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A/I, Given the following graph where vertex S is the source and the weight of each edge is

specified alongside the edge, please apply the Bellman-Ford algorithm. Durfng each
pass/iteration of edge-by-edge relaxation, the order of fedge to .be proce§sed is: AB,
AD, BC, BF, CA, CD, CE, CF, DG, EG, FG, SA, SB (i.e., lexicographic order,
assuming that an edge from vertex X to vertex Y is named XY)} ) o -
sA.BD.C, SAD D ER G

A DG C
SABCULEFG o~ 11 -@ 3 bW uIs
3 6 4 It 2 »
X EESE
DG
(3] [s]

For this particular graph and based on the aforementioned order of edge relaxation,
how many passes/iterations are required for the Bellman-Ford algorithm to converge
(i.e., to correctly find shortest paths from S to each of other vertices), and what is the
shortest path distance from S to G? (NOTE: The Bellman-Ford algorithm requires P
passes to converge if, for every vertex, the (P+1)'" pass makes no improvement in

shortest path distance.)

| >
(=
Q)
o
= m
-
O

(a) 2 passes; shortest path distance from S to G =
(b). 2 passes; shortest path distance from S to G =
(c) 3 passes; shortest path distance from S to G =
d) 3 passes; shortest path distance from S to G = 1
{e)_3 passes; shortest path distance from S to G = 19

6
8
6
8

2. Consider the same graph as in Question 7. If you can determine the order of edge
relaxation, what are the minimum and maximum numbers of passes for the Bellman-
Ford algorithm to converge (i.e., to correctly find shortest paths from S to each of
other vertices)? -

(a) minimum: 1; maximum: N-1 (where N is the number of vertices in the graph)
(b) minimum: 1; maximum: N

(¢) minimum: 2; maximum: N-1

(d) minimum: 2; maximum: N

(¢) minimum: 3; maximum: N-1

3. Consider the same graph as in Question 7. Which one of the following orders of edge
relaxation results in the minimum number of passes for the Bellman-Ford algorithm
to converge?

(a) AB, AD, BC, BF, CA, CD, CE, CF, DG, EG, FG, SA, SB
(same as in Question 7, i.e., lexicographic order)
(b) AB, AD, BC, BF, CA, CD, CE, CF, DG, EG, FG, SB, SA

; (reverse the last 2 edges, SA and SB, from (a))
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5. Consider the same logic network as Ain Question 10. Among all of the possible paths

(o))

C/ algorithm for solving Question 117

(¢) FG, EG, DG, CF, CE, CD, CA, BF, BC, AD, AB, SB, SA
(reverse the first 11 edges, from (b))

(d) SB, SA, FG, EG, DG, CF, CE, CD, CA, BF, BC, AD, AB
(move the last 2 edges to the top, from (c))

(¢) SB, SA, AB, AD, BC, BF, CA, CD, CE, CF, DG, EG, FG
(reverse the last 11 edges, from (d))

4. Consider the following gate-level combinational logic network of a 4-bit ripple carry
adder. 4443424 and B4B3B2B) are two 4-bit input operands, Cin is the carry-in (input),
S483528, is 4-bit sum (output), and Cou is the carry-out (output).

A, B, A, B, A3 B, Ay B,
=
2. | 2. ]3", 7 Call
0
C 12 lrl ”" 3
m ,I
' i I/ ' , 8
3 5 S, 3 . '
(5 40 70 /70
What is the number of distinct paths in this logic network? (HINT: There are 3
distinct paths to output S1, and you have to consider all of the outputs.) .
(e) 78 SRR bl ' RATT
(b) 103 ’ ’ i ;
(c) 118 : >V17§
(d) 143 o)
(e) 158 BEIRSRITN S

(from any input, to any output), the one passing through the largest number of gates
(vertices) is defined as the critical path. In this particular logic network, how many
gates does the critical path pass through?

