Department of Computer Science and Engineering
B. Tech. I1I™ Semester (CSE & CSE_S§F) Session — 2024 — 25
Discrete Structures and Theory of Logic (ICS 303)

_ Class Test 11 MM
Define a binary <_:rperaﬁgn * on the set R of real numbers by x * y =xy + x+ y, where the
symbols on the right-hand side of the equation have their usual meanings.

how that with respect to * & satisfies three of the axioms for a group, but that not
every element of R has an inverse

Now remove one element z from R so that R-{z} forms a group under operation * . Is
~ this group abelian? ' ;

Q2 Let C, be the cyclic group of order m. List the elements of C, x C; and C, x C,. Show that
C; x C,is isomorphic to Cy, but C, x C, is nof isomorphic to C.
Q3 Define the subgroup and normal subgroup. Let H be a subgroup of a finite group G. Justify
_ the statement “the order of H is a divisor of the order of G".
Q4 (a) Draw the Hasse diagram for & poset that has exactly five members, two of which are

maximal and one of which is the poset’s minimum. Label the maximal and minimum
members on your diagram.

(b) Consider the poset P with Hasse diagram as shown below:
() List the maximal members and minimal members of P.
(11) Is there a largest member of P? i so, what is it? Is there

a smallest member of P? If so, what is it?
(1) Determine: LUB{b, ¢}, GLB(b, ¢}, LUBLb, f},
GLB({b, f}, LUB{g, c}, and GLB{g, c}.

Time: One hour
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- Prove the following results for a group G.

(i) The identin element is unique.(ii) Each « in G has unique inverse ¢ (m) (ab)”

_Show that a eroup (G. *) is abelian if and onlyiffora.bin G,(a*b)’=a"* b

LS

. Consider the square shown below
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The symmetries of the square are as follows:
Rotations f), . f5, and f; through 0°, 90°. 180°, and 270°, respectwely
| 1s and 1. rétlections about the iines v and hiespeciively

f and fs. reflections about the diagonals d, and d. respectively
i Write the multiplication table of D,, the group of svmmetries of the square.

| Let R be the set of all real numbers and define a relation Ron R x R as follows: For all (a,b)and (c,d)inR xR
(a. b) R (c.d) < eithera<c orbotha=cand b <d.

Is R a partial order relation? Prove or give a counterexample

. Consider the “divides” relation defined on the set

I 4={1,22% 2%, .., 2"}, wherenis a nonnegative integer.
ation on 4.

a. Prove that this relation is a total order rel
| b. Draw the Hasse diagram for this relation

forn=4

(@p—(g—r)=(pAg)—r
(b)(pAg)—=r=(p—=nV(g—r

Use the laws of Boolean algebra: commutative, associative, distributive. De Morgan’s, etc., and
~p V g. to prove the following equivalences.

)

the shorthand p — q for

Define the distributive lattice. Show that in bounded distributive lattice if 2 complement exists it is uni

que.
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(SEMIIN) ODD SEMESTER EXANMINATION 202425
DISCRETE STRUCTURES AND THEQRY OF LOGIC
[TDME: I ke [Mwn. Marks: W]
Noter Attempt All Questions, All Questlon carry egual marks, Afl motations
tre their usuol meanings. Make sultable axsumptions wiierever necesyary.

l‘./ﬁ.n_sutrA.LLpans. Marks
/(l)' The following statements sbout sets are filse, Give 8 counterexample 3.5
1o each statement,
ANB=ANCimplies B=C,
rlp AUB=4 UCimplierB=C.
I ACAUCimplies AC Bor ACC
LeeS=(1,2,3,4,5, 6, 7) and define m R if m* = n? {mod 53, Show 2.5
that R be an equivalence relatlon on szt 5.
J:}" GI\fﬂt_ﬂR relations, R, that are defined on the sets S, dotermine iFRis 3.5
ret.'lmye. symmetric, transitive, ‘andfor amiisymmetric, Explain your
ng.
Let S denote the sct of all nonempty subsets of fa; &: e o ¢f and
define A RBlomeanthat AN Bw= 0, ford, BC§.
(R) Let 5 be the set of ordered pairs of real numbers with ) R (v
) ifand only if 2y =y and x: <y

OR
X be the st of prime numbers less than 100, and define x & ¥io
means that x and ¥ have the same final digit; x.y€X What are the
equivalence classes of X with respectto &
47" Which of the following functions from N 1o N are surjections, which 3.5
of them are injections, and which of them are hijections?
M=% gt =x+1hy = (f 21 Uxlodd

OR
!;mve by mathematical induction that for all n € N, n + 5n is o
ultiple of 6. )

Each of the following sentences expresses an |rl1pIFc.|Emn. Rewrite
each in the form “If p, then g." Also, write the contmpositive of each,
.-fff Touch those caokles if you want a spanking.
AT Touch those cookles and you will be sarry.
A1) You leave or I will set the dog on you.
Iﬁv} 1 will if you will.
d¥) T'will go unless you stop that.
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OR
ywer the followings{ | 1oiii):

i) Determing the truth value of the statement If the universe of each
wvariable consists of all real numbers

YxIy{x +y=2A2x—y=2)

i) Rewrite the following statement so. that negatiors appear only
within predieates (ieno negation s outside quantifier or
expression involving logical connectives)

=¥x ((3y¥'z P(x, y, 2)) += (I23y Rix, y, 2))).
{i{i) Are the following statements logienlly equivalent?

