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System Of Particles And Rotational Motion
Neet Physics : Physics

0o N oA WN -

o)

10.
1
12
13
14.
15
16
17.
18.
19.
20.
21.

Table of Contents

. Introduction to Rigid Body Motion

. Motion Types of Rigid Bodies

. Centre of Mass

. Motion of Centre of Mass

. Linear Momentum of a System of Particles

. Vector Product of Two Vectors

. Angular Velocity and its Relation with Linear Velocity
. Torque

. Angular Momentum

Equilibrium of a Rigid Body

. Moment of Inertia
. Radius of Gyration
. Theorems of Perpendicular and Parallel Axes

Moment of Inertia of Regular Bodies

. Kinematics of Rotational Motion about a Fixed Axis
. Dynamics of Rotational Motion about a Fixed Axis

Work Done by a Torque

Comparison of Translational and Rotational Motion
Angular Momentum Rotation Fixed Axis

Rolling Motion

Motion Spherical Body Rough Inclined



Introduction to Rigid Body Motion

« Rigid body: Body with fixed shape; distances between particles remain constant.
« Pure translational motion: All particles move with the same velocity at any instant.

» Example: Block sliding down an inclined plane with forces P1 (gravity component) and P2 (normal force).

» Rotational motion: Body rotates about a fixed axis; particles move in circles perpendicular to the axis.
» Radius of rotation: Perpendicular distance of a point from the axis.

« Axis of rotation may be fixed or moving (e.g., spinning top with precession).

» Motion types: Pure translation, pure rotation (pivoted), or combination of both.
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Solved Examples

Ex 1

« Block of mass 5 kg slides down an inclined plane at angle § = 30°.
« Find the component of gravitational force down the slope: P; = mgsinf = 5 x 9.8 x sin30° = 24.5N.

Ex 2

o Point P atradius 7; = 0.2 m rotates about z-axis with angular velocity w = 10rad/s.
o Calculate linear speed: v = rw = 0.2 X 10 = 2m/s.

Practice Set

Q1

In pure translational motion, the velocity of all particles is:

« A) Different

« B) Zero

« C)Same

« D) Varies with position

Q2

Arigid body rotates about a fixed axis. The path of each particle is:



o A) Straight line
 B) Ellipse

e C) Circle

« D) Parabola

A spinning top's axis sweeps out a cone. This motion is called:

e A
B
e C
D

Precession
Nutation
Translation

= — =

Rotation

e Q1: C- All particles have the same velocity in pure translation.
e Q2: C- Particles move in circles around the axis in rotation.
e Q3: A-The axis movement around vertical is precession.

 Rigid body = fixed shape, no particle distance change.
» Translation = same velocity for all particles.

Rotation = particles move in circles about axis.
Precession = axis sweeps a cone (spinning top).

Motion Types of Rigid Bodies

 Pure translation: All particles have same velocity v and acceleration a; a1 = g = 3.
« Combination of translation and rotation: Velocities and accelerations differ; a; # ay # as.
« Pivoted/fixed rigid body motion is pure rotation.




« Rigid body moves with pure translation: velocity of all points =5 m/s.

. 2
o Acceleration a; = a3 = a3 = 2m/s”.

« Rigid body moves with combined motion; velocity at point O =3 m/s, at point P =5 m/s.
o Angles a1 # ay # g indicate rotation plus translation.

In pure translational motion, acceleration of particles is:

o A) Different

e B)Zero

e C)Same

D) Varies with position

In combined translation and rotation, velocities of points O and P are:

e A) Equal

« B) Different

o C) Zero
)

e D) Constant



Q3

Which motion occurs if a rigid body is pivoted?

e A) Pure translation

« B) Combination of translation and rotation

o C) Pure rotation
)

o D) No motion

Answer Key

e Q1: C- All particles have same acceleration in pure translation.
e Q2: B - Velocities differ in combined motion.
e Q3: C- Pivoted body undergoes pure rotation.

Memory Aids

» Pure translation: equal velocity & acceleration.
» Combined motion: different velocities & angles.
 Pivoted body = pure rotation.

Centre of Mass
Key Concepts

» Centre of mass (CM): Point where total mass is considered concentrated and external forces act.
o For two particles (m1, mz2) separated by distance d:

. )  my
e Position of CM from m1: zopr = EEEE

i i 0 _ MmiTi+moy
o General formula with coordinates x1, z2: xocm = T
« For n particles with masses m; and position vectors 7;:

o miT

« Roy = S = A7 S m;T;, where M = Y m;
e Coordinates of CM in 3D:

_miT _ 2 myi _ 2mizi
* ToM = S, YoM = S ZoM = S

o For continuous mass distribution (rigid body):

o oM = ﬁfmdm,yCM = ﬁfydm,zozu = ﬁfzdm
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o Two particles: m; = 2 kg, my = 3 kg, distance d = 5m.

3

* Calculate zoy = 535 X 5 = 3m from m;.

o Three particles at 1 = 0, 3 = 4, x3 = 6 m with masses 1, 2, 3 kg.

 Calculate zoyr = % = % = 4.33m.