(a) 4

(b) 6

(c) 8

(d) 10

(e) 12

. Continue the previous question. What is the time complexity of the best/fastest

(a) O(M+N) where M and N are the numbers of edges (wires) and vertices (gates)
(b) O(MIgN)

(c) O(Mlgh)

(d) O(MN)

(e) O(M?)
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7. Which one of the following 2-SAT problems (in conjunctive normal form, CNF) is
satisfiable?
(a) F=(a+b)(a+~b)(~a+bd)(~a+~b)
(b) F=(a+b)(a+-b)(~a+c)(ta+)
(¢) F=(a+b)(ma+b)(-b+c)(~b+d)(~c+~d)
(d) F=(a+b)(ma+b)(-b+—c)(b+-d)(ctd)
(e) F=(a+b)(~a+b)(-b+~c)("b+d)(c+d)

8. Which one of the following statements about the implication graph for 2-SAT is true?
CNF: F=(a+b) (ma+b)(-b+c) (~b+d) (—c+—d)

(a) The implication graph for a 2-SAT CNF is an undirected graph.

(b) There are 8 vertices and 12 edges in F’s implication graph.

(¢) F’s implication graph is connected.

(d) There are 2 strongly connected components (SCCs) in F’s implication graph.

(e) Finding SCC(s) in F’s implication graph takes O(MN) time where M and VN are the
numbers of edges and vertices in the graph.

L (R25p) BHLKRAE LEBERAEHES -

9. [8%] Three students tried to build red-black trees from the following numbers: 10,'
20, 30, 15, 25, 35, 45,12, 22, 32. They ended up with three different trees (for clarity,

the external nodes are not shown):

o : black nodes
(@) : red nodes

(a) [6%] For each of these trees, indicate whether it is a valid red-black tree. If your
answer is NO for any tree, you need to state the reason why it is invalid to get the
credit.

(b)[2%] The depth ratio between two subtrees of the same parent in a red-black tree is
no more than (give the closest integer).
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10. [10%)] For the given directed graph (the numbers inside the
vertices are the vertex indices), answer the following

questions: o
(a) [2%)] Give the count of "1" elements in the transitive

closure of this graph.
(b)[2%] Give a topological order of the vertices in the graph.

(The answer is not unique; you only need to give a valid o

one.) =
(c) [2%] Assume now that the direction of edge 2->5 is flipped to 5>2. What happens

to the topological order? If there still exists a topological order, give one. If no
topological order exists now, explain why. 7 /4 2, ;7. 0. 7T.6.5. "'

(d)[2%] Starting from the original graph, if one more edge 1->3 is added, what
happens to the topological order? If there still exists a topological order, give one.
If no topological order exists now, explain why.

(e) [2%] Consider the following statement: "If a suitable starting vertex is selected,
one can obtain the topological order of a directed graph using breadth-first search
(BFS) if one exists." Indicate whether the statement is TRUE of FALSE. If your
answer is TRUE, indicate how you will select the suitable starting vertex. If you
answer if FALSE, describe one condition that makes BFS fail this task.

4. l '\’)—\ 151 ’i
11. [7%] For the given undirected weighted graph (the numbers
inside the vertices are the vertex indices; the numbers beside
the edges are their weights), answer the following questions:

(a) [2%] Assume that you're using Kruskal's algorithm to build
the minimum spanning tree (MST). Indicate the edges
'selected in the second and the fifth steps. You get credits

only if both answers are correct. .
(b)[2%] Assume that you're using Prim's algorithm to build the minimum spanning
tree. Indicate the edges selected in the second and the fifth steps. You get credits

only if both answers are correct.
(c) [3%] You get credits only if your answers to the following three questions are all

correct:
(1) Is the MST of this graph unique? Answer YES or NO.
(2) One can apply Dijkstra's algorithm to an undirected weighted graph from any

vertex to obtain a spanning tree. Is this tree always a MST? Answer YES or NO.
(3) Give the number of edges in the MSTs obtained in (a) and (b).