3xP(x) A Q(x) 2nd (3XP(x)) A (B¥Q0)) .
Convert each of the fallowing arguments into logical nomtion using 7
the suggested veriables (c, b, r, p). Then providea ]'m-mal_pm?f.

“If my compueations are correct and | pay the electric bill, U'lcn I
will rum out of money. If T don't pay the electric bill, the power will b-e
tumed off. Therefore. | don't run out of money and the power {4 still
on, then my compautations are fncorrect.”

QJ,, Answer ALL parts. . )
’(iﬂ!e:ﬁne a group. Suppese the table given below s a group mble, Fill 7

in the blank entries.
e a |b |e d
¢ e
[} b 3
b ¢ |d e
c d a b
d

(i) 110 13 & group in which (abY = a' b for (hree consecutive integers i
forall a, b € G, show th=t G i5 abellan.
(gy/Dcﬁnc & subgroup. Show that it H be o subgroup of finite group G, the
arder of H divides the order of G. Lat A, B are subgroups af & group
G. Prove or disprove that AMB is also & subgroup of G.
OR

Eaﬁnc the mathematical strueture ring. Show that ifS = [a + 57, 4, 4
Z]. together with ordimary nddition” and multiplication, s a
commurtative rimz with identity,
Q4. Answer ALL pars.
() Letd = (1,2,3,5,6,7, 10,26, 30, 60, 70}, Consider the partial order
divisibility on A, i.c. if 3 aned b belongs to' A, a < b ifand on lyifalb.
A9 Draw the Hazse diagram of poset (A
Af Find the maximal and minimal element,

(i1 Find the greatest element and least element or explain why thare is
no grentest clement or least element. E

44 Find all upper bounds and feast upper bound of {2, 5}.
(¥ Find alt lower bounds and greatest ower bound ol {6, 10}
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ﬁl) Let L be a lattice. Prove that for cvery a, b,andcinL, ifa<bandc
}lﬂ < d, then
aVc<bVdandaAc<bAd
(i}) Show that if (Ly, <) and (Lz, <) are lattices, then then (L, <) is a
lattice, where L = Ly x La, and the partial order < on L is the
product partial order.
OR
Draw the Karnaugh map of the following Boolean expressions in x, y,
z, and w, and minimize the expression.
}i?u The Boolean function E has minterms
X'Y'Z'w+ X'y'zw + xy'zw’ + xyz'w + X'yz'w’ +xy’2’W’
i#f The Boolean function E has value 1 if and only if at least two of x,
y, Z, and w have the value 1.

¢ Answer ALL parts.
) Discuss how to solve a second order homogeneous linear recurrence

relation. Solve the recurrence
ap =3ayy +10a,, +7(5)"n =2

’fb(givcnao =4,ay =3

r the graphs G and H as shown in above answer the following:
(D Does the graph G have an Euler circuit?
(1) Is every simple closed path in G a cycle? Explain.
(iii) Does G have a Hamiltonian path? Explain.
(iv) Give the vertex sequence of an Euler path for the graph H.
(W Does H have a Hamiltonian path? Explain.