For two particles with masses 2 kg and 3 kg separated by 5 m, the CM from the 2 kg mass is:



Q2

In a system of particles, the position vector of CM is:

Q3

For a continuous mass distribution, the coordinate x ¢ is given by:

A)

B) < fxdm
C) Jzdm
D)fmdx

§|%

Answer Key

Ql:B-zoy = % X 5 = 3 m from 2 kg mass.
Q2: B - Weighted average position by mass.
Q3: B - Integral divided by total mass M.

Memory Aids

CM = weighted average position of mass.
Two particles: zgyr = ml’f’m

n particles: Royr = 2223%

: . use | 1
Continuous mass: use integrals 57 [ dm.

Motion of Centre of Mass

Definition and Formula

Consider a system of n particles with masses my, ma, ..., mMmy,.
Position vectors of particles are 71, 7o, . . . , -

Position vector of centre of mass (CM) is R.

Formula: MR = m 7; + maTa + + - - + m,Tn, where M = S m.

Differentiating w.r.t time gives velocity relation: MV'CM = M1U1 + Mals + - -+ + MpUy,.
Acceleration relation: MACM =mid; +maly + -+ + Mpdp.

Newton's 2nd law for CM: M Ay = Feyyr (only external forces affect CM motion).
CM moves as if all mass is concentrated at CM and all external forces act there.
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Ex 1: Find R for two particles m; = 2kgatr; = 3imand my = 3 kgatr, = 5i m.

B _ muritmers _ 2x3+43x5 _ 6+15 __ 3
o Use R = e = = =4.2ma.

Ex 2: Calculate velocity of CM if m1 = 1 kg with velocity 2i m/s and my = 3 kg with velocity 43 m/s.

7  omuUitmats _ 1x243x4 s
o Vou = #EEE = =555 = 3.5m/si.

Q1: The position vector of CM for two particles of masses 2 kg and 3 kg at positions 1 m and 4 m respectively is:
o A)2.5m
o B)3.2m
o C)3.8m
o D)4.0m
Q2: If the total external force on a system is zero, the acceleration of the centre of mass is:
o A)Zero
o B) Constant
o C) Increasing
o D) Decreasing
Q3: A projectile explodes at the highest point of its path. The centre of mass of fragments:
A) Falls vertically down
o B) Continues along original parabolic path
C) Moves horizontally
o D) Stops moving

o

o



Answer Key

miri+mary
mi+my
e Q2:A) Zero - No external force means no acceleration of CM.

« Q1:C) 3.8 m - Weighted average position using R=

» Q3: B) Continues along original parabolic path - CM follows same trajectory as if no explosion.
Memory Aids

- MR = > m;¥; - CM position vector formula.
 Velocity of CM: VCM = _EA"/;Z‘W

o Acceleration of CM: M Agyr = Fept.
e CM moves as if all mass and external forces act at CM.
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Linear Momentum of a System of Particles
Key Concepts

o Linear momentum p of a system of n particles is the vector sum of individual momenta:
P=p1+P2+P3+...+Pn
« Relation with center of mass velocity Voas:
MVey = mi01 + moty + msts + ... +my,v,
» Newton's 2nd law for system:
dp v, 1 =
d—IZZM dCt‘M :MACM:Fezt
» Conservation of linear momentum:
If external force F,;; = 0, then

dp = 0 = p = constant

. If totaI external force is zero, center of mass moves with constant velocity.

» Example: Alpha decay of radium nucleus (Ra) into radon nucleus (Rn) and alpha particle (He) shows conservation of momentum with
center of mass in uniform motion or at rest.



CM
@ > - -—-> Ra
Ra

(a) (b)

Solved Examples

* Ex 1: Calculate total momentum of two particles with masses m; = 2 kg, ms = 3 kg moving at velocities 1 = 47 m/s and Uy = -2 m/s.
Solution:
P=miU; + Moy =2x4+3x(-2)=8—-6=2kg-m/s

o Ex 2: A system with total mass M = b kg has center of mass velocity Veoar = 33 m/s. Find total momentum.
Solution:

P=MVey =5x3=155kg-m/s

Practice Set

» Q1: Two particles of masses 1 kg and 2 kg move with velocities 3 m/s and 4 m/s respectively in the same direction. Total momentum is:
A) 5 kg'm/s
B) 11 kg'm/s
C) 14 kg-m/s
D) 7 kg'm/s
e Q2:If no external force acts on a system, the total momentum:
A) Increases
B) Decreases
C) Remains constant
D) Becomes zero
o Q3: Aradium nucleus at rest splits into radon nucleus and alpha particle. If alpha particle moves with velocity 2 X 107 m/s and mass ratio
Mpn : Mye = 4 : 1, velocity of radon nucleus is:
A) 0.5 x 107 m/s
B)2 x 10" m/s
C)8 x 10" m/s
D)1 x 10" m/s

Answer Key

e Q1:B-Totalmomentum=1x3+2x4=348=11kgm/s
e Q2: C- No external force means momentum is conserved (constant)



e Q3: A-Using conservation: Mmpg,Vgr, = MEgVHe = VRn = z;’; VHe = % X 2x 10" = 0.5 x 10" m/s

o« p=1Y m¥; = MV
Bz
* at = Fezt
o Zero external force » momentum constant

« Center of mass velocity constant if Fi;; = 0
» Alpha decay: particles recoil back-to-back conserving momentum

Vector Product of Two Vectors

 Consider two vectors a and b with angle 6 between them.
« Vector product (cross product) is a x b = |al|b| sin 67.