&
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12. [5%)] Binary Search .
There is ONE BUG in the following binary search program. Please provide:

— The line number where the bug occurs, and
— The corrected solution in C.
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1| #include <stdio.h>
2| // Function to perform binary search
3| // Returns the index of the target if found, otherwise returns -1
4 | int binarySearch(int arr[], int size, int target) {
5 int left = 0; // Left boundary of the search
6 int right = size - 1; // Right boundary of the search
7 while (left <= right) { ' '
8 int mid = left + (right - left) / 2; // Calculate middle index safely
9 // Check if target is at mid
10 if (arr[mid] == target) {
11 return mid; // Target found O A
12 }
13 if (arr[mid] < target) {
14 © pight = mid - 1; (e = mid
15
16 else {
17 left = mid + 1;
18 }
19
20 return -1; // Target not found
211}
22 | int main() {
23 // Sorted array (binary search requires sorted data)
24 int arr[] = {2, 4, 6, 8, 10, 12, 14, 16};
25 int size = sizeof(arr) / sizeof(arr[@]);
26 int target = 10; // Value to search for
27 int result = binarySearch(arr, size, target);
28 return 0;
29 |}

13. [10%] Binary Search Tree
There are TWO BUGS in the following doubly linked list program. For each bug,
please provide:
—The line number where the bug occurs, and
—The corrected solution in C.

1| #include <stdio.h>

2 | #include <stdlib.h>

3| // Define the structure for a doubly linked list node

4 | struct Node {

5 int data; // Data stored in the node

6 struct Node* prev; // Pointer to the previous node
7 struct Node* next; // Pointer to the next node

8

}s
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9| // Function to create a new node

10 | struct Node* createNode(int data) {

11 struct Node* newNode = (struct Node*)malloc(sizeof(struct Node));

12 newNode->data = data;

13 newNode->prev = NULL;

14 newNode->next = NULL;

15 return newNode;

16 | }

17 | void insertEnd(struct Node** head, int data) {

18 struct Node* newNode = createNode(data); -

19 if (*head == NULL) {

20 *head = newNode; // If list is empty, new node becomes head

21 ‘return;

22 }

23 struct Node* temp = *head;

24 while (temp->next != NULL) {

25 temp = temp->next; // Traverse to the last node

26 }

27 temp->next = newNode;

28|} ypenNsde prev = Temp )
29 | void deleteNode(struct Node** head, int key) {

30 struct Node* temp = *head; ]
31 // Traverse the list to find the node with the given key
32 while (temp != NULL && temp->data != key) {
33 temp = temp->next;

34 }

35 if (temp == NULL) {

36 printf("Node with value %d not found.\n", key);
37 return;

38 }

39 F;;é(temp);

49 if (temp-sprev == NULL) {

41 *head = temp->next;

42 if (*head != NULL) {

43 (*head)->prev = NULL;

44 }

45 } else {

46 temp->prev->next = temp->next;

47 }

48 if (temp-snext != NULL) {

49 temp->next->prev = temp->prev;

50 }

51 printf(“Node with value %d deleted.\n", key);
52|}

53 | // Main function to test the doubly linked list
54 | int main() {

55 struct Node* head = NULL;

56 // Insert nodes

57 insertEnd(&head, 10);

58 insertEnd(&head, 20);

39 // Delete a node

60 deleteNode(&head, 20);
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61 return 0;

62|}

14. [10%] Min Heap
There are TWO BUGS in the following min heap program. Note that the data stored in
a min heap should not contain identical values. For each bug, please provide:
—The line number where the bug occurs, and
— The corrected solution in C.

1 | #include <stdio.h>
2 | #include <stdlib.h>
3 | #define MAX_SIZE 100 // Maximum size of the heap
4| // Structure to represent a Min Heap
5 | struct MinHeap {
6 int arr[MAX_SIZE]; // Array to store heap elements
7 int size; // Current number of elements in the heap
8l);
9| // Function to initialize the heap
10 | void initHeap(struct MinHeap* heap) {
11 heap->size = 0;
12 |}

13 | // Function to get the index of the parent node
14 | int parent(int i) {

15 return (i - 1) / 2;

16 | } X
17 | // Function to get the index of the left child
18 | int leftChild(int i) {

19| © return 2 * 1 + 1;

20|}

21| // Function to get the index of the right child
22 | int rightChild(int i) {

23 return 2 * i + 2;

