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* Indefinite Integral
* Definite Integral

Indefinite Integral

Concept Explanation: The indefinite integral of a function f(x) is the family of all
antiderivatives F((z) such that - F(z) = f(z). Itis denoted by [ f(z) dz = F(z) + C,
where C'is the constant of integration. Integration is the inverse process of differentiation.

Methods of Integration

¢ Integration by Substitution: Change the variable of integration from x to ¢ where
x = ¢g(t). Then,

[ @) de= [ sa)g® .
¢ Integration by Partial Fractions: For rational functions %, if degree of numerator >

degree of denominator, perform polynomial division first. Then decompose into partial
fractions based on the factorization of denominator and integrate each simpler

fraction.
e Integration by Parts: For functions U(x) and V (z),

/UdV:UV—/VdU.

Formula Derivation



For Integration by Parts, starting from the product rule:

d dav dU dav d dU

dx dx dx dx dx

/UdV:UV—/VdU.

Integrating both sides,

Worked lllustrations

Example I: Integrate [ tan*(y/z) sec?(y/z)/v/z dz.

. . . — 1
Solution: Let t = 4/, then dt = P ——dx = dx = 2t dt.

Rewrite integral:

1
I= /tan4(t) secz(t)? X 2t dt = 2/tan4(t) sec?(t) dt.

Substitute © = tant = du = sec? t dt, so

5
2
I:2/u4du:2u? -+ 0 = gtan5(\/5)+0.

Example 2: Find f m

Solution: Factor denominator or complete the square:

13 10
3;1:2—|—13:13—10:3< —I—?:c—?).

—(UV)=U—t V" = U— = —(UV) - V—.



Complete the square:

Rewrite integral:

Putt = x + 1673, dt = dz, then

1 dt 1
IZg/ﬁ=§/ 7
2= (F) (-

Use partial fractions:

1 A B
(t—a)(t+a) t—a t+a
Solving for A, B, integrate and simplify to get
1 3z — 2
==l C
178 ‘ +5 ‘ i

Practice Set

e Levell- Easy:
o Find f z3 dz.
o Evaluate fsinxdac.
o Compute [ €% dz.
e Level 2 - Moderate:



o Evaluate fxeg” dx using integration by parts.

o Find [ m;ﬁl using partial fractions.

o Calculate ftan3 x dx using substitution.
¢ Level 3 — Challenging:

z’+3z+2
o Evaluate f o) (@+2)?
o Find f:):2 sin x dx using integration by parts twice.

dz
34tz

dx by partial fractions.

o Compute by partial fraction decomposition.

Answer Key

fm3d:c: %4+C
[sinzdz = —cosz + C

[e*®dz = e;z +C
[ze* dz = ze® — e* + C

J 355 = tlog | 53|+ C

[tan® z dz = 3tan’z — log|cosz| + C

* fﬁ(”—ﬁ%?dfﬂ:—#z +loglz+ 1|+ C
2

fx2sinscdw:—a: cosz + 2xsinx + 2cosz + C
[-& = llog|z| — tlog|z? + 1|+ C

T3tz

Quick Reference

Integral Result
[z"dx ﬁn—;+0,n#—1
[ e dx <+ C
[ sin(az) dz —Lcos(az) + C
[ cos(az) dz Lsin(az) + C
Integration by Parts fUdV =UV — [VdU
Integration by Substitution [ 1f(g(®)d'(¢)dt

Glossary



e Integral: The antiderivative or primitive of a function.

¢ Indefinite Integral: Integral without limits, representing a family of functions.
¢ Integration by Substitution: Method changing variable to simplify integral.

e Partial Fractions: Decomposition of rational functions into simpler fractions.
¢ Integration by Parts: Technique based on product rule for differentiation.

e Constant of Integration (C): Arbitrary constant added to indefinite integrals.

Definite Integral

Concept Explanation: The definite integral of a function f(x) from a to b is the numeric value

b
/ f(z) dz = F(b) — F(a),

where F'(x) is any antiderivative of f(z). It represents the net area under the curve
y = f(x) betweenz = aand z = b.

Properties of Definite Integrals

o« [0 f(z)dz=0
° fabf(w) x:_fb
e [lf(2)+ > dw—f f (z)dz + [, g(x) dz

S

f kf(x)dz = kf f(z) dx, where k is constant

Splitting mtegrol. fa f(z)de = [7 f(z)dz + fcb f(z) dz
Symmetry: For even function f(—z) = f(z), [° f(z)dz =2 [ f(z)dz
For odd function f(—z) = —f(z), [* f(z)dz =0

Worked lllustrations

Example 3: Evaluate [ = foﬂ/4 sin®(2t) cos(2t) dt.

Solution: Let u = sin(2t), then du = 2 cos(2t)dt = cos(2t)dt = +du.



Change limits: whent = 0,4 = 0; whent = w/4,u = 1.

Rewrite integral:

/4 1 ! 1 411
I= / sin®(2t) cos(2t) dt = —/ WBdu=— x —| = =.
. 2/, 2 " 4

Example 4: Evaluate ff ey e

Solution: Decompose into partial fractions:

T A B

(z+1)(z+2) =z+1 N r+2°

Multiply both sides by (z + 1)(x + 2):

r=A(x+2)+B(z+1)=(A+ B)x+ (2A+ B).

Equate coefficients:

A+B=1, 2A+B=0.

Solving gives A = —1, B = 2.

Rewrite integral:

2 —1 2 2 dz 2 dr
I = + de = — + 2 )
1 JJ—|—1 CE+2 1 £C+1 1 $—|—2

Integrate:




I = —[log|z +1]]3 + 2[log |z + 2|]? = —log3 + log2 + 2log4 — 21log 3 = log %

Practice Set

e Level1- Easy:
1
o Evaluate fo x2 d.
) 2
o Find [ %d:c.
o Calculate f07r sin x dzx.
e level 2 — Moderate:

1 2 , N
o Evaluate fo xe” dx using substitution.

o Find f13 ifialj dz using partial fractions.
o Calculate f_ll 22 dx and explain the result.
e Level 3 - Challenging:
2 . : :
o Evaluate foﬂ/ sin? z dz using symmetry and reduction formulas.
2
o Find f02 xi‘?ﬁ dx using substitution and partial fractions.

o prove [ f(z)dx = 0if fis odd.

Answer Key

fol z?de = %
21
[; + dz =log2
foﬂ sinx dx = 2
fol ze® dr = 651
3
. i ifi; dr = 2log3 — log 2
f_ll x> dz = 0 because z* is odd.
fow/2 sin? z de = T
2 2 1
. fo —w;”H dr = 3log9
Proof: For odd f, f(—x) = — f(x), so

/_C;f(m)dmzﬁ



Quick Reference

Property
Fundamental Theorem
Reversing limits
Linearity
Splitting integral
Even function

Odd function

Glossary

Formula
[? f(z) dz = F(b) — F(a)
[, f(z)dz = — [ f(z) de
[Pkf(@) + g(@)] da = & [* f(z) da + [’ g(x) da
[} f@)dz = [{ f(z)dz + [ f(z)dx
[° fx)dz =2 [ f(z)dz
[¢ f(z)dz =0

¢ Definite Integral: Integral with limits, giving numeric value.
e Limits of Integration: The values a and b between which the integral is evaluated.

e Antiderivative: A function whose derivative is the integrand.

e Even Function: f(—x)
e Odd Function: f(—x)

f(z), symmetric about y-axis.
— f(z), symmetric about origin.

e Llinearity: Property allowing splitting and scaling of integrals.