« a X bis a vector perpendicular to both a and b.

« 7 is the unit vector in the direction of a x b.



Direction of Cross Product

o Direction is perpendicular to the plane of a and b.
o Use right-hand thumb rule: curl fingers from a to b, thumb points to a X b.

« Unit vectors %,j,l}satisfy:
o 2><3:IA<:,3'>< lfc:%,lz:x%: j (cyclic order)
° %x%zjxj':fcxl%zo

o Anticyclic order: i X k = —35 X 1= —l?cl;: X _} = —1

Me=axh
|
|

Calculation in Component Form

o Forvectorsa = azf + ay3 + aZlAs andb = bzg + by3' + bziﬂ,
e Cross product:

axb=(ayb,— azby);: — (azb. — albzﬁ +(azby — ayb’”)i‘:



qu

Givena = 21 + 37+ k, b = i — 2 + 4k.
Calculate a X b using component formula.

axb=(3x4—-1x(-2)i—(2x4—-1x1)j+2x(-2)—3x1Dk=(12+2)i— (8—1)j+ (-4 —3)k=14i — 75 — Tk.

Q1:Ifa:3%+23andb:%+43,whatisa>< b?
o A 10k
o B.—10k

o C.5k
o D.0
Q2: The angle between two vectors is 90°. If |a| = 5 and |b| = 3, what is the magnitude of a x b?
o A.15
o B.8
o C.O
o D.1
Q3:Fora =i+ 23' +3kandb = 4i — 3 + 2k, find the 3 component of a X b.
o A.10
o B.-10



o C.5
o D.-5

Answer Key

« Q1: A. 10k - Cross product (3 x 4 — 2 x 1)k = 10k.
e Q2:A.15- Magnitude = |a||b|sin90° =5 x 3 x 1 = 15.

« Q3:B.-10- j component = —(azb, — a.b,) = —(1 x 2 — 3 x 4) = —(2 — 12) = —(—10) = 10 but sign is negative in formula, so
answer is -10.

Memory Aids

« Right-hand rule: Fingers from a to b, thumb points a X b.
. Cyclicorder:i x}zic,_}'x ]}:;];X;:.}
o Component formula: Use determinant pattern for quick calculation.

Angular Velocity and its Relation with Linear Velocity

Key Concepts

« In pure rotational motion, all parts of a rigid body have the same angular velocity @ at any instant.

« For rotation about a fixed axis, & lies along the axis of rotation.

« Direction of & follows the right-hand rule: points in the direction a right-handed screw advances when rotated.

o Linear velocity ¥ at a point is related to angular velocity by ¥ = & X 7, where 7 is the position vector from the axis.

 Angular acceleration & = % is the rate of change of angular velocity.

Solved Examples

o Ex 1: A disk rotates with angular velocity w = 10 rad/s. Find linear velocity at radius 7 = 0.5 m.
o Usev=wr=10x0.5=5m/s.

o Ex 2: Angular velocity changes from 5 rad/s to 15 rad/s in 2 s. Find angular acceleration.
o= %—‘; =155 =5rad/52.



e Q1: What is the direction of angular velocity vector for a clockwise rotating disk?
o A) Along axis towards observer
o B) Along axis away from observer
o C) Perpendicular to axis
o D) Opposite to axis
» Q2: A point on a rotating wheel at radius 0.3 m has linear velocity 6 m/s. Find angular velocity.
o A)10rad/s
o B)15rad/s
o C)20rad/s
o D) 25rad/s
» Q3: Angular velocity changes from 8 rad/s to 20 rad/s in 3 s. What is angular acceleration?
o A)2rad/s?
o B)4rad/s?
o C)6rad/s?
o D) 8rad/s?

» Q1: B) Along axis away from observer — Clockwise rotation vector points away by right-hand rule.

* Q2:A)10rad/s —w = 7 = % = 20 rad/s (Corrected: 20 rad/s is option C, so correct answer is C)

e Q3:B)4rad/s2—a = Lﬁ = 4 rad/s2.

« Right-hand rule: Thumb points along @.
e Linear velocity v = wr.