25| // Function to swap two elements
26 | void swap(int* a, int* b) {

27 int temp = *a;
28 *a = *b;

29 *ph = temp;

30

31 //.Function to insert a new element into the heap
32 [ void insert(struct MinHeap* heap, int key) {

33 if (heap->size == MAX_SIZE) {

34 printf("Heap overflow! Cannot insert.\n");
35 return;

36 -}

37 // Insert the new key at the end

38 int i = heap->size;
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39 heap->arr[i] = key;
40 heap->size++; <
41 while (i |= 0 && heap->arr[parent(i)] < heﬁp->arr[1]) {
42 swap(&heap->arr[i], gheap->arr[parent(i)]);
43 i = parent(i);
44 }
45 | }

46 | // Function to heapify (maintain miq hegp property) from index i
47 | void heapify(struct MinHeap* heap, int 1) {

48 int 1 = leftChild(i);

49 int r = rightChild(i);

50 int smallest = i;

51 if (1 < heap->size && heap->arr[l] < heap->arr[smallest]) {
52 smallest = 1;

53

54 if (r < heap->size && heap-»arr[r] < heap->arr[smallest]) {
55 smallest = r;

56 }

57 if (smallest != i) {

58 swap(&heap->arr[i], &heap->arr[smallest]);

59 heapify(heap, smallest);

60 }

61])
62 | // Function to delete and return the minimum element (root)
63 | int deleteMin(struct MinHeap* heap) {

64 if (heap->size <= @) { .,
65 printf("Heap underflow! No elements to delete.\n )
66 return -1;

67 } ;

68 if (heap->size == 1) {

69 heap->size--;

70 return heap->arr([0];

71 } .

72 // Store the minimum value and remove it

73 int root = heap->arr[@];

74 heap->arr[@] = heap->arr[1];

75 heap-»>size--;

76 heapify(heap, 0);

77 return root;

78 | }

79| // Main function to test the Min Heap

80 | int main() {

81 struct MinHeap heap;

82 initHeap(&heap);

83 insert(&heap, 20);

84 insert(&heap, 5);

85 printf("Deleted min: %d\n", deleteMin(&heap));
86 return 0;

187 )
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Answer the following questions. If you do not know the answer, you have the option to answer
“PASS”; in this case, you will receive exact ONE point for that question. Other irrelevant
answers to the question make you lose the option. Make good use of the the option to maximize
your score.

15'4%index01234567891011
val [-]11|5[10]2[9|3|8|4|7[6 |1
A binary min-heap (the one for heap-sort) is stored in an array. In a C array, we store values starting
from index 1. The array in the above is not a min-heap. Build the min-heap from the array shown
above using the bottom-up linear-time algorithm. Present your result in the same array where
each value is in the correct array entry.

16. 5% Given a graph G=(V,E), to answer whether there is Hamiltonian Cycle in G is N P-Complete. Do
you think the function £(G,u,v,k) is tractable? The function f returns yes if there is a path of length
k from u to v in G, otherwise it returns no. If you think it is tractable, give me your reasons, or try to
argue that the function £ is not tractable.

17. (a) 4%

class Node {
public int v;
public Node lc;
public Node rc;
public Node p;

}

The above is pseudo-code defining a Node class used in a binary search tree T'. In the Node, v
stores the key value, 1c and rc are the pointers to the left child and right child, respectively, and
p is the pointer to the parent. If T contains a single node X, then X.p, X.1c, X.rc are NULL. There
are 3 NULL pointers in T. Show that there are n + 2 NULL pointers in T, where T is an n-node
binary search tree.

(b) 6%

a=nl
b = n2
while al!=b:
a=a.p if a else n2
b=b.p if b else ni
return a

In the above pseudo code, n1 and n2 are two nodes in a binary search tree 7. a=a.p if a else
n2 means if a is not NULL then set a to a.p otherwise set a to n2. What does this piece of code
compute (what is “a” returned by the function)?

(c) 7% Show the correctness of the piece of code, i.e., the code correctly computes the answer you
gave me in 3.(b).
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