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L e t ’ s t a l k a b o u t s e t s



I n s e t t h e o r y , e v e r y t h i n g
1
i s a s e t .

F o r e x a m p l e : N = {0 , 1 , 2 , . . .}

1
a l m o s t





F u n c t i o n s o n s e t s

f = {(▲,●), (■,●), . . .}





R e l a t i o n s o n s e t s

R = {(M a r í a , � ), (M a r í a ,� ), . . .}



A b s t r a c t i o n



A l g o r i t h m s 1 0 1

M o s t a l g o r i t h m s a r e d e s c r i b e d i n p s e u d o c o d e .

1 : p r o c e d u r e B e l l m a n K a l a b a ( G , u , l , p )

2 : f o r a l l v ∈ V (G ) d o
3 : l (v ) ← ∞
4 : e n d f o r

5 : l (u ) ← 0

6 : ▷ a n d s o o n . . .

7 : e n d p r o c e d u r e



W h y p s e u d o c o d e ?

P s e u d o c o d e i s n i c e b e c a u s e i t a b s t r a c t s a w a y i m p l e m e n t a t i o n d e t a i l s .



W h y p s e u d o c o d e ?

P s e u d o c o d e i s n i c e b e c a u s e i t a b s t r a c t s a w a y i m p l e m e n t a t i o n d e t a i l s .

HashSet? List? Array?



W h y p s e u d o c o d e ?

P s e u d o c o d e i s n i c e b e c a u s e i t a b s t r a c t s a w a y i m p l e m e n t a t i o n d e t a i l s .

HashSet? List? Array? S e t s !



G e t t i n g r e a l

A t s o m e p o i n t , w e n e e d t o i m p l e m e n t a l g o r i t h m s .

H o w c a n w e j u s t i f y r e p l a c i n g a b s t r a c t s e t s w i t h c o n c r e t e l i s t s ?



A b s t r a c t i o n f u n c t i o n

α ∶∶ List a → Set a

α([]) = ∅

α(x ∶ x s ) = {x } ∪ α(x s )

E x a m p l e

α([1 , 2 ]) = {1 , 2 }
α([2 , 2 , 1 ]) = {1 , 2 }



A b s t r a c t i o n f u n c t i o n
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A b s t r a c t i o n f u n c t i o n

α ∶∶ List a → Set a

α([]) = ∅

α(x ∶ x s ) = {x } ∪ α(x s )

E x a m p l e

α([1 , 2 ]) = {1 , 2 }
α([2 , 2 , 1 ]) = {1 , 2 }



R e m o v e t h e m i n i m u m

S f (S )

x s g (x s )

f

g

α α

f (S ) = S \ m i n (S )
g (x s ) = �



R e m o v e t h e m i n i m u m

{1 , 2 , 3 } {2 , 3 }

[3 , 2 , 1 ] [3 , 2 ]

f

g

α α

f (S ) = S \ m i n (S )
g (x s ) = �



R e m o v e t h e m i n i m u m

{1 , 2 , 3 } {2 , 3 }

[3 , 2 , 1 , 1 ] [3 , 2 ]

f

g

α α

f (S ) = S \ m i n (S )
g (x s ) = �



R e m o v e t h e m i n i m u m

∅ ∅

[] []

f

g

α α
f (S ) = S \ m i n (S )
g (x s ) = �



C o r r e s p o n d e n c e

g ∶∶ List a → List b i s a v a l i d i m p l e m e n t a t i o n o f f ∶∶ Set a → Set b

i f a n d o n l y i f :

• f o r e v e r y l i s t x s ,

• i t h o l d s t h a t : α(g (x s )) = f (α(x s )).

W e s a y t h a t g r e f i n e s f .



C o r r e s p o n d e n c e

g ∶∶ List a → List b i s a v a l i d i m p l e m e n t a t i o n o f f ∶∶ Set a → Set b
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• f o r e v e r y l i s t x s ,

• i t h o l d s t h a t : α(g (x s )) = f (α(x s )).