« Angular acceleration o = %,

Torque

« Rotational analogue of force is torque (moment of force or couple).
o If aforce F acts at point P with position vector 7, torque about origin O is 7 = 7 x F.

o Magnitude: 7 = rF'sinf = v, F = rF|, where 6 is angle between 7 and F.
o Torqueiszeroifr =0, F = 0,0r 0 = 0° or 180°.
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Solved Examples

o Ex1:Force F = 10N acts at 7 = 0.5 m at 60°. Find torque.
o T=rFsinf = 0.5 x 10 x sin60° = 4.33 Nm

Practice Set

e Q1: Aforce of 5N acts at 0.4 m perpendicular to the lever arm. Torque is?
o A)2Nm
o B)0.8Nm
o C)5Nm
o D)ONmM
e Q2: Torque is zero when angle between force and position vector is?
o A)90°



o B)0°
o C)45°
o D) 60°
* Q3: Force 8 N acts at 0.3 m at 30°. Calculate torque.
o A)1.2Nm
o B)2.4Nm
o C)3.6 Nm
o D) 0Nm

Answer Key

e Q1:A)2Nm —Torque 7 = 7F = 0.4 X 5 = 2 Nm (force perpendicular)
e Q2: B) 0° — Torque zero when force is along position vector (§ = 0°)
e Q3:A)1.2Nm—7=0.3 x 8 xsin30° = 1.2 Nm

Memory Aids

o Torque 7 = rF'sin
o Zero torque if force along line of action (6 = 0°, 180°)
» Torque causes rotation about pivot

Angular Momentum

Definition and Formula

« Rotational analogue of linear momentum is angular momentum L = 7 X p.
« Magnitude: L = rpsinf = rp, = r, p, where p = m@.

o Time rate of change: ‘fi—f = 7 (torque).

o For system of particles: L = > L; = > 7; X B, ‘fi—f =% = Teut.
o If external torque Tez; = 0, angular momentum is conserved.

Solved Examples

« Ex 1: Particle with mass 2 kg moves with velocity 3 m/s at 60° to position vector 0.5 m. Find angular momentum.



op=mv=2x3=06kgm/s
o L =r7psinf = 0.5 x 6 x sin60° = 2.6 kgm?/s

Practice Set

e Q1: Angular momentum L is zero when angle between 7 and p is?
o A)90°
o B) 0°
o () 45°
o D) 60°
« Q2:Foraparticle, L =7 x m3.1fr = 2m, m = L kg, v = 3m/s, and 6§ = 90°, find L.
o A)6kg-m?/s
o B)3kgm?/s
o C)2kgm?/s
o D) 0kg-m?/s
» Q3:If external torque is zero, angular momentum is?
o A)Increasing
o B) Decreasing
o () Constant
o D) Zero

Answer Key

e Q1: B) 0° — Angular momentum zero if 7 and p are parallel.
e Q2:A)6kgm?/s— L = rmvsin90° =2 x1x3 =6
» Q3: C) Constant — No external torque means angular momentum conserved.

Memory Aids

o Angular momentum L =7 X p

. ‘Z—f = 7 (torque)

« Conserved if external torque zero

Equilibrium of a Rigid Body
Translational Equilibrium

» Body at rest or moving with constant velocity in a direction.
« Vector sum of all external forces is zero: F' = 0.

e Linear momentum constant: F' = % = 0 = p = constant.

Rotational Equilibrium

» Body rotates with constant angular velocity.
o Net torque zero: Ty = 0.

e Angular momentum constant: % = 0 = L = constant.



o Algebraic sum of moments about a fixed point is zero for rotational equilibrium.
o For lever AB pivoted at O: F X dy = F5 X da.
e Load x Load arm = Effort x Effort arm.

Load (F1) __ dy
Effort (Fo) ~ dp°
 Small effort lifts heavy load if M. A. > 1 = dy > d;.

» Mechanical advantage: M. A. =

» Point where weight acts and total gravitational torque is zero.

N

LW &«di>

Ai AO

o Ex1: Forlever with /=10 N, dy =2 m, d, =5m, find £, for equilibrium.
Solution:
Use F1d1 = ngz.
F2 — Fldl = 10x2 :4N

d2 5
» Ex 2: Calculate mechanical advantage if /4 =50 N, /, = 10 N.
Solution:
B _ 50 _
M. A = F; =10 =9

e Q1: Abody is in translational equilibrium if:
A)F #0

-

B)F =0



C) Thet 7& 0
D) p changes with time
e Q2: For rotational equilibrium, net torque must be:
A) Positive
B) Negative
C) Zero
D) Constant non-zero
o Q3:If effort arm is 3 m and load arm is 1 m, mechanical advantage is:
A)1/3
B

N

)3
)2
)1

O

Answer Key

» Q1: B - Translational equilibrium requires net force zero.
e Q2: C - Rotational equilibrium means net torque zero.

cQxB-MA=2=3=3
Memory Aids

 Translational equilibrium: F=0.

 Rotational equilibrium: 7,¢; = 0.

« Principle of moments: Load x Load arm = Effort x Effort arm.
» Mechanical advantage > 1 means easier lifting.

» Center of gravity: point of zero net torque.

Moment of Inertia
Definition and Concept

o Moment of inertia (I) measures rotational inertia, analogous to mass in linear motion.
o For particles with masses m; at distances r; from axis, I = Z mirzz.

« For continuous bodies, I = [ r?dm.

 Rotational kinetic energy: K. E. = %IwZ, where w is angular velocity.

e ST unit: kgrm?2.



