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Angle Measurement Systems

Angles can be measured using three different systems: Degree, Radian, and Centesimal.
Degree Measure
A right angle is divided into 90 equal parts called degrees (°). Each degree is further divided into 60 minutes (') and each minute into 60 sec:

e 1°=60
e 1'=60"

Radian Measure

In a circle of radius 7, an arc of length [ subtends an angle 6 radians at the center, given by:

=10 — 6= L

<

Centesimal System

A right angle is divided into 100 grades, each grade into 100 minutes, and each minute into 100 seconds:

¢ 1right angle =100 grades
e 1grade =100 minutes
¢ 1 minute =100 seconds

Relation Between Systems

The relation between degree (D), grade (G), and radian (R) measures is:



Since a full circle subtends 27 radians or 360°, we have:

Therefore,

e 1rad = 3 ~ 57°16'22"

» Radian = {55 x degree measure

e Degree = % x radian measure

Note:

¢ The minute hand rotates through 6° in one minute.
e Radian is a constant angle.

1° = 155 rad = 0.0176 rad

The angle between two consecutive digits on a clock is 30° (= % radians).

27 radians = 360° = m radians = 180°



[« 2sinA cosB= 5m(A+B)+sm(A B)

« 2sinA sinB=cos(A—B)—cos(A+B)

. 2c0sA sinB=sin(A+B)—sin(A—B)
- 2008A cosB=cos(A+B)+cos(A—B)

—
.sinC +sin D Zsm(c"'D)cos(

2

.sin C—sin D= st(cm) (C D)

\

.cos C+ cos D= Zoos(C;D)cos(c 2D

+cos C=cos D= -2sin(—3 ) sin(<P)

7
. sin2A = 2sinA cosA

. cOs2A = cos?A —sin?A
= 2c0s2A-1
= 1-2sin%A

. sin3A = 3sinA —4sin’A

. 00s3A = 4cosA — 3c0sA

tan3A = 2tanA —tan3A
1-3tanZ4

s __J

Basic Trigonometric Identities

Tuiganametric

Functians

If in a circle of radius r, an arc of length I subtends .
of 0 radians, at the centre then [ =19.

« Radian Measu;e=£6 x Degree Measure

180 ‘
L « Degree Measure= — xRadian Measure

Trigonometric identities are equations involving trigonometric functions that hold true for all angles where the functions are defined.

Fundamental Identities

1

and csch =

csie smH
cosf = seEO and9 sec = cos(}' .
—_ __ Ccos . __ sin
cot = ——> =7 and tanf= _5 =

cos?f +sin?0=1 =
1+ tan26 = sec?d =
1+ cot?0 =csc’d =

sec2f — tan20 =1
csch — cot’0 =1

cot0 cos 6
1—cos’f =sin’0 and 1 —sin?6 = cos’d



Sign of Trigonometric Functions in Different Quadrants

The coordinate plane is divided into four quadrants, each with specific signs for trigonometric functions:

Quadrant : 0 < § < 4 — All functions are positive.

* Quadrantll: 3 < # < 7 — Only sin § and csc 6 are positive.

e Quadrantlil: ™ < § < 37“ — Only tan 6 and cot 0 are positive.
e Quadrant IV: 3—2” < 0 < 27 — Only cos 0 and sec 6 are positive.

Mnemonic to remember positive functions:

e Quadrant I: All

e Quadrant Ii: Silver (sin and cosec)
e Quadrant lIl: Tea (tan and cot)

e Quadrant IV: Cups (cos and sec)
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Values of trigonometric functions for standard angles are tabulated below:

Trigonometric Ratios of So N
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Domain and Range of Trigonometric Functions
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Compound Angle Formulas




o sin(z + y) = sinxz cosy + coszsiny
o cos(z +y) = coszcosy —sinzsiny

_ tanz+ttany
° tan(av + y) ~ l1-tanztany
C

_ cotzcoty—1
Ot(:B + y) T cotytcotx
in y) =sinz cosy — cos T siny

sin(z —
o cos(z —y) = coszcosy + sinzsiny

_ tanz—tany
° tan(m - y) ~ l+tanztany
t ty+1

o COt(CE _ y) __ cotzco y+

coty—cotx

__tanz+ttanyitan z—tanztanytan z
° tan(a: + Y + Z) T l-tanztany—tanytanz—tan ztanz

Note

e sin(z + y) sin(z — y) = sin’z — sin’y = cos’y — cos’z
e cos(z + y) cos(z — y) = cos’z — sin’y = cos?y — sin’z

Transformation Formulas

Transformation formulas convert sums or differences of sines and cosines into products, and vice versa.

e 2sinz cosy = sin(z + y) + sin(z — y)

e 2coszsiny = sin(z + y) — sin(z — y)

o 2coszcosy = cos(z +y) +cos(z —y) [z >
e 2sinzsiny = cos(z — y) — cos(z + y)

e sinz + siny = 2sin (52) cos (L)

e sinz —siny = 2 cos (%) sin (5Y)

2 2
e cosT + cosy = 2cos (IT“’) Ccos (%
e COST — COSY = *ZSin(z;y)sin(z;y)

Multiple and Half Angle Formulas

These formulas express trigonometric functions of multiple or half angles in terms of functions of the original angle.

Multiple Angle Formulas

g _ . __ 2tanz
e sin2x = 2sinx cosx = Trtanis
. . — 2
o cos2x = cos?z —sinx = 2cos’z — 1 =1— 2sin’z = }V#
+tan‘x
__ 2tanz
e tan2x = Totan? s

o sin3z = 3sinz — 4sin’z
e cos3z =4cos’z — 3cosz

3tanz—tan®z

e tan3z = 1-3tan’z

Half Angle Formulas

. _ / 1—cos A

e SIn 5 = —
e oS % =4/ —HC;SA
A 1-cosA

e tan 2 + 1+cos A



The sign depends on the quadrant in which % lies.

Trigonometric Functions of 18 Degrees

Let @ = 18°. Using multiple angle formulas, we derive sin 18° and cos 18°.

Since 20 = 90° — 36,

sin 20 = sin(90° — 36) = cos 360

Using the triple angle formula for cosine,

sin 20 = 4cos®0 — 3 cos

Express sin 26 in terms of sin 6:

2sinf = 4cos’f — 3 = 4(1 —sin?f) — 3 =4 — 4sin’0 — 3 =

Rearranged as a quadratic in sin 6:

4sin’0 + 2sinf—1=0

Solving for sin 6

—2+y4+16  -1++5

S 3 1

Since sin 18° > 0,

V5 —1

sin18° =

Calculate cos 18°:



4 16

_ 2 ——
5—-1 10 + 2v/5
cos18° = V1 —sin?18° = 1(\/ ) _\/L\/

Using cos 36° = 1 — 2sin® 18°,

2
VB-1) | 6-2V6 2+2V5
4 - 8 8

cos 36° = 1—2(

Calculate sin 36°:

_ 2
s 541 10 -
sin36°:\/1—c05236°: 1—(\/4_‘_ > =4/—