W e s a y t h a t g r e f i n e s f .



C o r r e s p o n d e n c e

g ∶∶ List a → List b i s a v a l i d i m p l e m e n t a t i o n o f f ∶∶ Set a → Set b
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• i t h o l d s t h a t : α(g (x s )) = f (α(x s )).
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C o r r e s p o n d e n c e

g ∶∶ List a → List b i s a v a l i d i m p l e m e n t a t i o n o f f ∶∶ Set a → Set b

i f a n d o n l y i f :

• f o r e v e r y l i s t x s ,

• i t h o l d s t h a t : α(g (x s )) = f (α(x s )).

W e s a y t h a t g r e f i n e s f .



[1]

[1, 1]

[1, 2]

[3]

{1}

{1, 2}

{3}

α 



g r e f i n e s f b e c a u s e r e l a t e d i n p u t s a r e

m a p p e d t o r e l a t e d o u t p u t s .



∀x , y . (x , y ) ∈ α ⟹ (g x , f y ) ∈ α



I f α i s i n j e c t i v e , w e c a n u s e t h i s t o

a u t o m a t i c a l l y d e f i n e g .



C h a l l e n g e s

T h e r e ’ s n o f r e e l u n c h .

• H o w t o d e f i n e “ P i c k x ∈ S ” ?

• W h a t i f α i s n o t i n j e c t i v e ?

• W h a t i f α i s p a r t i a l ?



U s e c a s e s

• P r o g r a m r e f i n e m e n t

• A b s t r a c t i n t e r p r e t a t i o n

• P a r a m e t r i c i t y



U s e c a s e s

• P r o g r a m r e f i n e m e n t

• A b s t r a c t i n t e r p r e t a t i o n

• P a r a m e t r i c i t y



P a r a m e t r i c i t y



H a s k e l l f o l k l o r e s a y s :

T h e m o r e t y p e v a r i a b l e s , t h e m e r r i e r !





T y p e s a r e s e t s

JBoolK = {True, False}
JIntegerK = {. . . ,−2 ,−1 , 0 , 1 , 2 , . . .}

J(a , b )K = Ja K × Jb K
Ja → b K = t h e s e t o f a l l f u n c t i o n s f r o m Ja K t o Jb K



T y p e s a r e r e l a t i o n s

W e c a n a s s i g n e v e r y t y p e t a r e l a t i o n r e l t .

T h i s r e l a t i o n w i l l r e l a t e v a l u e s o f Jt K: r e l t ⊆ Jt K × Jt K



T y p e s a r e r e l a t i o n s

W e c a n a s s i g n e v e r y t y p e t a r e l a t i o n r e l t .

T h i s r e l a t i o n w i l l r e l a t e v a l u e s o f Jt K: r e l t ⊆ Jt K × Jt K



T h e p a r a m e t r i c i t y t h e o r e m

I f t i s a c l o s e d t e r m o f t y p e T , t h e n (t , t ) ∈ r e l T .

I n o t h e r w o r d s : e v e r y t e r m i s r e l a t e d t o i t s e l f



T h e p a r a m e t r i c i t y t h e o r e m

I f t i s a c l o s e d t e r m o f t y p e T , t h e n (t , t ) ∈ r e l T .

I n o t h e r w o r d s : e v e r y t e r m i s r e l a t e d t o i t s e l f



L e t ’ s s a y w e h a v e a f u n c t i o n o n l i s t s .

frobnicate :: List a -> List a

P a r a m e t r i c i t y s t a t e s :

(frobnicate, frobnicate) ∈

W e c a n p r o v e :

frobnicate (map g x s ) = map g (frobnicate x s )



L e t ’ s s a y w e h a v e a f u n c t i o n o n l i s t s .

frobnicate :: List a -> List a

P a r a m e t r i c i t y s t a t e s :

(frobnicate, frobnicate) ∈

W e c a n p r o v e :

frobnicate (map g x s ) = map g (frobnicate x s )



L e t ’ s s a y w e h a v e a f u n c t i o n o n l i s t s .

frobnicate :: List a -> List a

P a r a m e t r i c i t y s t a t e s :

(frobnicate, frobnicate) ∈

W e c a n p r o v e :

frobnicate (map g x s ) = map g (frobnicate x s )



N o w w h a t ?