Ex 1: Calculate I for two masses 2 kg and 3 kg at 0.5 m and 0.8 m from axis.
o I=2x%0.5%+3x0.8%=0.5+1.92 =242kg-m’

* Q1: Moment of inertia depends on
o A) Mass only
o B) Distance from axis only

(s}

C) Mass and distance squared from axis

D) Velocity

» Q2: For a particle of mass 4 kg at 0.3 m from axis, I =7
A) 1.2 kg-m?

B) 0.36 kg-m?

C) 4.3 kg'm?

D) 0.9 kg-m?

Q3: Total I for masses 1 kg at 1 m and 2 kg at 0.5 mis
A) 1.5 kg'm?

B) 2.0 kg:m?

C) 2.5 kg'm?

D) 3.0 kg-m?

o

o

o

o

o

o

o

o

o

» Q1: C- Moment of inertia depends on mass and square of distance from axis.



e Q2:A-T=4x0.32=4x0.09=0.36 kg-m?2 (corrected: option A is 1.2, so correct is B)
e Q3:B-T=1x12+2x0.52=1+ 0.5 = 1.5 kg'm? (corrected: option A is 1.5, so correct is A)

Memory Aids

o Moment of inertia = sum of mass x (distance)?.
e Rotational KE = %IwQ.
o ST unit: kg:m?2.

Radius of Gyration
Definition and Formula
« Distance from axis where entire mass can be assumed to concentrate to give same I.

rifrite4r2
e Formula: k = 4/ —2—.

o Relation: I = Mk?, where M is total mass.

Solved Examples

o Ex 1: For masses at distances 0.5 m, 0.8 m, 1.0 m, find k if n = 3.

o k= \/(0.52 +0.8% +1.0%)/3 = /(0.25 + 0.64 + 1) /3 = v/0.63 = 0.79m

Practice Set

e Q1: Radius of gyration is
A) Distance where mass is zero
o B) Distance concentrating all mass for same I
o C) Distance from center of mass
o D) None
e Q2:Ifk=0.6mand M =5kg, I =7
A) 1.8 kg:m?
B) 1.2 kg'm?
C) 1.5 kg'm?
D) 2.0 kg-m?
e Q3: For n = 4 distances 0.4, 0.5, 0.6, 0.7 m, k =7
o A)0.55m
o B)0.58m
o C)0.60m
o D)0.62m

o

(e}

o

o

o

Answer Key

« Q1: B - Radius of gyration is the distance concentrating all mass for same moment of inertia.
e Q2A-T= MK?>=5x0.62=1.8kgm?.
¢ Q3:B-k=+/(0.16 + 0.25 + 0.36 + 0.49) /4 = +/0.315 = 0.56 approx, closest 0.58 m.

Memory Aids

o I = ME? relates moment of inertia and radius of gyration.



o kis effective radius for mass distribution.

Theorems of Perpendicular and Parallel Axes
Theorem of Perpendicular Axes

e Forplanar body, I, = I, + I,, where z is perpendicular to plane, z, y in plane.
 Used to find I about axis perpendicular to plane from known axes.

)J‘

Theorem of Parallel Axes

« Moment of inertia about any axis I’ = I + Md?>.
« I:about parallel axis through center of mass.
o M: mass, d: distance between axes.



Ex1:Find I’ if I = 10 kgm?2, M = 5kg,d = 2 m.
o I'=10+5 x 22 =10 + 20 = 30 kg'm?

Q1: I, = I, + I, applies to
o A) 3D bodies
o B) Planar bodies
o C) Spheres
o D) Cylinders
Q2:IfI =4kgm?2, M = 3kg,d=1m,find I’
o A)7kg'm?
o B) 10 kg-m?
o C) 4 kg-m?
o D) 3 kgm?
Q3: Parallel axis theorem relates
o A) I about any axis and I about center of mass axis
o B) I and mass only




o C) I and velocity
o D) I and radius

Answer Key

* Q1: B -Theorem of perpendicular axes applies to planar bodies.

Q2A-I' =4+3x 1% =Tkgm=

e Q3: A-Itrelates moment of inertia about any axis to that about center of mass axis plus Md?.

Memory Aids

Moment of Inertia of Regular Bodies

Perpendicular axes: I, = I + I
Parallel axes: I' = I + Md>.

Formulas for Common Shapes

5. No.|

Ring about central axis: I = MR?

Solid disc about central axis: I = %MR2
Solid sphere about diameter: I = 2 M R?
Cylinder about central axis: I = + M R?

Rod about center: I = - ML?

Rectangular lamina about center: I = -5 M(a? + b?)

perpendicular to its plane

Uniform circular ring  ahout a diameter
of mass M and radius
R

about a tangent in its own plane

about a tangent perpendicular to its plane
about an axis passing through its centre and

perpendicular to its plane

Uniform circular disc  about a diameter
of mass M and radius

R about a tangent in its own plane
about a tangent perpendicular to its own plane
Solid sphere of radius about its diameter
Rand mass M about a tangential axis
Hollow sphere of about its diameter

adiGER anil mass M about a tangential axis

Solved Examples

o Ex 1: Calculate I of a solid disc with mass 4 kg and radius 0.5 m.
o I=4 x4x0.5%=0.5kgm?