OR

Write short notes on:
Y~ Planar graphs
,@-l‘f Graph coloring
_{ift]” Pigeonhole principle
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| Bubject Coder KCS-301 i Q1. Answer ALL parts.
et Boll b (a) (i) Let G be a group. Show that ezch element a in & has only one 10
B. Tech. inverse in G.
(SEM I11) ODD SEMESTER EXAMINATION 2022.23 (i) L.et G be o group and let a and & be elem=ntt of G then show that
DISCRETE STRUCTURES AND THEORY OF LOGIC (2b)'=b'a
[TIME: 3 hre| [Man Marks: 100] : i 10
Nete: Amemps All (uerssons Alt Quesslon carey equal marks. All motaticns are thelr nyual (b). “Consider the groups (G,, *} and (G, @) with identity elements ¢, and
meanings. Male szitable msumptions wherever necessary. ~" eyrespectively. Iff: Gy — Gy is o group homomorphism, then prove
that
Ql.. Aaswer ALL parts. Marks (1) fie)) = e
(a) LetS={a b, c-l and for cach integer /= 0, 1,2, 3, let S.be the setof ~ § (i) Ra'y = [[a))"
all subsets of & uuu have i clements. List the clements in S St S, (i#IF 1i0 is a sub group of G, and H2 = £ (H:), then  H: is a sub
and 8,. Is [S. Si. 83, S) & pantition of P(57? group of Gy,
(iv) Il f is an isomorphism from G, onto Gy, then [ "' is an
o OR . . isomorphism  froin Gy onto G,
To prove that a composition of onto functions is onto, a student
wrole, OR
“Suppose f: X — Y and g: ¥ — Z are both onto. Then {i) Let G be a finite group with identity ¢, and let a be an arbitrary
i Vy € Y, 3x € X such that [ (x) = y @ clement of G. Prove that there exists a nonnegative integer i such
thata” =e.
Yz€Z 3y € Ysuchthat f(y)=z (ii} Define the nlgebraic struciures Rings and Fields. Show that st of
So integers along with additien and multiplication operations forms
(g FXx)=g(F{x) = pty) =2, a ring and sct of real numbers with these operations form a field.
and thus g- (is onto.™
Explain the mistakes in this “proof.” 03, Answer ALL parts.
1) Let § be the set of all stri [0's and 1's, and define I: S — Z° [ (0} Consider the “divides™ relation on each of the following sets 4. 10
) ulo LR ) R s . Draw the Hasse diagram for the following:.
o "ﬁ,, = the length of s, for all strings 5 in 5. h4={12.4.5 10.15,20)
(i) Is { one-lo-one? Prove or give a counterexample. (i)A4={23,4,6,8,9,12,18)
(b) Define a lattice. Give an example of a poset with five clements thatIs 10

(ii) 1s / onto? Prove or give a counterexample.
a lartice and an example of a posct with five elements that is not a

lattice, Show that every lanice with finite number of elements has a

OR
Let A = R = R. A relation Fis defined on A as follows: greatest element and a least element.
For all (xy, yi) and (x3, y:) in 4,
(xi, y1) F (%2, y2) & % = xz. X OR
Determine whether the given relation is reflexive, symmetric, Explain how K-maps can be used to simplify the sum-of-products
transitive, or none of these, Justify your answers, expression in four Boolean variables. Use K-map to simplify the
sum-of-products expression

A is the set of all strings of length 4 in a's and b's. Ris defincdond 5 i o wayzewaye vz var.y':') W'Yz + W'y'Z + Wikyz +
WX'yz + wK'yZ'

as follows: For all strings s and rin A,
5 R 1 & s has the same first two characters as «.
Show that R is an equivalence relation on the set A. Find the distinct
equivalence classes of R.
(dp Use mathematical induction to prove that for all integersn > 3,

2n+ <28

(c)

=%t
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Q4. Answer ALL parts.
(a) (i) Write cach of the two statements in symbolic form and determine
whether they are logically equivalent.
If you paid full price, you did not buy it at Crown Books.
You did not buy it at Crown Books ar you paid full price.
(i) Use logical cquivalence to rewrite the given staterment forms
without using the symbol — or «, and using only A, V and ~.
pv~q—r1VQq (p—= )+ (g—r)

(b) You are about to leave for school in the moming and discover that
you do not have vour glasses. You know the following statements are
true:

(i) 171 was reading the newspaper in the kitchen, then my glasses are
on the kitchen table

(ii) If my glasses are on the kitchen table, then | saw them a
breakfast.

(iii)1 did not see my glasses at breakfast.

(iv) 1 was reading the newspaper in the living room, or I was reading
the newspaper in the kitchen.

(v) If 1 was reading the newspaper in the living room then my zlusses
arc on the coflee table.

Where are the glasses?

OR

(i) Let P(x), Q(x) be predicate:. Then the proposition
(3%)[P(x)] = (3V[QY)] is legically equivalent o
(3x)3y)[P(x) = Q)]

(ii) Let P(x), Q(x) be predicates involving an integer-valued variable
X,

Prove or disprove: Vx [P(x) = Q(x)] is logically equivalent to
vx [P(x)] = Vx [Q(x)].

Q5. Answer ALL parts.

(a) Findan explicit formula for Fibonacci sequence.

(b) Determine if the relation R = {(t, ), (u, w), (u, }'): (u, V), (v, z-), (v,
y)} is a tree on the set A = {t,u, v, w, X, y, z}. I itis tree, what is the
root and height? If it is not a trec, make the least npmber of changes
necessary to make it a tree and give the root and height. Also, list the
vertices of the tree when they are visited in a preorder traversal and in

~ a post order traversal.

OR

" Write short note on the following:

(i)  Euler graphs .
(i) Homomorphism and isomorphism of graphs

(ili) Pigeonhole principle
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