R e a s o n i n g a b o u t t y p e s

M o t t o : F u n c t i o n s w i t h t y p e v a r i a b l e s . . .

• d o n ’ t k n o w a n y t h i n g

• c a n ’ t d o m u c h



I n p r a c t i s e

T h e s e c o n d Functor l a w i s r e d u n d a n t .

I t i s s u f f i c i e n t t o p r o v e t h a t fmap id = id.





A n o t h e r f r e e t h e o r e m

A f u n c t i o n w i t h t y p e (a -> b) -> [a] -> [b] i s e i t h e r

1 . map, o r

2 . map w i t h r e a r r a n g e m e n t s



R e s t r i c t i o n s

⊥ d e s t r o y s e v e r y t h i n g
2

2
n o t e v e r y t h i n g



E x t e n s i o n s

W e h a v e i g n o r e d c l a s s e s ( s o f a r ) b e c a u s e t h e y c o m p l i c a t e t h i n g s .

C l a s s e s c a n b e m o d e l l e d a s d i c t i o n a r i e s w i t h ( p o t e n t i a l l y ) r a n k - 2 t y p e s



E x t e n s i o n s

W e h a v e i g n o r e d c l a s s e s ( s o f a r ) b e c a u s e t h e y c o m p l i c a t e t h i n g s .

C l a s s e s c a n b e m o d e l l e d a s d i c t i o n a r i e s w i t h ( p o t e n t i a l l y ) r a n k - 2 t y p e s



Q & A

L a r s H u p e l

� l a r s . h u p e l @ i n n o q . c o m

� @ l a r s r _ h

w w w . i n n o q . c o m



L A R S H U P E L

S e n i o r C o n s u l t a n t

i n n o Q D e u t s c h l a n d G m b H

L a r s i s k n o w n a s o n e o f t h e f o u n d e r s o f t h e T y p e -

l e v e l i n i t i a t i v e w h i c h i s d e d i c a t e d t o p r o v i d i n g

p r i n c i p l e d , t y p e - d r i v e n S c a l a l i b r a r i e s i n a f r i e n d l y ,

w e l c o m i n g e n v i r o n m e n t . A f r e q u e n t c o n f e r e n c e

s p e a k e r , t h e y a r e a c t i v e i n t h e o p e n s o u r c e c o m -

m u n i t y , p a r t i c u l a r l y i n S c a l a .



C r e d i t s
• J o h n C . R e y n o l d s :

https://commons.wikimedia.org/w/index.php?title=File:Reynolds_John_small.jpg&oldid=452226049,

A n d r e j B a u e r , C C - B Y - S A 2 . 5

• P h i l i p W a d l e r : https://commons.wikimedia.org/w/index.php?title=File:Wadler2.JPG&oldid=262214892,

C l q , C C - B Y 3 . 0

• F u n c t i o n :

https://commons.wikimedia.org/w/index.php?title=File:Function_color_example_3.svg&oldid=321533277,

W v b a i l e y , C C - B Y - S A 3 . 0

• R e l a t i o n : https://commons.wikimedia.org/w/index.php?title=File:

Representative_example_of_a_mathematical_correspondence.png&oldid=505302140, R a f a e l C a b a n i l l a s

M u r i l l o , C C - B Y - S A 4 . 0

• F r e e T h e o r e m s : https://free-theorems.nomeata.de/, J o a c h i m B r e i t n e r e t a l .

• F e y n m a n w i t h b l a c k b o a r d : https://commons.wikimedia.org/wiki/File:HD.3A.053_(10481714045).jpg

• P s e u d o c o d e : http://tug.ctan.org/macros/latex/contrib/algorithmicx/algorithmicx.pdf
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