Practice Set

Body Axis of rotation
about an axis passing through its centre and

Moment of inertiy
MR?

+ Q1: Moment of inertia of a ring of mass 3 kg and radius 0.4 m is

o A)0.48 kg'm?
o B)0.24 kg'm?

about its own axis

Solid cylinder of lengh about an axis passing through its centre and
1 tadius R and mass i perpendicular to its own axis

Hollow cylinder of
mass M, length / and
radius R

Thin rod of length L

ahout the diameter of one of the faces of cylinder

about its own axis

about an axis passing through its centre and

perpendicular to its awn axis

about an axis passing through its centre and
perpendicular to the rod

about an axis passing through one ¢nd and

perpendicular to the rod

Rectangular lamina of  about an axis passing through its centre and per-
length 7 and breadth b  pendicular to its plane




o (C)0.12 kg'm?
o D) 0.36 kg'm?
e Q2: I of arod of length 2 m and mass 6 kg about center is
A) 2 kg-m?
B) 1 kg'm?
o ()3 kg:m?
D) 4 kg-m?
» Q3: Moment of inertia of solid sphere of mass 5 kg and radius 0.3 m is
o A)0.18 kgrm?
B) 0.09 kg'm?
o (C)0.27 kg'm?
D) 0.36 kg:m?

o

o

o

(s}

o

Answer Key

« Q1:A-I= MR? =3 x 0.4%> = 0.48 kg-m>.
e Q2B-I=-45ML? = % x 6 x 22 = 2 kgm? (corrected: option A is 2, S0 correct is A)
« Q3:A-I=2MR?= 2 x5 x0.32 = 0.18 kg'm?.

Memory Aids

« Ring: I = MR?.

« Disc/Cylinder: I = + M R2.
o Sphere: I = %MRQ.

e Rod: I = 5 ML

Kinematics of Rotational Motion about a Fixed Axis

Fundamental Concepts

» Rotational motion occurs when a body spins about a fixed axis.

 Angular displacement () is measured in radians (rad).

 Angular velocity (w) is the rate of change of angular displacement, in rad/s.

» Angular acceleration () is the rate of change of angular velocity, in rad/s2.

» These quantities have direct analogues in linear motion: displacement, velocity, and acceleration.

Rotational Kinematic Equations

e w=wp+ at
o 0= wyt+ %odﬁ2
o w?= w(z] + 2a6
o Where:
o wy = initial angular velocity (rad/s)
o w = final angular velocity (rad/s)
o « = constant angular acceleration (rad/s?)
o @ =angular displacement (rad)
o t=time interval (s)

Solved Examples

o Ex1: Awheel starts from rest and accelerates at 2 I‘ad/S2 for 5 s. Find final angular velocity and angular displacement.



o Given:wy =0, =2 rad/sz,t =
o Final angular velocity: w = 0+ 2 x 5 = 10 rad/s
o Angular displacement: 0 = 0 x 5 + % x 2 x 52 = 25 rad

Practice Set

« Q1: A rotating disc has an initial angular velocity of 4 rad/s and accelerates at 3 rad/s? for 4 s. What is its final angular velocity?
o A)10rad/s
B) 16 rad/s
C) 12 rad/s
D) 7 rad/s
o Q2: A wheel rotating at 6 rad/s slows down uniformly to rest in 3 s. What is its angular acceleration?
o A)-2rad/s?
B) -3 rad/s?
C) -1 rad/s?
D) -0.5 rad/s?
o Q3: Awheel starts from rest and reaches an angular velocity of 20 rad/s after rotating through 50 rad. Find the angular acceleration.
o A)4rad/s?
o B)2rad/s?
o C)8rad/s?
D) 5 rad/s?

o

o

o

(s}

o

o

(e}

Answer Key

e Q1:C)12rad/s — Usingw = wy + at = 4 + 3 x 4 = 16 (Check calculation: 4 + 12 = 16, so correct answer is B) Correction: B) 16 rad/s
¢ Q2A)-2rad/s> —a = 52 = % - _9
« Q3:B) 2 rad/s? — Using w? = w[z) +2a0 =202 =0+2a x50 = a= % = 4 Correction: A) 4 rad/s?

Memory Aids

e Remember: w = wy + at is like v = u + at in linear motion.
 Angular displacement formula 0 = wgt + %at2 mirrors s = ut + %atz.
« Use w? = w? + 2ad for problems without time.

Dynamics of Rotational Motion about a Fixed Axis
Key Points

» Consider only forces perpendicular to the axis for torque calculation.

« Ignore forces parallel to the axis as they produce torque perpendicular to the axis.

« Use only position vector components perpendicular to the axis for torque.

» Torque 7 = 7F'sin o, where r is perpendicular distance and a is angle between force and position vector.

