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}. True or False: This part consists of true-or-false questions. In each case, please answer true if the statement
Is always true and false otherwise. And give a counterexample for any false conjecture.
I.1. (§ points) A nxn matrix A is said to be nonsingular,
(1) 1if A is non-invertible.
(2) if there exists a matrix B such that AB=BA=I.
(3) 1f the determinates of A in nonzero.
(4) 1f Ax=0 where x is nonzero vector.
1.2. (5 points) There are many types of elementary matrices. Which of the following definitions are elementary
matrices?
(1) A nxn matrix is obtained by interchanging two rows of I.
(2) A nxn matrix 1s obtained by multiplying a row of I by a nonzero constant.
(3) A nxn matrix is obtained from I by adding a multiple of on row to another row.
(4) A nxn matrix is form from the I by reordering its column.
1.3. (5 points) If there are two nxn matrices A, B and one scalar r,
(1) det(A) = det(B) implies A= B.
(2) det(rA+B) = r det(rA)+det(B).
(3) det((AB)") = det(A)det(B).
(4) det(A) = det(B) where A and B are row equivalent matrices.
1.4. (5 points) The ay, as, ... , a, be n column vectors in R” and let A = [a; a2 ... a].
(1) The vectors ay, a2, ... , a, will be linearly independent if and only if A 1s singular.
(2) The Ax =0 if and only if x 1s trivial [0 0 ... 0]".
(3) The rank of A plus the nullity of A equals n.
(4) The rank of A equals the rank of AT.

2. (5 points) By trial and error, find the general condition of 2x2 matrices A, such that 2= - I with real entries.

Pl 2 9 0.9
30 1. Hoi0.00 91
A : . : & b N e R aed | s
3. (5 points) Find the determinant of the matrix A = > 080 0 7/
2 -0 %4 06,0
.0 0 1 0 2 0O
2 2]
4. (8 points) Find a Singular Value Decomposition of the matrix A = [2 2 | and verify your answer.
1 -1

5. (12 points) Let A be an mxn matrix and x be an nx1 vector. (a) (4 points) Given |[[x|| = 1, what is the least

square solution for Ax = 0? (b) (8 points) Please prove your answer. (Please leave it blank if you don’t know
the correct answer, or you will get at most minus 5 points (until questions 3, 4, and 5 are 0 points) for the

wrong answer. AR AT H  EHRAEI0S 53 0E 3,4, 5B 0 7RIk )
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6. There are five independent subproblems in this question.

(6.1) (5 points) Is the following statement a tautology, a contradiction,
or neither? You need to provide a rigirous explanation or proof.

BaNbbea+ bgb)

(6.2) (5 points) What is z in the following equation? (Assume the

left-hand-side term of the equation converges.)

£, (25") = 1+ 3 x 252

You need to show how to obtain your answer.

(6.3) (5 points) What is the integer part of VE5+V6+VT+v8+V9+
V10 + V11 + V12 + v/13? You need to show how to obtain your answer.

(6.4) (5 points) Let T =gz 11...11 (there are 243 1’s). Is T' divisible
by 2437 You need to explain your answer.

(6.5) (5 points) Given a strictly increasing function f : N — N so that
f(f(z)) = 2z + 1, what is f(6)7 Note that N denotes the set of natural

numbers.
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7.For n>0,let {x,},{y,},{z.} be sequences defined by the initial conditions xo =1, yo = 0,and z, = 0.
For n > 1, they satisfy x,, = Xy + Vo1 + Zno1, Yn = Xn—1 + Zn-1» and 2z, = Yn_1. You must show all
necessary steps. Answers without justification will receive no points.

(a) (3 points) Let u, = x,, + y,, + z,. Use mathematical induction to prove that u, = 2" forall n = 0.

(b) (3 points) Using the result from part (a), derive a recurrence relation for y, in terms of y,_; and show
that y, =2""1 -y _, forall n>1.

(c) (4 points) Solve the recurrence in part (b) to obtain a closed-form expression for y,, and verify that your
formula satisfies the initial condition.

8. Define relations R and S on N = {0,1,2,...} by (1) xRy ifand only if x =y mod 7, and (2) xSy if and
only if x =y mod 13. For each of the following relations on N, determine whether it is an equivalence
relation. If it is, give a proof. If it is not, explain which property of an equivalence relation fails. In each case,
justify your answer. Answers without justification will receive no points.

(a) (4 points) RN S
(b) (4 points) RU S

9. (7 points) A fully connected communication network on n nodes is modeled by the complete graph K.
where n > 5.Let S € V(K,,) U E(K,) beasetof failed nodes and links with |S| < n — 3, such that no failed
link is incident to a failed node. Let K, — S denote the network obtained after removing all failed nodes (and
their incident links) and all failed links. Prove by induction on n that the remaining network K, — S contains
a Hamiltonian cycle. You may not assume any characterization theorem for Hamiltonian graphs.




