths from vertices m to n that do not go through

vertex x?

n

m

. (4 points) Let P be the set of all vertices in the above graph. Define a binary
relation R on P such that (p,q) € R if we need either one unit to the right or one
unit upward to move from vertices p to g. Is (P,R) a partially ordered set? Why or
why not?
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3. (6 points) If we run topological sorting on the following Hasse diagrams, how"T
many different results can we get?
(2 points) (a) (4 points) (b)

g h
e o3

6. (8 points) Suppose that we already have the following theorem.
If G is a connected planner simple graph with e edges and v vertices, where
v >3, then e<3v—6. .
Using this theorem to prove that if G is a connected planner simple graph with at
least three vertices, then G has a vertex of degree not exceeding five.

7 (12 points) Let
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a. (6 points) Find the A™1 =7
b. (6 points) Find the PA=LU factorization for A, where P is a permutation matrix, L is a lower triangular
matrix with unit diagonal, and U is an upper triangular matrix.

8. (8 points) Given 4 points (¢, b): (0, 20), (1, 0), (2, 0), and (3, 0), what is the sum of squared error "e“2

if we fit the closest quadratic polynomial b= C + Dt + Ef by the least square approximation?
9. (5 points) Prove that if a square matrix 4 is invertible, then (A™)" = (A")™". (Please leave it blank
if youdon' tknow the correct answer, or you will get at most minus 5 points (until questions 7, 8,

and 9 are 0 points) for the wrong answer. RERFAHE » BHERZEFIS 2 {1E7,8,9&F 04>

Bk )
10. Given
Veadios s :
A=|0 2 1| and B= [ZA ZA], please find
0 2 A 3A

a. (5 points) the eigenvalues of A,

b. (5 points) the corresponding eigenvectors of A, and

c. (5 points) the eigenvalues of B.
9- 1 3w=6

11. (Spoints)Let C=|3 4 1 ] = LLT, where L is a 3x3 lower triangular matrix. Please find the
=6 2 15,
L.

4 0 O

12. (5 points) Let D =

0 1 i} = FHF, where F is a 3x3 Hermitian matrix. Please find the F.
0 =i 1