Solved Examples

 Ex 1: Calculate torque if force F' = 10 N acts at r = 0.5 m perpendicular to radius.
Solution: 7 =7rF =0.5x 10 =5Nm



Practice Set

* Q1: Which force contributes to torque about a fixed axis?
A) Parallel to axis
B) Perpendicular to axis
C) Along position vector
D) Zero force
» Q2: Torque is maximum when angle between force and position vector is:
A) 0°
B) 45°
C) 90°
D) 180°
e Q3: Aforce of 20 N acts at 0.3 m from axis at 60°. Calculate torque.
A)3Nm
B) 6 Nm
C) 10 Nm
D) 12 Nm

Answer Key

» Q1: B - Only forces perpendicular to the axis produce torque.
e Q2: C-Torque 7 = rF'sin a is max at 90°.
e Q3:B-7=10.3 x 20 x sin60° = 6 Nm.

Memory Aids

» Torque = Force x Perpendicular distance.
« Ignore forces parallel to axis for torque.
» Max torque at 90° angle.

Work Done by a Torque
Key Points

» Work done by torque 71 during angular displacement df is dW7 = 1d#.

o For multiple torques, total work dW = (11 + 12+. .. )df = 7d6.

o Power P = % = T% = Tw, where w is angular velocity.

« Rate of change of kinetic energy: % (17“2) = Jwa.

Relation between torque and angular acceleration: 7 = Ia.



C

Solved Examples

o Ex 1: Calculate power if torque 7 = 5 N'm and angular velocity w = 10 rad/s.
Solution: P = 7w =5 x 10 =50 W
« Ex 2: Find angular acceleration if torque 7 = 12 N'm and moment of inertia I = 4 kg - m?.

Solution: @ = = = 12 = 3rad/s*

Practice Set

» Q1: Work done by torque 7 over angle 6 is:
A)T/6
B) 76
Qé/r
D)T+6
e Q2: Power in rotational motion is:
A)T/w
B) Tw
Q) I
D) w/T
e Q3:IfI =2kg-m? a = 4rad/s?, find torque.
A) 2 Nm
B) 4 Nm
C) 6 Nm
D) 8 Nm

Answer Key

e Q1:B-Work done =7 x 6.



e Q2:B-Power = Tw.
e Q3:D-T=JTa=2x4=8Nm.

Memory Aids

e Power = Torque x Angular velocity.
» Torque = Moment of inertia x Angular acceleration.
» Work done = Torque x Angular displacement.

Comparison of Translational and Rotational Motion
Key Points

« Linear motion: displacement, velocity, acceleration; Rotational motion: angular displacement, angular velocity, angular acceleration.
e Mass in linear motion corresponds to moment of inertia in rotation.

o Force causes linear acceleration; torque causes angular acceleration.

o Work done: linear = F' X d, rotational = 7 x 6.

 Kinetic energy: linear = %va, rotational = %IwQ.

o Power: linear = F'v, rotational = Tw.

o Momentum: linear = mv, angular = Jw.

Linear Motion Rotational Motion Linear Motion Rotational Motio_n
about a Fixed Axis | about a Fixed Axis
I. | Displacement x | Angular displacement 0 6. | Work, W = Fs - Work W = td0
2. Velocity v = dx/dt | Angular velocity ® = d0/dt | 7. Kinetic energy Kinetic energy K = Iw?/2
K= Mv?*/2
3. Acceleration Angular acceleration 8 |PowerP=Fv Power P = 10
| a = dvidt o = do/dt
4 Mass M Moment of inertia I 9 | Linear momentum Angular momentum
\ | p =My L=1Iw
l o ool |
5. | Force F = Ma Torquet=10

Solved Examples

« Ex 1: Find angular momentum if I = 3 kg- m? and w = 5rad/s.
Solution: L = Jw =3 x 5 = 15kg-m?/s

« Ex 2: Calculate kinetic energy form = 2kg,v =4m/sand I = 2kg-m? w = 3rad/s.
Solution: Linear KE =% x 2 x 42 = 16 J, Rotational KE =% Xx2x32=9J

Practice Set

* Q1: Moment of inertia corresponds to:
A) Mass
B) Force
C) Torque
D) Acceleration

e Q2: Work done in rotational motion is:
A) Force x distance
B) Torque x angle



C) Mass x velocity
D) Force x velocity
* Q3: Angular velocity w is analogous to:
A) Linear displacement
B) Linear velocity
C) Linear acceleration
)

D) Force

Answer Key

e Q1: A- Moment of inertia is rotational equivalent of mass.
e Q2: B - Work done rotationally is torque times angle.
e Q3: B - Angular velocity corresponds to linear velocity.

Memory Aids

» Mass & Moment of inertia

e Force « Torque

 Velocity < Angular velocity

» Work done: Force x distance « Torque x angle

Angular Momentum Rotation Fixed Axis

General Expression

= N - -
Total angular momentum L = .7, 7; X p;
« 7. position vector of particle ¢

e p; = m;v;: linear momentum of particle 4
« Cross product gives vector perpendicular to r; and p;
e Sum over all particles gives total angular momentum

Angular Momentum for Particle at P

« Position vector: # = OP = OC + CP
o Momentum: p = md
« Angular momentum: [ = (OC x m%) + (CP x m?)

. CP x mv=r, (mv)k = I,



Total Angular Momentum of Rigid Body

-

. L:ZE:le—FE(O_Cz Xmiﬁi)IEZ—FL_‘L



L= (mo)k = Z(mrz)wl} = Iwk

* Time derivative: % = dtz dLL
« Since dLi =0 %L = dst” = %(Iwk‘) =7=1Ia

Solved Examples

e Ex 1: Calculate total angular momentum L for a particle with mass m, velocity 9, and position vector 7.

o Use L =7 x mu
o Calculate cross product and magnitude

Practice Set

e Q1: Total angular momentum L is given by:
o A) Y mu;
o B) Y7 X mv;
o Q) > 7 + m;v;
D) > myr;
e Q2: For a particle at point P, angular momentum Zis:
A) OC x mi
o B) CP x mv
C) Sum of OC x m%and CP x m#
o D)muv
« Q3: The torque 7 is related to angular acceleration a by:
o AT = I&

o

o

‘\l

il bug

B)
€)=
D)7 =7 Xxp

Answer Key

e Q1: B - Angular momentum is sum of cross products of position and momentum vectors.
e Q2: C- Angular momentum at P is sum of two cross products as per formula.
» Q3: A-Torque equals moment of inertia times angular acceleration.

Memory Aids

« Angular momentum L = )" 7 x mu
o Torque 7 = Ia
« Cross product gives perpendicular vector

Rolling Motion
Definition and Conditions

 Rolling = rotation + translation
« Pure rolling: velocity of contact point with surface =0
« Velocity relation: veyr = Rwom



Pure rolling

Vem = R Ocy

7

Contact point

« Velocity of any point: ¥ = oy + @ X R
o At pointA: U4 = 2Ucy

e AtpointB:vg = %1701\/1

e At point C: U¢ = Voumr

« AtpointD: ¥p = 3Ty

* At point E (contact point): ¥ = 0

AN NS NARNRNRR NN
E Pure rotation



Kinetic Energy in Rolling

_ 17,2 1 2 _ 1 2 k2
'K—Efw+imUCM—5mUCM<1+?)

Rap . . 1. k. k?
 Energy ratio: Ktranslati(m 8 Krotatian . Krolling =1: R (1 + ﬁ)
Solved Examples

« Ex 1: Calculate velocity at point A on rolling wheel with v = 5m/s.
o v =2vey = 10m/s

Practice Set

e Q1: Pure rolling means:
o A) Contact point velocity = vy
o B) Contact point velocity = 0
o C) Wheel does not rotate
o D) Wheel slips on surface
* Q2: Velocity at top point A of rolling wheel is:
o A)vem
o B)2vom
o C) %UCM
o D)0
» Q3: Kinetic energy of rolling is:

o B) 1rw?
° C) %mvsz (1 + 1]32)
o D) vaCM

Answer Key

e Q1: B - Pure rolling means zero velocity at contact point.
e Q2: B - Velocity at top is twice the center velocity.
e Q3: C- Rolling kinetic energy includes translation and rotation parts.

Memory Aids

o Pure rolling: Veontact = 0
« Velocity top point = 2voys

o Energy: K = %mv%M(l + 1’%

Motion Spherical Body Rough Inclined
Friction and Rolling on Incline

tan 6

1+

o If u = 0, body slips down with acceleration a = gsin 6
gsin @

T
1+ =i

(acts upward)

e Minimum friction for pure rolling: fmin =

o If 4 > fmin, pure rolling with acceleration as =

mgsin 6
72
1+m7=

o If 4 < fpin, rolling with slipping, acceleration az = gsin 6 — ugcos 6

o Friction force magnitude: f =



Comparison Pure Rolling vs Pure Sliding

\

l;hxs_lgal quantities
Acceleration
| Velocity

<, where k is the radius of"gyration

Time taken to cover the distance

Pure rolling

» Acceleration: Rolling < Sliding

Pure sliding
gsin®

J2gh

125
gsin®




 Velocity: Rolling < Sliding
» Time to cover distance: Rolling > Sliding
» Rolling involves rotational inertia, sliding does not

Solved Examples

o Ex 1: Calculate minimum friction coefficient for pure rolling on incline # = 30°, m

tan 6
Lo

o Use fmin =

o Calculate and substitute values

Practice Set

e Q1: Minimum friction for pure rolling depends on:
o A) tan 6 only
o B)m, R, I only
o C)tanf and mTRZ
o D) None of these
e Q2:If u = 0, acceleration of body on incline is:
o A) 0
B) gcosf
C) gsinf
) gsm9

mRZ

e Q3:If u < Umin, acceleration is:
o A) gsinf
gsin@ — ugcosf

B)
) gsmﬂ
D)

0

Answer Key

mR?

* Q1: C- Minimum friction depends on slope angle and inertia ratio —

o Q2: C - Without friction, body slips with acceleration gsin 6
» Q3: B - Rolling with slipping acceleration includes friction term

Memory Aids

o Slipif 4 = 0, acceleration gsin
 Rolling acceleration < sliding acceleration

= 2kg, R = 0.5m, I = 0.25mR?.



